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Abstract. In this paper the fractional Euler-Lagrange equation is considered. The frac-
tional equation with the left and right Caputo derivatives of order a € (0,1] is trans-
formed into its corresponding integral form. Next, we present a numerical solution
of the integral form of the considered equation. On the basis of numerical results, the
convergence of the proposed method is determined. Examples of numerical solutions
of this equation are shown in the final part of this paper.
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1 Introduction

In the past few years, many applications in real phenomena have been found, where
certain dynamics are described not only by integer but also by real order operators [4,
15,16,23,29,33,34,38]. An important issue is that the derivative of fractional order has a
local property at any point of a domain only when order is an integer number. For non-
integer cases, the fractional derivative is a nonlocal operator and depends on the past
values of a function (left derivative) or future ones (right derivative). We refer the reader
to a summary of fractional calculus theory in monographs [6,18,24,27] and papers [1,14,
19,20,26,31,36,37] that cover various problems in this field.

One natural application of fractional operators is variational calculus. In this ap-
proach, one modifies the variational principle with replacing the integer order operators
by a fractional one. Then, the minimisation of the action leads to the fractional differential

*Corresponding author.
Email: tomasz.blaszczyk@im.pcz.pl (T. Blaszczyk), mariusz.ciesielski@icis.pcz.pl (M. Ciesielski)

http:/ /www.global-sci.org/aamm 173 (©2017 Global Science Press



174 T. Blaszczyk and M. Ciesielski / Adv. Appl. Math. Mech., 9 (2017), pp. 173-185

equations which are known in the literature as the fractional Euler-Lagrange equations.
Different approaches have been considered in recent years e.g., the Lagrangian or Hamil-
tonian approach with fractional integrals or fractional derivatives [1,3,5,7,19,21].

The main feature of the fractional Euler-Lagrange equations is that the fractional op-
erator appearing in these equations contains simultaneously the left and right derivative.
This is also a fundamental problem in finding solutions of equations of a variational
type [6]. Consequently, numerical methods have been devoted to solving fractional vari-
ational problems [8-12,28, 35].

In this paper we present a numerical solution of the Euler-Lagrange equation with
Caputo derivatives in the finite time interval.

2 Fractional preliminaries

In this section, we introduce the fractional derivatives and integrals used in this work
and some of their properties (see [18,25,27]). The left and right Caputo derivatives of
order a € (0,1] are defined as follows

D2 x(t):=1I"Dx(t), (2.1a)
“DE_x(t):=—I""Dx(t), (2.1b)

where D is an operator of the first order derivative and operators I}, and I} are the left
and right fractional integrals of order a > 0, respectively, defined by

I% x(t):= F(la) /at (ti‘(l—';)ladr, (t>a), (2.2a)
I* x(t):= r(la) /t ' (Ti(:))l_adr, (t<b). (2.2b)

If a =1, then CD;+x: x" and CD;_x: —x'.
The composition rules of the fractional operators (for a € (0,1]) are as follows [18,22]
I D% x(t) = x(t)—x(a), (2.3a)
DY x(t) =x(t) —x(b), (2.3b)

and the fractional integral of a constant C

(t-a)

® —
I C=Cryay

(2.4)
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3 The Euler-Lagrange equation and its equivalent integral form

We consider the problem of extremizing a functional with a Lagrangian depending on
the independent variable ¢, function x, and its left Caputo fractional derivative of order
ae(0,1]

S— / (t,%,CDE. x)dt 3.1)
subject to the boundary conditions

x(a)=Ga, x(b)=0Cp. (3.2)

By using results presented in [21] we obtain the following fractional Euler-Lagrange
equation

OL(t,x,“D% x) cpe oL(t,x,“D% x) 0 (3.3)
ox b DY x '
When the Lagrangian has the form
w2a )
L(t,x,“D%x) == (CDa+x) ( 7 X —i—f-x), (3.4)

then we get the fractional Euler-Lagrange equation in the finite time interval ¢ € [a,]]
Dy DY x(t) —w®x(t) = f(t), (3.5)

where x and f are continues on [0,b].
In particular, when « =1, then CD}J,CD;+ =—D?and Eq. (3.5) becomes

D?x(t)+w?x(t) = —f(t). (3.6)

Now, we can transform Eq. (3.5) into an integral equation [9]. Such an approach for
equation (3.6) has been considered in [32]. We integrate Eq. (3.5) two times by using
the right fractional integral operator (2.2b) and the left fractional integral operator (2.2a),
respectively

%I CDYCD, x(f) —w IS T x(t) = 1% IR f(1). (3.7)
Next, using the property (2.3b) we get

5 (Dp () = CDEx(t)] ) @™ I I x () = I T £(1). (3.9)

In the above equation, the value D%, x(t)| ,_p, occurs to be a constant. The application
of the composition rule (2.3a) and the fractional integral of a constant (2.4) leads to the
following equation

(0) = x(0) =D x(B) i g~ T8 () = I IO 39)
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The unknown value CDg‘+x(t) can be determined due to the boundary condition. We

=

substitute t =b into Eq. (3.9)
£(0) —x(a) DR x() iy O PP I ()= I I Sy (310)
a = F(Dé—i—l) at=b = at*b =
and we obtain
1 r 0("_1 X T (41
D ()= gt ()= 3(0) —P L 5Oy~ FO)s). (D)

Substituting the right-hand side of the formula (3.11) into Eq. (3.9) one get the integral
form of Eq. (3.5) in the following form

)~ (g x() = (=5 ) oy 0],
= (520 @ I FO) o) 4 I I () 3.1

4 Numerical solution

In order to solve Eq. (3.12) we present a numerical scheme. We start with the introduction
of the homogeneous grid of nodes t; =a+iAt (i=0,1,---,n), with the constant time step
At = (b—a)/n, where n+1 is a number of nodes. For every grid node t; we obtain the
following equation

(t) = (B2~ (F= ) Il )
:(;:2)“(5’7_@_ a0 f (D)l e=t) I T f (1) |e=t, 4o 4.1)

We introduce notations x; = x(t;) and f; = f(¢;) (the values of functions x(¢) and f(t) at
the node t;). In our previous works [9,10,13] we have determined the discrete form of the
composition of operators. On the basis of our earlier results, we present the final discrete
forms (being the approximation of I%, I x(t)|;—, and I%, I} f(t)|i—, fori=0,1,---,n) as

n n
L x(Oli—gx ) xzly and IS f(Dl—m ) (42)
j=0 j=0
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(Of):z?ir(;(i,j)u(ﬂc) (@) (@) (@)

where z; ik Uk and coefficients u;,’ and vka} look as follows:
u® = (A"
ik T(a+2)
0, for i=0 and k=0,
y (i—1)" et v (a4 1), for i>0 and k=0,
(i—k+1)* T —2(i—k)* T+ (i—k—1)*"!, for i>0 and 0<k<i,
1, for i>0 and k=i,
(@) _ (At)
ki ~T(a+2)
0, for k=n and j=n,
y (n—k—=1)""—(n—k)*T F (n—k)*(a+1), for k<n and j=n,
(—k+1)*T—2(j—k)* '+ (j—k=1)**!,  for k<n and k<j<n,
1, for k<n and j=k.
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(4.3a)

(4.3b)

In order to compute values of operators (4.2) at every node t;, we need to use values
of functions at all nodes of the domain. From the computational point of view, it leads to

an increase calculation time of discrete values of function.

Now, we present the numerical scheme of the integral equation (3.12). If we substitute
(4.2) into (4.1), then the solution can be written as the system of n+-1 linear equations:

e (L - (L) N QN WA W

fori=0,---,n.
The Egs. (4.4) can also be written in the matrix form

A-x=b,

where x = [xq,x1," ,xn]T and the coefficients in matrices A and b look as follows:

Ajj= =™ (2~ (%) =),

b= (%) ' [Cb —Ca —gﬁzi‘fj)] +§sz1(-5) +Ga,

fori=0,---,n,j=0,---,nand

5o v ifi=]
V0, if i#]

(4.4)

(4.5)

(4.6a)

(4.6b)
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5 Example of computations

We present the results of computations obtained by our numerical scheme to the con-
sidered fractional Euler-Lagrange equation (3.5). We use the Gaussian elimination algo-
rithm (the LUP decomposition method [30]) to solve the system of linear equation (4.5).
We present several examples of calculations for different values of parameters «, w and
for different types of a function f(¢). In all examples we assumed a =0, b=1. The time
domain t€[0,1] has been divided into #=1000 subintervals. The values of the parameters
used in the solution of Eq. (3.5) are given in the plot legends.

The simulation results as the plots of x(t) are given below. In Figs. 1, 2 and 3, we
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Figure 1: Numerical solution of Eq. (3.5) for « € {0.5,0.6,0.8,1}, w € {0,5,15}, f(t)=0, a=0, b=1, and:
left-side: ¢, =0, ¢, =1, right-side: {,=1, ¢, =0.
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Figure 2: Numerical solution of Eq. (3.5) for a € {0.5,0.6,0.8,1}, w € {0,5,15}, f(t)=5, a=0, b=1, and:
left-side: ¢, =0, ¢, =1, right-side: {,=1, ¢, =0.

present results of the numerical solution of Eq. (3.5) for the fixed parameter w and various
values of order «. Whereas, in Fig. 4, we show results for the fixed order a and different
values of the parameter w. The behaviors of the solution of the fractional Euler-Lagrange
equation are different from various values of order «, various values of parameter w, and
different forms of function f.

One can note that by fixing the parameter w, and the function f and by changing the
order of the Caputo derivative & we observe that the amplitude of oscillations increases
when a decreases. On the other hand, for the fixed order « and for varying the param-
eter w we can observe that the number of oscillations increases when the value of the
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Figure 3: Numerical solution of Eq. (3.5) for a € {0.5,0.6,0.8,1}, w€{0,5,15}, f(t) =5sin(2xt), a=0, b
and: left-side: ¢;=0, ¢, =1, right-side: {,=1, {;,=0.

=1,

parameter w increases. By changing only values of boundary conditions and simultane-
ously assuming that other parameters of the equation remaining unchanged, we obtain
not symmetrical solutions for « <1. Symmetry appears only when a =1.

The analysis of the numerical solutions of the fractional Euler-Lagrange equation
shows us that, taking into account the fractional order of the differential equation, it is
possible to have more flexible models which can describe the dynamical properties of the
real system in a better manner. Another important feature is that when we consider the
fractional order derivative in the model, we deal with the memory effect of the model
due to the kernel type in the fractional order operator.



T. Blaszczyk and M. Ciesielski / Adv. Appl. Math. Mech., 9 (2017), pp. 173-185 181

0=06 (=10

I S —
x(t)4 i a=0.5,fn=10 1 x(t) 5 |
) w=15 a=0,b=1¢=0%=0 a=0,b=1,§=0=0
¥ | /‘*’
0k e 7~ N

/wﬁ 12.5 % /; |
X

H 1]
—_
W

, NS otus WL Ow

/
7

w= /
3 — L A
=5 w="10 ] =10
-10 w=5
0.0 0.2 0.4 t 0.6 0.8 1.0 0.0 0.2 0.4 t 0.6 0.8 1.0
1 : . : . 0.5 . . . . . . .
(1) a=0.8,f(1) =10 x(0) a=1.0,7(t)=10
a=0,b=1,§=0§=0 || a=0,b=1%§ =0¢ =0 ||
[ = oo | 1
X/ w=125 | <4 B X" 125 X i
1 7?/ / 05 \ ]—\7_5/ 4
T\ w=17.5 - =10
\ wzl) | w=>5 v
) w=15 \/ 0
0.0 0.2 0.4 t 0.6 0.8 1.0 ) 0.0 0.2 0.4 t 0.6 0.8 1.0

Figure 4: Numerical solution of Eq. (3.5) for « € {0.5,0.6,0.8,1}, we {5,7.5,10,12.5,15}, f(¢)=10, a=0, b=1,
¢a=0, ¢p=0.

5.1 Estimating the rate of convergence

Convergence analysis of the numerical scheme (4.4) is important from the computational
point of view, especially when an analytical solution of an equation with given param-
eters is not available. Here, we use the following formula (see Proposition [2]) for the
rate of convergence p = p;(At,a,w) at nodes t; (i should be an even number), for fixed
parameters «, w and variable values of At

(At,a,w) x(2At,oz,w)

(Ata,w) X; i _ opi(Aaw)
Ri (At/2,0,w) (At,,w) 2 ’ (51)
X —X;

from which we determine
x(At,a,w) x(ZAt,ac,w)

. _ i i/2
pi(At,a,w) =log, Biae) (M) (5.2)
Xoi —X;

In this order, we considered several cases for various parameters of the equation. We
assumed in all cases: w=1/2, f(t)=10, a=0, b=1. In Tables 1 and 2, we presented
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Table 1: Numerical values of x at nodes t;, i€ {n/4,n/2,3n/4} and rates of convergence p for parameters:
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w=m/2, f(t)=10, a=0, b=1, ;=1 and & =0.

t=0.25 t=0.5 t=0.75
a | At=1/n| x()=xps | p | X(H)=Xup | p | X(H)=X30/4 | p
0.5 1/100 5.751401814 | - 6.000537754 | - 4.053823043 | -
1/200 5.742775279 | 0.93 | 5.987934744 | 0.96 | 4.040117802 | 0.98
1/400 5.738257173 | 0.97 | 5.981464417 | 0.98 | 4.033149420 | 0.99
1/800 5.735945160 | 0.98 | 5.978187337 | 0.99 | 4.029637505 | 0.99
1/1600 | 5.734775549 | 0.99 | 5.976538491 | 1.00 | 4.027875021 | 1.00
1/3200 | 5.734187270 | 1.00 | 5.975711560 | 1.00 | 4.026992274 | 1.00
1/6400 | 5.733892249 | - 5.975297490 | - 4.026550563 | -
0.6 1/100 4.590617288 - 4.854742475 - 3.260517955 -
1/200 4.588340770 | 1.07 | 4.851133657 | 1.12 | 3.256339986 | 1.14
1/400 4.587255599 | 1.13 | 4.849469124 | 1.15 | 3.254449954 | 1.17
1/800 4.586758949 | 1.16 | 4.848720577 | 1.17 | 3.253608947 | 1.18
1/1600 | 4.586536532 | 1.18 | 4.848388617 | 1.18 | 3.253238194 | 1.19
1/3200 | 4.586438124 | 1.19 | 4.848242559 | 1.19 | 3.253075620 | 1.19
1/6400 | 4.586394883 | - 4.848178587 | - 3.253004551 -
0.8 1/100 3.065551324 - 3.330101157 - 2.243252313 -
1/200 3.065526370 | 0.13 | 3.329983689 | 1.06 | 2.243025485 | 1.34
1/400 3.065503628 | 1.03 | 3.329927196 | 1.29 | 2.242936187 | 1.43
1/800 3.065492480 | 1.28 | 3.329904101 | 1.40 | 2.242903087 | 1.48
1/1600 | 3.065487888 | 1.40 | 3.329895363 | 1.47 | 2.242891252 | 1.52
1/3200 | 3.065486143 | 1.46 | 3.329892200 | 1.51 | 2.242887119 | 1.54
1/6400 | 3.065485511 - 3.329891086 - 2.242885698 -
1 1/100 2.166255362 - 2.385747145 - 1.625061072 -
1/200 2.166313163 | 2.00 | 2.385825124 | 2.00 | 1.625117515 | 2.00
1/400 2.166327614 | 2.00 | 2.385844619 | 2.00 | 1.625131627 | 2.00
1/800 2.166331227 | 2.00 | 2.385849493 | 2.00 | 1.625135155 | 2.00
1/1600 | 2.166332130 | 2.00 | 2.385850712 | 2.00 | 1.625136037 | 2.00
1/3200 | 2.166332356 | 1.99 | 2.385851016 | 2.00 | 1.625136257 | 2.00
1/6400 | 2.166332412 | - 2.385851093 | - 1.625136313 | -

numerical values at three selected nodes t;, i€ {n/4,n/2,3n/4} for x€{0.5,0.6,0.8,1} and
different combinations of boundary conditions: ¢, =1, §; =0 (in Table 1) and ¢, =0, {; =1
(in Table 2). Also, in both tables, the rates of convergence are shown. On the basis of
analysis of values of p for increasing values of 1, we can estimate the rate of convergence
as p=2u.

6 Conclusions
In this paper the non-homogenous fractional Euler-Lagrange equation with Caputo

derivatives of order a € (0,1] was transformed into the integral form. Next, the numerical
scheme for the integral form of equation was presented. We presented several examples
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Table 2: Numerical values of x at nodes t;, i€ {n/4,n/2,3n/4} and rates of convergence p for parameters:
w=m/2, f(t)=10,a=0, b=1, {=0and &=1.

t=0.25 t=0.5 t=0.75
a | At=1/n| x()=xps | p | X(H)=Xup | p | X(H)=X30/4 | p
0.5 1/100 5.680739373 | - 6.527671682 | - 4990789515 | -
1/200 5.670654549 | 0.94 | 6.512988479 | 0.97 | 4.974863504 | 0.98
1/400 5.665399277 | 0.97 | 6.505474754 | 0.98 | 4.966781748 | 0.99
1/800 5.662716828 | 0.98 | 6.501675683 | 0.99 | 4.962713041 | 1.00
1/1600 | 5.661361580 | 0.99 | 6.499765914 | 1.00 | 4.960672310 | 1.00
1/3200 | 5.660680392 | 1.00 | 6.498808580 | 1.00 | 4.959650525 | 1.00
1/6400 | 5.660338897 | - 6.498329334 | - 4959139328 | -
0.6 1/100 4.386745815 - 5.237761476 - 4.087854654 -
1/200 4.384011561 | 1.09 | 5.233464617 | 1.13 | 4.082913068 | 1.15
1/400 4.382722759 | 1.14 | 5.231496411 | 1.16 | 4.080686164 | 1.17
1/800 4.382136355 | 1.16 | 5.230614665 | 1.18 | 4.079697454 | 1.18
1/1600 | 4.381874585 | 1.18 | 5.230224478 | 1.19 | 4.079262151 | 1.19
1/3200 | 4.381758976 | 1.19 | 5.230053016 | 1.19 | 4.079071419 | 1.19
1/6400 | 4.381708229 - 5.229977970 | - 4.078988078 | -
0.8 1/100 2.665443020 - 3.495581958 - 2.907988670 -
1/200 2.665382445 | 0.79 | 3.495406301 | 1.20 | 2.907692864 | 1.38
1/400 2.665347375 | 1.19 | 3.495329637 | 1.35 | 2.907579569 | 1.45
1/800 2.665332015 | 1.35 | 3.495299645 | 1.44 | 2.907538243 | 1.50
1/1600 | 2.665325997 | 1.44 | 3.495288572 | 1.49 | 2.907523619 | 1.53
1/3200 | 2.665323774 | 1.49 | 3.495284623 | 1.52 | 2.907518546 | 1.55
1/6400 | 2.665322981 - 3.495283247 - 2907516810 -
1 1/100 1.625061072 - 2.385747145 - 2.166255362 -
1/200 1.625117515 | 2.00 | 2.385825124 | 2.00 | 2.166313163 | 2.00
1/400 1.625131627 | 2.00 | 2.385844619 | 2.00 | 2.166327614 | 2.00
1/800 1.625135155 | 2.00 | 2.385849493 | 2.00 | 2.166331227 | 2.00
1/1600 | 1.625136037 | 2.00 | 2.385850712 | 2.00 | 2.166332130 | 2.00
1/3200 | 1.625136257 | 1.99 | 2.385851016 | 2.00 | 2.166332356 | 2.00
1/6400 | 1.625136313 | - 2.385851093 | - 2166332412 | -

of numerical solutions of considered equation for different values of parameters «, w,
different values of boundary conditions, and different functions f(t). One can note that
if the value of a decreases, then values of the amplitude of oscillations increase, and if
the value of w increases, then the oscillation frequency also increases. The analytical so-
lution of this type of fractional differential equation (except for « =1) is not yet known.
Our proposed numerical method of solutions for & — 1 is consistent with the analytical
solution for a =1.

References

[1] O. P. AGRAWAL, Formulation of Euler-Lagrange equations for fractional variational problems, ].



184 T. Blaszczyk and M. Ciesielski / Adv. Appl. Math. Mech., 9 (2017), pp. 173-185

Math. Anal. Appl., 272 (2002), pp. 368-379.

[2] O. P. AGRAWAL, M. M. HASAN AND X. W. TANGPONG, A numerical scheme for a class of
parametric problem of fractional variational calculus, J. Comput. Nonlinear Dyn., 7 (2012), pp.
021005-1-021005-6.

[3] R. ALMEIDA AND A. B. MALINOWSKA, Generalized transversality conditions in fractional cal-
culus of variations, Commun. Nonlinear Sci. Numer. Simulat., 18(3) (2012), pp. 443-452.

[4] T. M. ATANACKOVIC, S. PILIPOVIC, B. STANKOVIC AND D. ZORICA, Fractional Calculus
with Applications in Mechanics: Vibrations and Diffusion Processes, ISTE-Wiley, London,
2014.

[5] D. BALEANU AND J. J. TRUJILLO, On exact solutions of a class of fractional Euler-Lagrange
equations, Nonlinear Dyn., 52 (2008), pp. 331-335.

[6] D. BALEANU, K. DIETHELM, E. SCALAS AND ]. J. TRUJILLO, Fractional Calculus Models
and Numerical Methods, World Scientific, Singapore, 2012.

[7] D. BALEANU, J. H. ASAD AND 1. PETRAS, Fractional Bateman—Feshbach Tikochinsky oscillator,
Commun. Theor. Phys., 61 (2014), pp. 221-225.

[8] T. BLASZCZYK AND M. CIESIELSKI, Numerical solution of fractional Sturm-Liouville equation in
integral form, Fract. Calc. Appl. Anal., 17 (2014), pp. 307-320.

[9] T. BLASzZCzYK AND M. CIESIELSKI, Fractional oscillator equation—transformation into integral
equation and numerical solution, Appl. Math. Comput., 257 (2015), pp. 428-435.

[10] T. BLASzCzZYK AND M. CIESIELSKI, Fractional oscillator equation-analytical solution and algo-
rithm for its approximate computation, J. Vibration Control, 22(8) (2016), pp. 2045-2052.

[11] T. BLASZCZYK, A numerical solution of a fractional oscillator equation in a non-resisting medium
with natural boundary conditions, Romanian Reports Phys., 67(2) (2015), pp. 350-358.

[12] L. BOURDIN, J. CRESSON, I. GREFF AND P. INIZAN, Variational integrator for fractional Euler-
Lagrange equations, Appl. Numer. Math., 71 (2013), pp. 14-23.

[13] M. CIESIELSKI AND T. BLASZCZYK, Numerical solution of non-homogenous fractional oscillator
equation in integral form, J. Theoretical Appl. Mech., 53(4) (2015), pp. 959-968.

[14] D. B. DHAIGUDE AND G. A. BIRAJDAR, Numerical solution of fractional partial differential equa-
tions by discrete adomian decomposition method, Adv. Appl. Math. Mech., 6(1) (2014), pp. 107-
119.

[15] A.P. DURAJSKI, Phonon-mediated superconductivity in compressed NbH4 compound, Euro. Phys.
J. B, 87 (2014), 210.

[16] A. P. DURAJSKI, In uence of hole doping on the superconducting state in graphane, Supercond.
Sci. Technol., 28 (2015), Article ID 035002.

[17] R. HILFER, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

[18] A.A.KILBAS, H. M. SRIVASTAVA AND J. J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

[19] M. KLIMEK, Fractional sequential mechanics-models with symmetric fractional derivative, Czech.
J. Phys., 51 (2001), pp. 1348-1354.

[20] S. KUKLA AND U. SIEDLECKA, Laplace transform solution of the problem of time-fractional heat
conduction in a two-layered slab, J. Appl. Math. Comput. Mech., 14(4) (2015), pp. 105-113.

[21] M. ]J. LAZO AND D. E. M. TORRES, The DuBois-Reymond fundamental lemma of the fractional
calculus of variations and an Euler-Lagrange equation involving only derivatives of caputo, J. Optim.
Theory Appl., 156 (2013), pp. 56-67.

[22] C. L1 AND W. DENG, Remarks on fractional derivatives, Appl. Math. Comput., 187 (2007), pp.
777-784.

[23] R. L. MAGIN, Fractional Calculus in Bioengineering, Begell House Inc, Redding, 2006.



T. Blaszczyk and M. Ciesielski / Adv. Appl. Math. Mech., 9 (2017), pp. 173-185 185

[24] A.B. MALINOWSKA AND D. F. M. TORRES, Introduction to the Fractional Calculus of Vari-
ations, Imperial College Press, London, 2012.

[25] K. B. OLDHAM AND ]. SPANIER, The Fractional Calculus: Theory and Applications of Dif-
ferentiation and Integration to Arbitrary Order, Academic Press, San Diego, 1974.

[26] A.PEDAS AND E. TAMME, Piecewise polynomial collocation for linear boundary value problems of
fractional differential equations, J. Comput. Appl. Math., 236 (2012), pp. 3349-3359.

[27] 1. PODLUBNY, Fractional Differential Equations, Academic Press, San Diego, 1999.

[28] S. POOSEH, R. ALMEIDA AND D. F. M. TORRES, A discrete time method to the first variation of
fractional order variational functionals, Cent. Euro. J. Phys., 11(10) (2013), pp. 1262-1267.

[29] J. POZORSKA AND Z. POZORSKI, The influence of the core orthotropy on the wrinkling of sandwich
panels, J. Appl. Math. Comput. Mech., 14(4) (2015), pp. 133-138.

[30] W. H. PRESS, S. A. TEUKOLSKY, W. T. VETTERLING, B. P. FLANNERY, Numerical Recipes:
The Art of Scientific Computing (3rd ed.), Cambridge University Press, New York, 2007.

[31] F. RIEWE, Nonconservative Lagrangian and Hamiltonian mechanics, Phys. Rev. E, 53 (1996), pp.
1890-1899.

[32] J. SIEDLECKI, M. CIESIELSKI AND T. BLASZCZYK, Transformation of the second order bound-
ary value problem into integral form-different approaches and a numerical solution, J. Appl. Math.
Comput. Mech., 14(3) (2015), pp. 103-108.

[33] W. SUMELKA, T. BLASZCZYK AND C. LIEBOLD, Fractional Euler-Bernoulli beams: theory, nu-
merical study and experimental validation, Euro. ]. Mech. A Solids, 54 (2015), pp. 243-251.

[34] H. WEI, W. CHEN AND H. G. SUN, Homotopy method for parameter determination of solute
transport with fractional advection-dispersion equation, CMES: Comput. Model. Eng. Sci., 100(2)
(2014), pp. 85-103.

[35] Y. XU AND O. P. AGRAWAL, Models and numerical solutions of generalized oscillator equations,
J. Vibration Acoustics, 136 (2014), 051005.

[36] Y. YANG AND Y. HUANG, Spectral-collocation methods for fractional pantograph delay-
integrodifferential equations, Adv. Math. Phys., (2013), article ID 821327.

[37] Y. YANG, Y. CHEN AND Y. HUANG, Spectral-collocation method for fractional Fredholm integro-
differential equations, ]. Korean Math. Soc., 51(1) (2014), pp. 203-224.

[38] Y. ZHANG, L. CHEN, D. M. REEVES AND H. G. SUN, A fractional-order tempered-stable conti-
nuity model to capture surface water runoff, J. Vibration Control, 22(8) (2016), pp. 1993-2003.



