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Abstract In this paper, we consider the asymptotic behavior of solutions for
a class of nonclassical diffusion equation. We show the squeezing property and the
existence of exponential attractor for this equation. We also make the estimates on its
fractal dimension and exponential attraction.
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1. Introduction
The nonclassical diffusion equations
ut − ν∆ut −

n
X

[σ(uxi )]xi + g(u) = f (x, t)

(1.1)

i=1

arise in many different areas of mathematics and physics. They have been used, for
instance, to model thermodynamics processes[1], [2], fluid flow in fissured rock [3],consolidation of clay [4], and shear in second order fluids [5-7]. For the physical interpretation of ”ν∆ut ”, we refer to [1-3]. The equations of (1.1) with a one time derivative
appearing in the highest order term are called pseudo-parabolic or Sobolev-Galpern
equations [8-12]. Aifantis [13] proposed a general frame for establishing the equations.
The existence and uniqueness, and regularity of solutions for the nonclassical diffusion
equations have been investigated by many authors, such as Showalter [14], Davis [15],
*This work was supported by the National Natural Science Foundation of China (Grant No.10271034)
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Quarteroni [16], Karch [17], Shi et al [18], Liu and Wang [19], Liu,Wan and Lu [20], Li
et.al [21] and their references therein.
In this paper,we consider the following initial boundary value problem of the nonclassical diffusion equation:
ut − ν∆ut − λ∆u + g(u) = f (x), (x, t) ∈ Ω × R+ ,
x ∈ Ω,

u(x, 0) = u0 (x),
u(x, t) = 0,

(1.2)
(1.3)

+

(x, t) ∈ ∂Ω × R .

(1.4)

where λ is a positive constant, g : R → R is a smooth function, and f (x) ∈ L2 (Ω), Ω ⊂
Rn is a smooth bounded open set, ∂Ω is the boundary of Ω. The existence of the
compact global attractor in H01 (Ω) for the equation (1.2) has been established by Li et
al [21]. Our aim of this paper is to show the existence of finite dimensional exponential
attractor for this equation.
The outline of this paper is as follows: in Section 2, we state some basic results
on the existence of exponential attractors and recall some known results concerning
the existence and uniqueness of solutions. Section 3 contains our main results; we
first establish the Lipschitz continuity of the dynamical system S(t) associated with
Eq.(1.2), then we prove that the semigroup S(t) satisfies the squeezing property and
deduce the existence of the exponential attractor.
Throughout this paper, we denote by k·k the norm of H = L2 (Ω) with the usual
inner product (·, ·). We also use k·kp for the norm of Lp (Ω) for 1 ≤ p ≤ ∞(k·k2 = k·k).
Generally, k·kX denotes the norm of Banach space X.
For convenience, we put ν ≡ 1 in (1.2). In the sequel, we always assume that g
satisfies conditions:
g(s)
≥ µ;
(G1 )g ∈ C 1 (R), ∃µ ∈ R, such that lim
|s|→∞ s
(G2 )∃c, γ ≥ 0, such that
g 0 (s) ≤ c(1 + |s|γ ),
where 0 ≤ γ < ∞( as n = 1, 2), γ ≤

2n
(as n ≥ 3).
n−2

2. Preliminaries
Let D(A), V be two Hilbert spaces, D(A) be dense in V and compactly imbedded
into V.
We study
du
+ Au + g(u) = f (x),
dt
u(0) = u0 , x ∈ Ω
u |∂Ω = 0.

t > 0,

x ∈ Ω.

(2.1)
(2.2)
(2.3)

No.4

Exponential attractor for a class of nonclassical diffusion equation

291

where Ω is a bounded open set in Rn , ∂Ω is smooth. A is a positive self adjoint operator
with a compact inverse. Let {wn , n = 1, 2, · · ·} denote the complete set of eigenvectors
of A, the corresponding eigenvalues are
0 < λ1 < λ2 < · · ·λn % +∞

(2.4)

We assume that the nonlinear semigroup S(t) generated by (2.1)–(2.3) possesses a
(D(A), V ) type compact attractor, namely, there exists a compact set A in V, A attracts
all bounded subsets in D(A) in the topology of V and it is invariant under the action
of S(t).
Definition 1 A compact set M ⊂ V is called an exponential attractor of (D(A), V )
type for (S(t), B) if A ⊆ M ⊆ B and
1. S(t)M ⊆ M, ∀t ≥ 0,
2. M has finite fractal dimension, dF (M ) < +∞,
3. there exist positive constants c0 , c1 such that
distV (S(t)B, M ) ≤ c0 e−c1 t ,

∀t > 0,

where distV (A, B) = sup inf kx − ykV , B is a positively invariant set for S(t) in V .
x∈A y∈B

1
Definition 2 If for every δ ∈ (0, ), there exists a time t∗ > 0,an integer N0 ≥ 1,
8
and an orthogonal projection PN0 of rank equal to N0 such that for every u and v in
B, either
kS(t∗ )u − S(t∗ )vkV ≤ δ ku − vkV

(2.5)

kQN0 (S(t∗ )u − S(t∗ )v)kV ≤ kPN0 (S(t∗ )u − S(t∗ )v)kV

(2.6)

or

then we call S(t) is squeezing in B, where QN0 = I − PN0 .
Theorem 1[22] Suppose (2.1)–(2.3) satisfies the following conditions:
1. there exists a (D(A), V ) type compact attractor A,
2. there exists a compact set B in V which is positively invariant for S(t),
3. S(t) is squeezing and Lipschitz continuous, that is there exists a bounded function
l(t) such that kS(t)u − S(t)vkV ≤ l(t) ku − vkV for every u, v in B.
Then (2.1)–(2.3) admits a (D(A), V ) type exponential attractor M for (S(t), B) and
M=

[

S(t)M∗

(2.7)

0≤t≤t∗

where


M∗ = A ∪ 

∞ [
∞
[

j=1 k=1



S(t∗ )j (E (k) ) .

(2.8)
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Moreover,
dF (M ) ≤ 1 + N0 log(1 +

√

2l/δ)/ log

1
θ

distV (S(t)B, M ) ≤ c0 e−c1 t

(2.9)
(2.10)

where θ, N0 , E (k) are defined as in [23], l is the Lipschitz constant for S(t∗ ) in B, t∗ is
a positive constant.
We rewrite the equation(1.2) as an abstract differential equation in H:
du
d
+ Au + λAu + g(u) = f (x),
dt
dt

(2.11)

where A = −∆ is unbounded self-adjoint operator with domain:
D(A) = H 2 (Ω) ∩ H01 (Ω)
Let V = H01 (Ω). The norm of u in D(A) and V is defined by
kukV = (kuk2 + k∇uk2 )1/2 ,
kukD(A) = (kuk2V + k∆uk2 )1/2 .
In [21], the authors have established the following results:
Proposition 1 Suppose g satisfies (G1 ), (G2 ) and µ ≥ −λλ1 , λ1 is the first eigenvalue of the operator −∆ with boundary condition (1.3), f ∈ H, u0 ∈ V , then the
problem (1.2)–(1.4) possesses a unique global solution u ∈ C([0, ∞); V ). If u0 ∈ D(A),
then u ∈ L∞ (0, ∞, D(A)).
This shows that the system (1.2)–(1.4) defines a solution semigroup S(t) which
maps V (resp D(A)) into V (resp D(A)) such that S(t)u0 = u(t), the solution of the
problem (1.2)–(1.4).
Proposition 2 Under the same conditions of Proposition 1, there exist closed
absorbing sets B0 , B1 in V, D(A) respectively, and
B0 = {u ∈ V : kukV ≤ E1 },

(2.12)

B1 = {u ∈ D(A) : kukD(A) ≤ E2 }.

(2.13)

where E1 , E2 are constants depending only on the data (λ, µ, γ, f, Ω) and the upper
bound of ku0 kH 1 .
Denote B̃0 = {u ∈ V : kukV ≤ E1 , and kukD(A) ≤ E2 }. By Proposition 1 of [22], we
see that
[
S(t)B̃0 .
(2.14)
B=
0≤t≤t0 (B̃0 )

is a compact positively invariant set in V and is absorbing for all bounded subsets in
D(A).
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According to Proposition 2 of [22], we also know that the nonlinear semigroup S(t)
defined by (1.2)-(1.4) possesses a compact attractor A of (D(A), V )−type, namely,
there exists a compact set A in V , and A attracts all bounded subsets in D(A) and is
invariant under the action of S(t).
In order to establish the existence of the exponential attractor,according to Theorem
1, we need only to show the Lipschitz continuity and the squeezing property of the
dynamical system S(t) in B. That is what we proceed to do in the following section.

3. The Exponential Attractor
In this section, we first establish the Lipschitz continuity of the dynamical system
S(t) associated with the equation (1.2) in B. Then we show the squeezing property for
semigroup S(t) and deduce the existence of the finite fractal dimensional exponential
attractor.
To show the Lipschitz continuity of the dynamical system S(t), we now establish
Lemma 1.
Lemma 1 Suppose g satisfies (G2 ),then there exists a constant Cg > 0 such that
kg(u) − g(v)k ≤ cg (1 + kukγV + kvkγV ) ku − vkV

∀u, v ∈ V.

(3.1)

Proof This Lemma can be proved in the same way as that in Lemma 3.1 of
Chapter IV in [24]. For the sake of completeness, we give a sketch of the proof of the
lemma. By the mean value theorem and the condition (G2 ), we have
kg(u) − g(v)k2 =

Z

(g(u) − g(v))2 dx

ΩZ

(1 + |θu + (1 − θ)v|γ )2 (u − v)2 dx

2

≤c

Ω

≤c̃

Z

(1 + |u|γ + |v|γ )2 (u − v)2 dx.

(3.2)

Ω

By Sobolev embedding,
H01 (Ω) ⊂ Lq (Ω),

∀q < ∞

n = 2, q = 2n/(n − 2), ∀n ≥ 3(= 6

n = 3).
(3.3)
For n ≤ 3, we use the Hölder inequality and majorize the last expression (3.2) by
Z

γ

γ 3

if

2/3

(1 + |u| + |v| ) dx)

c̃(

Z

(u − v)6 dx)1/3

(

Ω

if

Ω

≤ĉ(1 + kukV + kvkV )2γ ku − vk2V

(by(G2 )and(3.3)). (3.4)

For n ≥ 4, we use the Hölder inequality and majorize (3.2) by
Z

c̃(
Ω

Z

(1 + |u|γ + |v|γ )n dx)2/n (

(u − v)2n/(n−2) dx)(n−2)/n

Ω

≤ĉ(1 + kukV + kvkV )2γ ku − vk2V

(by(G2 )and(3.3)) (3.5)
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and (3.1) follows in all cases.
Lemma 2 Assume that g satisfies (G1 ), (G2 ) and µ ≥ −λλ1 , λ1 is the first eigenvalue of the operator −∆ with boundary condition (1.3), f ∈ H, u1 (t), u2 (t) are two
solutions of the problem (1.2)-(1.4) with initial values u01 , u02 ∈ B. Then we have
ku1 (t) − u2 (t)kV ≤ eC1 t ku01 − u02 kV .
where C1 is a constant depending only on the data (λ, µ, γ, f, Ω).
Proof Let w(t) = u1 (t) − u2 (t). Then by (1.2) we find that
wt − ∆wt − λ∆w + g(u1 ) − g(u2 ) = 0,

(3.6)

w(0) = u01 − u02 .

(3.7)

Taking the inner product of (3.6) with w in H, we infer that
1d
kwk2V + λ k∇wk2 ≤ |(g(u1 ) − g(u2 ), w)| ≤ kg(u1 ) − g(u2 )k kwk
2 dt
≤cg (1 + ku1 kγV + ku2 kγV ) kwkV kwk (by(3.1))
≤C1 kwk2V

(u1 , u2 ∈ B).

(3.8)

From the Gronwall lemma we see that
kw(t)k2 + k∇w(t)k2 ≤ e2C1 t (kw(0)k2 + k∇w(0)k2 ),
this concluds the proof.
It is well known that the operator A = −∆ from D(A) to H with domain D(A) =
2
H (Ω) ∩ H01 (Ω) is an unbounded self-adjoint positive operator and the inverse A−1
is compact. And thus there exists an orthonormal basis {wi }∞
i=1 of H consisting of
eigenvectors of A such that
Awi = λi wi ,

0 < λ1 < λ2 < · · · < λi → +∞

as i → ∞.

For all N , denote by P = PN : H → span {w1 , w2 , ···, wN } the orthogonal projection,
and write Q = QN = I − PN .
In the following, we will use:
1

1

2
A 2 u ≥ λN
+1 kuk ,
1

A 2 u = k∇uk ,

u ∈ QN H,

(3.9)

u ∈ D(A1/2 ),

(3.10)

kAQN uk = kQN Auk ≤ kAuk ,

u ∈ D(A).

(3.11)

Before proving the squeezing property, we state
Lemma 3 Assume that u1 (t) and u2 (t) are two solutions of the problem (1.2)(1.4) with initial values u01 , u02 ∈ B. Then q = QN (u1 − u2 ) satisfies that
2

2

−C3 t

kq(t)k + k∇q(t)k ≤ (e

2C2 λ−1
N +1 2C1 t
+
e
) ku01 − u02 k2V .
C3 + 2C1
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where C1 is the constant in Lemma 2, C2 , and C3 depend only on the data (λ, µ, γ, f, Ω).
Proof Let w(t) = u1 (t) − u2 (t), q(t) = QN w(t). Applying QN to (3.6) we obtain
∂q(t)
∂q(t)
−∆
− λ∆q(t) + QN (g(u1 ) − g(u2 )) = 0.
∂t
∂t

(3.12)

Taking the inner product of (3.12) with q in H, we find that
1d
(kqk2 + k∇qk2 ) + λ k∇qk2 = QN (g(u1 ) − g(u2 ))qdx
2 dt
ZΩ
= (g(u1 ) − g(u2 ))qdx.
Z

(3.13)

Ω

According to Lemma 1, Hölder inequality and Young’s inequality, we infer that
Z

(g(u1 ) − g(u2 ))qdx ≤ kg(u1 ) − g(u2 )k kqk

Ω
−1/2

≤cg (1 + ku1 kγV + ku2 kγV ) kwkV λN +1 k∇qk (by(3.9), (3.10))
λ
2
≤C2 λ−1
k∇qk2 (byu1 , u2 ∈ B).
(3.14)
N +1 kwkV +
2
where C2 depends only on the data (λ, µ, γ, f, Ω), Combining with (3.13) and (3.14) we
get
d
2
(kqk2 + k∇qk2 ) + λ k∇qk2 ≤ 2C2 λ−1
(3.15)
N +1 kwkV .
dt
Due to
1
1
λ k∇qk2 = λ k∇qk2 + λ k∇qk2
2
2
1
1
≥ λ k∇qk2 + λλN +1 kqk2
2
2
≥C3 (kqk2 + k∇qk2 ),

(by(3.9), (3.10))
(3.16)

where C3 = min{ 12 λ, 21 λλN +1 }, and by Theorem 1, (3.15) and (3.16), we find that
d
(kqk2 + k∇qk2 ) + C3 (kqk2 + k∇qk2 )
dt
2
−1
2C1 t
kw(0)k2V .
≤2C2 λ−1
N +1 kwkV ≤ 2C2 λN +1 e
Then it follows from Gronwall Lemma that
2C2 λ−1
N +1 2C1 t
e
kw(0)k2V
2C1 + C3
2C2 λ−1
N +1 2C1 t
≤(kw(0)k2 + k∇w(0)k2 )e−C3 t +
e
kw(0)k2V
2C1 + C3
2C2 λ−1
N +1 2C1 t
−C3 t
≤(e
+
e
)(kw(0)k2 + k∇w(0)k2 ).
(3.17)
2C1 + C3

kq(t)k2 + k∇q(t)k2 ≤(kq(0)k2 + k∇q(0)k2 )e−C3 t +
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which concludes the proof of Lemma 3.
We now show the squeezing property.
Theorem 2 Assume that g satisfies (G1 ), (G2 ) and µ ≥ −λλ1 , λ1 is the first eigenvalue of the operator −∆ with boundary condition (1.3), f ∈ H, then the semigroup
S(t) associated with problem (1.2)–(1.4) is squeezing in B.
Proof Let t∗ > 0 fixed, and w(t) = u1 (t) − u2 (t). we now assume that
kPN w(t∗ )kV ≤ kQN w(t∗ )kV .

(3.18)

Then we can deduce
kw(t∗ )k2V = kw(t∗ )k2 + k∇w(t∗ )k2
= kPN w(t∗ )k2 + kQN w(t∗ )k2 + k∇PN w(t∗ )k2 + k∇QN w(t∗ )k2
= kPN w(t∗ )k2V + kQN w(t∗ )k2V
≤2 kQN w(t∗ )k2V
−C3 t∗

≤2(e

2C2 λ−1
N +1 2C1 t∗
+
e
) kw(0)k2V .
2C1 + C3

Let t∗ be large enough so that
e−C3 t∗ <

1
.
256

(3.19)

(3.20)

Next we choose N0 large enough so that
2C2 λ−1
1
N0 +1 2C1 t∗
≤
e
.
2C1 + C3
256

(3.21)

From (3.19)–(3.21) we obtain that
kw(t∗ )k2V ≤

1
kw(0)k2V
64

(3.22)

(3.22) completes the proof of Theorem 2.
Now we conclude this paper by giving our main result:
Theorem 3 Assume that g satisfies (G1 ), (G2 ) and µ ≥ −λλ1 , λ1 is the first
eigenvalue of the operator −∆ with boundary condition (1.3), f ∈ H, there exists N0
large enough such that
λN0 +1 ≥ 512C2 (2C1 + C3 )−1 216C1 /C3 .
Then for the nonlinear semigroup S(t) defined in (1.2), (S(t)t≥0 , B) admits an exponential attractor M of (D(A), V ) type and
q
√
dF (M ) ≤ 1 + 16c0 2C2 (2C1 + C3 )−1 28 C1 /C3 ,
(3.23)
distV (S(t)B, M ) ≤ c1 e−c2 t .

(3.24)
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where c0 , c1 , c2 , C1 , C2 ,and C3 are constants independent of the solution of the equation.
Proof By Theorem 1 and Theorem 2, we know (S(t)t≥0 , B) admits an exponential
attractor M of (D(A), V ) type. We note that λN ∼ N 2 and let δ, θ be fixed, thus obtain
the estimate (3.23) of fractal dimension. Theorem 3 therefore is proved.
Acknowledgement The authors are grateful to the anonymous referee for his
helpful suggestions.
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