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Abstract. In this paper, we study the semi-discrete mortar upwind finite volume element
method with the Crouzeix-Raviart element for the parabolic convection diffusion problems.
It is proved that the semi-discrete mortar upwind finite volume element approximations
derived are convergent in the H'- and L2-norms.
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1 Introduction

The mortar element method was first introduced by Bernardi, Maday and Patera in [2]. From
then on, this method as a special nonconforming domain decomposition technique has aroused
many researchers’ attention because different types of discretizations can be employed in different
parts of the computational domain. We refer to [2-5, 9, 10, 12, 18, 22] and the cited references
there for details.

In the mortar element method, the computational domain is first decomposed into a polygonal
partition. The meshes on different subdomains need not match across subdomain interfaces. The
basic idea of this method is to replace the strong continuity condition on the interfaces between
different subdomains by the so-called mortar condition. This condition guarantees the optimal
discretization schemes, that is, the global discretization error is bounded by the sum of the
optimal errors on different subdomains.

The finite volume element methods, also called the generalized difference methods in China,
are popular in computational fluid mechanics due to their conservation properties of the original
problems. In the past several decades, professors Li Ronghua et al. have systematically studied
the finite volume element methods and obtained many important results. Interested readers are
referred to the monographs [14, 15] for the general presentation of the finite volume element
methods, and to [1, 6, 7, 11, 13, 16, 17, 19, 20, 23] and the references therein for details.
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Recently, Ewing, Lazarov, Lin and Lin [9] have considered mortar finite volume element
approximations of the second-order self-adjoint elliptic problems. The discretization is based on
the Petrov-Galerkin method with a solution space of continuous piecewise linear functions over
each subdomain and a test space of piecewise constant functions. Bi and Li [3] have studied the
mortar finite volume element method based on the mortar Crouzeix-Raviart finite element space
and developed optimal order error estimates in the H'- and L?-norms.

In this paper, we construct and analyze the semi-discrete mortar upwind finite volume element
method with the Crouzeix-Raviart element for parabolic convection diffusion problems. We use
the mortar finite volume element method to discretize the diffusion term, and mortar upwind
difference schemes to discretize the convection term, and establish error estimates in the H!-
and L?-norms.

The remainder of this paper is organized as follows. In Section 2 we describe the parabolic
convection diffusion problems, give the triangulation 75 of the computational domain 2 and
the dual partition 7,* of 7;,. Section 3 presents the semi-discrete mortar upwind finite volume
element method for the parabolic convection diffusion problems. In Section 4, we get the error
estimates in H!'- and L2-norms.

In this paper, the notation of Sobolev spaces and associated norms and semi-norms are the
same as those in Ciarlet [8], and C denotes the positive constant independent of the mesh
parameter and the number of the subdomians, and may be different at different occurrences.

2 Notation and preliminaries

Consider the following parabolic convection diffusion problem on a bounded polygonal domain
QCR?:
ur — V- (A(x)Vu) + V- (b(z)u) = f, reQ, 0<t<T,
u(z,t) =0, xed, 0<t<T, (1)
u(z,0) = uo(x), x € .

We assume that A = (ay;(x))7 ;—; is a symmetric and uniformly positive definite matrix in Q,

ai; € Wh(Q), 1 <i,j <2, b(x) € (WH>(Q))2. In this paper, in order to get the existence and
uniqueness of the approximation solution in Section 3, we further assume that V -b > 0.

In this paper, we consider a geometrically conforming version of the mortar upwind finite
volume element method, i.e., Q is divided into non-overlapping polygonal subdomains Q;, Q =
vazlﬁi, with Q; N ﬁj being an empty set or a vertex or an edge for i # j.

Each subdomain ; is triangulated to produce a regular mesh 7;' with the mesh parameter h;,
where h; is the largest diameter of the elements in 7,'. The triangulations of subdomains generally
do not align at the subdomain interfaces. Let I';; denote the open straight line segment which is
common to £; and ﬁj and let I denote the union of all interfaces between the subdomains, i.e.,
I' = U9Q;\0N2. We assume that the endpoints of each interface in I' are vertices of 7;" and Thj

Let 73 denote the global mesh UZ’T,Z with h = 1r<n_zi>§v h;.

_ Since the triangulations on two adjacent subdomains are independent, the interface E-j =
;N5 is provided with two different and independent 1-D meshes, which are denoted by 7,/ (I';;)

and Th] (Ty;), respectively. We define one of the sides of I';; as a mortar one, the other as a non-

mortar one, denoted by 7; and d;, respectively. Let Qpr,;) denote the mortar domain of I';;

M

Vi

and u|QNM(F__> on I';;, respectively. Define CR nodal points as the midpoints of the edges of
ij

and Qnpr(r,;) the non-mortar domain of I';;. Define u; and uf;\;M to be the traces of u|QM(Fm
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elements in 7. The sets of CR nodal points belonging to Q;, 0, 99, v; and 0; are denoted by
Qfﬁf, 895,? , GQSR , 7ER and 5ch, respectively.

In order to define the mortar Crouzeix-Raviart finite element space, we first define the finite
element functions locally and introduce the space

Vi(Q) = {v: v|g is linear for all K € T,,v is continuous at

QZC;?\('E)QIC,? and v =0 at 891-0’;? NN y,

/2

with [[v]l1n.0 = Cker; 0|31 y)? and [olp0, = (Crers Wi x)
We can now introduce the global space Vj, = Hfil Vi (9) with
the norm [[v]|1,n =(3iL; 1013 ,0,)"/? and the semi-norm [v]1,, = (S, [0, 0,)
Let M(4;) be the subspace of the space L?(T;;):

1/2.

M(8;) = {v:v e L*(Ty;),v is piecewise constant on Th](éj)}

For each non-mortar side §; = I';; € I', we define the L? orthogonal projection Q% : LQ(Fij) —
M(65) by N
(Q ”va)o,éj - (U7¢)0,6j7 V¢ S M(éj)a
where (-, -)o,5, denotes the usual L?-inner product on the space L?(d;) and || -||o,s, is the induced
norm from the L2-inner product on the space L?(d;).

Similarly we can define M (v;) and Q7. From the definitions of Q7 and Q% and the trace
theorem, we obtain the following result.

Lemma 2.1. Assume that s € 0Q; is a side of ; (s may be a mortar or a nonmortar side).
For any v € Vi () and u € H*(Q;), we have

[ = Q% Pllo,s < ChZ[Plina:  lu—Q%ullos < Ch?[ul1,,.
We define the discrete space Vj,:
Vi ={ve Vi, Q%(v]y,)=Q%(vls,), ¥y =0 €T}

The condition on I' is called the mortar condition. This mortar condition was constructed by
Marcinkowski in [18]. We note that the mortar condition is not only dependent on the degrees
of freedom on the interface but also on the degrees of freedom near the interface; see [18] for
details. B _ B

Next, we give a basis of Vj,. Let {¢;|i = 1,---, Z} be the nodal basis of V. The basis of V},
consists of the functions of the form

¢i = i + Z Es, (1), (2)

5j er
where the operator &s; : ‘7;1 — XN/h is defined by

B Q% (viw — U(];\J,[M)(me), me € 5J-CR,
Es;v(me) = { 0, otherwise.

For any v € 17;1, let
v=>0+ ) E,b. (3)
6, €l
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Figure 1: A box b. corresponding to side e.

We can check that v € Vj,; see [22] for details.

It is easy to check that at all nodes which are in the interior of each non-mortar side §; € I'
the ¢; are equal to zero. Apart from ¢; corresponding to those nodes on the non-mortar side, it
is not difficult to check that these ¢; defined by (2) form a basis of V},. Denote by Z the number
of nonzero ¢;. We now re-index {q~51|z =1,--- ,Z } in such a way that every nonzero ¢; is in
{dili=1,---,Z}; see [22] for details.

In order to construct the mortar upwind finite volume element method, for a given trian-
gulation 75, we build a dual mesh 7,* based upon 7;, whose elements are called the control
volumes.

Given a triangle K € 7,%, we denote the set of its edges by F(K) and set E}, ; = Uker: E(K).
Let E};“z be the set of the interior sides of the triangulation 7,’. Let m. denote the midpoint of
asidee, e € E(K),K €Ty,

In each subdomain €2;, we construct the dual partition of 7;' in the same way as in [3, 7).
Choose an interior point zx of K € 7;' and connect it with line segments to the vertices of the
element K. Thus we partition K into three subtriangles, K.,e € E(K). With each side e € E;Lnl,
we construct a control volume b, consisting of the two subtriangles which have e as a common
edge, (see Fig. 1). For each side e C ; or e C §;, the control volume consisting of the subtriangle
which has e as a side, is denoted by b’ or bgj respectively, (see Fig. 2). Moreover, we also
associate a corresponding boundary control volume b, with each side e C 9€2. Thus we finally
obtain a group of control volumes covering the domain §2, which is called the dual partition 7;*
of the triangulation 7;. For simplicity, we denote the control volume by b, corresponding to the
side e.

We shall use the construction of the control volumes in which the point zx is the barycenter
of the element K. This type of control volumes can be introduced for any triangulation 7, and
leads to relatively simple calculations.

The test space which is associated with the dual mesh 7;" is defined by

Upn = {ve L*Q):v|p, is constant for all b, € 7;* and v|pn = 0}.
Let I} : V;, — Uy be the piecewise constant interpolation operator:
N
ITv= Z Z v(me)pp, (x), Yv €V,
i=1e€Ep,;

where ¢, is the characteristic function of the control volume b..
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& . . ~ _— » Fij

Figure 2: Non-matching meshes on the interface I';;.

3 Mortar upwind finite volume element method

In this section, we construct the mortar upwind finite volume element method and give some
lemmas which will be used in the convergence analysis.

We now write (1) into a weak form. Multiplying (1) by v, € Uy, integrating it on € and
applying Green’s formula, we obtain

(ug, Tion) + 0@ (u, Livw) + oD (u, Liow) = (f, Lion),  You € Vi, (4)

where here and elsewhere (-, ) denotes L?(£2)-inner product. The bilinear forms are defined by

N
a®(u, Livy) = —Z Z vh(me)/ (AVu) - nds, (5)
i=1 e€En ; Obe
N
oV (u, I[Fvy) = Z Z vh(me)/ (b - n)uds, (6)
i=1 e€E), ; 9be

where n is the unit outer normal of 9b,.

In this paper, we will use the semi-discrete mortar finite volume element method to deal with
the diffusion term and the mortar upwind schemes to the convection term.

For this purpose, we first introduce some notation which will be used in the mortar upwind
schemes. Set Ay = {l: m; is a neighboring CR node of my}. For the adjoint sides e; and e,

let vy = Obe,, N Ob,. Define
Bri = / b - nds,
Ykl

where n denotes the unit outer normal direction of vy (viewing i as a part of the boundary of
be, ). Then we can divide 9b,, into a flow-in part and a flow-out part according to the sign of

Bt
{ (Obe),)— = Ugi<o,ien, ki, (Flow in);
(abek)+ = U{ﬁkz>0,leAk}7kla (FlOW OUt)'

The following facts are obvious:

Bri+ Bik =0, |Brt] < Cb]]oc|ril,

where ||b||s denotes the L>°-norm of b and |vx;| denotes the length of .
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The semi-discrete mortar upwind finite volume element method is to find up € V3 such that

(i, Tion) + al? (un, Tivw) + b (un, Tion) = (f, Tivw), Yo € Vi, t >0,
up(z,0) = uop(z), =€,

(7)

where
N
af)(uh,ﬁ;vh) = *Z Z vp(me) /ab (AVup) - nds —

1= in
=l ecE}?,

Z Z vh(me)/ (AVup,) - nds + Z Uh(me)/ (AVuy,) - nds

vi=6;€T \eCy: Obe\vi eCd; 9be\d;

N
o (un, o) = >0 ST onlme) S {Bhun(me,) — Brun(me,)}. (8)

i=1ey€ly ; leA

where 3}, = max (B, 0), B, = max(—S;,0).

The function woy, is a certain approximation of ug(x) on Vj,. In this paper, we choose ug, as
the interpolation function of ug(x) in Vj,.

We note that, for the side e C 7; or e C §j, the line integrals in the bilinear forms a(2)(~, )
in (5) and a(M(-,-) in (6) are defined on the whole boundary of b, while the line integral in
the bilinear form ag)(-, -) and the upwind values in a(l)(-7 -) are defined only on the part of the
boundary of be, i.e., 9bc\7y; or dbe\J;.

For the sake of the later analysis, we introduce for any v, wp € Vi, the bilinear form
associated with the finite element method,

5(2)(Uh,wh) = Z / AV, - Vwpdz. 9)
KeT, ” K
The following result is proved by Bi and Li in [3]:
N
|a(2)(vh,lgwh) —5(2)(vh,wh)| < Czhi|v|1,h|wh|1,h; Yop,wp, € V. (10)
i=1
The Poincare inequality for the space V},,
lwllo.e < Clvfin, Vv e Vi, (11)

is proved in Lemma 3.7 in [3]. From the Poincare inequality, we know that the bilinear form
5(2)(1);“ vp), Yo, € V4, is positive definite. Then from (10) we see that there exist hg > 0, > 0
such that for 0 < h < hy,

alloall? ) < af? (vn, Tivw).  Vop, € Vi (12)
The following Lemma 3.1 was proved by Rui and Bi in [21].

Lemma 3.1. For any given vy € Vi, we have that

WO Timn) = 5 Y (nlme) —mtme))? [ [bnlds

Vil Ykl

+ Z Z /be(%v - b)vy (me)?ds.

=1 CEE;LJ



88 Mortar Upwind FVEM with Crouzeix-Raviart Element for Parabolic Convection Diffusion Problems

For the subsequent analysis, we define the following discrete norm on the space V4,
[lonlll§ = (on, Tion),  Yon € Vi
Lemma 3.2. There exist two constants Cy, Cy independent of h such that

Collvallo.o < [llvalllo < Cillvnllo.o,  Von € Vi, (13)

Proof Let K € 7, be an element with nodal points e;,e; and ey. Since the point zx € K is
the barycenter of the element K, we obtain by simple calculations that

meas 7T 11 vp(e;)
wnfivdox = " e mte e [ 17 1) [ aley)
1 1 7 ’U}L(ek) (14)
meas(K) vn(€i)
=~ (wn(es), vnles), onlen)) H | vnle;)
vh(ek)

Since the triangulation 7, is regular, a scaling argument show that there exists a constant C
independent of h and K € 7,/ such that

C M lonllse < D hkvi(me) < Cllonllg VK € T (15)
ecE(K)

Note that the matrix H is symmetric and positive definite. Thus, combining (14) with (15)
yields the desired result (13). This completes the proof. W

By simple calculations, we have, for any up, vy € Vy,

7T 11 vp(e;)
N meas(K
(un, Invn)ox = %(U}z(ei%uh(eﬂauh(ek)) 171 vn(e;)
1 1 7 vh(ek)
71 1 up(e;)
meas(K
= 2O e ontesonten) | 17 1) unles)
1 1 7 u;l(ek)
= (va, Ijun)o k-
Then, summing over all elements of the triangulation 7, we get
(un, Iyvn) = (vn, Ipun),  Vup,vp € Vi (16)
From (15), we know that the norm ||I; - ||o = (I}, I;-)'/? on the space V}, is equivalent to the
usual L? norm || - || on the space Vj,; that is, there exist two constants Cy, C independent of h
such that
Collvnllo < [[Ixvallo < Cillvnllo,  Yon € Vi. (17)

In the same way as for the finite element method, the semi-discrete mortar finite volume
element method (7) may be written as a system of ordinary differential equations. In fact, let
{¢iyi = 1,---,Z} be the basis of V}, and let {¢;,i = 1,---,Z} be the associated basis of Uy,.

z

Writing wup,(t) = Z wi(t)di(x), uon = ZIZZI Bii, (7) then takes the form
i=1

d
Md_ltl +(K® + KMyu=F,

u(0) = 3,
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where the matrices and vectors is defined by
M = [my] = (60, 05)), K@ = k] = [} (61, 00)
KO = k] = [0 (91,900, u=[m(0),-  pz (],

F:[(fagol))"'a(faspZ)]Ta ﬁ:[ﬁla"'7ﬁZ]T-

From Lemma 3.1 and (12), under the condition V-b > 0, we know that the matrix K2+ K1)
is positive definite; from Lemma 3.2 and (16) we know that the matrix M is symmetric and
positive definite. The ordinary differential equation theory tells us the problem (7) has a unique
solution uy, € Vj, for any f € L*(Q).

Taking vy, = uy, in (7), we have, by (16),

]. a * * *
5 g sl 115 + a1 (un, Tiwn) + il (un, Tiwn) = (f, Tun). (18)
By virtue of (12) and Lemma 3.1, we obtain

0 .
S lllenllls + llunllin < unllollfllo < Cllunllollfllo < Cllunllg + 11 £116), (19)

where the equivalence of ||Iup||o and ||up||o has been used.
Noting that |||up||lo and ||un||o are equivalent, viewing ¢(t) = |||ur|||lo as an unknown func-
tion, integrating the above inequality, and by means of the Gronwall inequality, we have

t t
un(8)] 3 + / unl 2 pdt < C(|uon ]2 + / IfI2de), 0<t<T. (20)

This means that the semi-discrete solution up(t) is stable with respect to the initial value and
the right-hand side term f.
By a scaling argument, we can prove the following Lemma 3.3.

Lemma 3.3. There exists a constant C' independent of h such that

N
Cil'“'?,h < Z Z Z (U(mek) - U(mez))2 < C|'U|ih7 Vv € V.

=1 KeT,! ex,e;€E(K)
The following Lemma 3.4 is proved in [7]. We state it in a form that will be used in our

convergence proof.

Lemma 3.4. There exists a constant C independent of h such that, for every v € L*(Q)) with
v|g € HY(K) for every K € Ty,

[ vds <CORIIR s+ hilolt o). VK €T
OK

Let @/ be a continuous piecewise linear function in ; equal to u in all vertices of 7' We
have ! € V},(Q;) and (see [8])
llu = @f|lo,; + hilu — @{[1,0, < Chi|ul2,0,. (21)

The function @/ = (af, -, ak) € ‘7;1 may not satisfy the mortar condition across the interfaces.

From (3), we know that u! = a! + 35 [ &,al € V.
J
The following interpolation error estimates are proved in [3].

1
N 2 N 2
|u—uf|1,hsc<zh%|u|3,m) ; |u—uf|o,gsc(zh3|u|3,gi> R

i=1 i=1
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4 Error estimation

In this section, we establish the error estimate for the mortar upwind finite volume element

method. For this purpose, we split the error into two parts: w—up = pn +ep, where pp, = u— ul,

€h :’U,I — Up.-

As an auxiliary tool, we introduce the following bilinear form:

a™M (u, I vp) Z Z vp (M / (b-n)uds

=1 eGE‘“ be

+ Z Z Uh(me)/ b-nuds + Z vh(me)/ b-nuds

vi=d;€l \eC; Bbe\7i eCdj 9be\d;

From (6) and the definition of @) (u, I;}vy), we obtain

oD (u, o) = aY (u, Ivp) + Z </ b nulyvpds +/ b- nuI;:vhds> . (23)
yi=8;€r \Y7i 35
Lemma 4.1. For any u € Hl(Q) and vp, € Vy,, we have
N 3
@D (u, I;vn) — alP (u, Iion)| < C <Z hf||u||§79i> U] 1.h- (24)
i=1

Proof We introduce the function H(z) = 0,2 < 0; H(xz) = 1,z > 0, and rewrite the upwind
value as follows:

Bru(me,) — Bu(me,) = (H(Br)u(me,) + (1 — H(B))u(me,)) Bk
n(H (B )u(me, ) + (1 — H(Br))u(me,))ds.

Ykl

Since vi; = 0be, NObe,, the integral along i in ag) (u, Ifvy) appears twice with opposite normal
directions n. Writing two such terms together, we obtain

N
1
ag)(%qwz) = 52 Z Z Uh, mek 'Uh(mel))

ex€EL i lEAL

/ ﬂkl (mek) + (1 — H(ﬂkl))u(mel))ds.

Similarly, we have

N
1
a™ (u, Lvy) = 3 E E E (vp(me,,) —v;l(mel))/y b - nuds.
kl

i=1 ex€Ep; IEAL

Set
ED (u, Lon) = @D (u, Iivn) — a (u, Livn). (25)
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Thus,
y 1
E(l)(u,lhvh) = B E E O (Mey ) — vn(me,))

X / b-n{H (Bri)(u — u(me, ) + (1 = H(B)) (v — u(me,)) }ds.

It follows from the Cauchy-Schwarz inequality and Lemma 3.3 that

|EW (u, Iion))|

N
<SS lme) vl [ beml (= ume) + = uome)) s
i=1 ex€EER,; IEAL RLL
2 2
< Ol [ 5 X ([ benlth wtm - im0
1= lekGthlGAk Ykl
<

Clonl i DS (/ |b-n||u—u<mek>|ds)2

=ler€kEy; leAy

+ (/W |b.n||uu(mel)|ds)2>%. (26)

From the Cauchy-Schwarz inequality and Lemma 3.4, we get

2
(/ |b-n||uu<mek>|ds> < [ penPas [ - utm)Pds
Vi R Tkl
< Chi (b Mlu —u(me, )5 & + hilul? &)
< OBl (27)

where 9 € K and |lu —u(me,)lo.x < [lu—u!llo.x + [lu’ = Liu'llo.x < Chllull2x.
From (26) and (27), we get the desired result (24). This completes the proof. W

The following Lemma 4.2 will be used in our later convergence analysis.

Lemma 4.2. For u € H*(Q) N H(Q), vy, € Vi, then there exists a constant independent of the
mesh parameter and the number of the subdomains such that

Il = Z </ (AVu) - nljvpds +/5 (AVu) - nI;*lvhds>

’yi=6jEF i J

IN

N 2
¢ <Z h?l|ﬂ||§,sz,-> CATWS (28)
i=1
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Proof From the triangle inequality we obtain

< ¥ |/ (AVu) - n(I} nly)ds| + > |/ (AVu) - n(I;vnls, — vals, )ds]

vier Ui o, €T 5;

+ 31 [ (AVe) - n(only, = wnls )

é,;€r 5;

The estimation for Rj is given in the proof of Lemma 3.7 in [18]:

N 2
Ry <C (Z h?HUH;Qi) |vnl1h- (30)

i=1

Next, we estimate R;. From the definitions of the function I;vp

~;, we have
[ @il = ks =0, Ll = Q o,
Based on this fact, by the Cauchy-Schwarz inequality and Lemma 2.1 we have
| [ (AVu) - n(I;only; — vnly,)ds]
¥i
= || (AVu-n— Q" (AVu-n))(Q"

%‘)d5|
Vi

Chillull2,0,[vn 1,00 (31)

vi — Uh

IN

From the Cauchy-Schwarz inequality, we get

N 3
R <C (Z h?”“”%,ﬂi) |vn]1,h- (32)

i=1

A similar estimation also holds for R. Then, the desired result (28) follows from (29), (30) and
(32). ™

From the proof of Lemma 4.2 we obtain the following result:

3 b.nuz;;uhds+/ b nulivnds) <czh2||u||m) lonl 1.1 (33)

vi=8;€r Vi % i=1

Now we introduce the linear functionals 7 (u):
Nt (u) = —/ AV(ul —u)-nds, g =be, Nbe,, ek, € Ep . (34)
Ykl

For ey, e; € Ep, ;, since the restriction of ul to any edge Yx = be, Nbe, is the standard interpolation
function, from Lemma 3.4 and the interpolation error estimates, we get the following lemma:

Lemma 4.3. If u € H?(2), then there is a constant C independent of h such that for vy C
K, K €Ty,
ki (w)] < Chl|Alfo,00u]2, k-



Chunjia Bi 93
Lemma 4.4. If u € H?(2), then there exists a constant C independent of u and h such that

N 1/2
|a22)(u - UI7I;£’U}L)| <C <Z hf|u|§’91> lvnl1,h, Vo € V.

i=1

Proof From the definitions of the bilinear form ap(-,-) and the linear functionals 7 (u) we
obtain

ail) (u =, Iiop)

- Z Z vh(mek)/ AV (u —u') - nds
dbe, Ndbe,

KeTy, er,el€EE(K)

% Z Z (nkl(u)vh(mek) + nlk(u)vh(mez))

KeTy, ek,eleE(K)

EY Y m@nlme,) — wlme,). (35)

KeTy e, e € E(K)

It then follows from the Cauchy-Schwarz inequality and from Lemmas 3.3 and 4.3 that

2 2
2 *
o w—ul L)l < LY N ] LY Y (wnlme) — n(me,))?
KE%LCk,ClEE(K) KET;Lek,eleE(K)
N 1/2
< C(Zhﬂulg,m) [Un1,h-
=1

This completes the proof. W

Theorem 4.1. Assume that u and uy, are the solutions of (4) and (7), respectively. Then, there
exists a constant C' independent of h and the number of the subdomains such that

t
||ufuh||8+/0 = un |2 s
al 2 2 K 2 K 2
<oYK (||u||2,gi+ [ e s+ | ||ut<s>||27mds). (36)
=1

Proof From (4), (7) and (23), we get

Oen N -
(a—: Ih”’l) +a? (en, i) + ay (en, ITivn)

— ((ul)t — uy, [jvp) — af)(ph, Ifop) + agll)(ul —u, Ifop) + (ag)(u, Iivp) — a(l)(u, I;L"vh))

+ Z </ (AVu) - nljvpds +/ (AVu) - nlzv;lds>
i

’Yq,=6jEF 6j

- > (/%(b-n)uf,tvhdﬁf&

’yi:(SjGF J
= S+t I3+ Ji+Js+ Je. (37)

(b- n)uI;{vhds>
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Using the Cauchy-Schwarz inequality and the interpolation error estimate (22), we obtain

N 3 N 3
| <C (Z h?llﬂll%,n) llonllo < C <Z hZ‘IIUII%n) vn1,n; (38)

=1 =1

where the equivalence of ||I;fvp|]o and ||vs||o and the Poincare inequality are used.
By means of Lemma 4.4, we get the estimation for J; :

N 3
|| <C <Z hfllﬂll%,n) oA 1,n- (39)

i=1
Next, we estimate Js. If e, e; € E}Y; Ui, (u— u')(me,) = 0, (u—u')(me,) = 0, then B (u
ul)(me,) — By (u — ul)(me,) = 0. Therefore,

_J3 = Z Z Uh(mek) Z {ﬁl:rl(u - ul)(mek) - ﬁ];l(u - U’I)(mez)}' (40)

6]'EF ekC(Sj leAg

We know from the definition of the interpolation operator that, if e, C d;, (u — ul)(m,) =
Es; @l (me,); 1 € Ay, €, € B s (u—ul)(me,) = 0. Since g = Obe, NIbe,, the integral along 7y in
(40) appears twice with opposite normal directions n. Write such two terms together to obtain

= 5 Y nlme) — onlme )~ w)(me,)

6;€T exCoj lcAy,e1 € B}

% Z Z Z (vn(me,,) — Uh(mel))/ b- nH(ﬂkl)(E,;jﬂI)(mek )ds.

6;€T exCojlcAy,e1 € B} Tkl

From the Cauchy-Schwarz inequality and Lemma 3.3 we have

|J3| < CZ Z Z |Uh(m6k)_Uh(mez)”géjal(mek)'hj

6;€l e Coj 1€y, eLGE‘“

IN

Clup|1,n Z Z h?(g(;jﬂl(mek))Q . (41)

5j el e C(S]'

Let ng be the L?(e)-orthogonal projection operator onto the one-dimensional space of constant
functions on e. By the definition of &, and ng, we easily get

(&s," (me))? = (Q5 ((@")3; —(1/)]\””)(77%))2

- |e|/ F — @5 el / )Y M)?ds. (42)

It then follows from the triangle inequality, Lemma 3.4 and (22) that

SN B2l ma ) <0 S by / — (@h)YM2ds

5]'EF ekC(Sj 6 er J

N
< Y (1@ = ulls, + llu— @FMIRs) < CY hiuBa.  (43)

6, €T i=1
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Thus, by (40), (41) and (43), we obtain

1
N 2
|J5] <C (Z hf|@|§,m> |vnl1,h- (44)

i=1

By means of (38), (39), (44), employing Lemma 4.1 to estimate Jy, Lemma 4.2 to estimate J5
and (33) to estimate Jg, taking v, = ey, in (37), from (16), (12), Lemma 3.1 and the e-inequality,

we obtain
N

0
lllenllls + aollenl . < CY o n (Il o, + lluel3.0,) - (45)
=1

Integrating the above inequality, and noting that e(}L = 0 leads to

t N t t
lenll2 + / len(®)]12 pt < €37 B3 / us) .o, ds + / lue(s)Bods),  (46)
=1

where the equivalence |||ep]|||o and ||ep||p has been used.
Combining (46) with the interpolation error estimate (22) yields the desired result (36). W
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