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Abstract

We consider an adaptive nite element method (AFEM) for obst acle problems asso-
ciated with linear second order elliptic boundary value pro blems and prove a reduction
in the energy norm of the discretization error which leads to R-linear convergence. This
result is shown to hold up to a consistency error due to the extension of the discrete
multipliers (point functionals) to H * and a possible mismatch between the continuous
and discrete coincidence and noncoincidence sets. The AFEMis based on a residual-type
error estimator consisting of element and edge residuals. The a posteriori error analysis
reveals that the signi cant di erence to the unconstrained case lies in the fact that these
residuals only have to be taken into account within the discr ete noncoincidence set. The
proof of the error reduction property uses the reliability a nd the discrete local e ciency of
the estimator as well as a perturbed Galerkin orthogonality . Numerical results are given
illustrating the performance of the AFEM.

Mathematics subject classi cation: 65N30, 65N50.

Key words: Adaptive nite element methods, Elliptic obstacle problem s, Convergence
analysis.

1. Introduction

Adaptive nite element methods (AFEMS) for partial di eren tial equations based on residual-
or hierarchical-type estimators, local averaging techniges, the goal-oriented dual weighted ap-
proach, or the theory of functional-type error majorants have been intensively studied during
the past decades (see, e.g., the monographs [1,3,4,16,2%,a@nd the references therein). As far
as elliptic obstacle problems are concerned, we refer to [,7,8,14,19,23, 26,27, 31].

More recently, substantial e orts have been devoted to a rigorous convergence analysis of
AFEMs, initiated in [15] for standard conforming nite elem ent approximations of linear elliptic
boundary value problems and further investigated in [24]. Wing technigues from approximation
theory, under mild regularity assumptions optimal order of convergence has been established
in [6,29]. Nonstandard nite element methods such as mixed rethods, nonconforming elements
and edge elements have been addressed in [11{13]. A nonlimesliptic boundary value problem,
namely for the p-Laplacian, has been treated in [32]. The bds ingredients of the convergence
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proofs are the reliability of the estimator, its discrete local e ciency, and a bulk criterion
realizing an appropriate selection of edges and elementsrfoe nement.

For elliptic obstacle problems, the issue of error reductia in the energy functional associated
with the formulation of the obstacle problem as a constrainel convex minimization problem
has been studied in [9] and [28]. The approach in [28] reliesnotechniques from nonlinear
optimization, whereas the convergence analysis in [9] is stricted to the case of a ne obstacles.

In this paper, we focus on the error reduction property with respect to the energy norm
for general obstacles. The error estimator is of residual tge and consists of element and edge
residuals. The a posteriori error analysis reveals that in ontrast to the unconstrained case the
local residuals only have to be taken into account for elemets and edges within the discrete
noncoincidence set.

The paper is organized as follows: In Section 2, we introducthe elliptic obstacle problem
as a variational inequality involving a closed, convex subst K H}() and address its uncon-
strained formulation in terms of a Lagrange multiplier in H (). We further consider a nite
element approximation by means of P1 conforming nite elemats with respect to a simpli-
cial triangulation of the computational domain. The unconstrained formulation of the discrete
approximation gives rise to discrete multipliers which are Radon measures, namely a linear
combination of point functionals associated with nodal ponts within the discrete coincidence
set. The evaluation of the discrete multipliers for the nodd basis functions of the underlying
nite element space and the speci cation of a consistency awor due to the extension of the dis-
crete multipliers to H () and the mismatch between the continuous and discrete coincidence
and noncoincidence sets are the essential keys for the sulgsent a posteriori error analysis.
In Section 3, we present the error estimator, data oscillatbns, a bulk criterion taking care of
the selection of elements and edges for re nement, and the neement strategy. Furthermore,
the main convergence result is stated in terms of a reductiorof the discretization error in the
energy norm up to the consistency error. The subsequent Sdoh 4 is devoted to the proof
of the error reduction property which uses the reliability of the estimator, its discrete local
e ciency, and a perturbed Galerkin orthogonality as basic tools. Finally, Section 6 contains
a detailed documentation of numerical results for some setged test examples displaying the
convergence history of the AFEM and thus illustrating its numerical performance.

2. The Obstacle Problem and Its Finite Element Approximatio n

We assume R? to be a bounded, polygonal domain with boundary := @. We use
standard notation from Lebesgue and Sobolev space theoryefer to HX(), k 2 N, as the
Sobolev spaces based oh?(), and denote their norms as k ki. . We refer to (; )o. as
the inner product of the Hilbert space L?(). For k =1, j ji. stands for the associated
seminorm onH () which actually is a normon V := H3():= fv2 H() jvj =0g. We
refertoV := H () as the dual of V and to h; i as the associated dual pairing. Likewise,
h; i stands for the dual pairing between the trace spaceéd ?() and its dual. We denote by
V., =fv2Vjv 0a.e. on gthe positive cone ofV and by V, the positive cone ofV , i.e.,

2V, i hyvi Oforallv2V,.

We further refer to C() as the Banach space of continuous functions on . Its dual
M ()= C() is the space of Radon measures on withhh; ii standing for the associated
dual pairing. We refer to C, () and M . () as the positive cones of C() and M (). In
particular, 2M ()i hhvii Oforallv2C.().
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Forgivenf 2 L?()and 2 H!()with j 0, we consider the obstacle problem
. 1
inf J(v) ; J(v):= sa(v;iv)  (f;v)o; ; (2.1)
v2K 2
where K stands for the closed, convex set

K= v2Vjv a.e. on

anda(;):V V! Risthe bilinear form
Z

alviw):= rv rwdx;, v,w2V:

It is well-known [21] that (2.1) admits a unique solution and that the necessary and su cient
optimality conditions are given by the variational inequal ity

a(u;voou) (v U)o, 5 V2K (2.2)

We de ne the coincidence set (active set)A as the maximal open set in suqoh that u(x) = (x)
f.a.a. x 2 A and the noncoincidence set (inactive set) accordingtol := ., ,B~, whereB-
is the maximal open set in such that u(x) (x) " foralmostall x 2 B-.

Introducing a Lagrange multiplier 2 V for the constraints, (2.2) can be written in
unconstrained form as follows

a(u;v)=(f;v)o hvi; v2V; (2.3)

where h; i stands for the dual pairing of V. and V. We note that 2 V,. Moreover, the
following complementarity condition is satis ed

h;u i =0: (2.4)

We assumefT g2, to be a shape regular family of simplicial triangulations of the com-
putational domain . Given D , we refer to N-(D) and E (D) as the sets of vertices and
edges ofT- in D, and we simply write N- and E,if D= . For D and E 2 E we denote
by jDj and JE]j the area of D anlg length of E, and we refer tof p as the integral mean off with
respect toD, i.e., fp := jDj ! p fdx. Moreover, for T 2 T-() and E 2 E-(T), we denote by

e the exterior unit normalon E. For p2 N+, E 2E-, and T 2 T- we refer to

!P::[ T2T jp2N-(T) ;
!E::[ T2T jJE2E(T) ;
!T::[ TO2T jN-(TH\N (T) 6 ;
as the patches of elements associated with, E and T, respectively. Further,
EP = [ E2E jp2N-(E)

is the set of edges sharingp as a common vertex.
We denote by S: the nite element space of continuous, piecewise linear nie elements with
respect to T- and set
Vo= S\ Ve
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We further dene - 2 S as some approximation of 2 H(). For instance, if 2 C(), we
may choose - 2 S as the nodal interpoland of  (cf. [17]).

The nite element approximation of (2.1) amounts to the solution of the nite dimensional
constrained minimization problem

min I IV) = Zaiv) (v (2.5)
Here, the constrained discrete seK- is given by
Ke= v 2V jv(x) “(X); x2
Again, the optimality conditions give rise to the variation al inequality
a(u;ve uw) (fve u)e 3 v 2K (2.6)

We de ne the discrete coincidence set according té\- := fx 2 ju(x)= -(x)g and refer to
|- := nA- as the discrete noncoincidence set. We note thaA- may consist of vertices and/or
edges only.

The corresponding Lagrange multiplier - can be written as a linear combination of Dirac
delta functionals , associated withp 2 N - according to

X
L= ‘P p; (PM2R; p2N-: (2.7)
p2N -

As in the continuous setting, (2.6) can be written in unconstrained form as
a(u;v)=(f;v)o. hh vl ;v 2 Ve (2.8)
In particular, - 2M . () and the complementarity condition
hh-; - uii =0 (2.9)

is satis ed.

Residual-type a posteriori error estimators for obstacle poblems that contain the standard
edge residuals g := hézzk e [r ulekoe, where | u]Jg denotes the jump ofr u- across
E, for edges within the discrete coincidence set cannot be e ent: Assume - to have a
kink that aligns with some edge E in the discrete coincidence set. Then, the edge residual

E = hézzk e [r “Jekoe will be large, although the discretization error ju u-j;. can be
arbitrarily small. The same applies to the discrete local e ciency. As will be shown in the
subsequent a posteriori error analysis, the standard elermt and edge residuals within the
discrete coincidence set do not contribute to the error estnator. They will be eliminated in
essence by the discrete multiplier. However, the a posterioerror analysis requires an extension
of the discrete multiplierto V. = H (). This extension is motivated by the following explicit
representation of -.

Lemma 2.1. The discrete Lagrange multiplier - has the representation

E P P P 1 p . .
fy N O;T E [r u‘]Ev ‘ O;E’ pZN(A)'

(p) = . T21° E2EP (2.10)
T 0 pZN‘(I‘);

where' P is the nodal basis function associated with the nodal poinp.



152 D. BRAESS, C. CARSTENSEN, AND R.H.W. HOPPE

Proof. It is an immediate consequence of (2.9) that -(p) = 0 for p 2 |1 -. On the other
hand, if p2 A+, we choosev: = ' P. It follows from (2.8) that
“(P=hh P = £ 0wt P (2.11)

An elementwise application of Green's formula to the seconderm on the right-hand side in
(2.11) yields
p X p X p
ru;r': 01P = ru;r't _ = e [rul'? 0E - (2.12)
T21° E2EP

Inserting (2.12) in (2.11) we obtain the assertion.

In the a posteriori error analysis of obstacle problems, theLagrange multiplier - is con-
sidered as a functional onV- and extended to V; see, e.g., [8]. Usually this is done via a
representation as anlL, function. Here, for the reasons mentioned above, the constiction
refers to Lemma 2.1 and edge terms are included. We set

X 1 X 1 X
h—;vi = = (f:v)or > e [rulv,e + (213)
p2N - (A-) T2 ° E2 EP
Remark 2.1. The sum in the de nition of ~-, i.e., in (2.13) is restricted to points in the active

set. If the summation runs over all nodal points of the grid ard the factors are adjusted at the
boundary, then we obtain an extension A with " ;vi = a(up;v) (f;v) forall v2 V; see [10].

We denote by E (A-) and T-(A-) the sets of edges and elements having all vertices within
the discrete coincidence sefA-, i.e.,

E(AY):

E2E() jN-(E) A - ; (2.14a)
T(A):

T2T-() jN(T) A - ; (2.14b)
and we refer toE (I -) and T-(I -) as the complements
E(-):=EnE(A); T():=TnT(A): (2.15)
We further introduce EX? E - and TA(i\) T - as the subsets of edges and elements having
i vertices in the discrete coincidence sef-, i.e.,
EV = [ E2E jcard(N-(E)\A )= i ; i2f0;1;2g; (2.16a)
T = [ T2T jcard(N-(T)\A )=1i ; i2f0;1;2;3g; (2.16b)

and we dene E" and T,") analogously. In particular, E(A-) = E2 and T(A') = T,
Moreover, we set

Te.=Tn TA§3) [T|§3)) i B = En EAQ) [TIFZ)) : (217)

Now the summation in (2.13) can be reorganized such that eacliriangle and each edge
enters only once. Taking (2.14) and (2.16) into account, fran (2.13) we easily deduce that for
v 2 V there holds

X X X i X
h-ivi= 3 (f;v)or 5 e [Fwleiv gg: (2.18)
=1 ot [ =1 Eg2e()
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It follows that for v- 2 V-

X X
hh-;vii h ~;vi = T(f;v)or E e [rule;v 0E (2.19)
T2Te. E2Ef. ’
where . .
r=1 ;—3; T21 e=1 5 E2EY: (2.20)

We note that ~ does not inherit the complementarity properties from -, in particular, ~ 2
V. . Obviously, the contribution of ~- reminds of the well-known residual estimators for linear
problems. Section 4 will highlight its role in the a posteriai error analysis.

3. The a Posteriori Error Estimator and the Error Reduction
Property

We consider the residual-type a posteriori error estimator

X X 1=2
e 2 2
= Tt E

T2T (1) E2E-(1-)

(3.1)

whereT-(I ) and E (I -) are given by (2.15). The element residuals + are weighted elementwise
L2-residuals and the edge residualsg are weighted L2-norms of the jumps g [r u:] of the
normal derivatives across the interior edges according to

1= hrkfrkor; E:=hi’k e [r ulekoe: (3.2)

They are de ned as in the linear regime (see, e.g., [33]), buin contrast to that case they only
have to be considered for element3 and edgesE within the discrete non-coincidence set -.

The re nement of a triangulation T- is based on a bulk criterion that has been previously used
in the convergence analysis of adaptive nite elements for ndal nite element methods [15, 24].
For the obstacle problem under consideration, the bulk crierion is as follows: Given a universal
constant 2 (0;1), we create a set of elementi @ T <(I-) and a set of edgesM @ E (1)
such that

X 2 X 2
T T (3.3a)
T2T (1) Tom @
X 2
2 2 (3.3b)
E2E-(1-) Eom @

The bulk criterion is realized by a greedy algorithm [12,13] Based on the bulk criterion, we
generate a ne meshT-,; as follows: If T 2 M WorE=T.\T 2M @ ,wereneTorT by
repeated bisection such that an interior nodal pointpr in T or interior nodal points p. 2 T.
andp 2 T are created [24]. In order to guarantee a geometrically confming triangulation,
new nodal points are generated, if necessary.

We further have to take into account data oscillations and a cata term with respect to the
right-hand side f and the obstacle . The data oscillations osc are given by

0s¢ := os@(f) + osd( ) ; (3.4)
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where osc (f ) and osc ( ) are de ned by means of

X X
osc(f) := 0S¢ (f) + ose (f); (3.5a)
T2T-() E2E- ()
X X
osé( ):= 0sG( )+ 0s¢e (); (3.5b)
T2T-() E2E-()
0sG (f) :=diam( D) kf  fpkop;
s ( )= j ‘jup; D2 T;IE
On the other hand, the data term - is of the form
X
2.— %( ); e( )i=hg ke [r lekoe; (3.6)
E2M @

where
M@= E2M @ jmg 2A-4; andp, 214 Orp 214

with p denoting the interior nodal pointsin T (E = T+ \ T ) (cf. case (i)2:1 in the proof of
Lemma 5.3 in Section 5 below which is the only situation where ? occurs in the a posteriori
error analysis).

The re nement and the new mesh T-;; shall also take care of a reduction of the data
oscillations (cf., e.g., [24]). In particular, we require that

0s¢,; 2 0s¢ (3.7)

for some 0< , < 1. This can be achieved by additional re nements if necessar Likewise, we
require that
‘2+1 3 ‘2; (38)

where 0< 3 < 1. Since these terms can be expected to arise only in the digte noncoincidence
set close to the discrete free boundary, (3.8) can be achiegteby including edges in the vicinity
of the discrete free boundary in the re nement process.

The convergence analysis is based on the reliability and theliscrete e ciency of the esti-
mator - as well as on a perturbed Galerkin orthogonality which will be addressed in detail in
the subsequent Section. These properties involve consistey errors due to the extension ~ of
the discrete multiplier - and the mismatch between the continuous and discrete coindence
and noncoincidence sets. In particular, we de ne

con := con® + con™: (3.9)

Here, cont® and con®t refer to the consistency errors associated with the reliallity of - and
the perturbed Galerkin orthogonality:

con® :=jh~;  uij; cor®™ =2 h; - uwi: (3.10)

Due to the construction of ~, the consistency errorcon’® is nonzero only in the small patch
Te. [E k. in the vicinity of the discrete free boundary (cf. (2.17)) and in G := A-\1l . On the
other hand, the consistency errorcon® is nonzero only inG := A\l -. The setsG and G
represent the mismatch between the continuous and discreteoincidence and noncoincidence
sets. Usually, the setsTg. [E¢. and C ;1 2; are small and the consistency errorson®
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and cor®t turn out to be at least one order of magnitude smaller than the other error terms
as it is the case, for instance, in the numerical examples peented in Section 6. However, if
necessary, the marking strategy can be extended by markingie elements and edges ifir. [E .
andC ;1 2; for re nement. To do so, we need to provide approximations ofthe mismatch
setsG and G. We denote by (D);D ; the characteristic function of D and, following [18]
and [22], de ne
A = _ + u
hi+ - u
with appropriately chosen ;r > 0 as an approximation of (A). Indeed, it can be shown that
k & (A)kor ! Oash- ! 0OforeachT 2 T-() (cf. [18,22]). Then, ! :=1 A js an
approximation of (1) and hence, ©“:= (A') ! and < := (1) 2 provide approximations
of the characteristic functions (G) and (G).
The main result of this paper states an error reduction in thej j;. -norm up to the consis-
tency error con-.

Theorem 3.1. Letu2V andu 2 V-, u4; 2 V-4, respectively, be the solutions of2.2) and

(2.8), and let osc, -, and con be the data oscillations, data terms, and the consistency mr
as given by(3.4), (3.6), and (3.9), respectively. Assume that(3.7); (3.8) are satis ed. Then,
there exist constantsO < ;3 < landC; > 0;1 i 3, depending only on and the local
geometry of the triangulations, such that
ju uajl to 1 G G 1o ju uji ! Cs con
os¢, A @0 , 0A@ o2 A+@ 0o A: (3.11)
2, 0O 0 3 2 0

Remark 3.1. If the consistency error con is negligible, the error reduction property (3.11)
implies R-linear convergence of the nite element approximations u- 2 V- to the solution u 2 V
of (2.2).

The proof of Theorem 3.1 will be presented in the next section

4. Reliability

We will show that the residual-type error estimator from (3.1) provides an upper bound for
the energy norm error up to the data oscillations and the constency error con® .

Throughout this section, we denote by C > 0 a constant depending only on the geometry
of the triangulation, not necessarily the same at each occuence. Moreover, forA;B 2 R we
use the notationA . B,if A CB. Likewise,A Bi A. BandB . A.

Theorem 4.1. Letu2 V and u:- 2 V- be the solutions of(2.3) and (2.8), respectively, and let
-, osc, and con'® be the error estimator (3.1), the data oscillations (3.4) and the consistency
error (3.10), respectively. Then, there holds

ju wjz . 2+ osd + con®: (4.1)

Proof. Setting e, := u u- and denoting by Py. : V I V. Cement's quasi-interpolation
operator (see, e.g., [33]), we nd by straightforward compuation

jeui?. = a(es;en)=r(es Pvey)+ 1(Pv.ey) + “2(eu); (4.2)
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where

r(v) :=(f;v)o: a(u;v) h=vi; v2Vv,
“1(v) = hh;vii h ~;vi; v 2V
“2(V) = h Vi, v2V:

Elementwise integration by parts and the representation (218) leads to

X
r(v) = (f;v)o;r e [Fuleiv e h~—vi

ToT- E2E-()

X
= T(friv)or e B [FWlEV ¢

T2 ) E2E-(1)

+ T(f frivor; (4.3)
T2T (1)

where 1 and g are given by (2.20). Standard estimation of the terms on the ight-hand side
in (4.3) with v:= ¢, Py.¢, yields

X X
jres Pv.ey)j. T +oscr(f) jeujy v + Ej€uj1 &
T2T-(1) E2E-(1-)
1. .
Toleull + C %+ osd(f): (4.4)
For "1(Py. &) in (4.2) we obtain
i i 1.0 X 2 X 2 .
J 1(Pyv-ey)j 1_0]euJ1; +C 2+ osG(f) + E - (4.5)
T2TE. E2EF.
Moreover, for “,(e) it follows that
2(ey) = u i + h— i+ b~ i

From the complementarity property (2.4),(2.13) and 2 V, we deduce

o1 X
- jeui el +C FHosd(f) + E
T2Tk. E2Ef.
+ os@( )+ con® + h~ St (4.6)
It remains to estimate h— i. Zero boundary conditions are not required for ~

We note that u2 V and u- 2 V- satisfy

a(u;v)=(f;v)o + h 1 ouvi hvi; v2HY) ; 4.7
a(usv)=(fivi)o, + h rusvi h—vi; v 28, (4.8)
Setting = -2 HY() and denoting by Ps. :H() ! S Ckment's quasi-interpolation

operator, we obtain

h~ D= h Ps i + h— Ps. i: (4.9)
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We have
h— Ps i= h-;Ps. i hh -;Ps. i + hh-;Ps. i h ;Pg i: (4.10)
For the rst term on the right-hand side in (4.10) we get
h—;Ps. i hh :Ps i . osd( )+ X 2+o0sE(f) + X 2: (4.11)
T2Tk. E2E¢.

SincePs. is an admissible test function in (4.7) and (4.8), the trace nequality
k r(u uw)k = . ju ujg ; (4.12)

and Young's inequality imply that the second term on the right-hand side in (4.10) can be
bounded from above as follows

hh-;Ps. ii h ;Ps i
au u;Ps. )+ h r(u uw)bPs i

iju ujs. + Cosé( ): (4.13)
10 '
Next, using (2.13) for dealing with ~ and (4.7) with  we get
h  ~; Ps i=11 + Iy (4.14)
where
X 1 X
= f; Ps. 3 (f; Ps: Do
p2N - A- T2!°
l,:=h ru Ps. i a u; Ps.
X 1 X
+ > e [rule; Ps. o ¢

p2N - (A-) T E2EP

For the rst term it follows that

X
jlj @ 1) (frs Ps. Jor + (f f1; Ps. ot
T2T (1)
X
ht kftkor + ht ki frkot | jun+
T2T (1)
X
2 + 0s@(f) + osé( ):
T2T (1)

Moreover, using (4.12) and Young's inequality again, the seond term |, is estimated from
above

X
jloj  aley; Ps. ) + @ e)(e [rwle; Ps. )oe
E2E-(14)
X
+ he r(u u); Ps. e
E2E-()

1. 5 X 2
— jeuji. +C g+ os@( ) :
10 WL

E2E-(1-)
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The preceding two estimates give
h  ~; Ps i 1—10jeuji +C 2+ 0s@(f)+ osd( ) : (4.15)

Combining (4.4)-(4.6), (4.10), (4.11) (4.13) and (4.15) wecomplete the proof of (4.1).

5. Discrete Local E ciency, Perturbed Galerkin Orthogonal ity, and
Proof of the Error Reduction Property

We will prove discrete e ciency of the error estimator in the sense that it provides a lower
bound for the energy norm of the dierenceu- u-.; between the coarse and ne mesh ap-
proximation up to the data oscillations and the data terms.

Theorem 5.1. Letu- 2 V-;u-4+1 2 V-4 be the solutions of(2.8) and let -;osc as well as -
be the error estimator, the data oscillations, and the dataerms as given by(3.1), (3.4), and
(3.6), respectively. Then, there holds

2. ju uajf +os@+ % (5.1)

As usual in the convergence analysis of adaptive nite elem& methods, the proof of The-
orem 5.1 follows from the discrete local e ciency. The guaranteed improvements that can be
associated to the volume terms and the edge terms will be esttdished by the subsequent two
lemmas. We adjust the concept in [9] to general obstacles, lut would be possible also to
adopt ideas from [10] or [28].

Lemma 5.1. Let T 2M & with an interior nodal point p2 N 41 (T).
@ If p2N-41(1-41), we have

2. ju wajly + osé(f): (5.2)

(i) If P2N-41(A41), duetoT 2M P there existsp2 N-(T)\N ~(I-), and there holds

X
2. hZ kf f!pkg;!p+ 2. (5.3)
E2E?
R
wheref, » == j1 %] 1, fdx.
Proof. Let p 2 N+4+1 (T) be an interior node. We choose (ﬁ)l = (ﬁ)l fr: as an

appropriate multiple of the level * + 1 nodal basis function ' (ﬁ)l associated withp such that

h2kfrkds h% fr; O

+looTe
Observingr u- 2 Po(T) we nd by partial integration
a(u;v)=0 if suppv T andv2 H(T): (5.4)
In particular, the preceding inequality yields
hikfirkdy h? fr; © o au; B (5.5)
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Since (E)l is an admissible level’ + 1 test function in (2.8), we have
auwa; O f @+ hhg; @i =0 (5.6)
Adding (5.5) and (5.6) results in
h2kfrkgr =h3 - f @
+aus u; P+ hheyy; P (5.7)
Case (i): p2 N4 (1) implies that
hhoyy; i = .1 (p)=0;
and we readily deduce from (5.7)
h2kfrkdr U wa o h2 @+ oscr(f)hrk @) ko (5.8)
Observing
h2j ®jir h3jj  hrkfrkor; (5.90)
hrk ® kot hriTi¥% | hrkfrkor; (5.9b)
we obtain (5.2).
Case (ii): We have
e Kk b3 frn 9o
=h? fr f @ +n2 o6 © (5.10)
we set = ® where' ® is the level* nodal basis function associated withpf and we
choose > 0 such that Z
@ ® gy =0: (5.11)
n.
since ™ is an admissible level test function, there holds
a(u; Py=(f; )y, (5.12)
On the other hand, by Green's formula
a(u; ®)= e Irules @ e (5.13)
E2E’
Using (5.11){(5.13) yields
%,
=ht f; KE)l ® on?t hi f ® 0 ?
=ht t f @ ® one* hiau; ®
=h: f fe @) L ” e rules © g (5.14)

E2E-(p)
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The right-hand sides in (5.14) can be estimated as follows

e (f e g0

hr ki fokg mo  hr k D kor + 1052k Pk, s s (5.15)

h2j e [rul @ 0

hi?k e [r ulekoe hE2 k Pkoe: (5.16)
Using (5.9b) and

102k Pk, = 102 g j ke Pk

010 - hT kakO;T;

W32k Pkoe = W32 jk' Pkoe . hr Kfrkor;
in (5.15) and (5.16), we nd that (5.14) results in
h2jtf; ®)ori. hr kf o f, skor

X 1=2
+ hE_ K e [r U‘]E kO;E ht kakO;T: (517)
E2EP

Finally, using (5.9a),(5.17) in (5.10), we deduce (5.3).

XXX

Py . XX X
E r
@ rp+ rp
@@T+ T
@

Fig. 5.1. Notation for E 2 M @ and the adjacent elements T+, T .

Lemma 5.2. LetE 2 M §2), E=T.,.\T, T 2T, be arened edge with midpointmg 2
N-.1 (E) and associated patch & := T, [ T . Then, there holds

2. U us i! e +0sGe(f)+osde( )+ E( ) (5.18)

Proof. Let p 2 N-41 (T ) be interior nodes in T and w-41 = U 4 ‘41 (cf. Fig. 5.1).
We distinguish the two cases

(i) waa(pe)=wa(p )=0;
(i) Wi (pe) <0 or wy(p)<O

Case (i): For w- := u: - we have

hek e [r u‘]kg;E . hek e [r W‘]kg;E + %( ): (5.19)
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Sincer w-jr, T 2 fT g, is a constant vector, there exists at least one element®2 T-.; (T)
suchthat ¢ r wjroand g r w-jro have dierent signs or are zero onT? Hence,

JE rwWire) j g r (W Wag)jroj jr (W Weap)jroj
SincejTY j Tj hgjEj, it follows that

hek g [r W‘]Ekg;E Cwe W‘+1j§;T+ +jw W‘+1jiT

ju  uwajl e + osde( ) (5.20)

Combining (5.20) and (5.19) we obtain (5.18).
Case (ii): Without loss of generality we may assume thatw-,; (p+) < 0. We distinguish the
subcases

(i), wi(mg) <O (i) w4 (mg)=0:
Case(ii );: Denoting by ' ng) and' gﬁ*l)the nodal basis functions associated witmg and p. ,
we have

aUsg:' ngE) = f ngE) o and a u.;;' (Ei) = f;' (Ei) o : (5.21)
The latter and (5.4) yield
aua wi G =(6 G (5.22)
R
Weset' (&) .= (me) () 5 0-and choose suchthat' &) 2 HE(1 Eyand ' &) dx =
0. It follows from (5.21) and (5.22) that
Z Z
= [r ue ds= rule ' §) ds
> E E E E 41
E
=au uq; o+ i E) o ¢
=auw uat G o e ) o1 E

We deduce

2. ju U‘+1J€; et OS(‘!ZE (f);

which proves (5.18).
Case (ii )2: We distinguish between

(ii)1 e [ruw]e 0 and (i)22 e [FUw]e>0
Case (i )2:1: There exist T® 2 T-43 (T ) such that
ErWajro 0 g I Wagjro;
and hence,
0 e [ruwle = EFWjro g I Wjpo e [r e

Er(W waje e (W Wai)jro e [r le

row weag)jroj+jr (W W )jrej+j e [r clej:
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Observingj! Ej j T  hZ, it follows that

é Cju U‘+1ji!E + %( )
which shows (5.18).
Case(ii )2.2: We have
a Uy, ngE) f;’ ngE) o. and au.;’ gﬁi) = f %1) 0 -

We construct ' (El) as in Case {i ); and obtain
1Z Z
0< > g [rule ds
E

e [rule &) ds

from which we deduce (5.18).

Proof of Theorem 5.1. The upper bound (5.1) follows directly from (5.2) and (5.3) in Lemma
5.1 and from (5.18) in Lemma 5.2 by summing over alll 2 M W andallE2M @ and taking
advantage of the nite overlap of the patches! E.

The nal ingredient of the proof of the error reduction property is the following perturbed
Galerkin orthogonality:

Theorem 5.2. Letu2V anduk 2 Vg, k2f ;" +1g; be the solutions of(2.2) and (2.8), and
let osc and con®t be the data oscillations(3.4) and the consistency error(3.10). Assume that
(3.7) is satis ed. Then, for any " > 0 there holds

2 2
u U g 1+ é u u .

v 3 » 0sE(f) + %(l+ 3) 0s&( )+ con®t: (5.23)

" 2
(1 ) u U +1 1;

Proof. By straightforward computation

2 2 2
U U . = U U U W4 ;0 t28U U U Uy ! (5.24)

Now, (2.2) and (2.8) imply

2a U U41.U Uyg
=2 f fq;u U o T2 hh-y1;u Wi h jus Wi (5.25)

Using that f  f-.; has zero integral mean on eaci 2 T-.1, applying Young's inequality and
(3.5), we obtain

4
2(f fu;u U)o 5 Ju wii. +ju uajl  + 5 p0sd(f): (5.26)
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On the other hand, taking advantage of -.; 2 M 4 (), the complementarity condition (2.9),
and 2V,,we nd

2hh-y1;U Uil h U~ Ui

= ZPh‘+1 ;tl‘ ll} + 2 hh-yy ;- syl ho; - g
z
0
+ 2hh- 41 - U 4p il + h; - uj 2h; -4 U] (527)
(Dot g Wely =30 g uf 3N oy Uy
=0 = con?t 0
For the estimation of the second term on the right-hand side n (5.27) we set . := - 41

and recall (4.7) as well as

a Uy, Vosr
=(f;v-4+1)o: Fus;Voe 0: hh 41 5veqii; Vi 2 Sy (5.28)

Since . 2 S is an admissible test function in (4.7) and (5.28), by the trace inequality (4.12)
and by Young's inequality we nd

2 hh-4q o dih o
2aU Us1; )+ h r(u us); i

Siu walf 20+ o) osd( ) (529

Using (5.25){(5.27) and (5.29) in (5.24) gives (5.23).

We have now provided the prerequisites to prove the error redction property (3.11) as
stated in Theorem 3.1.

Proof of Theorem 3.1. The reliability (4.1), the bulk criterion (3.3a) and (3.3b) , the discrete
e ciency (5.1), and the assumption (3.7) imply the existence of a constantC > 0, depending
only on and on the local geometry of the triangulation, such that

ju ujz C ju  uwj? + osé+ con™

Now, invoking the perturbed Galerkin orthogonality (5.23), we deduce

C(1+"=2) 1

C(l ..) jU U‘+1ji + CC- 0os&+ 2 + Ccon;

Ju Ui

where C- := max (4="+ "=2) ,;8(1 + 3)=". Together with (3.5) this proves (3.11) with
1= C+"=2) 1=C(1 ") <1for"< 2=3C).
6. Numerical Results

In this section, we provide a detailed documentation of the onvergence history of the AFEM
for two illustrative elliptic obstacle problems.



164 D. BRAESS, C. CARSTENSEN, AND R.H.W. HOPPE

Fig. 6.1. Visualization of the solution of the obstacle prob lem in Example 1.

NN,
X
X

4
4
4
4
4

Fig. 6.2. Adaptive re ned grid after 7 (left) and 10 (right) r e nement steps ( = 0 :6 in the bulk
criterion).

Example 1. We consider an obstacle problem of the form (2.1) in an L-shapd domain where
the obstacle is an “inverted' pyramid. The data are as follovg

=( 222%n1[0;2] [ 20]; (x):=0:5201 dist(x;@ 2;2); x2 ;

(6= rPPsin@=3) 0=+ R 3 P A0 sn@=3) o)
8
i(r)=  6r®+15r% 103+1; 0 r< 1,  (r)= 0;r 54
-0 T 1 ; elsewhere,

wherer =2(r 1=4) and (r;' ) stand for polar coordinates.

Figure 6.1 displays a visualization of the solution, wherea Figure 6.2 shows the adaptively
generated nite element meshes after 7 (left) and 10 (right) re nement steps of the adaptive
loop =0 :6in the bulk criterion (3.3), (3.3a) . The coincidence set is a small region at the
upper fore side of the hill-like structure seen in Figure 6.1where the solution is in contact with
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Table 6.1: Convergence history of the adaptive re nement pr ocess in Example 1.

N- . osc (f) () M - M osc:*
1 15 | 1.19e+00 | 5.61e+00 | 7.96e+00 | 2.45e+00 | 49.5 | 34.9
2 37 | 1.09e+00 | 5.57e+00 | 5.29e+00 | 1.73e+00 | 33.1 19.4
3 76 | 7.18e-01 | 3.90e+00 | 2.07e+00 | 1.37e+00 | 27.3 15.4
4 171 | 5.08e-01 | 2.70e+00 | 8.12e-01 | 1.09e+00 | 33.4 141
5 361 | 3.38e-01 | 1.82e+00 | 3.78e-01 | 8.79e-01 | 36.7 9.9
6 851 | 2.16e-01 | 1.20e+00 | 2.22e-01 | 7.29e-01 | 31.0 3.2
7 1596 | 1.54e-01 | 8.52e-01 | 1.46e-01 | 6.06e-01 | 34.5 3.6
8 3273 | 1.06e-01 | 5.85e-01 | 7.29e-02 | 5.04e-01 | 34.1 2.4
9 6356 | 7.54e-02 | 4.17e-01 | 4.50e-02 | 4.21e-01 | 35.2 2.0
10 | 12340 | 5.41e-02 | 2.98e-01 | 2.57e-02 | 3.51e-01 | 35.4 12
11 | 23988 | 3.90e-02 | 2.16e-01 | 1.60e-02 | 2.92e-01 | 34.4 0.9
12 | 45776 | 2.79e-02 | 1.56e-01 | 9.63e-03 | 2.44e-01 | 354 0.6
13 | 88439 | 1.99e-02 | 1.14e-01 | 5.92e-03 | 2.04e-01 | 36.0 0.4
14 | 166926 | 1.37e-02 | 8.36e-02 | 3.46e-03 | 1.71e-01 | 33.8 0.3
8
10t
Fig. 6.3. Energy norm of
10° } the error as a function of the
DOFs for adaptive and uni-
form re nement in Example
10t b 1.
-2 . . . .
10
10* 102 10° 10* 10° 10°
N

the inverted pyramid. We see that the re nement is dominant along the diagonal and in a
circular region around the reentrant corner where the soluion exhibits singular behavior.

Table 6.1 re ects the convergence history of the AFEM where™ stands for the re nement
level and N- for the total number of degrees of freedom at level. Further, "-, -, osc (f), and

() denote the energy norm of the discretization error, the eror estimator, and the data os-
cillations in f and , respectively. The quantity M .- refers to the percentage of elements/edges
re ned at level * due to the bulk criterion (3.3a), (3.3b). Finally, Mys.; denotes the percentage
of additional elements/edges that had to be re ned in order to guarantee a reduction of the
data oscillations.

Figure 6.3 displays the energy norm of the discretization eor "- as a function of the
degrees of freedom (DOFs) for adaptive and uniform re nemeh We see that in this case the
adaptive re nement is only slightly bene cial with both re nements showing the same rate of
convergence.
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Example 2. We consider the torsion of an elastic, perfectly plastic cyihdrical bar Q =

(0; L) of cross section R? and lengthL > 0. Denotingby @Q := f Lg, @Q:= f 0Og,
and @Q:= @ (0;L) the top and the bottom of the bar as well as its lateral surfae, at @Q
the bar is twisted about the xz-axis by an angle > 0, whereas@Q is supposed to be stress
free.

Fig. 6.4. Visualization of the solution of the elastic-plas tic problem.

Fig. 6.5. Adaptive re ned grid after 7 (left) and 12 (right) r e nement steps ( = 0 :6 in the bulk
criterion).

Using Hencky's law for an isotropic material, modeling the pastic region by the von Mises
yield criterion, and normalizing physical constants, it can be shown that the equilibrium stress

tensor =( i) - isgivenby j = @Qu=@x(;j) 2f(1;3);(3;1)g, j = @u=@x(i;j)2
f(2;3);(3;2)g, and j = 0 otherwise. Here u 2 H}() is the solution of the variational
inequality 7 7

rur(v udx 2C (v u)dx; v2K; (6.1)
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and K stands for the closed, convex set
K:= v2H}) jv = dist( ; @) a.e. on

We have chosen as the L-shaped domain :=( 2;2)°n([0;2] [ 2;0]) and C =5.

The computed solution and adaptively re ned grids after 7 (left) and 12 (right) re nement
steps = 0 :6 in the bulk criterion (3.3a), (3.3b) are shown in Figures 6.4 and 6.5. The
coincidence and non-coincidence sets correspond to the glic and elastic region, respectively.
The non-coincidence set consists of the union of a neighboood of the edges forming the
reentrant corner and a neighborhood around the diagonals. A can be expected from the
properties of the solution, the re nement is concentrated within the non-coincidence set.

The convergence history of the AFEM is documented in Table & with the same notations
as in the rst example. Since the right-hand side in the variational inequality is a constant,

Table 6.2: Convergence history of the adaptive re nement pr ocess in Example 2.

N- . () M - M
2 65 | 2.49e+00 | 8.42e+00 | 3.46e+00 | 7.5 6.2
3 84 | 1.95e+00 | 4.99e+00 | 2.83e+00 | 10.9 4.3
4 113 | 1.73e+00 | 5.73e+00 | 2.29e+00 | 9.8 4.9
5 192 | 1.21e+00 | 5.91e+00 | 1.90e+00 | 18.3 4.1
6 336 | 9.26e-01 | 4.72e+00 | 1.57e+00 | 18.6 2.6
7 533 | 7.21e-01 | 3.67e+00 | 1.26e+00 | 20.1 3.6
8 1151 | 5.22e-01 | 2.49e+00 | 1.05e+00 | 20.0 1.3
9 1849 | 3.77e-01 | 1.77e+00 | 8.79e-01 | 25.2 21

10 3373 | 2.69e-01 | 1.30e+00 | 7.36e-01 | 24.2 0.9

11 5720 | 2.01e-01 | 9.50e-01 | 6.15e-01 | 26.2 1.4

12 | 11014 | 1.47e-01 | 6.85e-01 | 5.14e-01 | 27.1 0.5

13| 19461 | 1.08e-01 | 5.06e-01 | 4.30e-01 | 26.1 0.8

14 | 34942 | 7.73e-02 | 3.71e-01 | 3.60e-01 | 31.8 0.4

15| 67114 | 552e-02 | 2.75e-01 | 3.01e-01 | 26.5 0.4

16 | 123427 | 3.75e-02 | 2.01e-01 | 2.52e-01 | 30.8 0.2

10

Fig. 6.6. Energy norm as
a function of the DOFs for
adaptive and uniform re ne-
ment.
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the associated data oscillations are zero. Figure 6.6 disgys the energy norm of the discretiza-
tion error as a function of the degrees of freedom for adaptie and uniform re nement and
demonstrates the bene ts of the adaptive approach for this &ample.
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