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Abstract

We study wave splitting procedures for acoustic or electrom agnetic scattering problems.
The idea of these procedures is to split some scattered eld into a sum of elds coming from
di erent spatial regions such that this information can be u sed either for inversion algo-
rithms or for active noise control. Splitting algorithms ca n be based on general boundary
layer potential representation or Green's representation formula. We will prove the unique
decomposition of scattered wave outside the speci ed reference domain G and the unique
decomposition of far- eld pattern with respect to dierent reference domain G. Further,
we employ the splitting technique for eld reconstruction f or a scatterer with two or more
separate components, by combining it with the point source m ethod for wave recovery. Us-
ing the decomposition of scattered wave as well as its far- eld pattern, the wave splitting
procedure proposed in this paper gives an e cient way to the ¢ omputation of scattered
wave near the obstacle, from which the multiple obstacles which cause the far- eld pattern
can be reconstructed separately. This considerably extends the range of the decomposition
methods in the area of inverse scattering. Finally, we will p rovide numerical examples to
demonstrate the feasibility of the splitting method.

Mathematics subject classi cation: 35P25, 47A52, 81U40, 78A40, 78A45, 74320, 74325
Key words: Inverse scattering, Wave splitting, Potential theory, Nea r eld, Regularization.

1. Introduction

Inverse problems for acoustic and electromagnetic waves @ an important role in many
scienti ¢ and engineering applications. Medical imaging br example uses several techniques
from the area of inverse problems as basic ingredients for ndégcal examinations. Nondestructive
testing employs inverse problems techniques for quality aatrol. For a given incident wave, the
impenetrable obstacleD will generate a scattered wave outsideD, which is in general governed
by the Helmholtz equation for acoustic waves or Maxwell equéons for electromagnetic waves.
The scattered wave and its far- eld pattern contain information about the scatterer D such as
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the boundary shape and boundary type. The reconstruction ofan obstacleD from the far- eld
pattern of its scattered wave is one of the central researchdpics in inverse scattering theory,
see for example [10] and the topical review [13].

There are three categories of shape reconstruction methodsom far- eld data of scattered
waves. Firstly, there are iterative schemes, see, e.g., [5]The second kind of methods use
decomposition and optimization techniques, which rstly determine the scattered wave from its
far- eld pattern on a set outside of the obstacle and then update this surface such that the total
eld matches the boundary data by iteration procedure. This is a classical method with a long
history [5,7,10]. The third kind of methods, which have beendeveloped recently, constructs
some indicator function of the boundary from the near eld or its far- eld pattern, respectively.
Then the boundary shape is constructed from the point set whee the indicator blows up in
some way [2{4,14,15]. In most of these methods, the reconstction of the scattered wave from
its far- eld pattern is of great importance.

By expressing the scattered wave outsideD in the form of a potential integral de ned
on @D the direct scattering problem determines the scattered wae and its far- eld using a
density function which satis es an integral equation on @D This procedure is also applicable
if D contains multiple connected components ( [16]). Di erent methods for reconstructing the
scattered eld outside of D have been developed, compare the literature given in [5]. He we
will employ and further develop the potential method of Kirsch-Kress [5] and the point source
method of Potthast, Erhard, Liu, Chandler-Wilde, Lines and others (see [1,10]). The methods
reconstruct the scattered or total elds, respectively, outside of some auxiliary domainG. Both
methads in their standard formulation have problems with reconstructing multiple obstacles
D = D; when the location of the obstacles is not known a-priori.

Following the potential approach, in principle we can still choose an approximate domain
G satisfying G D such that we can compute the scattered wave outsidés. The choice of
G can be specied from the knowledge of far- eld pattern via range test method[12], where
the solvability of some integral equation is tested (compae Section 2.4). However, it is a
complex algorithmical task to use multiple auxiliary domains G to reconstruct the eld close
to the boundary shapes@Dof the unknown scatterer D. Also, this leads to severe stability
problems, since the ill-posedness of the equations under msideration depends on the curvature
and non-convexity of the curves [8,11].

Motivated by these problems, we present an e cient way to reconstruct the scattered wave
from the far- eld pattern caused by multiple obstacles. The basic idea is tosplit the far- eld
pattern into several parts which are essentially related to each oliacle. Correspondingly, the
scattered wave is also decomposed. It is observed that our Bping avoids any approximationas
for example employed for the Born approximation or physicaloptics approximation. Using this
idea based on general potential theory or Green representain formula and combining it with
the point source method we propose a scheme which provides a reconstruction of theattered
wave at all points outside of some scattereD with several components. Thissplitting method
enables the recovery of the scattered wave outside of multip obstacles. The method proposed
in this paper, except for its intrinsic importance in wave recovery is also applicable toshape
reconstruction for multiple obstacles.

This work is organized as follows. In Section 2, we rstly giwe the exact de nition of
scattered wave splitting and prove theuniquenessfor this splitting for a given domain G. Then
we establish two methods for the wave splitting, which are baed on asingle-layer approach
and Green's formula, respectively. The uniqueness for both approaches is prowe To achieve
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exibility in the choice of a reference domain G, we also prove the uniqueness of far- eld
pattern decomposition with respect to G. Then in Section 3, by using the wave splitting
technique developed here together with the point source méiod, we investigate eld and shape
reconstructions for an obstacleD containing multiple disjoint connected components. This
important application of wave splitting provides a novel and e cient way to the reconstruction
of multiple obstacles in the frame work of evaluating the sc#tered wave. Finally, we show the
numerical feasibility of the scheme by presenting some nunral reconstructions in Section 4.

2. Scattered Wave Splitting

To explain the basic idea of scattered wave splitting for mutiple obstacles, here we assume
that the obstacle D contains two disjoint connected componentsD1; Do, thatis, D = D1 [ D»
such that D1\ D, = ; and D; is connected with boundary of classC? forj =1;2.

In order to specify the domain where the total scattered wavefor the obstacleD = D; D,
is decomposed, we rstly give

De nition 2.1. Assume that two domainsG; and G, with G;\ G, = ; and C2 smooth
boundary are given such thaD; G; andD, G,. SetG:= G;[ G,.

Denote by ( ; ) the free-space fundamental solution to the Helmholtz eqution u+ 2u=0
in R2 or R®. For G given in De nition 2.1, the single- and double-layer potentials are de ned

by

Z
(S )(x) = G( X;y)' (y)ds(y); (2.1)
: o @ xy),
(K" )(x) = 0s @) (y)ds(y) (2.2)
for x 2 R™ and solve the Helmholtz equation inR™ n @G Moreover, we introduce
Z .
kKO )= G agy): x2 @6; (2.3)
@G (X)
T = =2 8L 4qy): x2 @6 (2.4)

@(X) @c @Q(Y)

It is well known the above four integrals called potential functions are well-de ned forx 2 @G
with density ' in suitable Helder or Sobolev spaces (see [5]).

2.1. Uniqueness of source splitting

This section serves to establish the uniqueness of a generadattered eld splitting for some
domain G given by De nition 2.1. Here, we do not need to specify the cowrrete form of the
potentials under consideration.

Theorem 2.1. Consider domainsG; as given in De nition 2.1. Assume that we are given a
decompositionu® = u3 + u3 of the scattered eld u® such that

1. uj satis es the radiation condition for j =1;2;

2. u} soles the Helmholtz equation in the exterior oG; for j =1;2;
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s\+ @Ujs)+ ot
3. Both (u?)* and —g — eXistin @G, where

() ja@g = lim uP(x):
X2RM™nGj; x! @G

Then the splitting of u® is unique, i.e. for every further splitting u® = 4 + 43 with & meeting
conditions 1-3 above, we obtairu?(x) = ¢7(x) for x 2 R™ nG; with j =1;2.

Proof. We subtract the two representations and use the de nition
vi(x) = ui(x) #(x); x2R"nGj; j=1;2 (2.5)
to obtain in R™ nG; [ G, that
vi+Vvy=(uj+u3) (ef+43)=u® us=0: (2.6)

Thus, noticing the smoothness ofv; in the neighbor of G, we know that v; is a solution to the
Helmholtz equation in G, with boundary values

: : @y. @Y .
Vileg = Vsiea; e = @yl@qi 2.7)
We now de ne the function o
wi= n Go; (2.8)

Vo in R™ nGsy:
Then the function w solves the Helmholtz equation inR™ n @G, both its value and normal
derivative are continuous on @ G. Thereforew is analytic in R™ due to the analytic continua-
tion, since v1; v, are analytic function in G,; R™ nG; respectively. Thus we have constructed an
entire radiating solution w to the Helmholtz equation in R™, which must vanishes everywhere.
We obtain v; 0 in G, and by analytic continuation it is zero also in the exterior of G;. The
same arguments show, 0 outside G,, which ends the proof.

In the following, we will establish the concrete decomposibn scheme for scattered wave in
terms of its far- eld pattern.

2.2. Far eld splitting via single-layer potentials

Here, we will describe the splitting of far eld pattern u! for scattering of an acoustic wave
u’. Then this splitting generates the desired scattered wave dcomposition inR™ nG.
Let us express the scattered wave by single-layer approach

us(x) :=(S')(x); x2R™nG: (2.9)
The far eld pattern of S' is given by the operator
z
(St )(%) = e "Y' (y)ds(y); ®2S (2.10)
@G

with =1=(4 )inR®and = €~ 4P 8 in R?, Sis the unit sphere inR™. Here, the density
" liveson@G- @G[ @G. We denote

i) =" (y) fory2 @G (2.11)
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and denote the corresponding single-layer potential opetars by S;, i.e.
Z

(§"j)(x) = o6 (xy) j(y)ds(y); x2R" (2.12)
and we have
S' = S]_' 1+ 52' 2! (213)

S
The splitting of the far eld of a scatterer D = D; D3 is obtained from the following three
steps.

Algorithm 2.1

1. Solve the far- eld equation
st =t (2.14)

to generate density function' de ned in @Gwhere S* is given via (2.10).
2. De ne two functions
W) =(S"j)(x); x2R™nGj;j=1;2 (2.15)

which can be considered as a scattered wave outsidg, , in the sense that it solves the
Helmholtz equation in R™ nG; and meets the radiation condition.

3. Compute the far eld patterns of u® de ned by

ut =Sty j =12 (2.16)

In this way, the far eld pattern u! is decomposed as
ul = ui +ul: (2.17)
Correspondingly, the scattered waveu® related to u' has the splitting
us(x) = uj(x)+ u3(x); x2R™nG (2.18)

from the linear superposition principle and the Rellich lemma, whereu? is computed via (2.15).
Moreover, u? outside G; is the scattered wave related touj1 with j =1;2 again from the Rellich
lemma, noticing uP(x) de ned by (2.15) is the radiation solution.

For the feasibility of the above scattered wave splitting based on the far- eld pattern de-
composition we need to investigate the following questions

1. Is (2.14) uniquely solvable? If so, then the decompositio (2.17) and the functions u§; u3
in (2.15) are uniquely de ned.

2. For given G, is (2.18) a decomposition ofu® in the sense of Theorem 2.1? If this is the
case then the single-layer approach is aonstructive methodfor this unique decomposition
of the scattered eld.

Theorem 2.2. Assume that G is chosen in the way of De nition 2.1 such that 2 is not
the interior Dirichlet eigenvalue of in G; for j = 1;2. Then there exists a unique solution
"2 LY(@G to (2.14).
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Remark. The proof contains two parts. Firstly, we prove that the far eld operator St
L2(@G ! L?(9 is injective. This proof is completely the same as thatG is a connected
domain, compare [5,7]. However, to understand the advantag of wave splitting based on the
Green formula in the next subsection, which does not need thassumption on the wave number

2, we still give the proof here. Secondly, we give the existercof' in L?(@G.

Proof. Let S'' =0 on S. Then the scattered waveu® expressed by (2.9) has zero far-
eld. Therefore it follows from the Rellich lemma that us = (S' )(x) 0 outside G. By the
continuity of single layer potential on @ Gwe know that (S' )(x) solves the Helmholtz equation
in G with boundary condition (S' )(x) =0 in @G Since 2 is not the Dirichlet eigenvalue of

in  Gj from the de nition of G;, we get (S' )(x) 01in Gj. So we have §' )(x) 0in
R"n(@G @G). Using the jump relation of (S;' 1)(x) and the continuity of (S,' 2)(x) in
@G, we get' 1 =0. Similarly, ' , =0. Therefore S? is injective.

For the existence of solution inL?(@ G, we refer to Theorem 2.7 below. For its applicability
we remark that for the domain G chosen by De nition 2.1 the scattered waveu® corresponding
to the far eld pattern u! naturally has an extension into the exterior of G.

This result gives an answer to the rst equation. Now, we can pove the uniqueness of the
decomposition of scattered wave, which is stated as

Theorem 2.3. If u® has the decomposition(2.18) outside G in the sense of Theoren2.1, then
u? can be calculated using the single-layer potential as de mein (2.15).

Proof. Due to Theorem 2.1, it is su cient to prove that u? with j = 1;2 de ned in (2:15)
meet the three conditions in Theorem 2.1.

It follows from Theorem 2.2 that u} is well de ned outside G; and meets the conditions
1 and 2 in Theorem 2.1 obviously. On the other hand, it followsfrom the following Theorem
2.7 again that u? can be extended analytically to R™ n@i . Therefore, the condition 3 is also
satis ed.

This result gives a positive answer to the second question. iSce the choice ofG meeting the
previous conditions is not unique, we must consider the unigeness of far- eld decomposition
(2.17) and the scattered wave decomposition for di erent cloice of G. This uniqueness can be
stated as

Theorem 2.4. Denote byu! the far- eld pattern cause% by obstacleD and u® the scattered
wave outsideD related to u' . Assume that G := G; G, dierent from G is the other
con guration satis ed the same requirement on G given previously. If we decompose the far-
eld pattern u! as

ul =4l + 4l (2.19)

using Algorithm 2.1 for G and construct t°(x) outside G;j by the density function'~ related to
@s;, then we have fori = 1;2 that

t (&) = uf (R) (2.20)
and S S m
' (x) = 47(x); x2R"nG; Gj; (2.21)
provided that (G; G) meets the following separation condition
r \ [

L

Gi G Gy Gp=:: (2.22)
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Proof. We prove this theorem by splitting the proof into the followi ng two cases. First, we
treat the case WhereGJo contains G; in its interior for both indices j = 1;2. Secondly, we reduce
the general case to this special case.

Case 1: Gj Gj = Gj with j =1;2. For givenG and G, it follows from t1 +4} = u! =
ul +ul that

(¢f  up)+(w3 u3)=0: (2.23)

On the other hand, noticing the correspondence betweenu€~; ut ) and (&; u?) in terms of the
density (~;' ;) with j =1;2, we know that (¢ u3)+ (5 u$) outside G is the scattered
wave corresponding to the far- eld pattern (43 ul )+ (w} u}), since it is the radiating

solution to the Helmholtz equation outside G. Therefore, the Rellich lemma and (2.23) yield
(8 u)+(wd udl(x) 0 x2R"nG: (2.24)

Now applying the same argument as that in the proof of Theorem2.1 with G there being
replaced by G, we get that

& = u’; x 2 R"nG;

for j =1;2, which proves (2.21). Here we have used the fact thaG; S Gj = Gj. Now using
the relation between (u;1L ;uj1 ) and (&7;u?) in terms of the density (~j;" j) again, we know
(uj1 :ul ) are the far- eld pattern of the scattered wave (&;u?). Therefore, (2.21) leads to
(2.20) immediately.

Notice, in this case, our proof does not need the condition (22), which is guaranteed
automatically by the de nition of G.

Case 2: G; G; 6 G; for at least onﬁaj =1;2. In this casethe separation condition
(2.22) assures that we can takeG; with G; G, = ; suchthat (G G;) G; with j =1;2.
Now we have the far- eld pattern decomposition

ut =up +u3

S
interms of G .= G; Gy a? well asu?(x) outside G; constructed in terms of ' ;. Using the

facts G Gj = Gj and G; Gj = Gj, together with the uniqueness result in Case 1, we get
that

uP(x) = u(x); & (x)= u(x); x2 R nG_,-;
which implies that o
us(x) = ¢7(x); x2 R" nGj: (2.25)

. R R e~ p S .
Since bothu?(x) and &°(x) are analyticin R" nG;  Gj andGj Gj  Gj, (2.25) yields that
S S . m
ur(x) =47(x); x2R"nG; G

from the unique continuation of analytic function, which proves (2.21). Also, (2.21) leads to
(2.20) immediately. This completes the proof.

2.3. Far eld splitting via Green's formula

We now establish an alternative splitting via Green's formula. We need the representation
formula for both exterior and interior problems as follows. For some solutionu to the Helmholtz
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equation in a domain G; we observe that ( [5], Theorem 2.1)

L&y 0e)
@G @) @l

On the other hand, the radiating solution u® to the Helmholtz equation in the exterior of
G;j has the representation ( [5], Theorem 2.4)

z

u(x) x2Gj;
0 X6ZGJ'Z

( xy) ds(y)= (2.26)

sy A Xy)  @ay) _ 0 x 2 Gj;
o "G @y Y BT Gy xea:

We will use these formulas to derive a general splitting proedure which does not need to avoid
interior eigenvalues of the domainG; .

Using the potential operators, Green's formula for the radating solution u® of the Helmholtz
equation can be written in the form

(2.27)

(@)

u*=Ku® S=— in R"nG: (2.28)
@
Then, the normal derivative %& on @ Gfor u®(x) outside G meets
@b @a 1@6 .
——=Tu® K=—+>— in @G 2.29
@ @ 2@ @ (2.29)

due to the jump relation of potential functions. This equation is not adequate to calculate
the normal derivative from its boundary values, since for irterior eigenvalues for the negative
Lapcacian it lacks uniqueness and thus existence for genddaoundary values. For this reason we
use the following operator representation of the Dirichletto-Neumann mapB : u®jgg! %&j@e
or Steklov-Poincare operator, respectively. Following [$, p. 48, with some parameter > O,
the operator is given by

B:=(il 2iK %+2T)(1+2K 2iS) *:c% (@G! C% (@G; (2.30)

where one solves the exterior Dirichlet problem for the doman G by a Brackhage-Werner
ansatz, also known as combined single- and double-layer pertial, and calculates the normal
derivative of the solution via the classical jump relations In the following, we also need the
far- eld pattern of operator K which is de ned as
Z @e*Y
a@c @(y)

We now derive a splitting procedure via Green's formula.
A splitting of the far eld pattern u! or the scattered eld us in the exterior of G = G1[ G»

is given in Algorithm 2.2.
We formulate the unique solvability and validity of Algorit hm 2.2 in the following results.

(K" )(%) =

"(y)ds(y); R2S (2.31)

Theorem 2.5. The equation (2.32) has a unique solution' in C* (@G for 2 (0;1).

Proof. Since u! is the far- eld pattern of scattered wave u® outside D, the existence of
' = Wj@c2 CY (@G satis ed (2.32) is obvious, noticing us(x) is analytic in R™ nD. Now let
us consider the uniqueness. Assume thdt(y) 2 C* (@G satis es

(K sS'B)Y ®)=0; R2S
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Algorithm 2.2
1. Solve the integral equation
ut =(K! stBy (2.32)
to obtain the boundary values' = uS on @Gvia the solution ' 2 CY (@G, noticing

(2.27).
2. Use (2.30) to evaluate the Dirichlet-to-Neumann map

= B' (2.33)
to calculate the normal derivative = @&=@ on @ Gof the eld uS outside G in terms
of (2.29).
3. Compute
ur =Ki'1 S{ 15 u; =Ki{', S; 3 (2.34)
ut=Ki'1 S1 15 u=Kz o2 S oo (2.35)

respectively to obtain a splitting of (u* ;u®), where (S;;K;; St ;K!) with j =1;2
are de ned by the same way as §;K;S* ;K1) with @ Greplaced by @G.

Then u3(x) related to the far- eld pattern given by (2.32) is identica lly zero outside G from
Rellich lemma, that is,
(K SB) (x)=0; x2R"™nG: (2.36)

By de ning
Vi(x) = (Ki' i Si(B")i)(x) for x 2 R™;

with i =1;2, the above equation reads as
Vi(x)+ vi(x) 0, x2R™nG:
By the same argument as that in the proof of Theorem 2.1, we gethat
V(x) 0 x2R™nGj; j=1;2

On the other hand, vi(x) is the radiation solution outside Gi, it follows from (2.27) that
vi(x) 0inG;. Since both double-layer potentialK ;' ;(x) and single-layer potential S;B" 1(x)
solve the Helmholtz equation inR™ n@ G, using the jump relation of K ; and the continuity of
S; with on @G in the continuous density setting, we nally get from vi(x) OiInR™n@G
that ' 1(Y)jeg 0. Similarly, we get' 2(Y)jeg O.

Here we decompose the far- eld pattern by Green formula, whee u®jggis considered as the
density. Comparing the decomposition of far- eld pattern by general potential theory method
in the previous section, the advantage of wave splitting basd on Green formula is that we
get u® as well as its normal derivative directly. This kind of technique has been used in the
reconstruction of Neumann data from the far- eld pattern [9], such data are needed in the
probe method [3]. Moreover, the wave splitting based on the Gen formula does not need the
condition of 2 not being the Dirichlet eigenvalue in G;. But in the splitting based on general
potential theory, we need this assumption, see the proof of fieorem 2.2.

We can also show the uniqueness of scattered wave splittingetated to this far- eld decom-
position.
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Theorem 2.6. For given G, assume that the far eld pattern u! has the splitting u* =
u} + u} in terms of (2.34). Then uf(x) de ned in terms of (2.35) is the scattered wave in
R™nG; corresponding to the far- eld pattern u! . Moreover, us = u$+ u$ is the unique scattered
wave splitting outsideG related to u! in the sense of Theorem2.1

Proof. Obviously, u?(x) de ned in terms of (2.35) is the radiating solution to the Helmholtz
equation in R™ nG;. On the other hand, it follows from the relation between the operators
(Kgg:Shes) and (Keg;Seg) that uf(x) has the asymptotic expression with ut (&) given
by (2.34). Therefore the Rellich lemma says thatuf(x) must be the scattered wave outside
G corresponding to far- eld pattern u! . Finally, Theorem 2.1 generates the uniqueness of
splitting outside G, sinceuf(x) constructed here also satis es the requirements in Theorm 2.1.

In this subsection, we can also consider the analogy to Theem 2.4, that is, the unique
decomposition with respect to G based on the Green formula. It can be set up by the same
way as that in the proof of Theorem 2.4, since (2.35) also spb the scattered wave in terms of
the density functions (Ufjgg; %j@@) corresponding to the far- eld decomposition (2.34). So
we omit this result.

By the above theorem we can calculateu? outside of the domainsG;. In Gj nD; we will
show below that the scattered waveus can be calculated fromujl via point source method We
combine these two methods to calculate the total wave

— i S — yi S S
u=u+u =u+ujtu;

around each obstacleDj, j = 1;2. Then we can use the zero points set ofi to construct the
boundary @D.

2.4. Determination of splitting domains via the range test

So far we have used the assumption that we know two domain&; and G, which contain
the two componentsD; and D, of a scatterer D with the important condition G;\ G, = ;.
Here we will discuss how these domains can be determined frothe knowledge of the far eld
pattern u® from one scattered time-harmonic wave. We will employ therange testas suggested
by Kusiak, Potthast and Sylvester [12].

The range test exploits solvability arguments for the equaion (2.14). Consider the equation
in dependence of the unknown domairG = G;1[ G,. Then we have the following result proven
in [12].

Theorem 2.7. If the scattered eld u® de ned by its far eld pattern u! can be analytically
extended into the setR™ n G, then the far eld equation

st' =ut (2.37)

does have a solution inL?(@@. In this case, us expressed in terms of the density can be
extended toR™ nG. If the eld cannot be analytically extended intoR™ nG, then the equation
(2.37) does not have a solution.

The solvability of the equation (2.37) can be numerically tested by calculating the regularized
Tikhonov solution
o= (1 +stisty istiyl (2.38)
and observing the behaviour of the normjj' jj_ 25 for ! 0. The key ingredient is Theorem
3.7 of [12] adapted to our notation.
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Theorem 2.8. If the scattered eld u® de ned by its far eld pattern u! can be analytically
extended into the setR™ n G, then

i" itz <1y PO (2.39)
On the contrary, if the eld cannot be analytically extendedinto R™ nG, then
i et ;P 0 (2.40)

The range test takes a reference setufs = G; [ G, which incorporates some apriory
knowledge about the possible location and size of the domainD; and D, such that some
rotated and translated version of G can contain D; in G; and D, in G,. Then, for every
rotation and translation via some parameters ; and we test the solvability of the equation
(2.37) via the calculation of the norm of (2.38). We use the sting for splitting for which the
norm is minimal. For more details about the range test we refe to [13] and the literature cited
therein.

3. Application of Wave Splitting for Shape Reconstruction

Based on the wave decomposition, we can reconstruct multig! scatterers by Algorithm 3.1
using a potential splitting and the point source method for eld reconstructions. Here, for
clarity of the presentation, the algorithm is explained for two obstacles.

Algorithm 3.1. The reconstruction of D1; D, by wave splitting:

1. First we specify two domainsG; and G, suchthatD; GiandD, Gz, G\ Gy = ;
for unknown obstaclesD;; D,. The possibility of this kind of choice depends on som
a priori information about the location of D1; D, as well as the extent of separatior]
betweenD; and D».

2. Use the splitting procedure to determine densities ; and ' , on @G and @G, such
that the single-layer potentials given by (2.15) generatesa splitting of the scattered
wave us = u§ + u3 and calculate the far eld patters uji and u3 in terms of ' ; and
' 5. If the splitting is based on Green formula, then nd density (' ;; ;) and get the
expression (2.35) as well as the far- eld decomposition (34).

3. Use the point source method to reconstructu$ from u3 in G, nD,. We calculate
an approximation u3. using appropriate masking operations which determine thg
illuminated area as suggested by Erhard [6].

4. Calculate an approximation u¢ , to the total eld uin G, nD, by adding u§ and the
incident eld u!'

D

Uoy = ut + S;'1+ Ug; 3.1
in case of splitting by potential theory, or
Ucy = ut + Ki1 S 1+ Ug; 3.2

with 3 = B' 3, if the wave splitting is based on the Green formula.

5. Search for the zero curve ofi to calculate an approximation to the boundary @D,
provided that the component D, has the sound-soft type boundary.

6. @0 can be reconstructed analogously.
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Obviously the above shape reconstruction scheme can be ajgd to multiple obstacle with
other kinds of boundary conditions on each component oD.

In the remaining part of this section we will give more details and a convergence analysis
of step 3, that is, reconstruction ofu®, j = 1;2, in Gj nD; from its far- eld pattern by point
source method. Notice, the expression (2.15) (or (2.35)) ges the scattered waveu?(x) only
outside G;. Here we give the basic idea of the point source method based@otential theory
as suggested by Liu, see [8,11]. This approach to the point soce method extends it to the
reconstruction of general radiating elds, whereas the useof reciprocity relations as employed
in [10] limits it to elds arising from scattering of plane wa ves.

Since in our boundary reconstruction problem,@D is unknown, we try to approximate @D
by the zero-curve of total wave near@D. So in practice, we computeu$ outside some chosen
domain H, Dj. The initial speci cation of H, depends on somea-priori information of D.
With some rough zero-curve of total wave outsideH,, we can shrink H, continuously to get a
better reconstruction of @DB.

The point source method for the recovery ofu$ in the known domain G, nH ; for given H,
uses the steps outlined in Algorithm 3.2.

Algorithm 3.2
1. Approximate the point source ( ;x) for any xed x 2 G, nH, by a superposition of
plane waves 7
(yix)= € ‘g(d)ds(d); y2 @H: (3:3)
S

2. Express the scattered waveu3(x) outside H, as well as its far- eld pattern in terms
of the density function by
z

u3(x) = (yix) (y)ds(y); x2RZnHy; (3.4)
er
uz (&) = e *Y (y)ds(y); %2S (3.5)
@k

3. By inserting (3.3) into (3.4) and exchanging the order of ntegral, it follows that
z

us(x) = 1 Su% ( dyg(d)ds(d); x2 GonH> (3.6)

in terms of (3.5), which reconstructs u3(x) from its far- eld pattern.

The equation (3.3) for superposition density may not have anexact solution. So it must be
solved by regularization technigue to get an approximate stution g, () such that (3.3) holds
approximately. Then (u3) (x) generated from (3.6) in terms ofg, gives an approximation of
u3(x).

In our procedure of generatingu} from total far-eld u® by wave splitting, the error is
unavoidable. Therefore, our computation formula in fact is

(u3)’ (x):= ! S(u% ) ( dyg, (d)yds(d); x 2 GynHy; (3.7)

using the noisy data U3} ) . The error between the computational result u3)‘ (x) and the
exact eld u3(x) may be estimated by the following result [8].
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@) (b)
Fig. 4.1. (a) Simulation of the scattered eld and (b)Point s ource method using some circular ap-
proximation domain without splitting and without modicat  ions which might take into account the
non-convexity of the scatterer. The non-convex part of the elds and domains cannot be reconstructed
since it is outside of the illuminated area of the method.

Theorem 3.1. Let (u} ) (%) be the noisy data of far- eld pattern u} (&) satisfying

k(uz) () U3 Ok (3.8)

Then for any x 2 R2nH(H,), there exists constantsC; a; b; cdepending onH,; and a choice
strategy of = () such that

i) O 00 s € amETe () (3.9

with the constant C uniformly in any compact set of R2 nH(H,), where H(H,) is the convex
hull of H».

We have shown all theoretical analysis on the wave splittingprocedure related to multi-
ple obstacle scattering. This procedure provides a exibleway to the wave computation and
boundary recovery in inverse scattering. We will present some numerical results in next section
to show the validity of this decomposition.

4. Numerical Examples

In this last section we demonstrate the feasibility of the spitting procedure by an application
to the inverse acoustic scattering problem from two obstaas with Dirichlet boundary condition.
For simplicity we restrict our attention to the two-dimensi onal case.

We have carried out a simulation of the wave scattering probém via a Brackhage-Werner
potential approach
Z

2@ xy)
w)= =Py dsty) _, (XY () dsy); x2R"n@D; ()

@(y)

leading to boundary integral equations of the second kind

(1+K iS) = 2u on@D; (4.2)
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(a) (b)
(c) (d)
(e) ()

Fig. 4.2. The images show the simulated eld for scattering b y two obstacles (a), the full reconstructed
scattered eld u® via the splitting procedure with a single-layer approach fo llowing Algorithm 2.1 (b),
the eld u + u' calculated via the splitting procedure (c), and the eld u$ + u' (d). Reconstruction
of uj + u' from u} on two illuminated areas around D; via the point source method is shown in (e)
and (f). In particular, in (e) we obtain a reconstruction in a n area where the point source method in
its simple implementation cannot reconstruct the eld.
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@) (b)
Fig. 4.3. Original total eld via simulation (a) and total e Id via splitting procedure and point source
method after reconstruction (b).

compare [5] or [10] for a detailed presentation. Employing Mstem's method for the numerical

solution of the integral equation and quadrature based on tke trapezoidal rule the density
potential can be evaluated on subsets o0R™. Figs. 4.1(a) and 4.2(a) show a plot of the modulus
of the total eld u= u' + usinarectangleQ =[ 10;10] [ 10;10]. The wave number has
been chosento =1.

First, we would like to demonstrate what can happen when the mint source method is
applied to the two obstacles without appropriate modi cati ons taking into account the strong
non-convexity of the scatterer D. We have employed the illumination technique developed by
Erhard [6] to nd the illuminated areas of the method and to set the eld in areas with bad
reconstruction to zero. An example is shown in Fig. 4.1. Hergonly the outside of the circular
or convex hull of the scatterer is illuminated by the reconstuction scheme. Fields inside of the
convex hull of the scatterer cannot be reconstructed and thelgorithm shows this as blue areas
between the domainsD; and D,,.

We will demonstrate how the splitting procedure in combination with the point source
method can overcome the above di culties. In Fig. 4.2(b) we demonstrate the scattered eld
as represented via the splitting procedure. The eldsu3 and u3 are shown in Figs. 4.2(c) and (d),
their sum adds up to the original eld u® in the exterior of the auxiliary domain G = G; [ Ga.
Here, we employed the single-layer approach for the splittig procedure following Algorithm
2.1. The eld plotted in Fig. 4.2(b) is the one given by equation (2.18).

Next, we employ the point source method applied to the far eld patterns u} . The point
source method step by step reconstructs the eld on illuminded areas, which depend on the
parameters of the method (compare [10] or [6]). We show two monstructions of the eld
u$ + u' in Figs. 4.2(e) and (f). In particular, it is observed from Fig. 4.2(e) that the eld is
reconstructed on the non-convex part between the scattereyD, and D,. This was not possible
without the splitting procedure.

Finally, we combine all illuminated partial reconstructio ns via some simple masking opera-
tions into a full reconstruction of the total eld in R™ nD = R™ n(D1[ D3). This is shown
in Fig. 4.3. From the reconstructed total eld we are able to nd the shape of the domainsD;
and D, searching for points whereju(x)j is zero or close to zero. Since this is along the lines
of [10] we omit further details and point to the literature.
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