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Abstract. Aiming at a complex multi-block structured grid, an efficient dynamic mesh
generation method is presented in this paper, which is based on radial basis functions
(RBFs) and transfinite interpolation (TFI). When the object is moving, the multi-block
structured grid would be changed. The fast mesh deformation is critical for numerical
simulation. In this work, the dynamic mesh deformation is completed in two steps. At
first, we select all block vertexes with known deformation as center points, and apply
RBFs interpolation to get the grid deformation on block edges. Then, an arc-lengthbased TFI is employed to efficiently calculate the grid deformation on block faces and
inside each block. The present approach can be well applied to both two-dimensional
(2D) and three-dimensional (3D) problems. Numerical results show that the dynamic
meshes for all test cases can be generated in an accurate and efficient manner.
AMS subject classifications: 65Z05
Key words: Multi-block structured grid, mesh deformation, radial basis functions, transfinite
interpolation.

1 Introduction
Currently, the use of unstructured grid is very popular in Computational Fluid Dynamics (CFD) due to its great flexibility and easy generation. However, the unstructured grid
suffers the difficulty of capturing the thin boundary layer on the solid surface, especially
at high Reynolds numbers. In contrast, the structured grid is preferred to capture the
boundary layer. The structured grid is usually associated with coordinate transformation. When a complex geometry such as aircraft is considered, a single-block structured
grid is very difficult to be generated. Instead, the multi-block structured grid is often
used, in which, the whole computational domain is divided into a number of blocks, and
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the structured grid is generated in each block. Clearly, the grid in each block is structured
and the block edges are unstructured. When the complex object is moving, the dynamic
change of resultant multi-block structured grid is still a challenging issue in CFD. Basically, there are two major approaches for the dynamic change of mesh. They are mesh
deformation approach and mesh reconstruction approach. As compared with mesh reconstruction, mesh deformation is more efficient and accurate, and is more widely employed.
For a single structured mesh deformation, Transfinite Interpolation [1–6] (TFI) method
is most frequently used, which generates the dynamic mesh with an algebraic interpolation. The computational effort of TFI is proportional to the grid number. So its efficiency
is still very high when the grid number is large. However, TFI is very difficult to be applied for a complex geometry when a multi-block structured grid is used. This is because
the mesh points on block edges are irregularly distributed when the mesh is deformed.
On the other hand, it is found that Radial Basis Functions [7–9] (RBFs) interpolation
is a desirable approach for scattered data interpolation, which could be used to compute
the mesh deformation on block edges. As a new interpolation method, RBFs method has
been successfully applied to the multivariate interpolation in a fluid-structure-interaction
problem [10], the numerical simulation of a flapping foil [11] and the aerodynamic shape
optimization [12, 13]. Based on RBFs, Rendall and Allen [14] proposed a unified algorithm for the fluid-structure interpolation and mesh motion. In RBF interpolation, the
computational effort is usually proportional to the cube of the total grid number. Thus,
when RBF interpolation is applied to the whole grid, the computational effort for mesh
deformation will be extremely large for a complex problem with a large grid number.
Some attempts [15, 16] have been made with a reduced size of equation system to improve the efficiency of RBF interpolation. Nevertheless, the computational effort is still
very large.
In this paper, a hybrid mesh deformation method, which is especially suitable for a
complex multi-block structured grid, is developed. In the approach, the RBF interpolation is only utilized to generate the dynamic mesh on block edges, and TFI is adopted
to generate structured mesh on block faces and within each block. The present hybrid
method is firstly applied to the dynamic mesh generation for one two-dimensional (2D)
and one three-dimensional (3D) problems with different complexity. Then numerical
simulation of a 2D unsteady flow is conducted. Based on the given multi-block structured grids, the numerical results demonstrate that the dynamic meshes for all test cases
can be generated in an accurate and efficient manner by using present method.

2 Mesh deformation on block edges by RBFs interpolation
2.1 RBFs interpolation
RBFs [17] use the interpolation function f to describe the displacement in the whole physical space, and f can be approximated by a weighted sum of the basis functions

122

L. Ding, Z. L. Lu and T. Q. Guo / Adv. Appl. Math. Mech., 6 (2014), pp. 120-134

Nb

f ( x ) = ∑ a i · ϕ k x − xb i k + ψ ( x),

(2.1)

i=1

where xb i = [ xb i ,yb i ,zbi ] are the coordinates of the selected center points with known displacements, Nb is the number of center points, ϕ is a given basis function with respect
to the Euclidean distance k•k and ψ = b0 + b1 x + b2 y + b3 z is a linear polynomial. The coefficients ai and b0 , b1 , b2 , b3 are evaluated from the collocation condition and additional
requirement, which are formulated as follows
f (xb i ) = dbi ,

Nb

Nb

Nb

Nb

i=1

i=1

i=1

i=1

∑ ai = ∑ ai xbi = ∑ ai yb i = ∑ ai zbi = 0,

(2.2)

where dbi is the discrete known displacement on the boundary. Then, the coefficients ai
and b0 , b1 , b2 , b3 can be obtained by solving the following equation system
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dbn

ϕij = ϕ(kxbi − xb j k). There are several mature methods to solve Eq. (2.3), such as the fast
iterative techniques [18] and methods based on partition of unity [19].
After the interpolation function f is determined, the displacement dinter for any interior point xinter = [ xinter ,yinter ,zinter ] can be calculated by
dinter = f (xinter ).

(2.5)

The available basis functions can be divided into two main categories: functions with
compact and functions with global support [20]. Boer has discussed the effects of different basis functions on mesh quality in [21]. Table 1 lists several frequently used RBFs
3
with global support [22,23]. RBFs with spline type function f ( x)=k xk is adopted in this
work.
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Table 1: RBFs with global support.

No.
1
2
3
4
5
6
7

Name
Spline type
Thin plate spline
Multiquadric biharmonics
Inverse multiquadric
Quadric biharmonics
Inverse quadric
Gaussian

Abbrevi
Rn
TPS
MQB
IMQB
QB
IQB
Gauss

f (x)
k x k3
kp
x k2 log k x k
2
2
p a +k x k
2
1 +( a +k x k2 )
1 +k x k2
1/(1 +k x k2 )
2
e−k x k

2.2 Mesh deformation on block edges
2.2.1

Choice of center points for RBFs interpolation

Conventionally, all the grid points with known displacements are selected as the center
points. Because the number of center points directly controls the size of matrix M in
Eq. (2.3), the computational efficiency is very low in the case of a large number of center
points, such as the multi-block grid for a complex geometry. In this work, only the block
vertexes with known displacements are selected as center points. This can greatly speed
up the process of mesh deformation. An example is shown in Fig. 1. When all the grid
points with known displacements (red points) are selected as the center points, there are
504 center points. On the other hand, when only the block vertexes with known displacements are selected as center points, there are only 16 center points. The corresponding
sizes of matrix M are respectively 507 × 507 for the former and 19 × 19 for the latter. As a
consequence, their calculation time differs about 19,000 times.

(a)

(b)

Figure 1: Selection of center points: left is all points at the boundary and right is block vertexes at the boundary.
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2.2.2 Block division
As computational efficiency greatly depends on the number of center points, it is unpractical to select all points on the boundary as center points. Thus, only block vertexes are
chosen as RBF center points in this work. However, if the block division is not properly
made, the displacement information of boundary may not be reflected in RBF interpolation very well, and this may lead to errors in interpolation. For cases with relative
movement of some bodies or boundary with soft deformation, blocks should be divided
to assure that the displacement information of boundary can be considered commendably. As a rule of thumb, the block division principle is to keep the dimension of block
in deformation direction 0.2 ∼ 0.3 times greater than the dimension of block in other directions. For the left picture in Fig. 2, before block division, the shape of block around
boundary is prolate, since the deformation direction of block is Y direction, grid intersection appears after interpolation. As shown in the right picture of Fig. 2, a very good
mesh quality is obtained after all the grid blocks surrounding the airfoil are subdivided
into several blocks along the chord wise.

(a)

(b)

Figure 2: Deformed meshes before and after grid block subdivision.

2.2.3 Mesh generation on block edges
The blue point in Fig. 3 is a point on one of red curves whose displacements are unknown. Now set all block vertex points (black points) as center points and blue point
as interpolative dot, the displacement of blue point can be calculated by all black points
easily with RBF interpolation method. Similarly, other grid points on this edge and other
edges can be worked out one by one. After that, deformation of all block edges (green
curves and red curves) is generated as shown in Fig. 4.
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Figure 3: Generation of mesh deformation on block edge.

(a)

(b)

Figure 4: Deformed block edges before and after RBFs interpolation.

3 Mesh deformation on block faces and within each block by
TFI interpolation
3.1 Transfinite interpolation
Transfinite interpolation [24] means the construction of a function over a planar domain
or a three-dimensional space that matches a given function on the boundary, and has
various applications, notably in geometric modeling and finite element methods.
By using the Boolean sum of interpolation functions, a 3-D TFI can be written as
∆xi,j,k = U + V + W − UV − VW − UW + UVW,

(3.1)
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where the grid deformation is defined as


∆xi,j,k = ∆xi,j,k ,∆yi,j,k ,∆zi,j,k .

(3.2)

The univariate products are

U = (1 − αi,j,k )∆x1,j,k + αi,j,k ∆ximax,j,k ,

(3.3a)

V = (1 − β i,j,k )∆xi,1,k + β i,j,k ∆xi,jmax,k ,

(3.3b)

W = (1 − γi,j,k )∆xi,j,1 + γi,j,k ∆xi,j,kmax ,

(3.3c)

and the tensor products are evaluated as follows
UV = (1 − αi,j,k )(1 − β i,j,k )∆x1,1,k + αi,j,k (1 − β i,j,k )∆ximax,1,k +(1 − αi,j,k ) β i,j,k ∆x1,jmax,k

+ αi,j,k β i,j,k ∆ximax,jmax,k ,

(3.4a)

VW = (1 − β i,j,k )(1 − γi,j,k )∆xi,1,1 + β i,j,k (1 − γi,j,k )∆xi,jmax,1 +(1 − β i,j,k )γi,j,k ∆xi,1,kmax

+ β i,j,k γi,j,k ∆xi,jmax,kmax ,

(3.4b)

UW = (1 − αi,j,k )(1 − γi,j,k )∆x1,j,1 + αi,j,k (1 − γi,j,k )∆ximax,j,1 +(1 − αi,j,k )γi,j,k ∆x1,j,kmax

+ αi,j,k γi,j,k ∆ximax,j,kmax ,

(3.4c)

UVW = (1 − αi,j,k )(1 − β i,j,k )(1 − γi,j,k )∆x1,1,1 + αi,j,k (1 − β i,j,k )(1 − γi,j,k )∆ximax,1,1

+(1 − αi,j,k ) β i,j,k (1 − γi,j,k )∆x1,jmax,1 +(1 − αi,j,k )(1 − β i,j,k )γi,j,k ∆x1,1,kmax
+ αi,j,k β i,j,k (1 − γi,j,k )∆ximax,jmax,1 + αi,j,k (1 − β i,j,k )γi,j,k ∆ximax,1,kmax
+(1 − αi,j,k ) β i,j,k γi,j,k ∆x1,jmax,kmax + αi,j,k β i,j,k γi,j,k ∆ximax,jmax,kmax .

(3.4d)

In order to maintain the grid distribution laws of the initial grid, an arc-length-based
TFI method [25] is applied in this work. The arc-length-based control functions along i,
j, k directions are defined as
α1,j,k = 0,

β i,1,k = 0,

γi,j,1 = 0,

αi,j,k =
j

β i,j,k =

∑m=2 xi,m,k − xi,m−1,k
jmax

∑m=2 xi,m,k − xi,m−1,k

,

γi,j,k =

∑im=2 xm,j,k − xm−1,j,k
∑imax
m =2 xm,j,k − xm −1,j,k
∑km=2 xi,j,m − xi,j,m−1 k
∑kmax
m =2 xi,j,m − xi,j,m −1 k

(3.5a)
,

(3.5b)

.

(3.5c)

3.2 Structured mesh on block faces
After computing the displacement of mesh points on all block edges by RBF interpolation
method, the displacement of grid points in the interior of faces is computed by a 2-D TFI
method as described below. Since the interpolation is a two-dimensional one, all terms
related to W in Eq. (3.1) are removed in this sub-section. Take Fig. 5 as an example. For
any structured face, displacements of point P(i, j) are computed by 8 points.
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Figure 5: 2-D TFI sketch.

The specific interpolation functions are
∆xi,j = U + V − UV,

(3.6)

where U, V and UV are defined as follows
U = L2 ∆x1,j + L1 ∆ximax,j ,

V = L4 ∆xi,1 + L3 ∆xi,jmax ,

UV = L2 L4 ∆x1,1 + L1 L4 ∆ximax,1 + L2 L3 ∆x1,jmax + L1 L3 ∆ximax,jmax ,

(3.7a)
(3.7b)

and L is the arc length.

3.3 Structured mesh within each block
After computing the displacement of mesh points on all the faces, the TFI interpolation
method is also used to compute the displacement of mesh points in the interior of each
block. For each single structured block, displacements of point P(i, j,k) are calculated by
26 points in the block as shown in Fig. 6.
The coordinates of mesh points can be computed by Eq. (3.1), but relevant functions
are specifically defined as
U = L2 ∆x1,j,k + L1 ∆ximax,j,k ,

(3.8a)

V = L4 ∆xi,1,k + L3 ∆xi,jmax,k ,

(3.8b)

W = L6 ∆xi,j,1 + L5 ∆xi,j,kmax ,

(3.8c)

UV = L2 L4 ∆x1,1,k + L1 L4 ∆ximax,1,k + L2 L3 ∆x1,jmax,k + L1 L3 ∆ximax,jmax,k ,

(3.8d)

VW = L4 L6 ∆xi,1,1 + L3 L6 ∆xi,jmax,1 + L4 L5 ∆xi,1,kmax + L3 L5 ∆xi,jmax,kmax ,

(3.8e)

UW = L2 L6 ∆x1,j,1 + L1 L6 ∆ximax,j,1 + L2 L5 ∆x1,j,kmax + L1 L5 ∆ximax,j,kmax ,

(3.8f)

UVW = L2 L4 L6 ∆x1,1,1 + L1 L4 L6 ∆ximax,1,1 + L2 L3 L6 ∆x1,jmax,1

+ L2 L4 L5 ∆x1,1,kmax + L1 L3 L6 ∆ximax,jmax,1 + L1 L4 L5 ∆ximax,1,kmax
+ L2 L3 L5 ∆x1,jmax,kmax + L1 L3 L5 ∆ximax,jmax,kmax ,
and L is the arc length.

(3.8g)
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Figure 6: 3-D TFI sketch.

4 Numerical tests
The present RBFs-TFI hybrid method has been applied to one 2D and one 3D mesh deformation problems with different complexity: a rigid airfoil and a wing-body combination.
After that, simulation of unsteady inviscid flows around a moving airfoil is performed to
show the accuracy of this moving mesh method. Based on the given multi-block grids,
the dynamic meshes for the above test cases have been generated in an accurate and
efficient manner. All the CPU times are taken from a single 2.93GHz Intel processor.

4.1 Determinant
In order to compare the dynamic mesh quality with initial mesh, a parametric evaluation
criterion should be introduced. In this paper, mesh quality inspection process is accomplished by software ”ANSYS ICEM CFD”. ICEM CFD is one of the most popular mesh
generation softwares in the world. There are many mesh checking methods in ICEM
CFD [26], such as Quality, Aspect Ratio and Determinant. The Determinant [27], more
properly defined as the relative determinant, is the ratio of the smallest determinant of
the Jacobian matrix divided by the largest determinant of the Jacobian matrix, where each
determinant is computed at each node of the element. The Determinant can be found for
all linear hexahedral, quadrahedral, and pyramidal elements. A Determinant value of 1
would indicate a perfectly regular mesh element, 0 would indicate an element degenerating in one or more edges, and negative values would indicate inverted elements.

4.2 Test case 1: rigid airfoil
Test case 1 is a NACA0012 airfoil rotating 45 degrees about its quarter-chord point. For
this case, the number of grid blocks is 12, and the number of grid cells is 11,252.
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(a)
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(b)

Figure 7: Initial mesh and mesh quality of NACA0012.

(a)

(b)

Figure 8: Deformed mesh and mesh quality of NACA0012 using RBFs method.

Fig. 7 shows the initial mesh and its mesh quality histogram. Both RBFs and present
RBFs-TFI hybrid method are applied for the dynamic mesh generation. As shown in
Fig. 8 and Fig. 9, the mesh quality of the RBFs-TFI hybrid method is comparable with
RBFs. On the other hand, the CPU-time required by RBFs is 1,217ms, and it is only 4ms
needed by the RBFs-TFI hybrid method which is about 0.32% of the former. This test
case indicates that the RBFs-TFI hybrid method is as accurate as RBFs, but it is much
more efficient.

4.3 Test case 2: wing-body
Test case 2 is a wing-body combination of a DLR-F4 airplane. For this case, the number
of grid blocks is 318, and the number of grid cells is 2,565,588. For this case, the wing is
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(a)

(b)

Figure 9: Deformed mesh and mesh quality of NACA0012 using RBFs-TFI hybrid method.

Figure 10: Initial and deformed configurations of DLR-F4.

undergone a vertical bending deformation and the maximum deformation at the wingtip
is 10% of the semi-wingspan. Fig. 10 shows the initial and deformed configurations
For the RBFs method, a 2-D problem selects all block edge points with known displacements as the center points and the CPU-time cost is about 2 ∼ 3 orders of magnitude
higher than present RBFs-TFI hybrid method, and a 3-D problem will select all block face
points as the center points which is too large to lead to a unbearable CPU-time. Therefore,
only the RBFs-TFI hybrid method is used for the 3-D problem.
Fig. 11 shows the final surface and symmetry plane mesh. Fig. 12 and Fig. 13 illustrate
the mesh quality for the initial and dynamic mesh, respectively. The comparison indicates
that the dynamic mesh quality almost maintains the same level as the initial mesh. On
the other hand, the CPU-time cost by the RBFs-TFI hybrid method is only 2,169ms for
this complex multi-block grid with millions of grid cells.

4.4 Test case 3: unsteady inviscid flow around airfoil
The third test case is numerical simulation of an unsteady flow associated with mesh
deformation. For this case, a NACA0012 airfoil is forced to pitch around the quarter
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Figure 11: Deformed surface and symmetry plane mesh of DLR-F4.

Figure 12: Initial mesh quality of DLR-F4.

Figure 13: Deformed mesh quality of DLR-F4.

chord with a reduced frequency of 0.0814 [28]. The form of pitching motion is given as
follows
α = 0.016◦ + 2.51◦ sinωt,

(4.1)

where the angle of attack is α, ω is the reduced frequency, t is the time, and the Mach
number Ma is 0.755. In this case, only Euler equations are solved and the mesh has
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Figure 14: Calculated normal force coefficient by solving Euler equations.

Figure 15: Calculated pitching moment coefficient by solving Euler equations.

been used in test case 1. The normal force coefficient and pitching moment coefficient
calculated by Euler equations are compared with the reference data calculated by Deng
et al. [29] and the experimental data [30] as depicted in Fig. 14 and Fig. 15.
Overall, the present numerical results in Fig. 14 and Fig. 15 have a good agreement
with the date in literature. This implies that the present hybrid method can be effectively
applied to solve the real complicated flow problems.

5 Conclusions
By combining the most favorable elements of RBFs and TFI, a novel hybrid mesh deformation method is proposed for a complex multi-block structured grid. By using the
present RBFs-TFI hybrid method, the dynamic mesh generation with millions of grid
cells can be efficiently achieved in several seconds. In the future work, the present hybrid mesh deformation method will be applied to aeroelastic problems and optimization
design problems of airplane.
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