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1. Introduction

In this paper we shall consider a class of pseudodifferential operators, including the
parametrices of the linear partial differential operators of Schrédinger type P(z, D) =
—A+V(x) where the potential V(z) = ) cr aaz® is a multi-quasi-elliptic polynomial
with constant coefficients a, € C, with R complete polyhedron of R"™; cf. [1-8].

We will summarize later the notion of complete polyhedron of R™ and multi-quasi-
ellipticity. However, to be more clear, we give here two explicit examples of such V' (z)
in two variables (x1, x2):

Vi(a1, w2) = ol + a5, (1)

with k, h even positive integers;
V(1 22) = 2 + 2'a}? + a5, (2)

with h;, k; even positive integers, h; > k; > 0 (i = 1,2) and % + % > 1.

By arguing in the framework of the pseudodifferential operators with symbol in the
weighted Shubin classes (see [9-12] ) it can be shown that u € L?(R"), 8§ju € L*(R")
and x%u € L?(R") for any j = 1,...,n and a € R, provided that P(x, D)u € L*(R"),
cf. the preceding examples.

In this paper, the above L?-regularity result is extended to any 1 < p < oo in the
context of a calculus of LP-bounded weighted pseudodifferential operators.
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As is well-known, pseudodifferential operators with symbol in the Shubin class Fg} As
cf. ]9, 10], with weight function A(z,§) and p = p(A) € (0,1], are not in general LP-
bounded for p # 2 (see [13] for instance).

Here we deal with suitable subclasses M FZ?A of the Shubin classes which are ob-
tained by assuming an additional Lizorkin-Marcinkiewicz type condition on the decay of
the derivatives of the symbol. By means of the Lizorkin-Marcinkiewicz theorem about
Fourier multipliers ([14]) the related pseudodifferential operators are LP-continuous
when the order m is zero; cf. [15, 16], for the related results in a local context.

In Sections 2 and 3, the class of the weight functions and the related weighted
symbol classes are introduced. The basic elements of the symbolic calculus in this
framework are developed and some properties of the weighted-elliptic symbols are also
considered.

In Sections 4 and 5 various kind of pseudodifferential operators with symbol in
M FZ’A and their algebra properties are investigated, while Section 6 is devoted to
the construction of the parametrix of an elliptic operator; since here we follow closely
the lines of the standard symbolic calculus, cf. [9], the proofs are usually omitted or
outlined only.

The main LP-continuity result for operators of order zero is proved in detail in
Section 7 and in Section 8 the action of operators with arbitrary order on a scale of
suitably defined weighted Sobolev spaces is derived.

In Section 9 we consider the same operators acting on the functional spaces defined
as the images, under the inverse Fourier transform, of the Sobolev spaces in Section 8.
The symmetric behavior of symbols in M F;’}A with respect to the variables x, ¢ leads
to the continuity of the related pseudodifferential operators on such spaces.

In Section 10, the regularity results for weighted-elliptic pseudodifferential operators
are stated in the frame of all the previous functional spaces; as an example they are
applied in particular to the Schrodinger type operators mentioned at the beginning.

We finally observe that, as far as we know, our results are new also in the ho-
mogeneous classes of [11, 12], corresponding to the weight A(z,£) = /|z|2 + |£]2 + 1
and having as basic example the harmonic oscillator —A + |z|?; however in this case
LP-regularity of the solutions can be deduced easily from known results, cf. [17].

2. Weight Functions

Definition 2.1 We say that a positive function A(z) € C®(RYN) is a weight func-
tion if the following conditions are fulfilled:

1. there exist positive constants pg < p1 and C such that
C71 (1 + 2] < A(z) < C(1+ |2, (3)
for all z € RN ;
2. for every t € RN there exists C = C; > 0 such that

A(t) < CA(2), (4)
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for all z € RN (where tz .= (t121, ..., tN2ZN));

3. there exists p > 0 such that for any o € Zf and vy € Zf with v; € {0,1}
(Gj=1,..,N) .
210" TA(2)| < CanA(2)' 0, (5)

for all z € RN with a suitable Cy > 0.

For similar definitions of weight function, cf. [9, 10, 18, 19], the peculiarity is here
the invariance of the estimate (5) under the application of the operator 2797 to the
weight.

From now on we set for short K:= {y € Z¥ : v; € {0,1} j=1,...,N}.

Using Faa di Bruno formula, we can easily derive the following result.

Proposition 2.1 Let A(z) be a weight function. Then for any m € R and all

a € ZY, v € K there exists Cy > 0 such that
_lal
|270°TT(A(2)™)| < CaryA(2)™ w, z e RV, (6)

As a consequence of the above proposition, any power A(z)™, with m € R4, of a weight
function is also a weight function.

An example of weight function according to Definition 2.1 is given by the so-called
quasi-elliptic polynomials; namely, we take the square root:

where m = (my,...,my) € NV and minj<j<ym; > 1.
In fact the assumptions 1, 2, 3 are easily verified; in particular (z) := /14 |z|? is
a weight function in the sense of Definition 2.1.

A more general class of weight functions is given by the multi-quasi-elliptic polyno-
mials of Volevich-Gindikin ([8]) defined by

Ap(z) = | Y 220 (8)
a€eV(P)

where P is a complete polyhedron of RY.

Namely P is the convex hull of a finite set V(P) C NV of convex-linear independent
points, called vertices of P which are uniquely determined by P itself. Since P has non
empty interior, it is completely described by

P={zcR;v.-2>0,Yv e \y(P)}N{zeRY;v-2 <1,V e Ni(P)},

where No(P) C {v € RY;|v| = 1}, Mi(P) C RY are finite sets and as usual v - z =

ZN .
j=1VjZj-
We assume moreover that for j =1,..., N:
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i) (0,...,0) € V(P), and V(P) # {(0,...,0)};
ii) No(P) ={e1,...,en} with e; = (0,..., Lj_sh entry,--.0) € RY;
iii) every v € Ni(P) has strictly positive components v;, (j = 1,..., N).
Let us notice that the boundary of P, F(P), consists of faces which are the convex
hull of the vertices of P lying on the hyperplane H, orthogonal to v € Ny(P)UN;(P),

1. e. :

v-z=0 if ve~MNy(P), v-z=1 if veMN(P).
When P is a complete polyhedron, Ap(z) satisfies the assumptions 1, 2 and 3 with
po = ming ey (p|af, 1 = max,ey (py|al and u:max{uj_l;l/ e Mi(P), j=1, ...,N} the
a#0

formal order of the multi-quasi-elliptic polynomial, cf. [8].

The following properties of a weight function A(z) are easy consequence of the
assumptions I-& in the above definition.

Proposition 2.2 If A(z) is a weight function, there exist positive constants C and
e such that for all £, n € RN

1 JA()E — A()r| < ClE = n|;

)
)

n
(L+ & =nD)*An).

==

5
(AN

2. 01 < M

© <, as 1€~ | < eA(©)

)

>

3. A(§) <

Q

Remark 1 From assumption I in Definition 2.1 and Proposition 2.2 it follows that
Ho < p1 <

3. Classes of Symbols
Let A(z) be a weight function according to Definition 2.1. The following weighted
classes of Shubin type related to A(z) are considered (see [9-12, 19].)

Definition 3.1 Letm € R and0 < p < i [0y is then the class of all the functions
a(z) € C®(RN) such that for all a € ZY

10%a(2)] < CoA(z)™Plol, ze RN, (9)

We introduce now suitable subclasses of FZLA whose related pseudodifferential operators
will be LP-continuous for all 1 < p < co when the order m is zero.

Definition 3.2 For m € R and 0 < p < i, MF;”A is the class of the functions
a(z) € C®(RY) such that
270%(z) € T, (10)

for any v € K.
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We list some propositions; they are obvious variants of the standard symbolic calculus
and proofs are omitted.

Proposition 3.1 The following statements are equivalent

1. a(z) € M) ;
2. 270°a(z) € FTXpla‘ for all € ZY and v € K;

3. for every a € Zﬂf and v € K

1270 a(2)| < CornA(z)™ Pl z e RV, (11)
Proposition 3.2 For A(z) weight function, m,m’ € R, 0 < p/ < p < i the
following properties hold
1. if m < m/ then ML C MF;C‘:A;
2. if a(z) € MT' and b(z) € MT', then (ab)(z) € MTT'I™ ;
5. if a(z) € M}y then 0%(z) € MI‘,TX’)‘@', for any a € 7 ;
4. if a(z) € MI'}'y and t € RN, then a(z —t) € MT7y and a(tz) € MLy
Proposition 3.3 Let A(z) be a weight function, m € R and 0 < p < i Then the
following inclusions hold
7N MT, C Ty, (12)

where Ny := N(% —p).

Definition 3.3 We say that a sequence {a;};jen of symbols aj(z) € MFZ?j\, such
that mj > mji1 and lim; .o mj = —o0 is an asymptotic expansion for a(z) € ML}

and write
a(z) ~ > a;(z),
J

if, for any integer N > 1, a(z) — >, ya;(z) € MI’;”}‘V.

Proposition 3.4 If {a;}jen is a sequence of symbols as in Definition 3.3, there
exists a(z) € MF:;L}\ for which {a;}jen is an asymptotic expansion. Moreover the

symbol a(z) is unique modulo I' )T := (g I’y = S(RM).

The following notion of ellipticity is the same as that in the frame of the Shubin type
classes (see [9]).

Definition 3.4 A symbol a(z) € FZLA is A-elliptic of order m if there are two
constants C, R > 0 such that

la(2)] = CA(2)™, 2| > R. (13)
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We will write EFZLA for the class of the A-elliptic symbols of order m and EM FZ?’A =
ETT! O ML,

Concerning the elliptic symbols we have the following proposition; since it plays a
key role in the following, we shall give the details of the proof.

Proposition 3.5 Consider a(z) € ET}!y and let 1(z) be a function in C>(RY)
which is identically zero for |z| < R’ and identically one for |z| > R", with0 < R’ < R
sufficiently large. Then f((j)) € EPP_KL.

If a(z) € EMT?,, then %2 € EMT, 7.

Proof Since a(z) fulfills the estimate (13) with a suitable positive R, taking any
1 (2) satisfying the prescribed assumptions with R” > R’ > R, we have 15((;) € C®(RM).

See for example [9] for the proof of the first statement.

For the second one, it suffices to prove that 2797 f((j))
By use of the Leibnitz rule and Faa di Bruno formula we get for v # 0,

€ I',{ for any nonzero v € K.

|v|

=T ) D) BRI A R B R O R Y!

k+1
v<vy k=0 a(z)

where, for any v < vy and 1 < k < |v|, the last sum in the right-hand side is taken
all over the k-tuples (v',...,v%) € K x ... x K such that v/ > 0 (J = 1,...,k) and
v+ 4+ % = v, while Ck.pp1 ..o+ are suitable non negative constants depending on

v<n~,v,...,vF and k (for v = 0 the related term on the right-hand side reduces to
ZWBW(Z))
a(z) :

Since a(z) € ET},

IOV (2)
a(z)k+l

belongs in particular to I' ) when v < 7); on the other hand, 270" a(z) € oy for
J=1,... k.
This just shows that 2797 75((5)) € Fg’]\l and completes the proof.

€ F;T(’Hl) for any v < v, 0 < k < |v| (it

Remark 2 As an immediate consequence of Propositions 2.1 and 3.1, we see that
any real power of a weight function A(z)™ is a A-elliptic symbol of order m; more
precisely A(z)™ € EMT'Y | for any m € R.

H7

4. Pseudodifferential Operators

In this section we set N = 2n and z = (z,§).

Firstly, we list some notions and related results which will be useful in the following.
We shall associate to each symbol a(z,&) € I‘K‘A the pseudodifferential operator of
generalized Weyl type

Au(x) := /ei(z_y)'ga((l — 1)z + 7Yy, §)u(y)dyds, ues, (15)
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where 7 = (71,...,7,) € R™" is fixed, we denote by Ty the vector (m1y1,..., Thyn) and
a¢ .= (2m)~"d¢.

We can consider from the very beginning more general operators of the form
Au(z) == /ei(my)'ga(x,y,f)u(y)dydg, u€sS, (16)

where the function a(z,y, &) € C®(R3"), called amplitude, satisfies suitable estimates.
More precisely, according to [9, 10, 12], we give the following

Definition 4.1 Let A(x, &) be a weight function, 0 < p < i and m € R. We define
fZ,LA to be the class of all a(z,y,&) € C°(R3™) such that for any o, 3, € Z't
10¢050)a(x,y,€)| < Capydmm a8 (®,5.€),  Capy >0, (17)
with
N iy (@595 €) 1= A, ™ (@ = )™ (1 + A, €)(w — y) =) T+,
for a suitable m' € R depending on a(x,y,£), but independent of a, 3,7.

When a(z,y,§) € FZA’ the operator A defined in (16) continuously maps the space S
into itself and it extends to a continuous map from S’ into itself.
We set L7y for the class of all the operators defined by (16) for some a(z,y,§) €

f?;?/\' When a(z, &) € Iy, any pseudodifferential operator defined by (15) is an oper-
ator in LZ}A thanks to the following

Proposition 4.1 If a(z,§) € I\ then for every T € R™ the function
b(xvyaé) = a‘((l _T):U_‘_Tyvé.) (18)
belongs to f::A. In particular b(z,y,&) = a(x,§) and b(z,y,&) = a(y, &) are in f;rfA.

In fact, L7"\ does not enlarge the class of the pseudodifferential operators defined by
(15) with a(z,§) € Iy

Proposition 4.2 ([9]) Let A € L7\ with amplitude a(z,y,§) € fZ?A and T € R".
Then there exists one and only one symbol br(x,§) € F;’fA such that

Au(x) == /ei(zy)'gb.r((l — 1)z + 1Y, §)u(y)dyds. (19)

br(x, &) will be called the T-symbol of A. For b, (x, &) the following asymptotic expansion
holds

_1\al
br(,8) ~ ) ( 52‘5 (1 —7)(9¢ 7' DID}a) (w, ). (20)
i

If in particular by, (x,&) and by, (x,€) are the 11 and the To-symbol of A respectively,

then !
bry (7,8) ~ Z ‘(Tl - TQ)OéagD:?:éle (z,8). (21)

(%)
«
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According to the notations of the above proposition, bg(z,&) corresponding to 7 =
(0,...,0) is called the left symbol of A, by(z,&) corresponding to 7 = (1,...,1) the right
symbol of A and by (x,€) = bi(x,&) corresponding to 7 = (%, e %) the Weyl symbol of
2
A.
We refer to [9, 10, 12] for details concerning the pseudodifferential calculus in classes
Lm
NOW we are interested in the operators in L7\ with 7-symbol a(z,§) e M N
Proposition 4.2 and the results of Section 3 yleld the following

Proposition 4.3 Let A € L'y and 7 € R". If the T-symbol b; (z, f) of A belongs
to MI''y then the 7/ -symbol b ( ,€) also belongs to MTT, for any T’

Proof In view of Proposition 4.2, for any 7/ # 7 the 7/-symbol of A can be
expressed in terms of its 7-symbol by means of the asymptotic expansion (21) (for
o =71"and 7 = 7).

By Propositions 3.2 and 3.4, 0¢D%a(x,&) € M %" for |a| = N and then
br(z,§) € M.

We set M L ' for the subclass of L '\ consisting of the operators with 7-symbol in
MT"y. By the above proposition, MLp7 is independent of 7.

Proposition 4.4 If A€ ML, and B € ML), then
1. ABe ML'™;

2. Ale ML,

3. A*e MLy,

where, with standard notations, A is the transposed operator defined by (Alu,v) =
(u, Av), u,v € §, A* is the conjugate operator defined by (A*u,v) = (u, Av), u,v € S
and (.,.) stands for the inner product in L*(R™).

Proof Let aw(xz,§) € MI''y and by (z,§) € MT]! '\ the Weyl symbols of A and B
respectively. Then for the Weyl symbol ¢(z, &) € F;’:‘er of C':= AB we have

—nel_ N N
v~ 3 e 910g Dl (2,07 Db (1,). (22)
In view of Propositions 3.2 and 3.4, 6“Dﬁaw(w .5)8ﬁD°‘bW(x € € MFm+m 20N for

|+ 8| = N, and then cy (z,€) € MFm+m This proves the first statement.

For Statements 2 and 3, it suffices to observe that the Weyl symbols aly, (z,£) and
ajy (@, &) of A" and A* respectively are related to the Weyl symbol aw (z,€) of A by
the following formulas

G’I{/V(x7§) = CLW(:C: _§>7 (23)
G*W(l‘,f) = aW(:E?S)' (24)
Thus aly (2, €), a}y (x,€) € MT7',, in view of Proposition 3.2.
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5. Anti-Wick Symbols

In this section, we review some known results concerning the operators with Anti-
Wick symbol (see [12]). First we recall the basic definition.

Definition 5.1 If a(z,§) € '}y, we define the operator A = Opaw|a] with Anti-
Wick symbol a(z,&) by the following formula

Au(x) := /a(y, 1) Py nu(z)dydn, u€esS. (25)
Here P, is the orthogonal projection of L?(R™) on the vector

byn() := m T el (26)

namely Py pu(x) := (u, ¢yrn)dyn(T), u € L2(R™).

As is well known, operators with Anti-Wick symbol in I\ constitute a subclass of the
class LZ?A. More precisely, the following holds

Proposition 5.1 (]9, 10, 12])Any operator A = Opaw/|a] with Anti-Wick symbol
a(z,§) € I'J1y belongs to L'y and its Weyl symbol by (z,£) is given by

bw (2,€) := (2m) " (a* 00,0)(x,8) := 2"/a(%n)e_('x_y|2+£_”2)dyd77, (27)

where ogo(x,§) = one—(lz*+[€?)
Moreover for the Weyl symbol of A we have the following asymptotic expansion

b (,€) ~ 3 OO alr, ). (28)
2~ a1l

where cq 5 = 2" fno‘yﬂe_(ly|2+|"‘2)dydn.
As an easy consequence of the above proposition and the results of Section 3, we obtain
Proposition 5.2 If a(z,§) € MLy, then A= Opawla] € MLT".

Proof It suffices to argue on the asymptotic expansion (28) of the Weyl symbol
b (z,€) of A as in the proof of Proposition 4.4.

6. Elliptic Pseudodifferential Operators

We set ELZ:‘A for the class of all the pseudodifferential operators in LZ:‘A whose
7-symbol belongs to EFZ}A.
ELT'\ is independent of 7 in view of

Proposition 6.1 ([9])Let 71,72 € R™ be given. If the Ti-symbol by, (z,§) of A €
L7\ belongs to EL'y, the same holds for the T>-symbol b, (z,§).
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By Proposition 4.3 we can also introduce the set EM LZ?A of the pseudodifferential
operators with 7-symbol in FM Iy

Recall that @ is said to be a pammetmz of Pif PQ=1+Rand QP =1+ 5,
where [ is the identity operator and R, S € L;I"f = ﬂ L7\ For the parametrix of

meR
an operator in EM F ', the following holds:

Proposition 6.2 Let P e EML A be given. Then there exists an operator @ &
EMLPX‘ such that
PQ=1+R, QP=1+S5, (29)
where R, S € L;j’\o and I is the identity operator. Moreover if Q' is another operator
satisfying (29), then @ — Q" € L,
Proof Since EMLJ) C ELT), we know already from [9] that there exists Q €

EL]Y{ satisfying the 1dent1t1es (29).

Moreover, if p(z, &) € EMT) is the Weyl symbol of P and Y(x, &) a C* function
as in Proposition 3.5 (with z = (z,£)) we may write Q = RBj, where Bj is the operator
with Weyl symbol by (x,§) = (x 8 while R is an operator in L° pA whose Weyl symbol

r(x, &) has the following asymptotlc expansion

r(z,8) ~ > (=1)r(2,6), (30)

J=0

r1(z, &) is the Weyl symbol of the operator Ry := B1P — I and, for any j > 0, r;(z,§)
is the Weyl symbol of the j-th power R{ of Ry (see [9]).

By Proposition 3.5, we know that by (z,§) € MT
Since moreover r1(z, ) has the following asymptotic expansion

r1(@,€) |a§>0 a,ﬁ, Y % Dapl@,©) (31)

(see [9] again) and, for all «, g, O‘D‘Dﬂi((z’g@ﬁDo‘p(x §) € MF_2p|a+6| in view of
Propositions 3.2 and 3.4, it follows that ri(x,&) € MFPA and, by virtue of (30),
r(z, &) € MF?)’A

So@Q=RB1eM L;XL is the required parametrix.

The uniqueness of ) modulo L;j’\o also follows from the same result in the L;"LA
classes.

7. LP-Continuity

The following is the main result concerning the LP behavior of the operators in
ML, .

Proposition 7.1 Any operator A € ML?)’A extends to a bounded operator from
LP(R™) to itself, for all 1 < p < 0.
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A similar LP-continuity result is given by Taylor [15] in the context of a local theory
for classical pseudodifferential operators.

As well as Taylor’s theorem, Proposition 7.1 essentially relies on a classical theorem
about Fourier multipliers due to Lizorkin and Marcinkiewicz (see [14] and [20] for the
proof).

Theorem 7.1 (Lizorkin - Marcinkiewicz [14]) Let the function m(&) be continuous
together with its derivatives 0gm(§), for any v € K.

If there is a constant B > 0 such that

©0mE) <B, £€R", yeK, (32)

then for every 1 < p < oo we can find a constant A, > 0, depending only on p, B and
the dimension n, such that

[m(D)ul| e < Aplul e,

forallueS.
Proof of Proposition 7.1 We use for A the left-symbol representation

Ap() = a(, D)p(x) = / (e, PO, g ES, (33)

with a(x,§) € MF&A. For m = (mq,...,my) € Z™ let us consider

1

Qr ={zxeR":|z;,—m;| <1, j7=12..,n
m J J

and cut-off functions ¢y, (x) € C§°(R™) such that 0 < ¢, (z) < 1, supp ¥, C QFF
and ¥, (x) = 1 in a neighborhood of a cube Q},, where Q,, C Q}, C Q. Setting
O1,m = Umep and @2, = (1 — py,)e, we have

/]a(az, D)p(z)|Pdx < 2P71 Z {Iim + I2m}, (34)

mez"

where

L = / la(x, D)@im(x)Pdx 1=1,2. (35)
Qm

In fact, since R" = (J,,,czn @m and the measure of @, N Q, vanishes when n # m, we
can write for ¢(x) € S:

la(z, Dygpllz = 3 /Q lale, D)p(a)Pda. (36)

mezZn"

Moreover for any m € Z",

/ laz, D)p(a)Pdz = / (a2, DY (@1 + @2m) (@)
Qm Qm

S 2p_l{ll,m + IQ,m}-

Therefore (34) is proved. To complete the proof, we shall use the following lemma.

(37)
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Lemma 7.1 Let A(x,§) be a weight function, a(z,§) € MF%A, x(x) € Cg°(R™)
and set ay(x,€) := x(x)a(x,§); we can then consider the Fourier transform of a(z,§)
with respect to the x variable

1.8 i= [ ey, €)da. (39)
For any N > 0 there is a positive constant Cy , such that

€708 ax(n,€)] < Cny (1 +[n))~Y, (39)

for allm, & € R™ and v € K.

Proof Since a,(z,£) has compact support with respect to the x variable, differen-
tiation and integration by parts in (38) give

(=in)? 0 iy (n,&) = (1) / e~ 190 ax (. )de, (40)

where [ is an arbitrary multi-index. Then by Leibnitz formula we get

Cinsoamol< X (1) [lorx@lesam o @

v<p

Since €700 a(x, &) < Cy ,A(x, &)~ < C! |, (cf. (11)), we obtain

|(=in)€7 00y (n,€)] < Cp.x, (42)

for every n,& € R™ and v € K, where the positive constant on the right-hand side is
given by

Cg, = max (f) C;vl,/ 1857V x(z)|da. (43)
v<p

Thus by summing on |3 < N we obtain the proof.

End of the proof of Proposition 7.1 In order to estimate I; ,, in (34), (35), let
us consider a cut-off function n(x) € C§°(R™) such that n(z) =1 for € Qp and define
Nm(2) = n(z —m) for any m € Z".

By setting now a,(z, &) := np(v)a(z,§) € MngA we get

Il,m:/ \am(a:,D)gol,m(x)]pde/ lam (x, D)p1m(x)|Pdx. (44)

n

If we set now x(z) = M (x) in Lemma 7.1, we can show that for any N > 0 there
exists a positive constant C such that

1§70 (0, ) < Cn(1+ )N n§ER", yeK (45)
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Notice that, from to the definition of the functions 1, (z) and (43), the constant C in
(45) depends on n(z) but not on m € Z". Then by Theorem 7.1 for every N > 0 there
exists My > 0, which does not depend on m, such that

G (n, Dyullze < My (1 + 1)~ |lull e, (46)

for every u € S, n € R™ and m € Z".
On the other hand, from the Fubini’s theorem, we have

(D)) = [ San(e.O(©)d¢ = [ (o D). (47
So using (46) and the Minkovski’s inequality in integral form, we have
' p P
fn < [ | [ e antn.Drorntyin] do < { [lontn. D)o pllion

V4
< M%’v\mmrﬁp{ Ja+ In!)Ndn} = M2ClormlE

(48)

where, for suitably large N, Oy = [(1+ |n|) Ndn < oco.

To estimate the second term I5 ,,, we may apply the same argument used by Wong
[17] to prove LP-continuity of classical pseudodifferential operators. Namely following
step by step the second part of the proof of Theorem 10.7 in [17], we get the following

estimate
‘ ©2.m (Z) |p

I2,m < HN,p/ : Np dz? (49)
RN\Qn (u+|m —z|) 2

where pu = @ + 1 and Hy, is a positive constant only depending on N, p and the
dimension n.
From the definition of ¢1 ,, and @}, m € Z", we obtain

3 / (o1 (@)Pdz < Cull|Z, (50)

mezn
where the constant C,, > 0 depends only on the dimension n. Moreover

Z/R |lp2,m(2) [P e / |p2,m (2)[P -

mezn ? RM\Q, ;H—\m—z] mean#m Qi ( u—l—\m—z])

>y |/ lo(2)[Pdz  (51)

mezn leZ" (14 [m—1

1
Il -

mezn (1+ |m])

IN

IN

and ) o —L < oo for suitably large N.
(1+]m]) 7
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By (34) and the estimates from (48) to (51) we then get:

||a<w,D>sau’zp§{ o+ vy 3 Dp}uwnm, (52)
ml|) 2

mEZ"

which ends the proof.

Remark 3 Notice that in order to apply the Lizorkin Marcinkiewicz theorem it
would be enough to consider pseudodifferential operators in Lg, A With 7-symbol satis-
fying the following assumption

576ga($,£) S F%A, Y S ZT_;'L_, 7] € {Oa 1} (] = 17 "'an)’ (53)

instead of (10) involving the whole variables z = (z, &).

Actually the condition (53) is sufficient to assure the LP-continuity of the related
pseudodifferential operators.

The symmetry of the role played by the x and the £ variables in the classes Fm
suggested here the more restrictive condition (10). Moreover the same condition Wlll
allow us to study the behavior of the related operators on functional spaces defined by
means of the Fourier transform (cf. the next Propositions 9.1 and 9.3).

8. Weighted Sobolev Spaces

Definition 8.1 Let A(z, &) be a weight function. For s € R and 1 < p < oo, Hy"
is the space of all the tempered distributions uw € S" such that A*(x,D)u € LP(R™).
Here A*(z, D) is the pseudodifferential operator with left symbol A(z, &) € MT% A that

w’

18

A (z, D)u(z) := /em'EA(:L",f)SfL(g)df, ues.

Since A(z,£)° is A-elliptic of order s (see Remark 2), in view of Proposition 6.2, there
exists an operator A_g(z, D) € ML;A such that

A_o(z,D)A*(z, D) = I + Ry, (54)

where R, € L ¥. When A(z, &) = /1 + [2[? + [{[? and p = 2, the spaces Hy" coincide
with the spaces B® studied in Helffer [11]. For the case of a more general weight function
A(z,€) see also [9, 10] and [12]. We impose a Banach topology on Hy” by setting for
any u € HP

[[u

where Ry is defined by (54).

s = A%z, D)ullre + || Rsul 1, (55)

Proposition 8.1 H" is a Banach space with respect to the norm ||.||spa defined
by (55).
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Proof In the following we write for short A® := A%(x, D) and A_g := A_4(x, D).

Of course, |[|.||sp,a 1S & semi-norm in Hy?”.

Let us suppose ||ullspa = 0. By (55) it follows A*u = 0 and Rsu = 0; then
u=A_g(A*u) — Rsu = 0, in view of (54).

To prove the completeness, let {u, },en be a Cauchy sequence in H/S\’p with respect
to ||.[[s,p,a- Then it follows that {A®u,},en and {Rsu, } en are Cauchy sequences in
LP(R™); let v and w be their limits in LP(R™), respectively.

We prove now that {w, },en converges to u := A_gv—w in Hy?. Setting v, := A’u,
and w, := Ru,, we get ASu, = ASA_ v, — ASw,.

Since v, — v in LP(R") and ASA_; € MLY N ASA_gv, — AA_gv in LP(R™) in
view of Proposition 7.1. '

On the other hand, since R; is a regularizing operator, u, — A_,v —w in &' yields
wy, = Rsu, — Rs(A_gv —w) in 8. Thus, from the uniqueness of the limit, w, — w in
S and then Aw, — A’w in S.

This shows that ASu € LP(R™). Moreover A*u, = A*A_gv, — ASw, — ASA_gv —
ASw = A®u in LP(R™) and the proof is concluded.

In fact the previous Sobolev spaces can be better described by means of any pseu-
dodifferential operator with positive Anti-Wick elliptic symbol. Firstly we recall the
following result.

Lemma 8.1 ([9]) Let a(z,§) € I}y be A-elliptic of order m and assume that
a(xz,&)> 0, for any x,§ € R™. Then the operator A = Opaw|a] € L7\ with Anti-Wick
symbol a is an automorphism of S extending to an automorphism of S’. Moreover
Al e L;Xl is A-elliptic of order —m.

Proposition 8.2 Let a(z,§) € MI‘;A be an arbitrary A-elliptic symbol of order s
such that a(z,£) > 0, for any x,& € R™. Then for any 1 < p < oo,

HP = AN IP(R") ={ueS : Aue LP(R")},
where A = Opawla] is the operator with Anti-Wick symbol a. Moreover a norm on

HYP equivalent to (55) is given by || Aul|r».

Proof Firstly suppose that Au € LP(R™) and write Au = A*A~!(Au). Then
Afu € LP(R™) since A*A~" € MLY ;.
Conversely let us take u € 8’ such that A*u € LP(R™). By (54) we may write

Au = AN_ (A*u) + ARsA_4(A°u) + AR (Rsu). (56)

So using Proposition 7.1, we conclude that Au € LP(R"™) and there is a positive constant
C independent of u such that

[Aullzr < C(IA ][y + | Rsullr), (57)

since AN_s € ML) \ and AR;A_s, ARs € LT

On the other hand, since A is an automorphism of &', ||A.||z» is a norm on Hy”
and it is easy to show that Hy" is complete with respect to it; thus the equivalence
with the norm (55) follows from the open mapping theorem.
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Remark 4 It is evident from the preceding arguments that the Sobolev spaces
H? can be described by means of any elliptic pseudodifferential operator of order s.
Namely for any T'€ EM L7 A

HYY ={ueS8 :Tue LP(R™)}. (58)

If moreover @) € EML;Z is a parametrix of T and QT = I + R, with R € L;f\o, then
|Tul|ze + |Rul|rr is a norm in Hy" equivalent to (55).

Remark 5 Notice also that for any weight function A(z,£), t < sand 1 < p < oo
the following inclusions hold

SCHYcCHYcCS,

with continuous embedding.

Using the above description of the spaces H3” we can plainly deduce the action of

pseudodifferential operators in classes M L7\ Namely the following holds
Proposition 8.3 If B € MLT,, then

. s+m,p S,p
B:HY™P — H3P,

continuously, for all s € R and 1 < p < 0.
Proof In the following we set Gy = Opaw|[A?] for the operator with Anti-Wick

symbol A(z, &)t € MT? 1 A since A(z, &)! is positive and A-elliptic of order ¢, in view of

Proposition 8.2 we have Htp G7HLP(R™)) for any 1 < p < oco.
Since @ = G Astm € MLOA and, for any u € HU™™P, Gyipmu € LP(R),

GsAu = Q(Gsymu) € LP(R™); moreover there is a positive constant C' such that
1GsAul[Lr = |Q(Gsimu) e < CllGspmul|Le-

This shows the continuity of B and concludes the proof.

9. B,-Continuity

First we give some preliminary definitions.

Definition 9.1 For any 1 < p < oo, we define B,(R™) (B, for short) as the space
of all the tempered distributions u € 8" such that 4(§) € LP(R™). Here u() means the
Fourier transform of u.

Of course, B, is a Banach space, with respect to the norm ||ul|p, := ||/ L».

Notice that by the Plancherel’s theorem By = L?(R™).

The spaces B,, are the starting point for the definition of a more general type of
function spaces B, i, where 1 < p < oo and k = k(§) is a weight function in a suitable
sense; namely Hormander ([21]) sets u € By, 1, if 4(§)k(&) € LP(R™). We shall introduce
here similar function spaces, adapted to our class of operators.

Let f(x,€) be any complex valued function in R?"; we set

f(2,€) = f(&, ). (59)

The following lemma can be easily derived.
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Lemma 9.1 If Az, &) is a weight function, then A (x, &) is also a weight function.
If a(z,) € Iy, then a”(x,¢) € I‘;’?A#; moreover a™ (z,£) € MF;’?A# if in particular
a(z,§) € ML,

Remark 6 When the weight function A(x,€) is the multi-quasi-elliptic polynomial

Ap Z 22028

(a,8)eV(P)

corresponding to a complete polyhedron P C R} x }R?, then A#(az, €) is the multi-quasi-

elliptic polynomial related to the polyhedron P# symmetric of P with respect to the
diagonal {x = £}, obtained by interchanging the role of the x and £ variables.

The following lemma provides an expression of an operator with given left symbol
a(z,€) in terms of another operator with left symbol a? (x, &) by means of the Fourier
transform.

Lemma 9.2 ([9]) Take a(z,§) € I''y and let A, € L7y be the pseudodifferential
operator with left symbol a(x,€). Then for the transposed operator Al we have

AL =FALF (60)

where F and F~' are the Fourier transform and the inverse Fourier transform respec-
tively and A s is the pseudodifferential operator with left symbol a™ (z,€) € FZ,LA#

Proof By the Fubini’s theorem we get for any u,v € S

(o) = (0. 40) = [ o] [ e Sala,ae)de b

://e“fa(x,g)a x)dzdé = /{/ wla(x §)U(x)dx}ﬁ(§)d§.

Let us change now the role of the variables x and £ and set v = w. Then

/ {/ ol 2)blé) g} (o) :/ (Aa#W)(w)</ e_ix'yu(y)dy>dx (62)

and applying again the Fubini’s theorem we get

Gy [t )ae = [ [ty
-/ ( / e‘ix~y(z4a#w)(x)dx>u(y)dy (63)

= (an#]:_lv, u).

(61)

This gives the equality Alv = FA_ »F 'v for any v € S; by a density argument it
immediately extends to any v € S'.

We are now able to prove the following
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Proposition 9.1 Any pseudodifferential operator A € MFS’A extends to a linear
bounded operator from B, to itself for every 1 < p < oo.

Proof Let a(z,{) € MT7}, be the left symbol of A.
In view of Lemma 9.2, for any u € S we have

1Aull, = || Aul| e = || ALl s, (64)

where A,# is the pseudodifferential operator in M Lg, A# with left symbol a?# defined

by (59). By Proposition 4.4 the operator AZ# belongs to MLg}A# and then it is LP-
continuous in view of Proposition 7.1.

So || A iz < Clla]| v, for some positive constant C' independent of w. This proves
the Bj-continuity of A, by observing that S is dense in B, for 1 < p < oo.

For any weight function A(z, ), we set Q" for the inverse image under the Fourier
transform of the Banach space HY"; that is

QY ={ue S :aeH"} (65)

Since the Fourier transform is an automorphism of &', Q3 turns to be a Banach space
with respect to the norm

[ullgyr == llllsp.a- (66)

Using again the continuity of the Fourier transform and its inverse on S and S&’, we
can also state the following

Proposition 9.2 For any weight function A(z,€), t < s and 1 < p < oo the
inclusions

ScQycycs,

hold with continuous embedding.
As a consequence of Proposition 9.1 we may show the following
Proposition 9.3 If A€ ML, then

A Qf;m’p — QL (67)

continuously for all s € R and 1 < p < oo, where A (x,&) is defined in (59).
To prove the above result, we use the following characterizations of the spaces Qf{i.

Proposition 9.4 Let s € R and 1 < p < 0o be given and A(z,§) a weight function.
Then the following hold:

1. for any T € EML;A
QY ={ue S :Tuc By} (68)

Moreover if T' € EML;Z is a parametriz of T and T'T = I+ R, R € L;(j\o, then
an equivalent norm on QYY is given by

[TullB, + [|Rul|5,; (69)
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2. if A is any pseudodifferential operator with positive Anti- Wick symbol a(x,&)€e
EMF;A, then
QL =A"'(By) ={ueS: Aue By} (70)

and || Aul|, is an equivalent norm on QY.

Proof Let t(x,§) € EMTY, \ be the left symbol of T" and set T# for the pseudod-
ifferential operator with left symbol ¥ (,£) € EMT? 4
Let us consider now u € Qf\’i. Since the transposed of an operator in EM LZ JURE

also in EML? 4, in view of Remark 4 we have that 7% € LP(R™). But from Lemma

9.2, T#!4, = Tw and then T € B,. This proves the equality (68).

It is easy to check that (69) defines a norm on Q%%.

In order to show that ||T.||p, + ||R.||B, is equivalent to the norm (66), it suffices
now to observe that 7'T = I + R implies T#(T")# = I + R¥ and then (T")"!T#! =

I+ R#*! with R¥! € L;/o\o#; thus by Remark 4 and Lemma 9.2 HUHQS’Q = ||T# || » +
’ A

IRl e = | Tulls, + | Rul 5,

Statement 2 is an immediate consequence of 1; indeed it suffices to observe that
any pseudodifferential operator A with positive Anti-Wick symbol a(z, ) of order s is
in EML7  and a parametrix of A is given by the inverse operator AL

We are now able to prove Proposition 9.3.

Proof of Proposition 9.3 We set G; := Op 4y [A!] for the pseudodifferential
operator with Anti- Wick symbol A(z, £)t. By Proposition 9.4 Qf{i = Gt_l(Bp) and we

may assume |[ul|yer = [[Giul|p,, for any t €R .
A#
For u € Q™" 1 < p < oo, write GsAu = GsAG,/,,(Gssmu). Since G,AG,},, €

M Lg A» in view of Proposition 9.1 we can find a positive constant Cj ,,, , only depending
on s, m and p such that

lAullgsr < ComllGatmulls, = Comllullgerms. (71)

Remark 7 When the weight function A(z,§) is the multi-quasi-elliptic polynomial
Ap(x,€) corresponding to a complete polyhedron P, it is not difficult to prove that the
space Q%jp = Q/l\’g can be described as

Qp ={ue S8 :2°0%ue By, (a,B) €V (P}, (72)
where P# is the polyhedron defined in Remark 6. Moreover the expression

Z(a,ﬂ)eV(P#) | 2*08u|| B, gives an equivalent norm on Q#p'

10. Regularity Results for A-Elliptic Operators in L
and B, Spaces

Proposition 10.1 Let A(x,§) be a weight function, m € R, A € EMLT) and
u € 8. Then the following holds
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1. if Au € HYP, then uw € HU'™P for all1 < p < oo and s € R. Moreover for any
t < s+ m there is a positive constant C = Cy s m p, independent of u, for which

[ullstmpa < Cl[Aulls pa + lullpa); (73)

2. if Au € Qj\’i, then u € Qf\:&m’p for all 1 < p < oo and s € R. Moreover for any

t < s+ m there exists a constant C = Cy s mp > 0, independent of u, such that
lullgesms < CllAullgrr + llullger )- (74)

Proof From Proposition 6.2 there exists an operator B € EM L;T such that
BA=1+Rwith R€ L F. For any u € S’ we have then u = BAu — Ru.
If Au e H? as in Statement I we get

Gs+mu = G5+mBG;1(GSAU) — GS+mRU, (75)

where G, t € R, has the same meaning as in Proposition 8.3; this shows that u €
Hi+m’p, since Gs4mBG3 1! € ML?J,A, GsAu € LP(R") and G5y R € L;/O\O.
In view of the LP-continuity of M Lg A we can find a positive constant C such that

|s,p,A~ (76)

Moreover for any t < s +m we may write GgymRu = GSerRG;l(Gtu); so there is
a constant Co > 0 such that

|GssmBullr < Co|Geull e = Col|ullipas (77)

as GsymRG; ' € L% and Gyu € LP(R") (cf. Remark 5).

Thus the estimate (73) follows from the estimates (76), (77).

The proof of the second statement follows the same arguments, by using the conti-
nuity of operators in M Lg7 A on the Qf\’i spaces instead of the continuity on the Sobolev
spaces.

|GsrmBGTH(GsA)||r < C1]|GsAul|zr = C1 || Au

As an example of the previous regularity result, let us consider now the linear partial
differential operator of Schrodinger type

P(z,D) = —A + V(2), (78)

where A := Z;L:1 83], is the Laplacian operator in dimension n, the ”potential” V(z) =
Y acr Gax® is a polynomial with constant coefficients a, € C and R is a complete
polyhedron of R”.

We may easily check that the symbol P(z,&) = |¢|?> + V(z) of the operator P(x, D)
belongs to the class M L}% \: here A(z,€) is the multi-quasi-elliptic weight function as-
sociated to the complete polyhedron of R x Rg defined as the convex hull of the set
{(e,0),a0 € V(R)} U {(0,2¢4),e; = (0,...,0,1,0,...,0),j = 1,2, ...,n}, namely

Mo, &)= | Y a2+ = |Ar(@)?2+> & (79)
i=1 =1

aeV(R)

As a consequence of Proposition 10.1 we may state the following
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Proposition 10.2 Let P(x,D) = —A + V(z) be the previous linear partial differ-
ential operator and assume V (x) is positive and R-multi-quasi-elliptic, that is

V(z) > CAr(z), x| > R,
with suitable positive constants C, R. Then for all s e R and 1 < p < o0

1. if —Au+V(z)u € HY?, thenu € H/S\H’p and for any t < s+ 1 there is a constant
Cisp > 0 such that

ulls+1p2 < CUl = Au+ V(ullspr + [ullepn), (80)
where Nz, &) is defined by (79);

2. if —Au+V(x)u € QYY, then u € QSH’p Moreover for any t < s+ 1 there exists
Ctsp > 0 such that

HUHQi;Lp < Ol = Aut+V(ullgyr +llullges ). (81)

where )\#(x,f) = fo + ARr(£)?

For the proof it suffices to notice that under the assumptions of Proposition 10.2 the
operator P(z, D) is A(z, &) elliptic of order 1.

When in particular we put s = 0 in the previous statement, we have in view of
Remark 7 that —Au + V(z)u € LP(R"™) yields u € LP(R"™), 8§ju € LP(R™), z%u €
LP(R™) for any oo € R and j = 1,...,n; on the other hand, when —Au + V(z)u € B,
u € By, 8§ju € Byand z*u € B, foralla€ Rand j =1,...,n

Coming back to the examples in two variables (z1,x2) given in the Introduction,
put for instance V(z) = Vi(z1,22) = 2 + 25 for h =4 and k = 6.

Since Vi(x1,z2) > 0 and it is multi-quasi-elliptic with respect to its Newton polyhe-
dron (that is the convex hull of the points (0,0), (4,0) and (0,6))

1. if —Au+ zfu+ 25u = f(x1,22) € LP(R?), then u, 92 u, 02 u, vu,28u € LP(R?)
and we can find a positive constant C' such that

2
lullze + > 107 ullee + lltulle + l|l23ull e < C(Ifllze + lullze)- (82)

2. if —Au+aiutziu = f(z1,22) € By, then u, 02 u, 02, u, zju, x5u € B, and we can

find C' > 0 such that the a priori estlmate (82) holds with the Bj, norm instead
of the L? norm.

Similarly we can argue for V(z) = Va(z1,z2) given by (2) in the Introduction.
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