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Abstract. We propose a robust numerical algorithm for solving the nonlinear eigenvalue
problem A(λ)x = 0. Our algorithm is based on the idea of finding the value of λ for which
A(λ) is singular by computing the smallest eigenvalue or singular value of A(λ) viewed
as a constant matrix. To further enhance computational efficiency, we introduce and
use the concept of signed singular value. Our method is applicable when A(λ) is large
and nonsymmetric and has strong nonlinearity. Numerical experiments on a nonlinear
eigenvalue problem arising in the computation of scaling exponent in turbulent flow
show robustness and effectiveness of our method.
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1. Introduction
Let A(λ) ∈ Rn×n be a matrix whose elements depend on a scalar parameter λ. In the
nonlinear eigenvalue problem, we seek a value of λ for which there exists a nonzero vector
x ∈ Rn such that
A(λ)x = 0
(1.1)
holds. In this paper, we call λ and x the nonlinear eigenvalue and nonlinear eigenvector,
respectively. Eq. (1.1) includes many types of eigenvalue problems as a special case. When
A(λ) = A − λB, we have a generalized eigenvalue problem. A(λ) = λ2 M + λC + K leads to
a quadratic eigenvalue problem. When A(λ) = (eλ − 1)A1 + λ2 A2 + A3 , we have a general
nonlinear eigenvalue problem with exponential dependence on λ.
Nonlinear eigenvalue problems arise in a variety of applications. In structural mechanics, a decay system is described by a quadratic eigenvalue problem [16]. In electronic
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structure calculation, the augmented plane wave (APW) method [9] gives rise to a nonlinear eigenvalue problem H(λ)x = λx, where H(λ) is the APW Hamiltonian. In theoretical
fluid dynamics, computation of the scaling exponent in turbulent flow is formulated as a
nonlinear eigenvalue problem [8]. Among these problems, the last one is hard to solve numerically, because the coefficient matrix A(λ) is large and nonsymmetric, and dependence
on λ is strongly nonlinear. Also, the elements of A(λ) are not given explicitly, but are given
by a computer program. The cost of computing A(λ) itself for a given λ is very large.
Several numerical algorithms have been proposed so far to solve nonlinear eigenvalue
problems. There are algorithms based on multivariate Newton’s method [10, 11], nonlinear extensions of the Arnoldi [17] and Jacobi-Davidson [4, 18] algorithms, and algorithms
based on complex contour integral [2, 3, 20]. While these methods are efficient for certain
types of problems, they are not suited to a problem like the one arising in the computation
of the scaling exponent in turbulent flow. Multivariate Newton’s method and nonlinear extensions of Arnoldi and Jacobi-Davidson methods are based on linear approximation, and
require either that the target problem is only weakly nonlinear or sufficiently good initial
approximations of the eigenvalue and the eigenvector are provided. Algorithms based on
complex contour integral can be applied even when the problem is strongly nonlinear. But
they require evaluation of A(λ) for complex values of λ, even when the nonlinear eigenvalue to be computed is real.
In this paper, we propose a robust numerical method for the nonlinear eigenvalue problem. In our method, we compute the nonlinear eigenvalue by seeking the value of λ for
which A(λ) is singular. As a measure of singularity, we use the linear eigenvalue of A(λ),
which is simply an eigenvalue of A(λ) viewed as a constant matrix. Thus the problem is
reduced to finding the zero of the linear eigenvalue as a function of λ. The latter problem
can be solved stably even if the original problem has strong nonlinearity, because it is a
one-dimensional root finding problem. To further improve the computational efficiency,
we introduce the notion of the signed singular value of A(λ) and propose to use it instead
of the linear eigenvalue. Numerical experiments show that these methods can solve the
nonlinear eigenvalue problem such as the one arising in the computation of the scaling
exponent in turbulent flow stably and efficiently.
The rest of this paper is organized as follows. In Section 2, we explain our target
nonlinear eigenvalue problem in more detail and show the difficulties with the existing
algorithms. To overcome the difficulties, we present two algorithms, namely, the one based
on the linear eigenvalue and the one based on the signed singular value in Section 3. The
effectiveness of these methods is examined through numerical experiments in Section 4.
Section 5 is devoted to conclusions.

2. The Target Problem and Existing Algorithms
2.1. Target problems
In this paper, we consider a nonlinear eigenvalue problem that has the following characteristics.
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(a) A(λ) is large, sparse and nonsymmetric.
(b) Dependence of A(λ) on λ is strongly nonlinear.
(c) Computation of the matrix elements of A(λ) takes a long time, so we want to minimize
the number of evaluation of A(λ).
d
A(λ) is not readily available.
(d) The derivative dλ
(e) We are interested in computing a few real nonlinear eigenvalues in a specified interval, along with the corresponding eigenvectors.
Item (a) means that the matrix size n is so large that the LU decomposition of A(λ) is not
feasible or inefficient. By items (c) and (d), we consider the case where the elements of
A(λ) are not given explicitly, but are given by a computer program.
An example of the nonlinear eigenvalue problem having these characteristics is the
one arising in the computation of the scaling exponent of a passive scalar field in a 2dimensional turbulent flow [8]. In the next subsection, we describe this problem briefly
and explain why it gives rise to a nonlinear eigenvalue problem with exponential type
nonlinearity.

2.2. Computation of the scaling exponent of a passive scalar field in a
2-dimensional turbulent flow
Let v(x, y, t) be the velocity field of a 2-dimensional turbulent flow and consider the
time evolution of a scalar field ψ(x, y, t) such as temperature or impurity concentration
advected by the turbulent flow. As is well known, the governing equation of ψ(x, y, t) is
the convection-diffusion equation
∂ψ
+ v · ∇ψ = κ∇2 ψ + f ,
∂t

(2.1)

where κ is the diffusion constant and f is the source term. ψ(x, y, t) is called the passive
scalar field. Now, introduce the so-called N -point correlation function ΨN (x1 , x2 , · · · , xN )
by
ΨN (x1 , x2 , · · · , xN ) = 〈ψ(x1 )ψ(x2 ) · · · ψ(xN )〉,
(2.2)
where xi = (x i , yi ) and 〈·〉 denotes statistical average. We are interested in computing ΨN
in the case of N = 4 [8]. If the turbulent flow is homogeneous and isotropic, the correlation
function has several invariance properties such as the invariance under translation, rotation
and permutation of variables. Also, it is known that it has the scaling property:
Ψ4 (Rx1 , Rx2 , Rx3 , Rx4 ) = Rλ4 Ψ4 (x1 , x2 , x3 , x4 ).

(2.3)

Here, R is a positive scalar and λ4 is called the scaling exponent. It is an important physical
quantity characterizing the scalar field. To obtain λ4 , we use the fact that Ψ4 satisfies the
so-called closure equation:
L Ψ4 (x1 , x2 , x3 , x4 ) = 0,
(2.4)
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where L is a second order linear differential operator with respect to x1 , x2 , x3 and x4 . Now,
using translation invariance, we can assume that x4 = 0 without loss of generality. Moreover, from rotational invariance, we can assume that y3 = 0 and write x3 as x3 = (R, 0).
Finally, using this R, we express x1 and x2 as x1 = (Rξ1 , Rη1 ) and x2 = (Rξ2 , Rη2 ). Hence
we have changed the variables to ξ1 , η1 , ξ2 , η2 and R. We write the 4-point correlation
function with these new variables as Φ̄4 (ξ1 , η1 , ξ2 , η2 , R). Since L is a second order linear
differential operator, we can rewrite Eq. (2.4) as


∂
∂2
(2.5)
+ L2 Φ̄4 = 0
L0 2 + L1
∂R
∂R
where L j is a jth order linear differential operator with respect to ξ1 , η1 , ξ2 and η2 . By
further noting that Φ̄4 (ξ1 , η1 , ξ2 , η2 , R) can be expressed as
Φ̄4 (ξ1 , η1 , ξ2 , η2 , R) = Rλ4 Φ4 (ξ1 , η1 , ξ2 , η2 )

(2.6)

due to the scaling property (2.3), we obtain the partial differential equation for Φ4 :

(2.7)
λ4 (λ4 − 1)L0 + λ4 L1 + L2 Φ4 = 0.

This shows that the scaling exponent λ4 can be obtained by solving a quadratic eigenvalue
problem.
The exponential dependence on λ4 arises as follows. The quadratic eigenvalue problem (2.7) is defined in the entire 4-dimensional space of the variables ξ1 , η1 , ξ2 and η2 .
However, to solve the problem numerically, we have to truncate the domain and work with
a compact domain, say Ω, which contains the origin. In that case, the value of Φ at a point
(ξ1 , η1 , ξ2 , η2 ) outside Ω, which is needed to compute the finite difference formula at the
domain boundary, must be computed from the value of Φ inside Ω. This can be done using
the scaling property (2.3) because (Rξ1 , Rη1 , Rξ2 , Rη2 ) is in Ω for a sufficiently small value
of R. However, then we introduce the factor Rλ4 to express Φ4 (ξ1 , η1 , ξ2 , η2 ) in terms of
Φ4 (Rξ1 , Rη1 , Rξ2 , Rη2 ). This is the origin of exponential nonlinearity.
In this problem, the matrix size n is usually at least 105 , and the elements of A(λ)
resulting from the discretisation of (2.7) have both exponential and polynomial dependence
on λ. The elements of A(λ) are given by a computer program and evaluating them for each
d
A(λ) is not readily given. In this problem, we are mainly
λ takes a long time. Also, dλ
interested in computing the smallest positive nonlinear eigenvalue and the corresponding
eigenvector. A nonlinear eigenvalue problem with similar characteristics also arises in the
APW method [9] for electronic structure calculation.

2.3. Existing methods and their limitations
For this type of problem, existing algorithms based on linearization, such as the multivariate Newton’s method [10,11] and nonlinear extensions of the Arnoldi [17] and JacobiDavidson [4, 18] methods will not work. They require sufficiently good initial approximations in the case of strongly nonlinear problems, but in our target problem, a good
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initial approximation of the nonlinear eigenvector x is usually hard to obtain. In addition,
d
A(λ), which is not readily available. Another disadvanNewton-based methods require dλ
tage of these methods is that it is difficult to guarantee that all the nonlinear eigenvalues
in a specified interval have been obtained.
Recently, nonlinear eigenvalue solvers based on complex contour integral attract attention [2, 3, 20]. They are applicable even when the problem has strong nonlinearity and
can find all the nonlinear eigenvalues in a specified closed curve on the complex plane.
However, they require evaluation of A(λ) for complex values of λ even when the nonlinear
d
A(λ) in addition to
eigenvalue of interest is real. In addition, some algorithms require dλ
A(λ) [2, 20].
As another approach, we can find the nonlinear eigenvalue by seeking the value of λ
for which det(A(λ)) = 0. Once we have found such λ, which we denote by λ̄, we can find
the nonlinear eigenvector by computing the null space of the constant matrix A(λ̄). This
method is robust even when the problem has strong nonlinearity, because it is a one dimensional root finding problem. The weakness of this method is that the computation of the
determinant is costly. In fact, it requires as much computational work as the computation
of the LU decomposition. So this method is not efficient when A(λ) is large and sparse.

3. The Proposed Algorithms
Based on the observations given in the previous section, we develop new robust algorithms for our target nonlinear eigenvalue problem.

3.1. Linear eigenvalues and linear singular values of A(λ)
We begin with the definitions of a linear eigenvalue and a linear singular value, which
play a central role in our algorithms. For a fixed λ, we call µ a linear eigenvalue of A(λ)
if there exists a nonzero vector y ∈ Rn such that A(λ)y = µy. Also, for a fixed λ, we call
σ ≥ 0 a linear singular value of A(λ) if σ2 is a linear eigenvalue of A(λ)⊤ A(λ). A linear
eigenvalue and a linear singular value are simply an eigenvalue and a singular value of
A(λ) viewed as a constant matrix. We are mainly interested in the linear eigenvalue of the
smallest modulus and the smallest linear singular value. Since they are functions of λ, we
denote them by µ(λ) and σ(λ), respectively.
It is clear that the following equivalence holds.
∃x 6= 0, A(λ)x = 0 ⇔ det(A(λ)) = 0
⇔ µ(λ) = 0
⇔ σ(λ) = 0.

(3.1)

3.2. Algorithm based on the linear eigenvalue
Suppose that we want to compute a nonlinear eigenvalue in an interval [α, β]. In the
following, we assume that µ(λ) is real in this interval. Then, our problem is to find the
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solution of µ(λ) = 0 in this interval. The idea of using µ(λ) = 0 has been discussed in, for
example, the Ph. D thesis of Abdel-Aziz [1]. Here, we propose to use the secant method
for solving this scalar equation. The algorithm is given below. Note that several conditions
must be satisfied to guarantee the convergence of the secant method. Let λ̄ be the nonlinear
eigenvalue in the interval [α, β]. Then the method converges if, for example, µ′ (λ̄) 6= 0,
µ′′ (λ̄) 6= 0, µ′′ (λ) is continuous in [α, β] and the width of the interval is sufficiently small
[6].
Algorithm 1 Algorithm based on the linear eigenvalue.
Set two initial values λ0 , λ1 ∈ [α, β].
ℓ=1
repeat
ℓ := ℓ + 1
µ(λℓ−1 )
(λℓ−2 − λℓ−1)
λℓ = λℓ−1 − µ(λ )−µ(λ
ℓ−2
ℓ−1 )
until |µ(λℓ )| is sufficiently small.
Find the nonlinear eigenvector x̄ as the null space of A(λℓ ).
This algorithm has the advantage that only initial values of λ are required. The linear
eigenvalue µ(λ) for a given λ can be computed much more cheaply than det(A(λ)) using lind
A(λ)
ear eigensolvers such as the Lanczos, Arnoldi and Jacobi-Davidson methods. Also, dλ
is not necessary if the secant methods are used to solve µ(λ) = 0. Often the convergence
of the secant method is very fast if appropriate initial values of λ are provided.

3.3. Algorithm based on the signed singular value
In general, nonsymmetric eigenvalue problems are more difficult to solve than symmetric eigenvalue problems. Thus it is sometimes easier to find the linear singular value σ(λ)
of A(λ) than finding the linear eigenvalue µ(λ), since computing σ(λ) amounts to finding
the linear eigenvalue of a symmetric matrix A(λ)⊤ A(λ). In this subsection, we consider an
algorithm based on the linear singular value.
However, it is not straightforward to use σ(λ) instead of µ(λ) in Algorithm 1. This is
because σ(µ) is defined as a positive square root of the linear eigenvalue of A(λ)⊤ A(λ) and
σ(λ) viewed as a function of λ is not smooth at σ(λ) = 0. Thus the secant method cannot
be applied. Also, the bisection method cannot be used because σ(λ) is always nonnegative.
To construct an algorithm like Algorithm 1, we have to extend the notion of linear
singular values and make it a smooth function of λ by allowing it to become negative.
One of such extensions is given by Bunse-Gerstner et al. [5] under the name of analytical
singular value decomposition.
Theorem 3.1 (Bunse-Gerstner et al., 1991 [5])). Let the elements of A(λ) be analytical
functions of λ. Then there exist orthogonal matrices U ′ (λ), V ′ (λ) ∈ Rn×n and a diagonal
matrix Σ′ (λ) = diag(σ1′ (λ), · · · , σ′n (λ)) whose elements are analytical functions of λ and
which satisfy
⊤
A(λ) = U ′ (λ)Σ′ (λ)V ′ (λ) .
(3.2)
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This is called the analytical singular value decomposition of A(λ).
Note that analytical singular values may be negative. Also, σ1′ (λ) ≥ σ2′ (λ) ≥ · · · ≥
σ′n (λ) does not hold in general.
While the mathematical properties of the analytical singular values are ideal for use
instead of µ(λ), they are expensive to compute. In fact, computation of the analytical
singular values requires numerical solution of a set of ordinary differential equations with
O(n2 ) unknowns [19]. To overcome this problem, we propose another extension called the
signed singular value.
Definition 3.1. Let v(λ) and u(λ) be the right and left singular vectors of A(λ) corresponding to the smallest linear singular value σ(λ). Then we call σ̄(λ) = σ(λ)sgn(v(λ)⊤ u(λ))
the signed singular value of A(λ). Here, sgn(x) is the sign function that takes the value of 1
for x ≥ 0 and −1 otherwise.
The following theorem states that the signed singular value has a similar property to
that of the analytical singular value.
Theorem 3.2. Assume that σ(λ) is simple and (v(λ))⊤ u(λ) 6= 0 in an interval λ0 ≤ λ ≤ λ1 .
Then the signed singular value σ̄(λ) = σ(λ)sgn(v(λ)⊤ u(λ)) is an analytical function of λ in
this interval.
Proof. Since σ(λ) is simple in λ0 ≤ λ ≤ λ1 , from the uniqueness of the singular value
decomposition, we have u(λ) = ±u′ (λ) and v(λ) = ±v′ (λ), where u′ (λ) and v′ (λ) are left
and right analytical singular vectors, respectively, corresponding to the analytical singular
value of the smallest modulus σ′ (λ). Hence,
σ̄(λ) =σ(λ)sgn(v(λ)⊤ u(λ))
=σ(λ)v(λ)⊤ u(λ)/|v(λ)⊤ u(λ)|
=v(λ)⊤ Av(λ)/|v(λ)⊤ u(λ)|
=v′ (λ)⊤ Av′ (λ)/|v′ (λ)⊤ u′ (λ)|.

(3.3)

The right-hand side is clearly analytical when (v(λ))⊤ u(λ) 6= 0.
The signed singular value has the following desirable properties.
• σ̄(λ) = 0 ⇔ σ(λ) = 0.
• σ̄(λ) is an analytical function of λ under the assumption of Theorem 3.
• It can be computed using standard singular value computation algorithms since it
requires only σ(λ), v(λ) and u(λ).
Using the signed singular value, we can construct an algorithm similar to Algorithm 1
as follows.
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Algorithm 2 Algorithm based on the signed singular value.
Set two initial values λ0 , λ1 ∈ [α, β].
ℓ=1
repeat
ℓ := ℓ + 1
σ̄(λ )
λℓ = λℓ−1 − σ̄(λ )−ℓ−1
σ̄(λℓ−1 ) (λℓ−2 − λℓ−1 )
ℓ−2
until |σ̄(λℓ )| is sufficiently small.
Find the nonlinear eigenvector x̄ as the null space of A(λℓ ).

4. Numerical Results
We tested the effectiveness of our algorithms using a nonlinear eigenvalue problem that
has properties (a) through (e) specified in subsection 2.1. Our target problem is the one
arising in the computation of the scaling exponent in turbulent flow. We used medium
and large problems, for which the matrix size is 35,000 and 100,000, respectively. We
are interested in finding the smallest positive nonlinear eigenvalue, which is known to lie
in the interval [0, 4] from physical observations. However, no a priori information on the
corresponding eigenvector is known. In this problem, the matrix elements are analytical
functions of λ, having both polynomial and exponential dependence on λ, as stated in
subsection 2.2. Hence, the assumptions of Theorem 3.1 hold and the matrix has analytical
singular values, which are of course continuous and differentiable as functions of λ. We
tried to apply a Newton-type nonlinear eigenvalue solver [11] to this problem, but it did not
converge because of strong nonlinearity and lack of good initial estimate for the nonlinear
eigenvector. Our computational environment is Fujitsu PrimePower HPC2500 and we used
16 processors.
First, to see the behavior of the smallest linear eigenvalue µ(λ) and the signed singular
value σ̄(λ), we plotted them for λ ∈ [0, 4] with intervals of 0.1. The graphs of µ(λ) and
σ̄(λ) are shown in Fig. 1 and Fig. 2, respectively. From Fig. 1, we know that µ(λ) has
zeros at λ = 0, 2.9 < λ < 3.0 and 3.8 < λ < 3.9. Thus nonlinear eigenvalues exist in
these intervals. In particular, the smallest positive nonlinear eigenvalue that we seek lies
between 2.9 and 3.0. The same conclusion follows from Fig. 2, because σ̄(λ) has zeros at
the same positions as µ(λ). Moreover, it can be seen that µ(λ) is a smooth function of λ
near the zeros, as predicted by Theorem 3.2. Thus we can use the secant method to find
the zeros of σ̄(λ), as shown in Algorithm 2.
Based on these results, we applied the secant method to µ(λ) and σ̄(λ) with initial
values λ0 = 2.9 and λ1 = 3.0. For the medium size problem, both iterations converged in
4 steps and resulted in the same solution, λ = 2.926654, which agrees well with the value
obtained by perturbation analysis [8]. One step of the secant iteration took 35,520 seconds
and 2,005 seconds, respectively, when using µ(λ) and σ̄(λ). For the large problem, one
step of the secant method took 16,200 seconds when using σ̄(λ), while the computation
using µ(λ) could not be finished due to time limit. Thus we can conclude that the use of
signed singular value greatly improves the computational efficiency.
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Figure 1: The smallest linear eigenvalue as a fun tion of

Figure 2: The signed singular value as a fun tion of

λ.

λ.

5. Conclusion
In this paper, we proposed a robust numerical algorithm for solving the nonlinear eigenvalue problem. Our algorithm is based on the smallest linear eigenvalue or the signed
singular value and is applicable when the matrix A(λ) is large and nonsymmetric and has
strong nonlinearity. It can be used even when the matrix elements are not given explicitly
but are given by a computer program, which takes a long time to execute.
We applied our method to a nonlinear eigenvalue problem arising in the computation of
the scaling exponent in turbulent flow, for which an algorithm based on the Newton method
did not converge. Our method succeeded in finding the nonlinear eigenvalue of interest
stably. Furthermore, it was shown that the variant using the signed singular value proved to
be much more efficient than the one using the smallest linear eigenvalue. Our future work
includes applying this method to nonlinear eigenvalue problems arising in other fields.
Very recently, several new algorithms have been proposed for the nonlinear eigenvalue
problem. They include a QR-based algorithm [7], a preconditioned CG type method [15]
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and Newton-like methods [12–14]. It remains as our future work to apply these methods
to our problem and compare their performance with that of our algorithm.
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