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Abstract. In this paper, the idea of a combination of variable separation approach and
the extended homoclinic test approach is proposed to seek non-travelling wave so-
lutions of Calogero equation. The equation is reduced to some (1+1)-dimensional
nonlinear equations by applying the variable separation approach and solves reduced
equations with the extended homoclinic test technique. Based on this idea and with
the aid of symbolic computation, some new explicit solutions can be obtained.
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1 Introduction

Nonlinear evolution equations are related to nonlinear phenomena in nonlinear science
such as physics, mechanics, biology and chemistry. To further explain some physical phe-
nomena, seeking exact solutions of nonlinear evolution equations is of great significance.
It is well known that the method of variable separation is one of the most universal and
efficient means for studying linear partial differential equations (PDEs). Several meth-
ods of variable separation for nonlinear PDEs have been suggested, such as the ansatz-
based method [1], the formal variable separation approach [2], the functional variable
separation approach [3, 4], the derivative-dependent functional variable separation ap-
proach [5, 6] and the multi-linear variable separation approach [7–9].
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In this paper, we consider the following (2+1)-dimensional breaking soliton equation

uxt−4uxuxy−2uyuxx+uxxxy=0, (1.1)

which was first presented by Calogero and Degasperis [10, 11]. This equation was also
constructed by Bogoyavlenskii and Schiff in different ways [12–14]. The equation is used
to describe the interaction of a Riemann wave propagating along the y axis with a long
wave along the x axis. The Plainlevé property, Darboux covariant Lax pairs, infinite con-
servation laws, Hamilton structure and the Lax pair of Eq. (1.1) have been discussed by
many researchers in [15–17]. The bilinear Bäcklund transformation, nonlinear superposi-
tion formula and Wronskian determinant solution have been discussed in [18]. Moreover,
a considerable number of exact specific solutions have been developed and can be found
in [19–25].

The goal of the present work is to investigate the non-travelling wave solutions for
Eq. (1.1) by using the multi-linear variable separation approach combining with the ex-
tended homoclinic test approach [26]. First, we apply the method of variable separation
to reduce Eq. (1.1) to some (1+1)-dimensional nonlinear equation. Then, solving the
reduced equation by the extended homoclinic test technique with the aid of Maple, we
obtain some new non-travelling wave explicit solutions of Eq. (1.1). These solutions can
provide an important practical check on the accuracy and reliability of such integrators.

2 The non-travelling wave solutions

In this section, we employ the method of separation of variables together with the ex-
tended homoclinic test technique solving the Calogero Equation (1.1). We assume that
the solutions for Eq. (1.1) are of the x-line form

u(x,y,t)= ϕ(ξ,t)+q(y,t), (2.1)

where ξ= px+θ(y,t).
Substituting (2.1) into (1.1), one obtains

ϕξt+(θt−2pqy)ϕξξ−6pθy ϕξ ϕξξ+p2θy ϕξξξξ =0. (2.2)

In order to simplify Eq. (2.2), we assume that

θt−2pqy =0. (2.3)

Now we employ the method of separation of variables solving Eq. (2.3).
First we seek the multiplicative separable solution

θ= f (t)g(y), (2.4)

where f (t), g(y) are smooth functions to be determined later.
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Inserting (2.4) into (2.3), we get

q(y,t)=
f ′(t)

∫

g(y)dy

2p
. (2.5)

Substituting (2.4) and (2.5) into (2.2), we have

ϕξt−6p f (t)g′(y)ϕξ ϕξξ+p2 f (t)g′(y)ϕξξξξ =0. (2.6)

Let g′(y)= constant, then we suppose without loss of generality that g(y)= y. Eq. (2.6)
reduces to the following variable coefficient equation

ϕξt−6p f (t)ϕξ ϕξξ+p2 f (t)ϕξξξξ =0. (2.7)

We make the transformation

ϕ(ξ,t)=v(ξ,η), η=
∫

f (t)dt. (2.8)

Substituting (2.8) into (2.7) yields a partial differential equation with constant coefficients

vξη−6pvξ vξξ+p2vξξξξ =0. (2.9)

Integrating (2.9) once with respect to ξ and discarding the integration constant yield

vη−3pv2
ξ +p2vξξξ =0. (2.10)

To solve Eq. (2.10), we introduce a transformation

v=−2p(lnφ)ξ . (2.11)

Substituting (2.11) into (2.10) yields

(Dξ Dη+p2D4
ξ)φ·φ=0. (2.12)

With regard to (2.12), using the extended homoclinic test approach [26], we seek the so-
lution in the form

φ= p1cos(ξ1)+p2exp(ξ2)+exp(−ξ2), (2.13)

where ξ1=a1ξ+c1η, ξ2=a2ξ+c2η, ai, ci, (i=1,2) are arbitrary constants to be determined
later.

Substituting (2.13) into (2.12) and equating all coefficients of sin(ξ1), cos(ξ1), exp(ξ2),
exp(−ξ2) to zero, one yields the following set of algebraic equation for ai, ci, pi, (i=1,2)































p1 p2(a1c2+a2c1+4p2a1a3
2−4p2a3

1a2)=0,

p1(a1c2+a2c1+4p2a1a3
2−4p2a3

1a2)=0,

p1 p2(a2c2−a1c1+p2a4
1+p2a4

2−6p2a2
1a2

2)=0,

p1(a2c2−a1c1+p2a4
1+p2a4

2−6p2a2
1a2

2)=0,

4p2 p2
1a4

1+4p2a2c2−p2
1a1c1+16p2 p2a4

2=0.

(2.14)
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Solving Eq. (2.14) with the aid of Maple, one gets the following results:

Case 1:

p1=0, a1= a1, c1= c1, p2= p2, a2 = a2, c2=−4p2a3
2. (2.15)

From (2.13), (2.15), (2.11) and (2.1), we get

u=−2pa2
p2exp(ξ2)−exp(−ξ2)

p2exp(ξ2)+exp(−ξ2)
+

f ′(t)y2

4p
. (2.16)

When p2>0, one obtains a kinky non-traveling wave solution

u1=−2pa2 tanh
(

ξ2+
1

2
ln p2

)

+
f ′(t)y2

4p
. (2.17)

When p2<0, one obtains a kinky non-traveling wave solution

u2=−2pa2 coth
[

ξ2+
1

2
ln(−p2)

]

+
f ′(t)y2

4p
. (2.18)

Case 2:










a1= a1, a2= a2, p1= p1, p2 =−
p2

1a2
1

4a2
2

,

c1= a1(p2a2
1−3p2a2

2), c2= a2(3p2a2
1−p2a2

2).

(2.19)

Combining (2.13), (2.19), (2.11) with (2.1) yields

u=2p
a1 p1sin(ξ1)+a2(

p2
1a2

1

4a2
2

exp(ξ2)+exp(−ξ2))

p1cos(ξ1)−
p2

1a2
1

4a2
2

exp(ξ2)+exp(−ξ2)
+

f ′(t)y2

4p
, (2.20)

where

ξ1 = a1(px+ f (t)y)+a1(p2a2
1−3p2a2

2)
∫

f (t)dt,

ξ2 = a2(px+ f (t)y)+a2(3p2a2
1−p2a2

2)
∫

f (t)dt.

Let p1a1a2>0, then (2.20) can be written as follows

u3=2a1a2 p
sin(ξ1)+cosh(ξ2+θ1)

a2 cos(ξ)−a1 sinh(ξ2+θ1)
+

f ′(t)y2

4p
, (2.21)

where

θ1= ln
( p1a1

2a2

)

.
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Let p1a1a2<0, then (2.20) can be written as follows

u4=2a1a2 p
sin(ξ1)−cosh(ξ2+θ2)

a2 cos(ξ1)+a1 sinh(ξ2+θ2)
+

f ′(t)y2

4p
, (2.22)

where
θ2= ln

(

−
p1a1

2a2

)

.

Case 3:
{

a2 =−ia1, a1= a1, p1= p1, p2= p2,

c1=4p2a3
1, c2=−4ip2a3

1.
(2.23)

Combining (2.13), (2.23), (2.11) with (2.1), we have

u=2pa1
p1sin(ξ1)−iexp(iξ1)+ip2 exp(−iξ1)

p1 cos(ξ1)+p2exp(−iξ1)+exp(iξ1)
+

f ′(t)y2

4p
, (2.24)

where

ξ1= a1(px+ f (t)y)+4p2 a3
1

∫

f (t)dt.

We make the dependent variable transformation in Eq. (2.24) as follows

a1= iA1, (2.25)

where A1 is real.
We obtain new form for Eq. (2.24) as follows

u=−2pA1
p1 sinh(ξ∗1)+p2exp(ξ∗1)−exp(−ξ∗1)

p1cosh(ξ∗1)+p2exp(ξ∗1)+exp(−ξ∗1)
+

f ′(t)y2

4p
, (2.26)

where

ξ∗1 =A1(px+ f (t)y)−4p2 A3
1

∫

f (t)dt.

Let p2 >0, then (2.28) can be written as follows

u5=−2pA1

p1sinh(ξ∗1)+2
√

p
2
sinh(ξ∗1+θ3)

p1cosh(ξ∗1)+2
√

p
2
cosh(ξ∗1+θ3)

+
f ′(t)y2

4p
, (2.27)

where

θ3=
1

2
lnp2.

Let p2 <0, then (2.28) can be written as follows

u6=2pA1
p1sinh(ξ∗1)−2

√
−p2cosh(ξ∗1+θ4)

p1cosh(ξ1)−2
√
−p2sinh(ξ∗1+θ4)

+
f ′(t)y2

4p
, (2.28)
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where

θ4=
1

2
ln(−p2).

Case 4:






a1 = ia2, a2= a2, p1= p1, p2=
p2

1

4
,

c1=−i(8p2a3
2+c2), c2= c2.

(2.29)

Combining (2.13), (2.29), (2.11) with (2.1), we have

u=−2p
p1sinh(ξ1)+

p2
1

4 exp(ξ2)−exp(−ξ2)

p1 cosh(ξ1)+
p2

1
4 exp(ξ2)+exp(−ξ2)

+
f ′(t)y2

4p
, (2.30)

where

ξ1 = a2(px+ f (t)y)−(8p2a3
2+c2)

∫

f (t)dt,

ξ2 = a2(px+ f (t)y)+c2

∫

f (t)dt.

Let p1 >0, then (2.30) can be written as follows

u7=−2p
sinh(ξ1)+sinh(ξ2+ln( p1

2 ))

cosh(ξ1)+cosh(ξ2+ln( p1

2 ))
+

f ′(t)y2

4p
. (2.31)

Let p1 <0, then (2.30) can be written as follows

u8=−2p
sinh(ξ1)−sinh

(

ξ2+ln
(

− p1

2

))

cosh(ξ1)−cosh
(

ξ2+ln
(

− p1

2

))+
f ′(t)y2

4p
. (2.32)

Then we look for a separable solution of the additive form

θ= f (t)+g(y), (2.33)

where f (t), g(y) are smooth functions to be determined later. Substituting (2.33) into
(2.3), we have

q(y,t)=
f ′(t)y

2p
. (2.34)

Combining (2.33), (2.34) with (2.21), we obtain

ϕξt−6pg′(y)ϕξ ϕξξ+p2g′(y)ϕξξξξ =0. (2.35)

Let g′(y)=constant, then we assume without loss of generality that g(y)=y.
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Integrating (2.35) once with respect to ξ, we obtain

ϕt−3pϕ2
ξ+p2 ϕξξξ =0. (2.36)

In a manner similar to that of above we obtain

u1=−2pa2 tanh
(

ξ+
1

2
ln p2

)

+
f ′(t)y

2p
, (2.37a)

u2=−2pa2 coth
(

ξ+
1

2
ln(−p2)

)

+
f ′(t)y

2p
, (2.37b)

where

ξ= a2(px+y+ f (t))−4p2 a3
2

∫

f (t)dt,

and

u3=2a1a2 p
sin(ξ1)+cosh(ξ2+θ1)

a2 cos(ξ1)−a1 sinh(ξ2+θ1)
+

f ′(t)y

2p
, (2.38a)

u4=2a1a2 p
sin(ξ1)−cosh(ξ2+θ2)

a2 cos(ξ1)+a1 sinh(ξ2+θ2)
+

f ′(t)y

2p
, (2.38b)

where

ξ1= a1(px+y+ f (t))+a1(p2a2
1−3p2a2

2)
∫

f (t)dt, (2.39a)

ξ2= a2(px+y+ f (t))+a2(3p2a2
1−p2a2

2)
∫

f (t)dt, (2.39b)

u5=−2pA1

p1sinh(ξ∗1)+2
√

p
2
sinh(ξ∗1+θ3)

p1cosh(ξ∗1)+2
√

p
2
cosh(ξ∗1+θ3)

+
f ′(t)y

2p
, (2.39c)

u6=2pA1
p1 sinh(ξ∗1)−2

√
−p2cosh(ξ∗1+θ4)

p1 cosh(ξ1)−2
√
−p2sinh(ξ∗1+θ4)

+
f ′(t)y

2p
, (2.39d)

where

ξ1=A1(px+y+ f (t))−4p2 A3
1

∫

f (t)dt,

and

u7=−2p
sinh(ξ1)+sinh(ξ2+ln( p1

2 ))

cosh(ξ1)+cosh(ξ2+ln( p1

2 ))
+

f ′(t)y

2p
, (2.40a)

u8=−2p
sinh(ξ1)−sinh(ξ2+ln(− p1

2 ))

cosh(ξ1)−cosh(ξ2+ln(− p1

2 ))
+

f ′(t)y

2p
, (2.40b)

where

ξ1= a2(px+y+ f (t))−(8p2a3
2+c2)

∫

f (t)dt,

ξ2= a2(px+y+ f (t))+c2

∫

f (t)dt.
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For a function u(x,y,t) of the form

u(x,y,t)=v(x,τ),τ=ψ(t+k2y). (2.41)

Eq. (1.1) becomes

ψ′vxτ−4k2ψ′vxvxτ−2k2ψ′vτvxx+k2ψ′vxxxτ =0. (2.42)

Eliminating ψ′, we have

vxτ−4k2vxvxτ−2k2vτvxx+k2vxxxτ =0, (2.43)

which, like the KdV equation, is an integrable model equation for the propagation of long
waves in a medium with nonlinear dispersion [27, 28].

To solve Eq. (2.43), we make the dependent variable transformation

v=−2(ln f )x, (2.44)

where f is an unknown real function which will be determined.
Substituting (2.44) into (2.43), we obtain

(ln f )xxτ+8k2(ln f )xx(ln f )xxτ+4k2(ln f )xτ(ln f )xxx+k2(ln f )xxxxτ =0. (2.45)

Integrating (2.45) once with respect to x, we have

(ln f )xτ+6k2(ln f )xx(ln f )xτ+k2(ln f )xxxτ

+2k2∂−1
x [(ln f )xx(ln f )xxτ−(ln f )xτ(ln f )xxx]=C. (2.46)

Taking C=0, therefore (2.46) can be written as

(DτDx+k2DτD3
x) f · f +4k2 f 2∂−1

x (Dx(ln f )xτ ·(ln f )xx)=0. (2.47)

Suppose that

∂−1
x (Dx(ln f )xτ ·(ln f )xx)=0, (2.48)

note that to have a correct solution for Eq. (2.43) we must consider (2.48) in our algebraic
systems of equations. Therefore, by our assumption, Eq. (2.47) reduces to

(DτDx+k2DτD3
x) f · f =0. (2.49)

Now we suppose that the solution of Eq. (2.47) as

f = p1cos(ξ1)+p2exp(ξ2)+exp(−ξ2), (2.50)

where ξi = aix+biτ, (i=1,2). ai, bi are some constants to be determined later.
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Substituting (2.50) into (2.49) and equating all coefficients of exp(ξ2)cos(ξ1),
exp(−ξ2)cos(ξ1), exp(ξ2)sin(ξ1), exp(−ξ2)sin(ξ1) to zero, we get a set of nonlinear alge-
bra equations for ai, bi, pi, (i=1,2),











a1b1−a2b2−k2a3
1b1−k2a3

2b2+3k2a1a2
2b1+3k2a2

1a2b2=0,

a1b2+a2b1−k2a3
1b2+k2a3

2b1+3k2a1a2
2b2−3k2a2

1a2b1=0,

p2
1a1b1−4p2a2b2−4k2 p2

1a3
1b1−16k2 p2a3

2b2=0.

(2.51)

Substituting (2.50) into (2.48) and equating all coefficients of sin(ξ1), exp(ξ2), exp(−ξ2)
to zero, we obtain a set of nonlinear algebra equations for ai, bi, (i=1,2),

{

a3
2b1+a2

1a2b1−a3
1b2−a1a2

2b2=0,

a3
1b2+a1a2

2b2−a2
1a2b1−a3

2b1=0.
(2.52)

Solving the system of Eqs. (2.51) and (2.52) with the aid of Maple, one gets the following
cases:

Case 1:

a1=0, a2 =
i

k
, b1=b1, b2=b2, p1= p1, p2=0. (2.53)

Substituting (2.53) into (2.50) yields

f = p1coshb1τ+exp
(

−
i

k
x+b2τ

)

. (2.54)

From (2.54), (2.44) and (2.41), we obtain the exact solutions to the Calogero Equation (1.1)
given that

u=−
2i

k

exp[−( i
k x+b2ψ(k2y+t))]

p1cosh(b1ψ(k2y+t))+exp[−( i
k x+b2ψ(k2y+t))]

, (2.55)

where b1, b2, k are arbitrary constants.
We make the dependent variable transformation in Eq. (2.55) as follows

k= iK,

where K is real. We obtain new form for Eq. (2.55) as follows

u=−
2

K

exp[−( x
K +b2ψ(t−K2y))]

p1cosh(b1ψ(t−K2y))+exp[−( x
K +b2ψ(t−K2y))]

. (2.56)

Case 2:

a1 =
ib1

2kb2
, a2 =

i

2k
, b1=b1, b2=b2, p1=0, p2 = p2. (2.57)

Substituting (2.57) into (2.50) yields

f = p2exp(ξ2)+exp(−ξ2). (2.58)
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From (2.58), (2.44) and (2.41), one obtains

u=−
i

k

p2 exp(ξ2)−exp(−ξ2)

p2 exp(ξ2)+exp(−ξ2)
, (2.59)

where

ξ2=
i

2k
x+b2ψ(k2y+t),

b2, k are arbitrary constants.

We make the dependent variable transformation in Eq. (2.59) as follows

k= iK,

where K is real. We obtain new form for Eq. (2.59) as follows

u=−
1

K

p2exp(ξ∗2)−exp(−ξ∗2)

p2exp(ξ∗2)+exp(−ξ∗2)
, (2.60)

where

ξ∗2 =
x

2K
+b2ψ(t−K2y),

b2, K are arbitrary constants.

If p2>0, taking θ1=
1
2 ln p2, then we obtain

u=−
1

K
tanh(ξ∗2+θ1). (2.61)

If p2<0, taking θ2= ln(
√
−p2), then we obtain

u=−
1

K
coth(ξ∗2+θ2). (2.62)

Case 3:

a1 = ia2, a2 = a2, b1=−ib2, b2=b2, p2 =
1

4
p2

1, p1= p1. (2.63)

Substituting (2.63) into (2.50) yields

f = p1cosh(ξ1)+
1

4
p2

1exp(ξ2)+exp(−ξ2), (2.64)

where ξ1= a2x−b2ψ(k2y+t), ξ2= a2x+b2ψ(k2y+t), k, a2, b2 are arbitrary constants.

Combining (2.64),(2.44) with (2.41), one gets

u=−2a2
p1sinh(ξ1)+

1
4 p2

1 exp(ξ2)−exp(−ξ2)

p1cosh(ξ1)+
1
4 p2

1exp(ξ2)+exp(−ξ2)
. (2.65)
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If p1 >0, taking θ3= ln
p1

2 , then we obtain

u=−2a2
sinh(ξ1)+sinh(ξ2+θ3)

cosh(ξ1)+cosh(ξ2+θ3)
. (2.66)

If p1 <0, taking θ4= ln(− p1

2 ), then we obtain

u=−2a2
sinh(ξ1)−sinh(ξ2+θ4)

cosh(ξ1)−cosh(ξ2+θ4)
. (2.67)

Case 4:

a1 =
1

2k
, a2=

i

2k
, b1=b1, b2=b2, p1= p1, p2= p2. (2.68)

Substituting (2.68) into (2.50) yields

f = p1cos(ξ1)+p2exp(ξ2)+exp(−ξ2). (2.69)

Combining (2.69), (2.44) with (2.41), we obtain

u=−
1

k

−p1sin(ξ1)+ip2 exp(ξ2)−iexp(−ξ2)

p1cos(ξ1)+p2exp(ξ2)+exp(−ξ2)
, (2.70)

where

ξ1 =
1

2k
x+b1ψ(k2y+t), ξ2 =

i

2k
x+b2ψ(k2y+t),

k, a2, b2 are arbitrary constants.
We make the dependent variable transformation in Eq. (2.70) as follows

k= iK, b1= iB1,

where K, B1 are real. We obtain new form for Eq. (2.70) as follows

u=
1

K

−p1sinh(ξ∗1)−p2exp(ξ∗2)+exp(−ξ∗2)

p1 cosh(ξ∗1)+p2exp(ξ∗2)+exp(−ξ∗2)
, (2.71)

where

ξ∗1 =
x

2K
−B1ψ(t−K2y),

ξ∗2 =
x

2K
+b2ψ(t−K2y).

If p2 >0, taking θ5= ln
√

p2, then we obtain

u=−
1

K

p1sinh(ξ∗1)+2
√

p2sinh(ξ∗2+θ5)

p1cosh(ξ∗1)+2
√

p2cosh(ξ∗2+θ5)
. (2.72)
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If p2<0, taking θ6= ln
√
−p2, then we obtain

u=
1

K

−p1sinh(ξ∗1)+2
√
−p2cosh(ξ∗2+θ6)

p1cosh(ξ∗1)−2
√
−p2sinh(ξ∗2+θ6)

. (2.73)

Case 5:

a1=−
1

2k
, a2 =

i

2k
, b1=b1, b2=b2, p1= p1, p2= p2. (2.74)

Combining (2.74) with (2.50), one gets

f = p1cos(ξ1)+p2exp(ξ2)+exp(−ξ2), (2.75)

where

ξ1 =−
1

2k
x+b1τ, ξ2=

i

2k
x+b2τ,

a2, b2 are arbitrary constants.
Combining (2.75), (2.44) with (2.41) yields

u=−
1

k

p1 sin(ξ1)+ip2exp(ξ2)−iexp(−ξ2)

p1cos(ξ1)+p2exp(ξ2)+exp(−ξ2)
, (2.76)

where

ξ1=−
1

2k
x+b1ψ(k2y+t), ξ2=

i

2k
x+b2ψ(k2y+t),

a2, b2 are arbitrary constants.
We make the dependent variable transformation in Eq. (2.76) as follows

k= iK, b1= iB1,

where K, B1 are real. We obtain new form for Eq. (2.76) as follows

u=
1

K

−p1sinh(ξ∗1)−p2 exp(ξ∗2)+exp(−ξ∗2)

p1cosh(ξ∗1)+p2exp(ξ∗2)+exp(−ξ∗2)
, (2.77)

where

ξ∗1 =
x

2K
+B1ψ(t−K2y),

ξ∗2 =
x

2K
+b2ψ(t−K2y).

If p2>0, taking θ7= ln
√

p2, then we obtain

u=−
1

K

p1sinh(ξ∗1)+2
√

p2sinh(ξ∗2+θ7)

p1 cosh(ξ∗1)+2
√

p2cosh(ξ∗2+θ7)
. (2.78)

If p2<0, taking θ8= ln
√
−p2, then we obtain

u=
1

K

−p1sinh(ξ∗1)+2
√
−p2cosh(ξ∗2+θ8)

p1cosh(ξ∗1)−2
√
−p2sinh(ξ∗2+θ8)

. (2.79)
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3 Discussion

It is obvious to see that the solutions above recover the solutions u1−u5 in [21]. And
the solutions (2.38a), (2.38b), (2.40a), (2.40b), (2.56), (2.66), (2.67), (2.72), (2.78) cannot be
obtained in [21]. When taking the arbitrary function f (t), ψ as special constants or func-
tions, we can derive rich exact solutions for Eq. (1.1).

4 Conclusions

In this paper, the idea of a combination of variable separation approach and the extended
homoclinic test approach is proposed to seek non-travelling wave solutions of Calogero
equation. The equation is reduced to some (1+1)-dimensional nonlinear equations by
applying the variable separation approach and solves reduced equations with the ex-
tended homoclinic test technique. Based on this idea and with the aid of symbolic com-
putation, some new explicit solutions can be obtained.
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nonlinear evolution equations, Chaos Solitons Fractals, 26 (2005), pp. 1203–1209.
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