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Abstract. The restarted FOM method presented by Simoncini [7] according to the natural
collinearity of all residuals is an efficient method for solving shifted systems, which generates
the same Krylov subspace when the shifts are handled simultaneously. However, restarting
slows down the convergence. We present a practical method for solving the shifted systems by
adding some Ritz vectors into the Krylov subspace to form an augmented Krylov subspace.
Numerical experiments illustrate that the augmented FOM approach (restarted version) can
converge more quickly than the restarted FOM method.
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1 Introduction

Given a real large nonsymmetric matrix A, we are interested in solving the following shifted

systems
Az =b (1)

and .
Az = b, (2)

where A = A+ o1 for several (say a few hundreds; see e.g. [7]) o, ¢ € R. These kinds of linear
systems arise in many fields. For instance, in image restorations, numerical methods for integral
equations, structural dynamics, and QCD problems.

The system (1) can be called seed system and (2) called add system. It is well known
that the Krylov subspace K,,(A,79) = span{rg, Arg,--- , A" try} is the same as Km(/l,fo) =
span{ry, Afo, e ,flm_lfo} with 79 = Borg. Therefore, if we apply a Krylov subspace method to
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solve (1) and (2) simultaneously, the basis has to be calculated only once. Then the iterative
solution of the add system may be calculated at a very low extra expense.

However, the Krylov subspace required to satisfactorily approximate (1) and (2) appears to
be too large, and the computational cost is expensive, so the method needs to be restarted,
taking the current system residual as a new generating vector. If the new Krylov subspace is the
same for all shifted systems, the computational efficiency can be maintained. We want to get
the identical basis vectors for K,,(A,r,,) and Km(/i, 7m ), S0 the collinearity of residuals r,, and
m is required. Simoncini[7] gave the natural collinearity of r,, and #,, for FOM by computing

Tm = b—Axry, =19— AVpd, = _hm+1,mvm+1e%dm = ﬁvm+1a (3)

fm = b-— A.fm = 720 — AVmCZm = —ﬁm+1,mvm+1e£czm = B'Um-',-l- (4)

So restarting can also be employed in the shifted case. For GMRES, the natural collinearity of
residuals are not satisfied. Frommer and Glassner [1] give a variant of GMRES by forcing the
residual 7,,, to be collinear to 7,,, so restarting can also be employed. However restarting will
slow down the convergence since some information is lost when restarting.

In [3,4], we have presented restarted GMRES and restarted FOM augmented with exact
eigenvectors to solve system (1) and (2) based on the Morgan’s augmented method [5] and
the idea of Frommer and Glassner [1]. However, these methods are generally impractical since
the exact eigenvectors are difficult or impossible to obtain. In this paper, we show that FOM
augmented by adding some Ritz vectors, instead of exact eigenvectors, can also be used to solve
the shifted systems (1) and (2). This version of augmented FOM (denoted as shifted FOM-R) can
practically be implemented since the Ritz vectors can be easily derived. Numerical experiments
illustrate the efficiency of the method.

2 Review of some known facts
In [5], Morgan presented an augmented Krylov subspace method by adding some eigenvectors
z; associated with a few of the smallest eigenvalues of A into the standard Krylov subspace to

form an augmented Krylov subspace

Kpi(A, 1o, ;) = span{ro, Arg, -+ , A" ro, 21, , 21}

Let m be the dimension of the standard Krylov subspaceK,, (A, ro) and V,,, = [v1,- -+ ,vy,] is the
basis of the subspace. Suppose [ eigenvectors z1, - - - , z; are added into the subspace. Let W, =
[Ula 5 Umy 21,0 7Zl]7 Qs-‘rl = [’U17 o Um41,415 0 7ql]a where qi is formed by orthogonalizing

the vectors Az; against the previous columns of Q1. By the augmented Arnoldi process [5,6],
we have the Arnoldi factorization

AW :Qerle (s:m+l), (1)

where H is an (s + 1) x s upper-Hessenberg matrix. An augmented Krylov subspace method is
a project process on the augmented subspace K.y, (4,70, 2)-

In [4], we have shown that the restarted FOM method augmented with exact eigenvectors
(denoted as shifted FOM-E) can be used to solve the shifted systems (1) and (2). In that case, we
want to derive the approximate solution of the seed system and the add system in the augmented
Krylov subspace K, ;(4, ro, z;). According to FOM , the approximate solution of the seed system
rs = mg + Wsd, can be obtained with ds = H; !||ro|2e1, and by forcing the residual of the add
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system 75 to be collinear to the residual of the seed system rs, the approximate solution of the
add system &y = Ty + Wsds can be obtained by solving the following linear system

f{m G1 (I + UA;I) 0 doi); _ 60”7’0”261 (2)
0 Go(I+0A ") —hsprserelds 5 0 ’

where H,, = Hy, + 0 [ (I)m }, A = diag(A1, -+, N), A1, -+ -, A are the [ smallest eigenvalues of

A, and d, = [ dm
&
In [4], we show that the above equation (2) has a unique solution under some conditions.

Theorem 2.1 ( [4]). Assume that Kp,11,1(A, ro, 2;) is the subspace with dimension s+1, [y # 0
and A\j+ o # 0. Then the system (2) has a unique solution ((fm, &, Bs) if and only if py(—0o) # 0.
where py, is a residual polynomial with degree m, i.e., rym = pm(A)ro.

3 Augmented FOM with Ritz vectors

In practice, the eigenvalues and the eigenvectors are difficult or impossible to obtain, and what
we can get is only the approximate eigenvalues and eigenvectors, for example, the Ritz values
and Ritz vectors. In this section, we show that the restarted FOM method augmented with the
Ritz vectors can be used to solve the shifted systems (1) and (2).

By the Arnoldi process, we have the following relation

AV = Vi Hyy + Vi1 Bt me - (1)
Assume that H,,p; = 0;p;, i =1,---,1 and 0y, --,0; are the | smallest eigenvalues of H,,,
and py,---,p; are the corresponding eigenvectors. Then the Ritz value 6; is the approximate

eigenvalue of A, and the Ritz vector y; = V,,p; is the approximate eigenvector. According to (1),
we get

Ay —0iyi = AVipi — 0;Vipi
Vi Himpi — 0;Vipi + Vms1hmt1,me’,pi
Vi (Hppi — 0:i) + V1 Rt 1,me 0, pi (2)
Umg1hm i 1me i
0iVm 1

where §; = hpt1.mel p;. The matrix form of (2) is
AY; = Y01 + vini1 4y, (3)

where Y, = [y1,- -+ ,u], ©; = diag(b1,--- ,0;) and A; = [01,- -+, 1]

Suppose that we have obtained the approximate solution :Egk) of the seed system and the
| Ritz vectors y§k>, e ,yl(k) associated with the [ smallest Ritz values in the Krylov subspace
Km(A,Ték)), where the superscript (k) denotes the restart number, £k = 1,2,--- . When the
residual norm does not reach the tolerance, we consider restarting in the Krylov subspace
Km,l(A,r(()k'H),yz(k)), that is, we compute an approximate solution :Egk'H) such that :cgk“) —
acék—H) € K, (4, rék—H) yz(k)) with rék—H) =r{" and xékﬂ) = 2. Thus 2% can be written
as

m—1

l
D) = DA 4 Y o)
i=1
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where q( + )( t) is a polynomial of degree < m — 1. The residual rFD — =AY g
rgk+1) _ rékJrl) _ AQ,(n k+1 ZO‘ (k) _ psﬁﬁ) k+1 Za(k)Ayz
where p(k+1)( t)y=1- (k+1)( t) with p(k+1)(0) = 1. For the add system (2), we similarly have

a}gk+1) A(k+1)+ A(k+1) A(k+1)+z ~ (k) (k)7

and l
fngrl) —b_ Aa}gkﬂ) :p (k+1) (A) ~(k+1) ngk)flygk),
=1

(k (k+1)(0)

where ﬁer )( t) is the polynomial of degree < m with p
Now assume the initial residuals are collinear Aékﬂ) = ﬁékﬂ)rékﬂ), ﬁékﬂ) € R. Then we

require that
,f,gk+1) _ 6§k+1)rgk+1)’ ﬂ£k+1) cR. (4)

Equivalently, we have

a™ (A4 oDy = gEED (kD) (a)p Y Z o ayM).

-

BB (A4 oDy —

i=1

It follows from Ay(k) 5§k)vﬁfi_1 + ng)ygk), (A+ oDy, () (51(@1)%?_1 + (ng) + a)ygk), (3) and
ék+1) — ) = ﬁ(kJrl)Uﬁ:_)‘rl that

! (k+1)
k ~ k ~(k KT k k
BEFORED (A 4 oD = 3 a6 B (64 o))

k1
P 5( T
(k+1) l (k) ; s(K) g Y (k) (k)
DD (A = 30l (6 Sy +07u))
i=1
By assumption that the vectors rékﬂ) , AT6k+1)7 T aAm_lrékH) ) ?Ak)? e ’yl(k) are linearly inde-
pendent, we can deduce that
Lo s
AR (4 o) — S 6(k+1> alt) _ gl o) _ gl (k1) 4y — (5)
i=1
dz(_k)(ezgk) to) = ﬁgk-i-l)agk)el( ), i=1,--- 1 (6)

For p(kﬂ)( 0) =1, (5) and (6) can be written as the following system,
DD Zé(k) O IC 5l(k) (k+1) k+1)
A (k)
& 0
ai’“>9§’“) 0 vo -0 =
: : : d(k) 0

where B+ = ﬂék+1)ﬂ(’“+1). Thus, we get the following theorem.
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Theorem 3.1. Assume that Kp+1,1(A4, r(kH) , ygk)) 1s the subspace with dimension s+1, B(’“H) #+
k+1 )

0. Then there exists a polynomial pm and number ﬁ(kﬂ) dgk), e ol(k) satisfying (7) if and

26!
only if Hgk) +o0#£0, i= 1 and Za(k)d(k) TH) +£ B+ (k+1)( o). In that case,
0;

l
ﬁﬁ,’j“)(t) - [ﬁ(’f“)ﬁg’““)p%“)(zﬁ —0) — Z‘Sz(k) (dl(.k) 5(k+1) ]/ﬁ(k+1)

i=1

For a given Krylov subspace method, the polynomial p,, is usually not calculated in practice.
We now work out how the iterates for (2) satisfying (4) can be practically computed when the
augmented FOM iterates is performed on (1).

Suppose that the Arnoldi vectors v(k), SRR 7(72_1 have been produced by the Arnoldi process

with ’U(k) = rok)/Hrék)Hg, then we get the ! Ritz vectors y( ). ,yl( ) associated with the

smallest Ritz values and the approximate solution x( ) in the Krylov subspace K, (A, rék)) The
relation (3) holds for k. When the residual norm 7, (*) does not reach the tolerance, we consider

restarting with

R e ] [

m

and :cékH) =z,

By (3), rékﬂ) = 5(k+1)v1(:i_1, we have vyﬁl) = Ufﬁ_l. We add the [ Ritz vectors into the Krylov
subspace. Denote

k+1 k k k+1 k+1 k+1)  (k k
Ws(k+1):[v§ )7"'7U7(7]f+1)5y§ )7ayl( )]7 Q£+1):[U§ )7"'7U£n+1)aq§)"'aql( )]7
where qfk) is formed by orthogonalizing the vectors Ayz(k) against the previous columns of lej_ﬁl).

Then,we have

AWHHD = Q(k+1)H(k+1) = QU+ fk+D) Jrh(k+1) (k)eva
where A{""Vis an (s + 1) x s upper-Hessenberg matrix and H¥™ obtained from HFTY by
deleting its last row.

The augmented FOM approximate solution :c( ) Wil be derived by

xngrl) _ mékJrl) + VVs(chrl)dglwd)7

where
d{ ) = (HD) T 0 ey with 54D =

The residual
Tngrl) —p_ Am§k+1) _ 7n(()k+1) _ AW§k+1)dgk+1)

has the following expression

Tngrl) _ ngJrl)ﬂ(kJrl)el . ngH)Hng)dng) h(k+1)q(k) Td(kJrl) _

k+1) (k
ey — _ptD) () Td(kJrl).

s+1, s
Let
E[(’H‘l) G(k+1)

k
stk—i_l) = [Vrgk—i_l)a}/l( )] 0 G%kJrl) P
2

Q(k+1) _ [V(kJrl) l(k)]

7 (k
m+1 > Hs( T =

) ?
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where

k+1 k k k k k k
VD = oL Y =y @ =1 )

Since AW = leﬁl)ﬂgk*ﬂ) and AYl(k) = Yl(k)ng) + v§k+1)Al(k), we have i

AV = VD R,

k k k k k k k k k
Ay*l( ) _ V’I’ELJ:’_II)G(I +1) +Ql( )Gé +1) _ Y*l( )®l( )+v§ +1)Al( ). (8)
Then
AV = (A + oDy =y H (@M +oI) +oFTAP. 9)

For the add system (2), the following relation holds
. kil) 7
AV = VD G,

where
A = AED o | ],

We want to caleulate 2" = 52(()“1) + WD gl by requiring the collinearity of r and
5 5 T
ﬁgkﬂ). Let dgkﬂ) = dgffﬂ),d(k“)} . According to the collinearity, we have
FHD ﬁngrl)rngrl),

b— A@EHY £y Ly alhen)y — D) (D) () 7 g

s+1,s4] )
k+1) (k+1 v (k+1) (k41 v (k) A k+1 k+1 k k+1
DD _ Jy ) gD _ dy 9 qe+1) - gD (D) ) T g1y
k+1) Ay (k+1) 3(k+1 k+1 k+1) (k k+1 k+1 k+1 k+1 v (k) A
VD A A - gEORET ) g eTal T = gD {0 — Ay Mty

Let o = fhgit}gql(k)eSngkH) and ¢+ = 6(()k+1)||r(()k+1)||2. It follows from (8) that

}/l(k) _ (V;ﬁ:rll)ngJrl) + Ql(k)ngJrl) _ 'U§k+1)Al(k))(®l(k))_l-

Consequently,
Ay = (DG + QP eI+ 0(6]7) ) — ool TV AR ().
Therefore, we obtain

Vg:‘rll)ﬁgﬁl)&(jfrl) +ﬂngrl)a+d(k+1)[(V7£Lk++11)ng+1)

+QVGTNI 4+ o)) = ol TV AR @) = S (1)
(k+1)\T
Multiplying (10) from left by Q7 = EVTng;T) 1, and noting that (Vn(ﬁrll))TQl(k) =0, we
)

have

Va4 161+ 0(0]) ) — oe A (Of) et = e,
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which can be written as the following linear system with unknowns dAs,]f'H), a®*+1) and 6§k+1):

A dA(kJrl) .
H,(,'fﬂ) ngJrl)(I_’_a_(@l(k))—l) —U€1Al(k)(@l(k))_1 0 d7(711c+1) _ ( ﬂ(kJrl)el >
0 Gy (1 +o(0]) ) a )\ g 0

(11)

Theorem 3.2. Assume that Kp+1,1(A4, r(()kH) ygk)) is the subspace with dimension s+1, B(kﬂ) #+
0. Then the system (11) has a unique solution (&55*1),54(“1),5?“)) if and only if Hgk) +o#

0, i=1,---,l and
~ 00,2007 40 k1), (k1

Zai 9; ((2)7) 755( * )p$n+ )(_‘7)-
i1 0;" +o

In the augmented Krylov subspace, the relation (2) does not hold any more, so we consider
dividing the algorithm into two parts: for odd restarting number, we use the original method
presented by Simoncini [7], then we calculate the Ritz values and the Ritz vectors of A in the
Krylov subspace K,,,(A,1o); for even restarting number, we add the Ritz vectors into the Krylov
subspace to form an augmented Krylov subspace K, (4, 70,¥;), then we use the augmented
FOM method to solve the shifted systems.

We now present the algorithm as the following for solving the shifted system (1) and (2).

Algorithm: Shifted FOM-R. (restarted version)
Give a initial guess xg, and &g = xp.

To :b—Axo, 720 =Ty, ﬁo =1.
k=1,2,--- until converge

If the step k is odd,

Set v1 = ro/||rol|2-

Arnoldi procedure with vy generates Vi = [vq,- -+ ,vs] and Hy: AV, = V41 H,.
Compute ds = H; |roll2e1 and x5 = 20 + Vids.

Set Hy, = H, + ol.

Compute ds = I:Is_lﬁ0||r0||gel and &5 = ¢ + Vads.

Compute ry = b — Axg.

If ||rs]|2 < € stop, else go to next step.

® NS G W

Seek the [ eigenvectors P, = [p1, - - ,pi] associated with the I smallest eigenvalues
01, ,0; from Hy: Hsp; = 6;p;, compute Y, = [y1,--- ,yi] = Vs P
9. Set rg =15, 7o =75 and Gy = eZdAS/est.
End for odd k.
If the step k is even,

1. Set v = 7“0/”7“0”2.

2. Augmented Arnoldi procedure with v, and yq,--- ,y; generates

WS = [vla' oy Umy Y1, ;yl] and Hs : AWs = Qs+1Hs~

3. Compute dy = H; ||ro|2e1 and x5 = ¢ + Wids.
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Table 1: Example 1: Number of restarts to convergence of the seed system and the residual norm of the
add system when the residual norm of seed system reaches the tolerance

shifted FOM(s = 20) | shifted FOM-E(m = 16,1 = 4) | shifted FOM-R(m = 16,1 = 4)

k 26 12 19
[17m ]2 5.946822e-012 1.966866e-009 5.673352e-012

Table 2: Example 1: Number of restarts to convergence of the seed system and the add system respec-
tively (i.e. the residual norm reached the tolerance).

shifted FOM(s = 20) | shifted FOM-E(m = 16,1 = 4) | shifted FOM-R(m = 16,1 = 4)

k([[rml2) 26 12 19
K([[Frm|2) 16 11 13
4. Compute a = —hs+17selesTds.
5. Solve

- - - d

Hy, Gi(I+00;")—0ce10O;" 0 g _ ( Bollrollzex

0 Go(I+00;") a 5 0 '

O Qs

6. T, =1%o+ VVSCZS7 where czs = {

m :|
7. rs =b— Ax,.
8. If ||rs]]2 < € stop, else go to next step.

9. Set ro =1y, 7o = 75 and By = [s.

End for even k.

4 Numerical experiments

In this section ,we give some numerical experiments to illustrate the convergence behavior of
three methods (shifted FOM presented by Simoncini [7], shifted FOM-E, and shifted FOM-R)
and to compare their performance. In order to make the comparison, the sizes of Krylov subspace
for the same example are identical. The tests start with g = g = 0 and ¢ = 1, and stop when
the residual norm reach the tolerance (tol = 1077).

Example 1 Let A is an upper bidiagonal matrix. The entries on the main diagonal are
1,2,---,1000 and the superdiagonal are 0.1, so the eigenvalues of A are 1,2,---,1000.

Fig. 1 plots the convergence history of the seed system and add system by using the three
methods. The tests are stopped when the residual norm of the seed system and the add system
have reached 107 respectively. Table 1 shows the residual accuracy of the add system when
the residual norm of the seed system has reached the tolerance. Table 2 shows the restart
number when the residual norm of the seed system and that of the add system have reached
the tolerance(10~7) respectively. We observed that the add system has good convergence than
the seed system when the two systems are handled simultaneously. This is because the smallest
eigenvalue of A + o[ is larger than the smallest eigenvalue of A. Shifted FOM-E is the best but
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& — FOM1
—£&— FOM-E1

—©— FOM-E2
—+— FOM-R2

residual norm

-8
5 10 15 20 25
iteration number

Figure 1: Example 1: Convergence history of the residual for both the seed system and the add system
of three methods. The notation FOM1 denote the residual of the seed system by the FOM method and
FOM2 denote the residual of the add system by the FOM method.

the method is impractical since the exact eigenvectors can not be obtained, and shifted FOM-R
is efficient than shifted FOM.

Example 2 Let A be an upper bidiagonal matrix with the entries 0.01,0.02,3,4,5,6,---,1000
on the main diagonal, and 0.1 on the superdiagonal.

For the Example 2, the shifted FOM method does not converge after 100 iterations, but the
shifted FOM-E method and the shifted FOM-R still keep a good convergence. The numerical
results are provided in Table 3. The notation * means the residual norm of the seed system have
not reached the tolerance after 100 iterations.

Example 3 We consider the partial differential equation

on the unit square with homogeneous Dirichlet boundary condition.

The five-point centered difference is used to discretize (1) on 45 x 45 grid with mesh size
h = 1/46 and natural ordering. The resulting linear system has a coefficient matrix A of order
n = 2025. It is well known that the matrix A has the eigenvalues

Ap.qg = 2[2 — /1 — (vh/2)?(cos phm + cosghm)], p,g=1,---,45.
and for 7 = 0, the matrix A has the eigenvectors
Vp.g = V2h(singhr - 21

sin 2¢hm - 21, - - ,sin45qh7r~zg)T, p,qg=1,2,--- .45,

- oL
where

zp = V2h(sin phm, sin 2phr, - - -, sin 45phm)T, p=1,---  45.
We only consider the case v = 0, because in that case we have the exact eigenvalues and
eigenvectors.

We can see from Table 4 and Table 5 that both the shifted FOM-E method and the shifted
FOM-R method enjoy a good convergence behaviors for both the seed system and the add system.
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add system when the residual norm of seed system reached the tolerance.

shifted FOM(s = 70)

shifted FOM-E(m = 67,1 = 3)

shifted FOM-R(m = 67,1 = 3)

k *

3

11

[ |2 *

5.511425e-011

1.297446e-011

Table 4: Example 3: Number of restarts of the seed system and the residual norm of the add system
when the residual norm of seed system reached the tolerance.

shifted FOM(s=25)

shifted FOM-E(m = 24,1 = 1)

shifted FOM-R(m = 24,1 = 1)

k 12

5

8

3.799690e-012

[P 12

2.400136e-014

3.117452e-013

Table 5: Example 3: Number of restarts to convergence of the seed system and the add system respec-
tively (i.e. the residual norm reached the tolerance).

shifted FOM(s = 25)

shifted FOM-E(m = 24,1 = 1)

shifted FOM-R(m = 24,1 = 1)

k(Trmll2) 12

T'm|

5

8

2

2

k( 2) 2

fml

The shifted FOM-E method is the best and the shifted FOM-R method is better. However, the
shifted FOM-E is an impractical approach.

5 Conclusion

In this paper we presented a restarted FOM method augmented with some Ritz vectors for solving
the shifted systems simultaneously. The numerical experiments show that the augmented FOM
method can converge more quickly than the original FOM method. The shifted FOM-R is a
practical method, and the Shifted FOM-E has the best convergence but is impractical.
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