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1 Introduction

A nonlinearly elastic shell with constant thickness is a three-dimensional elastic
body whose reference configuration consists of all points that lie within a small
given distance from a given surface, which is called the “middle surface of the
shell”. The nonlinear Koiter’s shell model, introduced by Koiter (see [9]) in 1966,
is one of the most used two-dimensional nonlinearly elastic shell models in nu-
merical simulations. It states that the unknown deformation @: w — R?® of the
middle surface S=0(w) of the shell subjected to applied forces should minimize
a functional

Jlg):= [ Wi(g) Vady—Li(p), (1)
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called the total energy of the deformed shell, over an appropriate set of admissi-
ble deformations. Here Wk denotes Koiter’s stored energy function (which will
be defined later) and Lg denotes a linear form that takes into account the applied
forces. However, as far as we know, no theorem has been established in the liter-
ature proving the existence of a such minimizer.

On the other hand, several existence theorems have been established for ad
hoc approximations of Koiter’s shell model, that is, for models whereby Koiter’s
stored energy function Wk () is in (1.1) replaced by

Wi (@) =Wk (@) +R(e.9),

where the additional term R (e,¢) is negligible compared with Wk(¢) in some
meaningful sense. Bunoiu et al. [3] and Ciarlet and Mardare [5] proposed a well-
posed two-dimensional approximation of Koiter’s model for spherical and “al-
most spherical” shells. Giang and Mardare [8] established existence theorems
for nonlinear shell models asymptotically equivalent to Koiter’s model for the
shells whose middle surfaces are minimal surfaces. Finally, Anicic [1,2] proposed
an approximate model of Koiter’s model that has a minimizer over the set of de-
formations whose principal radii of curvatures are bounded below by the half
thickness of the shell. A different approach by Ciarlet and Mardare [6] and Mar-
dare [10], where the authors have proposed nonlinear shell models asymptoti-
cally equivalent to the Koiter’s model for all kinds of geometries, but depending
on the transverse variable, so that these are three-dimensional models.

The purpose of this paper is to define a well-posed two-dimensional shell
model that is approximately equivalent to that of Koiter without any restrictions
on the geometry of the middle surface of the shell. Our approach is similar to
that of Anicic [1,2], the difference being that in our model the space of admissible
deformations is independent of the thickness of the shell. The definition of our
model is based on the ideas first appearing in the papers of Giang and Mardare [8]
and Anicic [1,2].

2 Notations and definitions

In all that follows, Greek indices and exponents range in the set {1,2} while Latin
indices and exponents range in the set {1,2,3} (except when they are used for in-
dexing sequences). The Einstein summation convention with respect to repeated
indices and exponents is used.

Vector and matrix fields are denoted by boldface letters. The Euclidean norm,
the inner product and the vector product of two vectors # and v in IR? are respec-
tively denoted |u|,u-v and uAv. Given any integers m >1 and n > 1, the inner
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product and the Frobenius norm in R™*" are respectively denoted and defined
by A:B:=Tr(A'B) and |A|:= (A: A)!/2, where Tr denotes the trace operator
of square matrices. The subspace of R"*" formed by all symmetric matrices is
denoted R

sym*
A domain in R? is a bounded, connected, open subset w CR?witha Lipschitz-
continuous boundary 7 := dw, the set w being locally on the same side of 7.
A generic point in the set w is denoted y = (y,) and partial derivatives, in the
classical or distributional sense, are denoted d,:=09/9dy, and 9, gi= 9%/ (ay,xay/;).
Given any open subset w of R? and any real number p > 1, the notation
LP(w;R™*™) denotes the space of matrix fields A= (A;;):w—R™*" with compo-
nents in the Lebesgue space L¥ (w). It is equipped with the norm

1/p
Al = < / |A<y>|*’dy) | YAEL (@ R™N)
w

The notation W7 (w;IR3) denotes the space of vector fields = ({;) :w — R3 with
components in the Sobolev space W7 (w). It is equipped with the norm

/
1Z01,:= (1215 + Vg P, vEe W™ (w;R?),

where V{:=(dg{;) is the matrix field with dg(; at its row i and column B.

Strong and weak convergences in any normed vector space are respectively
denoted — and —.

The middle surface of the reference configuration of a shell is defined by
S:=0(w), where w C R? is a domain and 0 € C!(w;IR3) is an immersion, i.e. the
two tangent vector fields a, := 0,0 are linearly independent at every y € w. We
assume in addition that the vector field a3:w — R3, defined by

a (y).: ale(y)/\a29(y)
S 1010(y) A020(y)|

Vyew,
is also of class C! over @w. Note that a3(y) is a unit vector normal to the surface S
at the point 0(y). The area element on the surface S is \/a(y)dy, where

a:= ’819/\826’2 :det(ﬂ“ﬁ) in w.

The covariant components a,5 € C°(@),byp € CO(@) and ¢, € CO(@) of the first,
second and third fundamental forms of S=6(w) are respectively defined by

a“‘B =Aay -a/;, bzx,B = —a/;-a,xag,, Cpcﬁ = aua3'a‘3a3.
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The contravariant components of the first fundamental form are the components
a*f € CO(w) of the inverse matrix

(2B (y)) = (aap(y)) ', yew.

Note that both matrices (a,5(y)) and (a*f(y)) are symmetric and positive definite

at every y € @, that the matrix (c,p(y)) € R2*2 is symmetric and nonnegative
definite for all y € w, and that

c:=det(c,xﬁ)=|81a3/\82a3|220 in w.

The mean curvature and the total curvature of the surface S=6(w) are respec-
tively the functions denoted and defined by

1 1
H:= Ea“ﬁb,,c,g =5 (ki +k2) cC'(w)

and
K:=det(a"byp) =kikp €C° (@),

where ki (y) and ky(y) are the principal curvatures of the surface S=0(w) at the
point 8(y), defined as the eigenvalues of the 2 x 2 matrix (a* (y)byg(y))-

We also define the mixed components bg € C%(@) of the second fundamental
form by letting

g:a‘mbgﬁ in w.

A deformation of the middle surface of the shell S =60(w) is a smooth enough
mapping ¢:w — R3. Given an arbitrary deformation ¢, the functions

ap(@):=aa(@)-ap(e), where a,(@):=dug,

denote the covariant components of the first fundamental form of the deformed
surface ¢(w), and the functions

Gap(@):= %(“wﬁ(‘/’) —ap)

denote the covariant components of the change of metric tensor field associated
with the deformation ¢ of S. The area element along the deformed surface ¢(w)
is \/a(¢g), where

a(@) = 019N 020|* = det (a,5(9)).
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If the two nonlinear vectors a,(¢) are linearly independent, then the unit vector

field
. al(p/\ azgo

019N

is well-defined and normal to the deformed surface ¢(w). The functions

a3(¢):

bup (@) :=—0up-dpas ()

denote the covariant components of the second fundamental form of the de-
formed surface ¢(w), the functions

Rtx/% (p):= btx/% (p) - btx/%

denote the covariant components of the change of curvature tensor field associ-
ated with the deformation ¢ of S, the functions

cup(@) :=0uaz(@)-9pas(e)

denote the covariant components of the third fundamental form of the deformed
surface ¢(w), and the functions

Pus(e):= % (cap(@) —cap)

denote the covariant components of the change of the third fundamental form
associated with the deformation ¢ of S.

The unknown deformation ¢ of the middle surface of the shell appearing in
Koiter’s nonlinear shell model is assumed to satisfy a boundary condition of the
form

=0, a3(@)=as on 7o,
where 7 is a non-empty relatively open subset of y:=dw. In addition, the un-
known ¢ is subjected to the constraint

01pN02p#0 in w,

so that the tangent plane is well-defined at each point of the deformed surface.
The nonlinear shell model of Koiter states that the unknown deformation ¢

of the middle surface S =60(w) of the shell should be a minimizer over a set of

smooth enough vector fields ¢:w — IR? satisfying the boundary conditions

=0, az(p)=a3 on g
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of the total energy of the deformed surface ¢(w), denoted and defined by
Jxlg):= [ Wilg) Vady—Lk(g),
w

where

3
€ €
Wk (@) := Eﬂ“ﬁ ""Gor(@)Gap (@) + gﬂ“ﬁ ""Ror(@)Rap (@),

and the functions

4A
a"PoT .= 7/\+gy a*Pa’" +2u(a" aP* +a""aP?)

are the contravariant components of the two-dimensional elasticity tensor of the
shell, A >0 and u > 0 are the Lamé constants of the constitutive material, and Lg
is a linear functional that takes into account the applied forces. Notice that there
exists a constant c, =c.(w,0,A, 1) >0 such that

Z|t“‘B|2§Cea“'BUT(y)tUTt“‘B (2.1)
a,p

for all y€w and all symmetric matrices (t,p) (see, for example, [4, Theorem 3.3-2]).
We also denote by

Wi (@) := """ Gor () Gup ()
the membrane energy appearing in Koiter’s model, by

Wr(¢) :=a"""" Roe () Rag ()
the flexural energy, and by

Wr (@) :=a"""" Por (@) Pup ()

a new energy measuring the change of the third fundamental form when the
middle surface of the shell undergoes a deformation ¢.

3 A new stored energy function of Koiter’s type

The purpose of this section is to define a new stored energy function that is
asymptotically equivalent to Koiter’s for “small enough” thickness and change
of metric and curvature tensors. To begin with, let

1 . 1 _
“”"§m1“{2'|k1<y>|+|k2<y>| } , VYEw, G.1)
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where ki (y) and k(y) are the principal curvatures defined in Section 2. Since
H,KeC%@), |k1],|k2| €C°(@) and thus they are bounded from above. Therefore,
r€CY(w) and there exists a positive number r such that

r(y)>rg, Vyew.

Next, we denote

the “upper” vector fields and
g, = 0,0—710 a3

the “lower” vector fields associated with the middle surface of the shell and with
the function r. Then we define the “upper” and the “lower” covariant tensor
fields ( g:/s) and (g;ﬁ) by letting

8:;3 =8y '32 =ap—21byp+1°Cap,
and
8ap =8 "85 =up +2rbyp+17Cop,
respectively. In the same way, we define the “deformed upper vector fields” and

the “deformed lower vector fields” associated with the deformation g:w—R3 by

8u (¢):=0up+1da3(9),
and

8 (@) :=0up—rdsasz(p),
respectively. The “deformed upper” and “lower” covariant tensor fields g;ﬁ (p)
and g, (@) are also defined by letting

815 (@) =87 (@)-85 (9) = (@) —2rbup () +77ap (@),

and
825 @)= 82 (9)- 85 (9) = s (@) +2rbop (@) +17Cup ()

The functions

Gup(@):= % (825() — i) = Gup(@) —Rup (@) +7Pup (@),



8 T. H. Giang / Commun. Math. Anal. Appl., x (2024), pp. 1-31

and
szﬂ( )= (glxﬁ( )— g;ﬁ):Gaﬁ(§0)+rRa/3((P)+rzpa/3(¢)/

denote respectively the covariant components of the change of upper and lower
tensor fields of the shell.
We also define the “upper” and “lower” contravariant tensor fields

(89):=(si5) " and (s"):=(g5) ",

and the functions

g i=det(g,) =(1- 2rH+7%K)?a,
g =det(g,5)=(1 +2rH+1*K)%a,
8" () :=det(g,5(@)),
§ (p):=det(g,4(9)).
From the definition of 7, on can easily prove that the matrices (g:ﬁ), (82, /3) (g f )

and (g “p ) are positive definite at all points y € w.
Next, we define

W (@) :==2p (a”‘ﬁa,xﬁ (p)—2)
2Ap (a(e) +u a(e)
T2 (T 1) 4”A+ y1°g< )

r2a gt
Fir (¢) = M [<giﬁg;ﬁ<¢>—z> ~tog(£12)].

Now we are able to define a new stored energy function meant to replace in
the functional (1.1) the usual one of Koiter.
Definition 3.1 (A New Stored Energy Function). Let Wy, W and Wr be the func-
tions defined in Section 2 and Wy, WJr and W are as above. Then, given any constants
0<é<land C;>0and C, >0, defme the functzon W by
3
~ € ~ €
Wi(@): =35 [0Wnm (@) +(1=8) Wi (p)] +=We(9)
5
48 ~ Y
+15 [C1Wr (@) +Co(4H? —2K) (W () + Wy (9)) ]

for all immersions ¢ € W4 (w;IR?) such that az(p) € W' (w;R3).
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The next theorem shows that Wx(¢) coincides with Koiter’s stored energy
function Wk(g) at the first order with respect to small thickness and change of
metric and curvature tensors.

Theorem 3.1. For all immersions @ € C' (w;R3) with as(@) € C' (w;R>) that are suffi-
ciently close in the C1(w)-norm to the immersion 0, the following estimate hold:

Wi (@) =Wk (@) +0(Wk(g)) +€2 O (Wi (g))-
Proof. The result is a consequence of Lemmas 3.1-3.3 established below. O

Lemma 3.1. The following relations hold in w for every immersion ¢ € C* (aw;R3) with
a3(@p) € C1(w;R3) that is sufficiently close in the C'(w)-norm to the immersion 6:

1 1
Pyug (@)= _bngGUT (p)+ EbgRa/S (p)+ EbgRtxa ()

+O0(Wuml(e)) +O(Wr(g)),
Wr(@) =0 (Wnm(p)) +O(Wr(g)).

Proof. This lemma is a direct consequence of [3, Lemma 2] and for this reason its
proof is omitted. O

Lemma 3.2. Given any immersion @€ C'(cw;R®) that is sufficiently close in the C'(w)-
norm to the immersion 0, the following relation holds in w:

Wat(@) =W (@) +0(Wn(9)).

Proof. The proof of this lemma which can be found in the proof of [3, Lemma 1],
is recalled here for reader’s convenience. The definition of the functions G,g(¢)
implies that

anp (@)= Ay +2Gyp ().

As a consequence, we have

a(@):=det (a5 (@) = det (ays+2Gop(9))
=a[142a"PG,p(¢p) +4det (a7 Gop(@)) ] (3.2)

Next, Cayley-Hamilton theorem applied to the matrix field with components
Gg (@) :=a"" Gyp(¢) shows that

Go(@)Gp(9) — Go (@) G (@) +det (G7 () ) 55 =0,
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where (5% denotes the Kronecker symbol. Therefore,

2det (a°7 Gop (@) = (2" Gup (@) — 0"Pa7" Gag () G (). (33)
Then we deduce from the relations (3.2) and (3.3) that

Q(Z) L1420 G () +2(0% Gup(9)) 200" G (9) G ),

which in turn implies that

a
log (%) =2q%F Gaplg) — 20" gPT Gap (@) Gor (@) +0o(Wn(e)).
The conclusion of the lemma follows by combining the above relations with the
definition of the function Wy (¢). O

Lemma 3.3. Given any immersion @ € C' (w;R?®) with a3(¢) € C' (w;R?) that is suffi-
ciently close in the C'(w)-norm to the immersion 6, the following relations hold in w:

V:V%L((p) =0 (Wul(p)) +O(Wr(p)),
Wi (@)= O (Wnm(e)) +O (W ().

Proof. The idea of the proof is similar to the one of Lemma 3.2. We will only

prove the first relation, the second one being obtained in a similar manner. The

definition of the functions G:/s (@) implies that

8:/3 (@) :8:/3 +2G:‘B (@)-
Consequently,
8§ (p):=det(g5(p)) =det(g,5+2G,5(@))
=" [1+28 G, () +4det (837G ()], (3.4)

on the one hand. On the other hand, by applying Cayley-Hamilton theorem to
the matrix field with components Gg’+ (p):=a""+ G;ﬁ (¢), one deduces that

Gyt (@)Gy " (9) —GTH (9)G " () +det (GT* (9)) 55 =0,
44

where ¢ 5 again denotes the Kronecker symbol, so that (by applying the trace op-
erator to it)

oo 2 oT
2det (827G (@) = (8 G5 (@)~ & 3T Gl (@) G (90). (3.5)
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Then we infer from the relations (3.4) and (3.5) that

+
n & ?
gg(fo) =1+28YG4 () +2(s2 G4 (9)

~28 857Gy (@) G ().

By combining (2.1), Lemma 3.1 and the definition of Gzﬁ (@), we obtain
2
Y |Gl (@) =0 (a"""Gl (9) G ()
ap

=0 (Wml(ep)+Wr(p)).
From (3.6) and (3.7), we deduce that

log (g;(f) ) =28 G5 (@) + O (War(@) + Wr(p)).

11

(3.6)

(3.7)

The desired result follows by combining the above relations with the definition

of the function W;f (@).

4 Existence of the minimizer

O

In this section, we prove that the minimization problem for the nonlinear shell
model associated with the new energy function defined in Definition 3.1 has

a minimizer. To this end, we need the following five lemmas.

Lemma 4.1. Let A>0 and >0 be given constants and g€ C(w) and he C(w) be given

positive functions.

(a) Define the function Wy :w x R—RU{+o0} by

nitv= 3550 [y~ s (555

forall (y,z) € wx (0,400), and by
Wi (y,z):=-+co otherwise.
Then
/ Wi (y,0(y))dy <liminf / Wi (y,0n(y)) dy
w w

whenever v, —v in L?(w) when n— oo,

(4.1)
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(b) Define the function Wy:w X R —RU{+o0} by

ZZ
Wa(y,z):=—(A+u)g(y)log (Wy))

forall (y,z) €wx (0,4+00), and by
Wa(y,z):=+co  otherwise.
Then
/ Wa (y,0(y))dy <liminf / Wa (y,0n(y))dy (4.2)
w w
whenever v, —v in L?(w) when n— oo,

Proof. The proof of part (b) is similar to the proof of part (a), which itself can be
found in [8, Lemma 3]. We present it here for completeness. First, observe that
the functions g and h are positive and logx < x for all x > 0. Consequently, we
have

Wi(yz)> 2 (ﬁfé)yg(y ) [tog (h(y)) ~2z]

for all (y,z) € w xR. Then the function F:w xR —RU{+o0}, defined by

4;1();;;;)]18(1/) [2z—log (h(y))]

F(y,z):=Wi(y,z)+
for all (y,z) € w xR, satisfies
F(y,z)>0, V(y,z)ewxR.

Now, it is easy to see that F is a Carathéodory function and the functions z €
R — F(y,z) are convex for all y € w. Then a classical theorem in the Calculus of
Variations (see, e.g. Dacorogna [7, Theorem 3.23]) shows that

n—oo
w

[ F(w0) dy<timinf [ F(y,00(0)) dy

whenever v, — v in L?(w) when n — co.
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Next, notice that
w

since v, = v in L?(w) and g€ C(w) C Lz(w) (remember that w is a bounded set
by assumption). Then the conclusion follows by combining the last two relations.
The proof is complete O

Lemma 4.2. Given any constant A>0,u>0,e>0,6>0 and C>O0 that satisfy C6>20/9,
let

A et
Ws(F,N): = Ajj; [5|Py4 (F N)? Cg]N]"‘]

4
+u [5|1—"TF|2-|—7|FTN|2+C%|NTN|2}
for all F,N € R¥*2. Then

/ w3(P,N)\/Edy§hrginf / W3 (F,,Ny)v/ady

whenever (F,,N,) — (F,N) in (L*(w;R3*?))? when n— .

Proof. The details of the proof can be found in the proof of [8, Lemma 4]. The key
ingredient is that, under the assumptions of the lemma, the following inequality
holds for all F,N,E, M € R3*2:

azwz 9*Ws

azw2
TN
Once (4.3) is proved, the fact that W, is convex follows. The proof is complete. [I

(F,N)((E,M),(E,M))

(F,N)((E,M),(E,M)) >0. (4.3)

Lemma 4.3. Given any nonnegative functions A, CEC®(@) and any function BEC*(w),
let
Wi(y,E,N):=A(y)|F|*+B(y)(F:N)+C(y)|N|?

for all (y,F,N) € wx R xRk where h and k are given positive integers. Assume
that B(y)? <4A(y)C(y) for every y € w. Then

/W4(.,F,N)\/Edy§lirr_1>inf/W4(',Fn/Nn)\/Edy
n—o0
w w

whenever (F,,N,) — (F,N) in (L*(w;(R"%)))? when n—s co.
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Proof. The assumption B(y)? <4A(y)C(y) implies that the function Wj is convex
with respect to (F,N). This implies that

/ Wi (-, F,N)+/ady <liminf / Wi (-, Fu, Ny )/ady.

The proof is complete. O

Lemma 4.4. Let A,B€C%(@) be two functions such that A(y)>B(y) >0 for all y € @,
let N :@w — R3*2 be any matrix field with continuous components, and define

Ws(y,N):= A(y) NP [N (y) 2~ B(y) INN ()"
forall (y,N) e R3*2,
Then
/W5 \/_dy<11m1nf/W5 (,Ny)Vady

whenever Ny, — N in L?(w;IR3*?) when n — co.

Proof. It suffices to prove that Ws(y,N) is convex with respect to N. By a simple
calculation, we obtain
92 Wis
ON?

(v,N)(M)=2A(y)[M|*|N(y)|*—2B(y)[MN(y)"|”

for all N,M € R3*2 and all y € w. Then from the simple inequality
|[EF|<|E||F|, VE,FeR3>*?
together with the assumption A(y) > B(y) >0, we obtain the desired result. O

Lemma 4.5. Let sg be the positive root of the equation

2_28_+15_i_0
210 64

Then the following matrix fields:
S1(y) == (soaup(y) —2r(y)bap () +50r* (v)cap(v)),
S2(y):= (s0aap(y) +2r(y)bup (¥) + 507" (¥ )cup ()

forall y € w, are symmetric and nonnegative definite at every point y € @.
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Proof. We only give the proof for the matrix field Sy, the proof for S, is based on
a similar argument. First, it is obvious that S (y) is symmetric. Next, by applying
Cayley-Hamilton formula to the matrix field (b%), it follows that

bibG—2HbE+KSE=0 in @,

where 5; is the Kronecker symbol. From this and the relation

Cap :bwa”bw in w,
we deduce that
C(X,B :2Hb,X[5—Ka,X/3 in w, (4.4)
and thus
det(cyg)=K*a in . (4.5)

Since the matrix A(y):= (a,5)(y) is symmetric and positive definite with con-
tinuous components at each y € w, there exists a unique symmetric and positive
definite matrix U (y) € Rg}frﬁ with continuous components such that

Aly)=U(y)*, (4.6)
and thus )
AT )= (" (y)=(U"')",

where U~!(y) is also a symmetric and positive definite matrix with components

depending continuously on y € w.
Now we will show that

Tr(U ' (y)$1(nU () =0, Vyew, (4.7)
det (U~ (y)Sl(y)U y)) >0, Vyew. (4.8)

To this end, by some straightforward calculations based in particular on the def-
initions of H and K, the relations |[rH| <1/16 and 4H?—2K >0, we deduce from
(4.4) that

Tr ((a*)S1) = (a*F) : [s0(aap) =27 (bug) +507 (cup)]
— 250 —4rH +sgr?(4H? —2K)

>250)— i >0. (4.9)
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Then we infer from (4.6) and (4.9) that
Tr (U~ (y)S1()U ™ () =Te (U~ (U ()S1(y))
=Tr ((a* ())$1(y)) >0,

for all y € w. Thus, (4.7) holds.
Next, we infer from relations (4.4) and (4.5) and from the inequalities |[rH| <
1/16,|r*K|<1/256 and 4H?—2K >0 that

det(S1) = s% det(aa/;) +4r2det(b,xﬁ) +s%r4det(c,xﬁ)
—2rs(a11 b2+ az2b11 —2a12b12) + 5517 (a11022+az2011 — 2a12¢12)
—2r%s0(b11c22+baoc11 —2b12612)
=s3a+4r’Ka+s3r*K*a—4rsoHa+s5r* (4H?> —2K)a—4r’soHK
=a(s5+4r*K—+sjr*K? —4rsgH —4r’sg HK +s5r* (4H* — 2K))

1
> a(s§+4r*K —4rsoH —4r’sgHK) >a (s%— — %0 S—O)

2841 1
:a<5%—ws0—@) :O,

and thus (4.8) holds. From (4.7) and (4.8), we deduce that U~ (y)S;(y)U ! (y) is
symmetric and nonnegative definite, which in turn implies that S1(y) is symmet-
ric and positive definite. The proof is complete. O

Now we are able to give the proof for our existence theorem, which is the
main result of this paper. Note that the theorem holds with particular choices
0=1/4,C1:=9 and C,:=90, irrespectively of the values of the elastic coefficients
A and p.

Theorem 4.1. Define the functional Ji: Vi (w)—RU{4o0} by
k(g):= [ Wilg)Vady—Li(p), "peVi(w),

where
e L4/, . R3)\. ; 14/, ,.1R3
Vi(w):= {(pGW (w;R?); [019pNd2p| >0 ace. in w, az(p) e W (w;R”),

|(01a(p)+7r01a3(9)) A (02a(p)+rd2a3(9))| >0ace. in w,
‘(ala((p)—ralag( )) A (92a(p) —rd2a3(g)) | >0 ae. in w,

(p}%:@]%, a3 (g = 3‘ }
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r € C(@) is the function defined in terms of 0 by (3.1), Wy is the function defined in
Definition 3.1, and Lx: W4 (w;R3) — R is any linear and continuous function. Assume
that the constants appearing in the definition of W satisfy

A+2u 20
0<do< , C16>
4(A+p) 797
and
2 po 40 p(BA+2p)

C,> C ,
2= (1=s0) | 'A+21 9 (A+2u—4s(A+p)) (A+2p)

where s is defined in Lemma 4.5. Then the functional TK has a minimizer in Vi (w).
Proof. For convenience, the proof will be divided into five steps.

Step 1. We prove that the functional Jx is well-defined and coercive. Let @ €
Vi (w). Notice that for an arbitrary symmetric and positive definite matrix M €
Rg;rﬁ, we have

%Tr(M) > (det(M)) 2.

Then we infer from (4.6) that (recall that U denotes the square root of the matrix
field A= (a,p))

20 Paup(p) =S Te (A~ (aaﬁ(q’)))Z%Tf(u_lu_l(”aﬁ("’)))
%Tr(u—l(aaﬁ U) 2 et (U g U
= /et (U~"U " (a,5(p))) = /det (17 a,5(g))

\/ﬁ

Then from the definition of the function Wy, (), we obtain

~ 20, 5 A
> ST (2 1) —
W (@) >4u(x— 1)—1—/\_1_2# (x*—1)—8u ylogx

A 2(A+pn)
> _1_ _
—4“(x 1 200+21)  A+2pu logx)’

where x:= \/a(p)/a. Then an elementary computation of the infimum of the
function in the right-hand side shows that

Wi (@) >Cs,
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where Cj is a constant depending only on A and . By a similar argument, there
exists a constant C4 depending only on 6,79, A and u such that

Wi (9)>Cs, Wy (@) >Ca.

Besides, the uniform positive-definiteness of the two-dimensional elasticity
tensor (see the inequality (2.1)) implies that there exist positive constants Cs =
Cs(A,u,w),Ce=Cs(A, p,w) and Cy=Cy (A, u,w) such that, for all p € Vg (w),

Wat(@) = 10" (aup(p) — aup) (20 () ~a00)
> Cszp;W/z((P) —

> C6Z|amx ((P)|2_C7/
«

WE(p) = a"P7T (btxﬁ (p)— btxﬁ) (bO'T (p)— bo*r)
>Cs)_|bap(p) —bapl>>0,
w,B

Wr ((P) = iaﬂéﬁ(ﬁ (Cpcﬂ ((P) - Cpc,B) (C(TT (4)) - C(TT)

>Co Y |eap(p)*—Cr.
«,B

Combining the above inequalities with Poincaré’s inequality in the domain w
(which is bounded with Lipschitz continuous boundary by assumption, cf. Sec-
tion 2) and using that ¢ and a3(¢) both belong to W'*(w;RR?), one deduces that
the functional Jx: Vg (w) —RU{+co} is well-defined as an extended real number
in RU{4o0}, that Jx(p) is bounded from below, and that Ji is coercive in the
following sense: If a sequence (¢@,,); ; C Vi (w) satisfies

sup Jk (¢,,) <o,
n

then the sequences (¢, ) and a3(@,), n>1, are both bounded in W4 (w;IR3).

Step 2. Let (¢,)5 ; C Vk(w) denote an infimizing sequence of the functional Tk
over the set Vg (w). Since Vi (w) contains at least one element, namely 6, we have

(pe%;}(f(w)]K((P) <Jk(6) <oo.
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Then the coerciveness of J implies that the sequences (¢,) and (a3(¢,)),n>1,
are both bounded in W'#(w;IR3). This space being reflexive, there exists a subse-
quence, still denoted (¢,,)5"_; € Vk(w) for conciseness, such that

Py = ¢ in WHWRY),
019, N, — & in L[*(w;R%), (4.10)
a3((Pn) - g in W1’4(W;IR3)/

where
¢€W1'4(W;R3) with l/’|’ro:9|’mf
Fel?(w;R3), (4.11)
FeEWHwWRY)  with |y = a3y,

Moreover, since

1
al(Pn Aa%on = E [al (¢n /\aZ(Pn) +az(al(f)n A¢n)]
1 .
= S0 (@A) +R(01pAP)|=01pA%y in D'(w,R),
we have
=01 N\,

which implies
019, N2, — 01PN in L*(w;R). (4.12)

By a similar argument, we deduce that

d1a3(e,) No2az(e,) — 01LN09{ in L2(w;R3), (4.13)
o (@, +as(@,)) N2 (@, +as(@,) — 9P+ A%2(P+) in L (w;R%), (4.14)

Notice that r € C?(@). By combining (4.12)-(4.14), one deduce that

(9199, +70183(9,,)) A (029p, +702a3(¢p,)) — (91 +71010) A (929 +7020),
(al¢n_rala3(¢n))/\(82¢n_ra2a3(§0n)) — (allp—ralg)/\(azlp—razg)

in L?(w;IR3).
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Step 3. Next, we decompose Wi (g) into a sum of six particular functions, as
follows. From the definition of Wy(¢) and Wj;(¢), we have

SWa (@) +(1-6)Wu(g)

/\“l/t 2
=0 {/\4—2# (a"Panp ()" +pa* aPTa,s(@)ace (ﬁ”)}
w 4A
+a*Pays(p) [(1—5)2;4—(5 </\+ZP‘ —I—Zy)}

+(1_5)Aiy2y [%“(;P) —(A+p)log (Mﬂ

4Au Au
+o(gasntan) -0 (425,

Note that the coefficient of a“ﬁa,xﬁ (@) is positive thanks to the assumption that
0 < (A+2p)/(4(A+pn)). Also notice that

a“ﬁaaﬁ =2, a’wa,xﬁa/h =q7"

Consequently,

Wk (@) = A1(p) + Az (@) + As(p) + As(p) + As (@) + As (9) + A7, (4.15)

where the functions in the right-hand side are defined as follows.

The function A; (@) :w —RU{+0c0} is defined by

=500 [ ()

at the points of w, where ¢*(p) >0 and g~ (@) >0, and by A;(¢p) := +oo at the
points of w where g™ (¢) =0 or g~ (¢) =0.

The function Ay (¢):w — R is defined by

/\, £ o 283 o 85 o
o | 50(a ap (@) + S (0P (@) +5C (a ﬁcuﬁ(‘l’))z}
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2 3
+u [%50“%/%@ (@)aor(p)+ %a’wambaﬁ (¢)box(9)

+ 10 C a“”aﬁTcaﬁ (@)cor ((p)} )

The function Ajz(¢):w — R is defined by

._E )L.u A+2‘u «p 0T _g wp oT
et (320 p(A+p)
A kel s SO a4 B 0T
5 ( o A+2u )” Capt C‘”(‘”)}’
where

._ +u
l:=2y (1 4(5“2”)

The function A4 (¢):w — R is defined by
3 A+2u

Ay(@):=-p|l———

“ 2”{ 2u(A+p)

el (160 p(A+1)\ o
5\ 9 A+2u

a“"aalgamam (p)— 8701

The function As(¢):w — R is defined by
Aslg) =5 [2<1 —50) A+ 1) Co (4H2 - 2K)a e )

_ /\“I/t 320 ]’t(/\+]’l) wp oT
[/\+2y<9l A+2u a*Feapa”" cor()

160 u(A+
(2

21
—a {Mgu aPenpa” cor (@) +2pa"copalcor (4))}

The function Ag(¢):w — R is defined by

Aol)i =S (A1) Ca(H2-2K)

S+ ol 20 s et
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The function A7:w — R is defined by

,_E 4)‘.1" (1 _ 2/\]’l BT
o3 o500 ) S

e [1 28T 2
+15 [4C1a“ﬁ‘f Capor— (At 1) Ca(4H? —2K) < 2128 )}
Step 4. We now prove that each of the following integrals:
/Ai((p)\/ﬁdy, i=1,2,..,6,
w
is sequentially weakly lower semi-continuous. First, since
a(p)=|az(g)- (31(1’/\324)” a.e.in w,
3" (@)=as(p): [(r1p+791a3(9)) A (29 +7D283(9)) ]| ae.in w,
- 2 .
S (@) =|as(p)-[(019—701a3(p)) A (D29 —1d2a3(9))||” ae. in w,

the function A, (¢) satisfies

Ar(@)Va= Wi (a3(@) - (9191 20))
5
+10W2a( a3(@)- (9143() No2a3()))

5
+ 5o (- a3(@) - (1a3(9) AD2a3(@))),

where W; denotes the function W; defined in Lemma 4.1(a) with
¢:=(1-6)\a, h:=a,
and W ,, respectively W j,, denotes the function W, in Lemma 4.1(b) with
gi= C2(4H2—21<)%\/E, hi=g",
respectively with

g =Cy(4H2—2K)8_\/a, hi=g~.

r<a
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Since the sequences (az(¢,)- (919, No29,)), (£7),(t;,), where

)
n i =a3(@,)-[ (e, +r01a3(9,)) A (02, +102a3(9,))],
by i=as(@,) [(019,—rd1a3(e,)) A (9200, —70283(g,,)) ],

converge weakly in L?(w), respectively to the functions

(8- (019 nd2¢p)),
Z-[(019p+701T) A (929 +7020)],
C-[(919—1010) A(d2p —7920)]
thanks to the convergences established in Step 2 above combined with the com-

pact embedding of W'*(w) into L®(w) (remember that w is a bounded Lipschitz
domain in R?), Lemma 4.1 implies that

/EWT('IC'(allIJ/\azll’))+1ZW2a( L1019 +7010) A (029 +71020)])

w

+10W2b( K [(al¢—ralg)A(aztp—razC)])]dy

€ *
—11m1nf/W1 (- a3(e,) (01,1 029,))dy
w

n—oo
w

5
1—Ohmmf Woa (-t )dy—l—i—oligiogf/ Wo (-t )dy
=1inn3£f / A (gp,)Vady. (4.16)
w

Second, let F:= (Vg)U ! and N:=V (a3(p))U !, where U is defined in (4.6).
Then a series of straightforward calculations show that, for every immersion ¢ €
W4 (w;R3) such that a3 (@) € W4 (w;IR3), the following relations hold a.e. in w:

(4.17)
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‘", 7

where the notation “:” means the inner product between two matrices of the same

type.
Using these relations in the definition of Aj;(¢) implies that
€
AZ((P> = §W3 (F/N)/

where the function Wj is that defined in the statement of Lemma 4.2 with the
constant C replaced by the constant C; appearing in the statement of Theorem 4.1.
Therefore, since the convergences (4.10) imply that

Fu=(Vo U™ = (VU™ in L(wR>?),
N,:=V(az(@)U ' — (VOU ' in L*w,R%>?),
we infer from Lemma 4.2 that

[Wa((vut (vou) Vady

< linl)inf W3 (Fy,Ny)ady
n—00

w

:—11m1nf Az (g,)V/ady. (4.18)

&€ nN—o
w

Third, let Fy:= (VO)U ! and Np:= V(a3(0))U"!. Then, after a series of
straightforward calculations, we deduce that

a"Pags=|Fol*>, a*Pbs=—Fo:No, a*Pc,s=|No|? (4.19)

for every y € w. From this, (4.17) and definition of A3(¢), we obtain

As ((P) = E@Wm('IRN)I

where the function Wy , is the function Wy defined in the statement of Lemma 4.3
with

W) =l50 1 P,

B(y)= 7(Fo(}/)iNo(}/))r
4

cw=5 (G v ).
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It is easy to see that these A(y),B(y) and C(y) satisfy the assumptions of Lem-
ma 4.3. Therefore,
e Au

2A+2p Waa (-, (V) UL (VOU ) Vady

€ _
>~ E /\-1—2‘11 hrF_I)IOIOIf W4,u('/Pn/Nn)\/Ed]/

w

= linn_’giorgf / As(g,)V/ady. (4.20)

Fourth, a series of straightforward calculations show that, for all immersion
@ € W' (w;R?) such that az(p) € W4 (w;IR3), the following relations hold a.e.
in w:
0 aP aypae () = |[FFG 2

0" aPTbygbor (@) =—(FF(): (NNYJ), (4.21)
a”‘"aﬁfc“ﬁcm(q)) =|NN{2.
This implies that
As(@) = 5HWa (- FF],NNG),

where the function Wy, coincides with the function Wy defined in the statement
of Lemma 4.3 with

L A+2pu 8 et (1600 p(A+p)
A(y)_l4(A+y)’ W)= C(y)_&s( o A+2u )

Again, it is easy to see that these A(y),B(y) and C(y) satisfy the assumptions of
Lemma 4.3. Therefore, since the convergences (4.10) imply that

F.Fl:= (Ve U 'F] — (Vp)U'F] in L*(w,R>3),
N,N§ =V (a3(p,)) U 'N§ — (VOU 'NJ in L*(w,R>?),

we infer from Lemma 4.3 that

%P‘/Wzi,b(',(le)u_ng,(Vg)U‘lNg)\/Edy

< ulimin [ Wys(- B8, NGNG ) Vady
w

— liminf / Au(e,)Vady. 4.22)
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Fifthly, using in particular that
a"Pep=4H?—2K,

we deduce from (4.17), (4.19) and (4.21) that

A5<¢>:=fj—;[(2(1—so>m+u>cz— (i) e >|N0| NP2

A+2u \ 9 A+2u /\-1—2;4

(o) e i

Thus,

As (@) = EWSa( ,N),

where Ws , is the function W5 defined in Lemma 4.4 with N replaced by Ny,

o A (320p(A+p)\ . 2Au
A=2(1-50)(A4+u)Cy /\—i—2y<9l A+-2p Cl/\—i—Zy'

_ (160 p(A+p)
B_”<9l Aap ) TAHCr

From the assumptions on C; and C;, we deduce that A and B defined above
satisty A> B >0 and thus by Lemma 4.4 we have

5
<5 [ Wl (VOU ) Vady
5

& . .
< g liminf Ws,q(-,Ny)vady

w

= linn_1>i£f / As (g, )/ ady. (4.23)

Finally, let S3:@ — IR?*2 be the matrix field defined by

S3(y):=(aup(y) +7*(¥)cap(v)), VyEw,
and S3(¢):@ — R?*? the matrix field defined by

S3(@) := (aqp(@) +720a/z (@)).
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0 -1
]'_ (1 0 )I
we note that

gt &) =101, & (8*) =T (sup)]", a(aP)=](anp)]".

Introducing the matrix

Then

As(@)i= S (A Ca4H2 2K
< TS (8850)) + 5 T (1520 (335(9))

2(1 —So)
r2a

+ Tr (JS3]7S3(¢)) —2(1—350)a""cor (@) |, (4.24)

where S7 and S, are matrix fields defined in Lemma 4.5. Since these matrix fields
are symmetric and nonnegative definite, so are the matrix fields JS;J Tand JS,JT.
Then there exists a unique symmetric and nonnegative definite matrix fields T} :
w —R?¥*2, Ty :w — R**? with continuous components such that, for all y € w,

JSiy)J"=T1(y),
JS2(y)]" =Ta(y)*.
By some simple calculations, we also have

Tr(S3(y)) >0, Vyeo,

det(S3(y)) >0, Vyew,
and thus S3(y) is symmetric and positive definite at all points y €. This implies
that JS3(y)JT is symmetric and positive definite, and thus there exists a unique

symmetric and nonnegative definite matrix field T5:w — R?*? with continuous
components such that, for all y € w,

ISs(y)J T =T5(y)>.

Similarly, there exists a unique symmetric and semi-positive definite matrix field
with continuous components T:@ — IR?*? such that, for all y € @,

](Ctxﬁ(y))]T: T(y)z'
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The above equalities and (4.24) yield

Ao(p): = S5 () Ca (42 -2K)

1 1
X |:m‘ (V(p+rVa3((p))T1 ‘Z—FE ‘ (V(p—rVag, ((p)) Tz‘z

2(1
(
r

T_;O)IVgoTﬂz—i—@#’vylg,((p)TF}
&
10 (/\‘l‘]l)Cz [W5 b( (V(P‘f‘?’Vdg ((p)) T1) +W5,b (', (V(p—rVag, ((p)) Tz)

+Wse (- (V) T3) +Waa (-, (Vas(@)) T) |,
where W; , is the function W5 defined in Lemma 4.4 with

— 1 4H?(y)—2K
N(y)= =L, Aly)= LW 2K,
V2 r*(y)a(y)
I, denotes the identity matrix in R%*2, Wi . is the function W5 defined in Lemma
4.4 with

B(y) =0,

g 2(1) —
N)=sh A= 2GR g,

and Ws ; is the function W5 defined in Lemma 4.4 with

o 2(1=s0) (4H(y) ~2K(y))
N(y)=—xI,, A(y)=
It follows from Lemma 4.4 and (4.10) that

5
10 (7\+V)C2/ [W5,b (- (Vp+rVT)T1)+Wsp (-, (Vp—rVI)T,)

w

, B(y)=0.

+ Wso (-, (V) T3) + Wsa (-, (VO)T) | dy
%(7\4-]4 Cz/ Wsp (-, (Ve,+rVas(e,))T1)

+ W5,b (', (VgDn — Vva3 ((Pn)) TZ) + W5,C ('/ (VQD) TS)
+Wsa (-, (Vas(p,)T) | dy

—liminf [ Aq(p,)Vady. (4.25)
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Step 5. Adding inequalities (4.16), (4.18), (4.20), (4.22), (4.23) and (4.25) shows
that

5
/ EWT (- (g roy)) "‘i—OWz,u (4T [(@1p+rnZ) A (029 +7020)])
5

W (4 (@019~ rnd) A2 —rnD)]) | dy

+2 [Wa((Vg)u (o) u ) Vady

e Au

+ E m W4,u ('/ (VII))U_l/ (Vg)u_l) \/Edy

2 [ Wan (- (V9IUE] (VDU N Vady

85 -1
55 [ Woa(VOIU) Vady

&

+1O

()L—i—pt)Cz/ [Wg,,b(-,(Vv,bJrrV()Tl) +W5,b(-,(V1[J—rV§)T2)

w

F W (- (V9)T3) + Wsa (- (VE)T) ] dy

6
< liminf [ZAi (p,)+ A7 | Vady

n—oo h
i=1

= liminf / Wi (@,,)v/ady =liminf Jx (¢,) + Lk (). (4.26)

Since ligxl)inffl( (¢,) <oo, we deduce in particular that

Wi (- (013 Ad29p)) <o a.e.in w,
so that by Lemma 4.1,
C-(01pNop) >0 ae. in w.
A similar argument shows that

C-((019+r010) A (029p+71920)) >0 ae. in w, (4.27)
C- (019 —r01l) A (929 —7020)) >0 aee. in w. (4.28)
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Since |az(p,)| =1 and a3(¢, ) dp, =0 a.e. in w, the convergences established in
Step 3 of the proof imply that

IT|=1, C-0,p=0 a.e.in w.

The last two relations show that { is a unit normal vector field to the surface
¢ (w). Since we also proved that

- (01pNdp)>0 ae. in w,

we have
{=a3(y) ae. in w. (4.29)

Consequently, inequality (4.26) can be recast as

/ [iAmpHAy
i=1

w

Vady <liminf Jx (¢,) +Lx(¢),

or equivalently, as N N
Tk () <liminf Jx (@,).
Since relations (4.11), (4.27)-(4.29) imply that

([J c VK(CU),

we have proved that the function 1 minimizes the functional Jx over Vg (w). The
proof is complete. O
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