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Abstract. In error estimates of various numerical approaches for solving decoupled for-
ward backward stochastic differential equations (FBSDEs), the rate of convergence for
one variable is usually less than for the other. Under slightly strengthened smoothness
assumptions, we show that the fully discrete Euler scheme admits a first-order rate of
convergence for both variables.
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1. Introduction

On a filtered complete probability space (22, 7, (Z; )o<i<T, P) Where Z, is generated by
the standard Brownian motion W,, 0 <s < t and T is a fixed time horizon, we consider the
decoupled forward-backward stochastic differential equations (FBSDEs):

dX,=b(t, X )dt+o(t,X.)dW,, Xo=xq, (1.1)
—dy, =f(t, X, ¥e,20)dt —2z,dW,, yr=gXr), (1.2)
where X, = x is the initial condition of the forward equation, y; = g(X;) is the terminal

condition of the backward equation, and b, o, f and g are deterministic functions in R. A
triple (X;,y;,2;) : [0,T] x Q — R x R x R is called a solution of Egs. (1.1) and (1.2) if
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its components are %,-adapted, square integrable, and satisfy the respective forward and
backward integral equations

t t
X, =X0+J b(s,Xs)ds+J o(s,X,)dW,, te€[0,T],
0 0
T T
ytzg(XT)+J f(s,Xs,ys,zs)ds—J z,dW,, te€[0,T],
t

t

where the two integrals with respect to the Brownian motion W, are Ito-type.

Pardoux & Peng [10] proved the existence and uniqueness of the solution of nonlinear
backward stochastic differential equations (BSDEs) with the % -measurable terminal con-
dition &, and Peng [12] gave the following probabilistic representation for the nonlinear
Feynman-Kac solutions of Egs. (1.1) and (1.2):

.yt = u(t)Xt)J zt = axu(t:Xt)O-(taxt)J te [0) T)) (13)

where u(t, x) is the smooth solution of the partial differential equation
1
Beu(t, x) + b(t, x)B,u(t, x) + 5 0t x)*ecu(t, x) = —f (£, x,u(t, x), Beu(t, x)o (t,x)),

with the terminal condition u(T, x) = g(x). Subsequently, FBDSESs have been studied exten-
sively and applied in many fields — e.g. mathematical finance, stochastic optimal control,
nonlinear expectation, risk measure, and related problems [4,5,11,13]. It is very diffi-
cult to find solutions in explicit closed form, so considerable attention has been paid to
the numerical solution of FBSDEs and many numerical schemes have already been pro-
posed [1-3,6,14-21]. Here we reconsider the fully discrete Euler scheme for decoupled
FBSDEs proposed in Ref. [14], and under certain regular conditions on the data b, o, f
and g we prove its first-order sup-norm convergence in solving Egs. (1.1) and (1.2). In
Section 2, some preliminaries are introduced, and the fully discrete Euler scheme is dis-
cussed in Section 3. Our error estimates of the scheme are derived in Section 4, and some
concluding remarks are made in Section 5.

2. Preliminaries

Let us first list some notation — viz.

o Cﬁ’k’k’k : the set of continuously differentiable functions 2 : [0, T] x Rx R xR — R

with uniformly bounded partial derivatives afla,f ! 8; 2 8}31,0 for0<{; <{¢{and 0 <
ki + ko + k3 < k. Analogous definition applies for C ﬁ’k.

o (X%, ¥y ,20™) : solution (X, y,,z.) of (1.1), (1.2) with initial condition replaced by
X, =x,forr <t.And (XX, y*,27) = (X", v, 20%).

o Z" : the o-field generated by {X* |r <s < t}, forr <t.
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o EV'[-]:=E[-|Z], Efl-]:= E['lgft,x]'

Given x € R, let X;, y;* and z;* denote the solutions of the FBSDEs (1.1) and (1.2)
for t € [r, T] with the initial condition X, = x and terminal condition y; = g(X ;’x) —ie.
forte[r,T],

t t
bt =x+J b(s,Xsr”‘)ds+J o(s, X7 )dW;, 2.1
r r

T T
yo¥ = g(X;’X)+J f(s,Xsr’x,ySr’x,z:’x)ds—J 2" dW;. (2.2)
t t

We introduce Vj}, to denote the difference quotient operator with respect to the space point
x at time r with space step h — e.g. the difference quotient

r,x+h r,X
—X

thtr,xz t - L

and for a smooth function 1 : R — R the difference quotient

rx+hy X
T = YDV,

From the mean value theorem, we have the identity

Vip (X)) = (60X + (1 — 0)X ) v, X

(2.3)

for some 6 € [0,1]. Applying V, to Eq. (2.1) and assuming smoothness conditions on the
coefficients b and o, we have

Vi X7 =1+ J
.

where ©* = QXsr’”h +(1—6)X and A™* = AX*" 4 (1 — )X with 6 and 2 in the
interval [0,1]. Assuming b,o € Cg’l, for p > 1 we have that E[(V,X;*)"] is bounded by a
constant that is independent of r, t, h, x, and X tr’x.

Let D, denote the Malliavin derivative, and assume b and ¢ are smooth functions. Then
the Malliavin derivative D,X;™ of X satisfies the equation
t

t t

O, b(s,07") Vi X ds + J 0,0 (s, A ) Vi X dW,

r

t
B b(v, XX ) DX d v+ f 8,0 (7, X"*) DX dW,,

S

DX =o(s,X) + f

S

for r < s < t. Assuming that b,0 € Cg’l, for p > 1 we therefore have that E[(D,X;")"]
is bounded by a constant independent of r, t,h, x, and X tr’x. There is similar result for the
second-order Malliavin derivative of X;™. Thus we have the following lemma:

Lemma 2.1. Assuming that b,o € Cl?’Z, we have
E[(VpX [P |+ E[(DX*P]+E[(D, D X P < C,

wherer Ss<t, r <s; <sy <t, and C is a that is constant independent of 1,s,51,59,t,X, h,
and X~
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3. Fully Discrete Euler Scheme

We now introduce the fully discrete Euler method for the FBSDEs [14]. Let N denote a
positive integer and & the set of all integers, and define the time-space partition

Tpxsp={(tn,xk)IkEfZ,n:O,l’...’N},

where T, : {t,|n=0,1,---,N, 0=ty <-+- <ty =T}, tyy1—t,=At,n=0,1,--- ,N—1
is the time partition and S, : {x;| k € Z}, x4 — x; = Ax, k € Z is the partition of space
R. Then given the Feynman-Kac solutions (1.3), we solve for y, and z, on the time-space
partition T, x S, with the initial value x; in Eq. (1.1) a grid point.

For t € [tp,tns1], let X, ¥y and z;"** be the the solutions of the FBSDEs (2.1)
and (2.2) with r and x replaced by t,, and x, respectively. Then we have the following

equations:

the1

tn+1 tn+1
X ¥k =xk+J b(t,Xf"’xk)dHJ o(t, X" ™) dw,,
tn tn

ths1

tnt1
yi =yt flexm y e de— J 2 AW, 3.1
t

n+1
tn n

Taking the expectation operation E[-] on (3.1), we deduce that

Yok =By 1+ At fir + RS, (3.2)

where ft:k = f(tp, X1, yt ,zt") and the residue is defined by

the1
R];/,n = f E[f(t,thn,Xk’yttn,Xk tn,Xk)] dt — Atft:k ) (3.3)
tT‘l

Multiplying (3.1) by AW,  :=

=W, —W, and then taking the expectation E[-] gives

Atz —E[yt kAW, 1+RE (3.4

with the residue

ths1

tnt1
R’;,nzj ELf(6,X", y ™, 2" AW, | |dt+ Atz — J E[z,""*]dt. (3.5)
t

n tn

It is notable that the expectation terms in Egs. (3.2) and (3.4) contain the values of Ve
on the whole real line, and in computing them in practice we hope that only the values of
Yt,,, on S, are involved. Initially, we need approximations of the X’ t”’x" , SO we introduce
the Euler formula for the forward process:

Xk = x4 bt XA+ 0 (6, X )AW, | =2 x (AW), (3.6)

1
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where we denote the Euler approximation X t"’x" for fixed n by x;,(AW) to emphasise the

Ly, Xg

dependence of X fr,:-lk on the increment AWt .,- Using Eq. (3.6), we define Vet oas the

value of y at the time-space point (tn+1,X " x") —i.e.

~ U X

Fo* = u(tnen, X70) = Uty X (AW))

Then writing R’; , and R’; , for the remainders arising from this approximation of the for-
ward process, we have the expectations

Ely " 1=E[y 1+RY (3.7)
Ely, " *AW, 1=E[y, " *AW, 1+R: ., (3.8)

. . . . . . . . _g2
which can both be written as integrals involving the Gaussian density function ‘/%e &/2
—e.g.

Bl = = J (tns1 X (VALE))e /2 E .
We can readily approximate the integral using the L-point Gauss-Hermite quadrature rule
with nodes &, and weights w,, £ =1,2,---, L such that we have

L

[~t:+’fk] Zu(tnﬂ,xu)we +R (3.9)
=1

as the discrete approximation to the above equation, where
Xy g = xk(v At gg) =X+ b(tn,xk)At + O'(tn, Xk)\/ At gg . (3.10)

Similarly, the expectation of ¥ AW (3.8) can be approximated by

L

E[Ntn:fk th+1] Zu(tnﬂ,xu)v gg wf+REzn (3.11D)

(=1

Here Rk , and Rk . denote the residues under the quadrature rule. Generally, x;, ¢ S,
and u(th,xk ¢) should be approximated by some method involving only {u(th,xJ)} is
and here we use the linear interpolation

U(tp1, X ) = fu(tn+1,xke)+RIyn, (3.12)

where R];f, . is the residue of the interpolation, and .# is the linear interpolation operator
over the space partition S, defined by

. B X = X g
Fu(-, xp ) = Breul, x ) + (1= Prul, x; ), Bre=—"—

AX

>

with x;” ¢ (xlz Z) the closest grid point on the right-hand (left-hand) side of x; .
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From the previous procedure for approximating the expectations, we note the following
definition. Given a sequence ¢ = {¢* }xESp (indexed by S,), for a natural number m the
discrete expectation of the product of ¢ and (AW, )" is

=~

B[ (AW, )] = D 1 (Bre ™ + (1= B ™ (VAL E) e (3.13)

(=1

Then using the above definitions and Egs. (3.7), (3.8), (3.9), (3.11) and (3.12), from
Egs. (3.2) and (3.4), we obtain

Yok =B [y, 1+ A +RY (3.14)
Atzt =B [y, AW, 1+R}, (3.15)
where the residues are
k _ pk pk k
Ry,n _Ry,n +R +REyn +ZRIyn (3.16)
k nk pk k
RK =R +Rk +RE”+ZRUH\/_§M@ 3.17)

In Egs. (3.14) and (3.15), the discrete expectations I@If: [y,,,] and ]Exk [ye,,, AW, . ] refer

to I’Ef: [(.)’tn+1 )Sp] and IAE?:[(J’%H )SP AW, ., ], where (J’tnﬂ )S {yt
confined to the space partition S,,.

nﬂ}kaS is the solution

We now introduce ¥ and Z to denote the corresponding numerical solutions for the
variables y and z on the time-space partition T, X S, — i.e. we write J, = { )A’;Ck}xkes ,
2 {zt }xkeS forn=0,1,---,N. On omitting the residues R’; and Rk in Egs. (3.14)
and (3. 15) we obtain the fully discrete Euler scheme for (1.1) and (1.2) as follows.

Given j/tN = g(xy) for x €S, forn=N—1,N —2,---,1,0, backwardly solve for y, and
2, using

xke=xk+b(tn,xk)At+0(tn,xk)«/E§e, (3.18)
Ik =B F,, 1+ ACF (3.19)
Atz =1, AW, 1, (3.20)

where x; € S, and f;k =f(tn,xk,f’ilk’ﬁfnk)-

4. Error Estimates

Under certain smoothness and boundedness conditions on b, o, f and g, we now prove
the first-order sup-norm convergence of the fully discrete Euler scheme (3.18)-(3.20). The
arguments used in the proof are much the same as in Ref. [6], which basically consists
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of two parts — proving stability, and estimating the bound of the residues. Henceforth,
V}, denotes the difference quotient defined in Eq. (2.3) with h = Ax. In particular, when
applied to a sequence ¢ = {¢p*k} X(ES,> the difference quotient is

¢xk+1 — ¢xk

Vi =
n¢ N

We first subtract Egs. (3.19) and (3.20) from the respective Egs. (3.14) and (3.15) to
get two error equations, on which the difference quotient operator V}, is applied to obtain
two more equations, so we have the following four equations:

ek =B [, 14 AL = f)+RE 4.1)
At vk =B [u, AW, T+RE, (4.2)
Vit = Vil e, 1+ AUV = Vi f) + RE (4.3)
At Vvt = Vit e, AW, ]+ ViRE (4.4)

X Xk_ A X X xk_l\xk +1s
where ;" = y;* — 7§, and v;" =z, — %" are the errors. To prove the stability of the

numerical scheme, we also note some basic properties of the operator IAEf:[-], and its dif-
ference quotient Vh]ﬁf:[-]. Let || - || oo denote the supremum norm of functions defined on
Sp — i€ 1910 = Supy,cs, 1671

Proposition 4.1. Let I@lfr’l‘[-] be the operator defined in (3.13). For fixed n and k, there are

non-negative numbers a;, j = 0,%1,%2,-- where only a finite number are positive, such
that for the sequence ¢ indexed by S, we have that

Z a]’ =1 5
J
By o= a;¢%.
J
Consequently,

BHO) <lploo  (BL1)° <EI[(4)%],

and moreover

(210 + 1 (10 AW, ) <BE[(0)].

The proof of Proposition 4.1 readily follows, as the “non-negative with sum one” property
holds for the coefficients of both the quadrature rule and the linear interpolation. Further,
the quadrature rule outputs the exact value for polynomials with degree less than or equal
to 2L —1.

Under additional smoothness and boundedness conditions, we obtain the two estimates
in the following proposition.
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Proposition 4.2. Assuming that b,o0 € Cg’l, we have the estimate

A 2 1 N 2
(Vi [1)" + = (Vi Lo AW, ,1)" < A+ CADI VA I, - (4.5)
Furthermore,
1 /. 2
(BT AWon])” < CALIV@ I, - (4.6)

Here C is some constant independent of n, k, At, Ax and the solutions of the fully discrete
scheme.

Proof. First, in the notation of Eq. (3.10) we have
Xi+1,6 — Xk 0
Ax

and it is easy to check that x;;;, — x;, = 0 holds for sufficiently small At. Hence on
denoting the index of x;_, as the natural number such that x; , = x, ,, we have ij ; < 41

so that the difference quotient of ]Ef:[gb] is

=14 Vb(t,, xp)At + Vo (ty, xp )V AL Ey

L
HiELTS1=2, é(ﬂk“’f ¢t + (1= Prp, )1 — By 5 — (1= By )™ Jeor

(=1

L
X
Zlk,e,j Vo™ wy,
=17

where

Ak,f,]’ =X{ik,e:j<ik+1,£}(1 - ﬂk,f) + X <j<irs1e} + x{ik,z<f=ik+1,e}ﬂk+1,f
+ Xt e=izien ) Prerre = Bre)
and we note that

Xk+1,06 — Xk 0

Z Mot = Prerre = Proe + e — il = —

J

Consequently, for the natural number m, we define the new discrete expectation

L
Ef[o (AW, "] ::Z (Z Akt ¢xf) (VAtE) v, (4.7)
(=1 j
where the coefficients A
- X
Akj = Mk,
P X1 — Xiy b

satisfy the “non-negative with sum one” property

ik,ﬂ,j > 0 N Zikj’j =1. (48)
J
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Consequently, we have the two representations

Vil [¢] = (1 + Vi b(ty, X )AL)EF [Vip ] + Vio (£, xi)EF [V AW, T, (4.9)
Vil [ AW, 1= (1+ Vb(tn, x)AL)E [V AW, ]
+ V3,0 (tn, X B[V (AW, )], (4.10)

n+1

hence we obtain inequality (4.5) on invoking the definition (4.7) and the property (4.8).

For the second estimate (4.6), we suppose {&,} is sorted in ascending order (i.e. &, <
&¢+1) and define ¢ := L+ 1—£. We observe that &,, = —&; and w, = wy, and define iy ; as
before. Thus again noting (3.10), if o (t,,, x;) > O we have that i} y < i, for1 <{ <|L/2],
and if o(t,,x;) < 0 then iy < iy, for 1 < £ < [L/2], so rearranging the summation in
IAEf:[¢ AW, ., ] we deduce that

[L/2]
f h - + -
Efr]:[d) Ath+1:| :Z (ﬁk,e/ ¢xk’2/ + (1 - ﬂk,g/)(l)xk,é/ — ﬁk,f ¢xk,é — (1 — ﬂk,f)(pxk’é)@ |€f| w;
(=1
LL/2]
=Ax Z Zpk,z,]’ Vi IV AL|E | wy s
=1 j

where the coefficients p, , ; are defined by
Piot,j =X i =i<ip o} (1 = Broe) + X i <ij<ip ot F Xio<imip o }Prtr T Xir o=j=is 111 Breotr = Bree)
= Xig p=j<in (L= Broer) = Xtiy y<j<i e} = Xig pr<jmi 1 Brot -

We note that

[L/2] [L/2]
Ax Z PrejVALIE | wy = Ax Z (Brer = Bre + i — i ) VAL & | ey
=17 =1
[L/2]
=20(t, x )AL Y E2ay = 0(t, )AL,
=1

and so denote py; = (o(t,, x )At) TAx Pry,j VAL|Ey| wy such that the “non-negative
with sum one” property holds for oy ¢ ; in the sense that

LL/2]
Pre,j=0, Z Zﬁk,e,j =1. (4.11)
(=1 j

Now we define the new discrete expectation

LL/2]
B Lp]= D0 > e, (4.12)
(=1 j
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when the discrete expectation of ¢ AW,  has another representation
B[ AW, 1= 0(ty, x )AL EF[V,¢]. (4.13)

From Eq. (4.13), property (4.11) and definition (4.12) we have the second estimate (4.6).
O

Remark 4.1. Unlike the semi-discretised scheme (only discretised in the time variable), due
to the interpolation in approximating the expectation some properties may not be preserved
for the scheme (3.19) and (3.20). For example, from Egs. (4.9), (4.10) and (4.13) we
fail to represent those terms on the left-hand side of the equality by the same discrete
expectation I@Ifr’l‘ [-] of V¢, which is not an issue for the semi-discretised scheme. As shown
in Proposition 2, we choose to add the boundedness condition and keep the estimate under
the supremum norm.

Denoting

Ry = /IRy nll2 + IRz nll26 + V4R, n 1120 + I V4R, nll%

we obtain conditions for the stability of the scheme (3.19) and (3.20) as follows.

0,2,2,2

Theorem 4.1. Assume f € C’""", u€C }(J),z and b,oc €C }(3),1‘ Then we have the estimates

—1
e, 12 < Cllsey 12, +—Z(||Ryl||2 + IR, 112,),

1, 120 < Cllttey 120 + 1 Vhtke, I12,) + s IRz a2, + Z(R 2.

(A t)2
Proof. From Egs. (4.1)-(4.4), we obtain the inequalities

Ax 2 X Ax 1
(Mtk)z (1 + YlAt)(Et: [Mth ])2 + (1 + YlAt)_(At(ftnk _ftnk)z + E(R];,m)z) , (4.14)

2 (o
(B T, AW, D)+ o RE 2, (4.15)

(Va2 < (1 + 7,80V e, 1) +(1+rzAt)—(At(vhf — Vifik)?

At(viF)? < —

1 k32
+ (GRS ). (4.16)

aw, 1) +—(Vth ). (4.17)

n+1 n+1

2 N
At(Vyv)? < At(VhEi‘:[ut
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In inequality (4.16), we have

Vaf =V f 5 =0, £ + 9, "k;evhy"wa xk;evhzxk
—(ax 2904 0, f 50 + 0, f v
Xi;60 A X360
=0Jt, xJt,
+(3, £ — 2 ka IVayek + 0, fo? gt
+(3 tn’ )th +8,f0" Vh”f,’f,

where 0 € [0,1], 0, % o = S (tp, X5 + GAx,y;;" + 0 Ax Vhyfn",zzl" + 6 Ax thfn"), and
other terms contalmng 'the superscript 6 are defined similarly. Under the smoothness con-
ditions, we therefore have

(5 = f 9 < C((u)? + (7)), (4.18)
(Vif = Vi f ) < (e ) + (77 + (Ve ) + (7)) (4.19)

Using Proposition 4.1, inequalities (4.14), (4.15) and (4.18), and letting y; = 8C, we thus
have the following estimate for sufficiently small At:

(B + SEOP <A +40A0 N, I3 + S (G + (5?) + o (R )P + R, ).

n+1

Consequently,

1
e, 120 < (14 CADpG, 12 + 17 IRyl + I1Re 20
C N—-1
< Cllpe, 2, + — Z (IRy 1124 + IRz,112,). (4.20)

so letting v, = 32C and combining with Egs. (4.16), (4.17) and (4.19), using Proposition
4.2 we obtain for sufficiently small At that

(Vi t")2+—(tht")2 <(1+CAO|IVhite, 112, +—((Mf")2+(tht")2+(thxk)2)

n+1

+ E((Rk )2 + (VhR )2 + (VhRI:z(,n)z) ’

hence

I Vhtte 120 <(L+ CADVhpae,, 12 + CAL g |12,

n+1

1
(IRl +19Ry 12 + 194R. 512,)

N—1
C
<C(lle 12 + 1 9me, 112, + > (R,)? (4.21)
i=n
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on using the previous result (4.20). Then using inequalities (4.15), (4.21) and Proposi-
tion 4.2 we have

N-1
C 1
170, 0 < Cllley g + 119t l20) + 57 DR + s Renlile s (422)
i=n
so invoking the estimates (4.20) and (4.22) we complete the proof. O

From Theorem 4.1, in order to get the estimates of u, and v, it remains to estimate
the residues R, , R, ,,, ViR, , and ViR, , defined in Egs. (3.16) and (3.17), which we do
after introducing the following Lemmas 4.1-4.4.

1,3,3,3

Lemma 4.1. For f € C,”""", u e C;’4 and b,o € C;’S we have the estimates

R} | =0((a0?), R | =0((Aat)?),
ViR | =0((A)?), V4R I=0((At)%).

Proof. From the definitions in (3.3) and (3.5) for R’}‘, , and R'Z‘ , and the It6 formula, we
have

tnt1
Rk, = ELf(t,X,"7%, y ", 2] dt — At £
tn
tht1 thy1 ot
= (ELf, ] = f*)dt = J J E[£©Ofm]dsdt, (4.23)
t, tn tn
Sk i1 tn, Xk tn, Xk t 3 Xk Xk i1 tn, Xk
R;, = ELf (6, X5, v, 2, ) AW, | ]dt+Atztn— E[z,"*]dt
tn tn
rtn+1 t thy1
= J(E[.,%(O)fst”’xkAthH+.§€(1)fst"’x’<])dsdt— f f E[£Ozm]dsdt,
t, tn th

Jt,
(4.24)

where 5 = f (s, X", y¥,25*), and for v € C'? the operators £© and £ are
1
LOv(t,x) = 3,v(t,x) + b(t, x)3,v(t,x) + Eo(t,x)zé’xxv(t,x) ,
LWy(t,x) = o(t,x)d,v(t,x).

The four estimates stated then follow from Egs. (4.23) and (4.24) with the difference op-
erator V;, defined in (2.3), under the conditions of the lemma. O

Lemma 4.2. Foru € CI?’4 and b,oc € C ;’3 we have the estimates

RS |=o((ar?),  |wiR,|=0((ar)?),
|R | =0(ar?), |VhR I =0((ar)).
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Proof. Subtracting ¥ from y gives
ty,X ~ T, X tn;x T, X, tn,X
ytnﬂk Y +1k g u(t"+1’ k)(X n+1k thﬂk) ’

where ©, ”’x" = 0X," t”’x" +(1— G)X t”’x" , 8 €[0,1]. From the Itd-Taylor expansion, X —X
has the form

n+1
X — X = J J (£@b(s, x5 )ds dt + 2D b(s, X ) dW, dt

tn+1 n+1
+ .,%(O)cr(s,Xst”’xk)ds dw, + .,%(1)0(5,Xst”’x’<) dw, th) ,
so from Eq. (3.7) we deduce that
~ t t, t,
RE  =E[8u(ty, 0/ )X — Xk |

ths1

n+1
—IE J J a Ut ,0," )L Ob(s, X %) + Dy u(ty 41,0, )LD b(s, X )

+ D0, u(tys1,0, )L O (5, X %) + DD Betu(t 1,0, )L W (s, X xk))dsdt].
(4.25)

Using (4.25), Lemma 4.1 and the smoothness conditions of the lemma, we get the estimates
of R’; ., and VhR';, .- Similarly, from Eq. (3.8) we have

n+1
Fon :E[ax”“nﬂ,@i:ﬁk)(xi:;’f" )f dw]
ths1 t . .
n>X| n’x n>X
=E f (DeBeultnsr, OF )X — X (k)
tT‘l
+ 3 U(tns1, O ) DX — D X )dt]
x n+1> ths1 |y P} 2t
ths1 .
:E|:J (D a u(tn+13 tn’Xk)(Xt:_:jk thk)'i‘a u(tn+1, tmxk)f g(o)g(s’Xstn:xk)ds
tT‘l
n+1
+ du(tpy 1,0, e x")J 9, b(s, X )D X ¥k ds
t
+J D,d,u(tny1,0, o x")f(l)o(s Xn*)ds
tn

tnt1
+ f Dsaxu(tnﬂ,@ﬁ:ﬁk)axa(s,X;mxk)DtXSfmxkds)dt].
t

Under the conditions of the lemma, from Lemma 4.1 we then obtain R]Z‘ , and VhR’z‘ .o O
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0,5 0,1
Lemma 4.3. Foru€ C,;” and b,o € C;"" we have
IR}, | =0((a0)?), IR}, .| =0((Aat)?),
VRS, | =0((A0)?),  IVRE, I=0((At)?).

Proof. In the error estimate of the Gauss quadrature rule [8], it is proved that given
feC",0<e<1wehave

x

1 - L
EJRf(E)e ¢ /Zdi—;f(iz)wz <

cL/? 2
(£)e~1-OE/2| g |
Nor: Jle €3] |dé&

with constant C independent of L and f but dependent on r. Thus there is £ such that

IRk

-

| < CA0™2 |0ty %0 8t by, X1 (VBT )

E,y,n

and &; and &, such that

RE 2 ol SCAOT V2|0 (ty, x0) 0 u(tns1, xi(VALED))
+C(A0 2|0ty 1 0] u(tnr, (VAT E)|

Similar estimates hold for the difference quotients of the residues, so under the conditions
of the lemma and letting r = 4 we complete the proof. O

Lemma 4.4. Foru € CI?’B and b,o € Cg’l we have

L L
SR o =0((ax)?),  |DIRM VALE w| = 0(VAL(ax)),
(=1 (=1
L
Vi D R o] = 0((Ax)?) + O(VAL Ax),
(=1

=0(VAt(Ax)?)+0(At Ax).

L
th Iynv t&gwy
=1

Proof. From the error estimate of the linear interpolation there is 6 , € [xk XL z] such
that

k( 1 3
Ryyn= U(tpiq, Xg o) — LUty X ) = 2uxx(tn+1: O o)Xy 0 — xkj)(xk,ﬂ - X;tg) .
Taking the difference quotient V}, of RI o We obtain
1
ViRPE = — (RITLE_RIL = ght gkt (4.26)

Lyn — Ay Lyn Iyn
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where we denote
17 /!
ke 1L, Okene) =W (8015 O 0) Orrn e — O

51 2 9k+1 . — ek . Ax (xk+1,€ - X]:+1,g)(xk+1,€ - x]:—_,_l’g) 5
(4.27)
k.t — —
Sy = IAx u;/x(tn'*‘l’ Qk,e)((xkﬂ,e - xk+1,e)(xk+1,z - xz_:+1,z) —(xpe — xk,e)(xk,z - x;:r,z))-
(4.28)
From the definition (3.10),
x —X
W =1+ Vhb(tn,xk)At + th'(tn,Xk)V At gg s
x
so for sufficiently small At we have 0 < Xirne ~ Xr < 2Ax such that
0 -0
’ k+1,¢ k¢ ‘ <3,
Ax
and therefore from Eq. (4.27) there is y; , in between of 6, , and 6 , such that
k¢
ST < Clulls (tngrs Ti) | (Ax). (4.29)
For the second term Sl;,e’ we discuss its upper bound for the three cases X0~ X =05
X1~ X = Ax and X1~ X = 24x.
o If X1~ X = AX, then there is 6 , in between of x;; , — Ax and x; y such that
1 _ _
E((Xk-i-l,f - Xk+1,g)(xk+1,€ - x]j.,.l,e) - (Xk,e - Xk,g)(xk,e - x]je))‘
1 - + - +
= E((Xkﬂ,f —Ax— Xk,g)(xkﬂ,e —Ax— xu) - (Xk,e - Xk,g)(xk,e - xu))
1 -
= E(ek,f —Xpe g O e — X0 )1, — Ax — Xk,e)’ < ‘Xk+1,£ —Ax— Xk,e‘
= Ax‘Vhb(tn,xk)At + Vyo(t,, xi )V At 55‘ < CAxVAt.
o If X1~ Xp = 24x, then there is 6 , in between of x;; y—2Ax and x,tfrx,:’e—xk’e
such that

1 _ _
E((xk-a-l,f = X1, )1, = X0 ) — (e — X )X — X;zg))‘
1 _
= H((xk-a-l,f —2Ax = x; ) (Xpy1,0 — 28X — X[ )

+ — — (ot — +
— (g X = X = X5 )X g+ X = Xpe g — xk,e))‘
1

_ - + - +
= | A O =X + Ore =Xy Ihare = Xppq g — X + xk,e)‘

N

— + — +
Xpea1,0 — Xppp 0 — (X7 — xk,é)’ < ‘xkﬂ,@ X T Xy _xkx’

= Ax Vhb(tn,xk)At + VhO'(tn,Xk)V At ge‘ S CAxvVAt.
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o If Xip1e X =0, then there is 0 ; in between of x;;, and x ¢ X ™ Xk such

that

1 - + - +

H ((xk+1,£ - xk+1,g)(xk+1,f - Xk_,_l,g) - (Xk,e - xk,g)(xk,f - Xk,g))

_ - + + - - + - +
= E((xk+1,f_xk,lf)(xk+1,f_xk,e)_(xk,f+Xk,£_xk,f_xk,£)(xk,e+xk,£_xk,f _Xk,f))’

1
_ - + + —
= E(ek,é Xt + ek,f _Xk,g)(xk+1,ﬂ T X0 T Xk + Xk,[)‘

+ - + -

S| = Oegp = Xpern,0) + O — Xk,g)‘ < ‘xk’g — X1, + X0 — xk,g‘

=Ax‘ — Vub(t,, X1 )At — V5o (t,, X )V At 5,3‘ < CAxvVAt.

Thus from Eq. (4.28) we have

1S5 < €|l (tnr1, O )| Ax VAT, (4.30)
and from Egs. (4.26), (4.29) and (4.30), we complete the proof. O

Using Theorem 4.1 and Lemmas 4.1-4.4, we obtain error estimates for our fully discrete
scheme summarised in the following theorem.

Theorem 4.2. For f € C1333
lle, 12, = O((AD)?) +O((Ar)*(Ax)*),
v 112, = 0((A0)*) + o((at)*(ax)*) +o((Aat) ' (Ax)?).

Proof. Under the specified conditions, from Egs. (3.16), (3.17), and Lemmas 4.1-4.4,
we have the following estimates:

andu € C;’S, b,oe C;’B we have the error estimates

(RS, < [RS..| +[RS, |+|REyn|+ZR,yn =o((a0?)+o((ax)?),
RS | < RS + RS | + |RE ] + Z b VATE w| = 0((At)®) + O(VAT(Ax)),
(=1
L
| ViRE | < |ViRE | + | ViRE | + | WhRE | + VhZR]I{”f,’nwg
(=1

=0((at)*)+0((Aax)?*)+ O0(VAt Ax),

|VhR |\|VhR |+|VhR |+|VhREzn|+ \vA Rlyn\/_gga)e

(=1
=0((at)*) +0(VAt (Ax)?) +0(At Ax).

The results then follow from Theorem 4.1. O

Furthermore, by relating At to Ax we obtain first-order convergence for the numerical
scheme.
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Corollary 4.1. Under the assumptions of Theorem 4.2, if we let Ax = (At)*/? then we have
the first-order error estimates

e, llo =0(AL), v, lloo = O(AL).

5. Conclusions

We have considered a fully discrete Euler scheme for solving decoupled forward back-
ward stochastic differential equations. Under conditions slightly stronger than traditional
assumptions, we proved the convergence rate is first-order. The technique used to ob-
tain our error estimates is general, and may be extended to more complicated numerical
schemes.

Acknowledgments

The authors thank the referees for valuable comments and suggestions, which helped us
improve the presentation considerably. This research is partially supported by the National
Natural Science Foundations of China (Grant Nos. 91530118 and 11571206).

References

[1] V. Bally, Approximation scheme for solutions of BSDE, in “Backward Stochastic Differential Equa-
tions” (Paris, 1995-1996), pp. 177-191, Pitman Res. Notes Math. Ser. 364, Longman, Harlow
(1997).

[2] C. Bender and R. Denk, A forward scheme for backward SDEs, Stochastic Process. Appl. 117,
1793-1812 (2007).

[3] Y. Fu, W. Zhao and T. Zhou, Multistep schemes for forward backward stochastic differential
equations with jumps, J. Sci. Comput. 69, 651-672 (2016).

[4] E.R. Gianin, Risk measures via g-expectations, Insurance Math. Econom. 39, 19-34 (2006).

[5] N. El Karoui, S. Peng and M.C. Quenez, Backward stochastic differential equations in finance,
Math. Finance 7, 1-71 (1997).

[6] Y.Li, J. Yang and W. Zhao, Convergence error estimates of the Crank-Nicolson scheme for solving
decoupled FBSDEs, Sci. China Math. 60, doi: 10.1007/s11425-016-0178-8 (2017).

[7] T Kong, W. Zhao and T. Zhou, Probabilistic high order numerical schemes for fully nonlinear
parabolic PDEs, Commun. Comput. Phys. 18, 1482-1503 (2015).

[8] G. Mastroianni and G. Monegato, Error estimates for Gauss-Laguerre and Gauss-Hermite
quadrature formulas, in Approximation and Computation: A Festschrift in Honor of Walter
Gautschi. Eds. Zahar, R. V. M., pp. 421-434, Birkh&user, Boston (1994).

[9] G.N. Milstein and M.V, Tretyakov, Numerical algorithms for forward-backward stochastic differ-
ential equations, SIAM J. Sci. Comput. 28, 561-582 (2006).

[10] E. Pardoux and S. Peng, Adapted solution of a backward stochastic differential equation, Syst.
Control Lett. 14, 55-61 (1990).

[11] S. Peng, A general stochastic maximum principle for optimal control problems, SIAM J. Control
Optim. 28, 966-979 (1990).

[12] S.Peng, Probabilistic interpretation for systems of quasilinear parabolic partial differential equa-
tions, Stochastics Rep. 37, 61-74 (1991).



Optimal Error Estimates for a Fully Discrete Euler Scheme for Decoupled FBSDEs 565

[13]

[14]
[15]
[16]
(17]
(18]
[19]
(20]

[21]

S. Peng, Nonlinear expectations, nonlinear evaluations and risk measures, in Stochastic Methods
in Finance: Lectures given at the C.I.M.E.-E.M.S. Summer School held in Bressanone/Brixen,
Italy, July 6-12, 2003, Springer Berlin Heidelberg, Berlin, Heidelberg, 165-253 (2004).

W. Zhao, L. Chen and S. Peng, A new kind of accurate numerical method for backward stochastic
differential equations, SIAM J. Sci. Comput. 28, 1563-1581 (2006).

W. Zhao, Y. Li and G. Zhang, A generalized 0-scheme for solving backward stochastic differential
equations, Discrete and Continuous Dynamic Systems Series B 17, 1585-1603 (2012).

W. Zhao, J. Wang and S. Peng, Error Estimates of the 0-scheme for backward stochastic differ-
ential equations, Dis. Cont. Dyn. Sys. B 12, 905-924 (2009).

W. Zhao, G. Zhang and L. Ju, A stable multistep scheme for solving backward stochastic differ-
ential equations, SIAM J. Numer. Anal. 48, 1369-1394 (2010).

G. Zhang, M. Gunzburger and W. Zhao, A sparse-grid method for multi-dimensional backward
stochastic differential equations, J. Comput. Math. 31, 221-248 (2013).

W. Zhao, Y. Fu and T. Zhou, New kinds of high-order multistep schemes for coupled forward
backward stochastic differential equations, SIAM J. Sci. Comput. 36, A1731-1751 (2014).

W. Zhao, Y. Li and Y. Fu, Second-order schemes for solving decoupled forward backward stochastic
differential equations, Science China Math. 57, 665-686 (2014).

W. Zhao, W. Zhang and L. Ju, A numerical method and its error estimates for the decou-
pled forward-backward stochastic differential equations, Commun. Comput. Phys. 15, 618-646
(2014).



