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Abstract. In this paper, we study exact controllability and feedback stabilization for
the distributed parameter control system described by high-order KdV equation posed
on a periodic domain T with an internal control acting on an arbitrary small nonempty
subdomain w of T. On one hand, we show that the distributed parameter control
system is locally exactly controllable with the help of Bourgain smoothing effect; on
the other hand, we prove that the feedback system is locally exponentially stable with

an arbitrarily large decay rate when Slemrod’s feedback input is chosen.
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1 Introduction

In this paper, we will investigate the following higher-order dispersive equation posed

on the periodic domain T (a unit circle in the plane) from the control point of view:
o4 (=102 yudu=f, xeT, teR, (1.1)
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where f is the control input supported in a given open set w C T. The assumption on
the periodic domain is equivalent to impose the periodic boundary conditions over the
interval (0,277):

%u(0,t)=9d%u(2m,t), n=0,1,---,2l

The following two fundamental control theory problems will be discussed:

Exact controllability: For the given initial state ug and terminal state uy belong in a certain
space, can one find an appropriate control input f such that equation (1.1) admits a solution u
which satisfies

uli=o=uo, Ul=r=1u1?

Feedback stabilization: Is there a feedback control law: f = Ku such that the resulting closed-

loop system
o4 (=102 y 1 uo,u=Ku, xeT,teR

is exponentially stable as t — co?
Since for the solution of (1.1) satisfies

d
E/Tu(x,t)dx—/qrf(x,t)dx,
the mass will be conserved provided that
,t)dx=0.
JREDEE:

For the purpose of mass conservation, the control input as follows is chosen (see [5]):

)= GH ) :=g(x) ()~ [ gty ) 12
where ¢(x) is a given nonnegative smooth function such that {g>0}=w C T and

27t(g] :/Tg(x)dx:l.
With & as a new control input, the resulting control system turns to be
o+ (=112 y 49, u=Gh, x€T,teR. (1.3)
We state the main results as follows:

Theorem 1.1 (Exact controllability). Let T >0 and s >sq (see Lemma 3.2) be given. Then there
exists a § >0 such that for any ug, uy € H*(T) with [ug] = [uq] and

luoll sy <6, [luallps () <6.



Control and Stabilization of High-Order KdV Equation 31

one can find a control function h € L*([0,T);H*(T)) such that the system (1.3) has a solution
ueC([0,T];H*(T)) satisfying

u]t:():uo, ”’t:T:ul-

Theorem 1.2 (Feedback Stabilizability). Let s > so and A >0 be given. If one chooses the
Slemrod’s feedback control K, (see Section 2) in the system (1.3), then the resulting close-loop
system

{atu—l—(—l)l“ail“u—i—uaxu:GKAu, xeT,teR, 1.4

u(x,0) =up(x), xeT

is locally exponentially stable in the space H°(T): there exists 6 >0 such that for any ugc H*(T)
with ||uol| s (my <6, the corresponding solution u of (1.4) satisfies

loe-,£) = o]l (my < Ce™ a0 — [tt0] | 2o,
for any t>0.
When [ =1, the dispersive equation
o+ (—1)"102+ y 1 4o, u=0, (1.5)

became the famous KdV equation, therefor people often call (1.5) as high-order KdV
equation [1,2]. More information on higher-order dispersive equations can be found
in [3]. The periodic exact controllability and exponentially stability of KdV equation and
Kawahara equation are investigated by [4-6] and [7, 8] respectively.

The Cauchy problem of the general dispersive equation (1.5) has been shown well-
posed recently by Bourgain method (see [1,2,9]). The subtle Bourgain smoothing effect
established in [1,2,9] will play an indispensable role in the proofs of exactly controllable
and exponentially stability in this paper. Results on initial-boundary value problem for
(1.5) see [10-14].

Since it is time-reversible for dispersive equation, we assume ¢ > 0 in the following
sections.

The paper is organized as follows: In Section 2, we study the associated linearized
system. We obtain the controllability of the linear open loop system in the space H°(T)
for any s € R through solving a moment problem. Then the exponentially stabilizable
with arbitrarily large decay rate is proved when the Slemrod’s feedback control input
is chosen. In Section 3, aided by Bourgain smoothing properties of linear equation, we
show the nonlinear system is locally exactly controllable in the space H*(T) for any s> sy
by Banach fixed point theorem. In Section 4, the nonlinear feedback system is first shown
to be globally well-posed in the space H*(T) for any s >s( and then it is shown to locally
exponentially stabilizable with arbitrarily large decay rate.
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2 Linear system

Consideration is first given to the associated linear open loop control system

0,v+(—1)*19%+ 1y =Gh, (2.1a)
v(x,0)=v9(x), x€T,teR (2.1b)

where the operator G and control input h =h(x,t) are defined in Section 1.
Let A denote the operator

141 d21+1

Aw = ( d2

with the domain D(A)=H?*1(T). It generates a strongly continuous group W(t) on the
space L?(T) and its eigenfunctions are simply the orthonormal Fourier basis functions in
L3(TD),
1 ikx
x)= e, k=0,+£1,---.
(Pk( ) \/2—7_[

The corresponding eigenvalue of ¢y is

A==k, k=041,
Forany /€ Z, let
m(l):#{kGZ; Ak:/\l}-

Then m(1) <2I+1 for any I and m(l) =1 if I is large enough. Moreover,

lim ‘Ak_Ak+1’ =00.
|k|—c0

The solution v of the system (2.1) can be expressed in the form

o]

v(xt)= ), (eAktUO,k+ /0 teAk“-T)Gk[h](r)dr) (%), (22)

k=—oc0

where v ; and Gi[h] are the Fourier coefficients of vy and G[h], respectively,

vox=(vo,Px)r2(r),  Gilh]=(Gh,¢x) 20y = (h, Gx) 12(T)

for k=0,+1,+2,---. Furthermore, for given s€ R, if vo € H*(T) and k€ L2(0,T;H*(T)), the
function given by (2.2) belongs to the space C([0,T];H*(T)).

We have the following exact controllability result for the open loop control system
(2.1).
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Theorem 2.1. Let T >0 and s €R be given. There exists a bounded linear operator
®: H*(T) x H¥(T) — L*(0,T;H*(T))
such that for any vy, v1 € H*(T), if one chooses h = ®(vy,vr) in (2.1), then the system (2.1)
admits a solution ve C([0,T];H%(T)) satisfying
Uli—0=0v0,  U|i=T=01.

In the sequel we will denote by C numerical constant which maybe different from line
to line. Moreover, let

I flls:==lfllsry forany feH*(T)
1£1==1lo-
Proof. For give vy, v; € H*(T), we need to find h € L?(0,T;H*(T)) such

vl(X):k—i:oo (e)\kTUO’k+/OTeAk(T—T)Gk[h](T)dT> o (x)
or
k:Z_:oo (vlk— —MT UOk) (pk_k;oo/ Aker ](T)drcpk(x)

which is equivalent to the moment equation:

T
vllk—e’AkTvo,k:/ e MTG[h](T)dT (2.3)
0

fork==+1,42,---

If we define py =e™!, then P = {p;| —c0 <k < oo} will form a Riesz basis for its closed
span Prin L2(0,T). We let Q= {gx| —o0 <k < oo} be the unique dual Riesz basis for P in
Pr such that

T
/0 q;(t)p(t)dt =0j, —00 < j, k< oco. (2.4)
We take the control & in (2.3) to have the form
Z higi(t)(Ge;) (x), (2.5)
]_—OO

where the coefficients h]- are to be determined so that, among other things, the series (2.5)
is appropriately convergent. Substituting (2.5) into (2.3) yields, using the biorthogonality
(2.4), that

© T I _—
o= Moo= Yy [ Mg;(8) [ GG (0pex)dxdt=h | G(Gi) ()i dxat,
(2.6)
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for —oco <k <oco. As G is a self-adjoint operator in L(T),
/TG(G@()(x)qbk(x)dxdt: IGHIP,  —co<k<eo.
We have

2
dx

I60:17= [ s (u() - [ steh(sras)

2

:é/jrg%x)dx—Z‘/Tg(x)cpk(x)dx 2—1—/Tg2<x)dx =: By.

| s@)e(x)dx

It is easy to see that Bo =0 and B # 0 if k #0. Moreover, the familiar Lebesgue lemma
together with the second identity above shows that

lim By = /ng(x)dx #0.

k—ro0

It follows that there is a 4 > 0 such that
Bk >0, for k#0.

Setting hp =0 and
e Moy —vgx
hk: —_— k#ol (27)
B
It remains to show that & defined by (2.5) and (2.7) is in L?([0,T];H*(T)) provided that

vy, v1 € H°(T). To this end, let us write

o]

Goe(x)= Y appj(x),

koo
where
3= [ Ggi(0)p(x)dx = (Gy(x) (X)) am),  —e0<jik<co.
Thus o o
h(xt)= ). kz hjajqj(t)pe(x), (2.8)
= —cok——eo
and

1122 j0, 71050

[ 8 w03 ¥ haa)

O k:—oo ]:—OO

2

% T
dt
0

dt— Y (k) /

k=—c0

' Y hjagq;(t)

j=—c0
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o] [ee] o] o0

<C Y 0% Y ImPlapl=C Y |m* Y. (k)*laxl?,

k=—o0 j=—00 j=—00 k=—c0

where the constant C comes from the Riesz basis property of Q in Pr. However

|aij| =(Goj,Pr) 12m) = (87, P%) 12(m) — (897) 12(m) (& PK) 12(T) |

[e°]

| ¥ su@ntptdom—( L sn@ntliem)( L su@mdum)
m=—co m=—o0 m=—o0
1
=58k = 58k +lgillgel
where .
= Z SmPm(x)
jzfoo
Hence
|| < C(1gk—i” +Igxl*Igi1*)
and
Yo (BFlapP<C Y ¥ lgiP+C Y (%[l
k=—o0 k=—o0 k=—o0
=C ) (k=P +Clgl* Y k)%l
k=—c0 k=—0o0
Thus, in the case of s >0,
Y. (k)¥laxl*<C Z ()18 +Clgil* Y (k) |gkl?
k=—o0 k=—0o0 k=—o0
=C(()*+Ig ) llgll3-
We have, according to (2.7), that
VB2 o ramsemy SC| 1 ()= + gDl 112
j=—0o0
\e vj1 =00/
<c[ Y () +lg D) L0 g 2
j=—o0 ﬁ]
<CmaX!ﬁ]\ 2(1+1gl) Y Gyl +1vj0l?)
]—700

<Cmax——=(1+ o1 ||2+]|vol? ).
na W( I3 18112 (llon |2+ [1oo 2)
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In the case of s <0, as for any —oco <k, j<oo,

()72 et )= < (k) 7%, <'>‘251gj!2 <llgl%s,

[ee] o]

Y )R F e <C Z k) I8P HCH g Y (R)F gkl

k=—oc0 k=—0o0 k=—00

<C(1+lgl) gl

and therefore

[ee]

||h||L2 ([0,T];HS(T Z |hj ’2 E 25"1]k’2

k=—c0

o] o]

<C LGP X 670 el

[ee]

<C(+lgIHlglzs 3o ) Iml?

]':700

1
<Cmax——=(1+ 2 2 (o112 lwol?).
nax 1 (81 g 2 (Jen -+ ool -

Now we turn to consider feedback stabilization problem of the linear system (2.1).
According to [4, 7], it is possible to establish the exponential stability with decay rate as
large as one desires for the resulting closed-loop system if the Selmord feedback law is
chosen. For any A >0, define

LA4>:/Ole_ZMW(—T)GG*W*(—T)cpdT

for any ¢ € H°(T). Then, we have

Lemma 2.1. For any s >0, the operator L) is an isomorphism from H*(T) onto H*(T) for all
s>0.

Proof. See Lemma 2.4 in [4]. O

According to Lemma 2.1, L, has bounded inverse in H*(T). Taking the control func-
tion ii(x,t) = —G*L; 'o(x,t), we obtain the following closed-loop system:

oo+ (1)1 lv=—Kyu, ov(x,0)=v(x), x€T (2.9)
with the feedback control law

Kyo(x,t)=—GG*L'v(x,t).
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Proposition 2.1. Let s>0 and A >0 be given. Then for any vy € H*(T), the system (2.9) admits
a unique solution v € C([0,T];H*(T)). Moreover there exist positive constants M depending
only on s such that

lo (- 8)lls < Mse™ ool (2.10)

for any t > 0.

Proof. The existence of the solution v follows from the standard semigroup theory [15].
The decay estimate (2.10) can be proved by interpolation:

The case of s=0 follows from [16].

For s=2I[+1, let w=1v;. Then w solves

atw+(_1)]+la§-l+lw:_K2\wl w(xlo):wO(x), xeT

where wy(x) = (—1)10(()27+1) (x) =K vo(x). Thus

for any t > 0. It then follows from

w=(-1)'0**1v—K,v

that
o D)ll2t41 <e™ oo llar1
for any t > 0.
The case of 0 <s <2[+1 follows by interpolation. The other cases of s can be proved
similarly. O

3 Exact controllability

In this section, we study the exact controllability for the open loop nonlinear control
system:

o+ (=12 vyt udu=Gh, u(x,0)=ug(x), x€T, t>0. (3.1)

To apply the Bourgain smoothing effect, some technical preparations are needed. For

given b,s €R, and a function u: T xR =R, define the quantities

1

. = 2s 2b | ~ 2 :
Il := (k_z_m [ 0% (x=p(0)) |tk ) dr) :
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Huuyb,s::< > ( /R<k>5<r—p<k>>brﬁ<k,r>|dr)2>2

k=—0o0

where 7i(k,T) denotes the Fourier transform of u with respect to the space variable x and
the time variable ¢, (-)=/1+[-]2 and p(k) =—k?*1. Then Bourgain space Xj ; (resp. Y, )
associated to the higher-order KdV equation on T is the completion of the space S(T xR)
under the norm |[|u|x,  (resp. [[ully,.)-
For given b,s € R, let
Zps=XpsMYy_1 6

be endowed with the norm

1) 2, = 1l .+l -
Y

For a given interval I, let X;(I) (resp. Z,s(I)) be the restriction space of X to the
interval [ with the norm

4l x,. 1y =int { |llx,, )| F=u on T I}

(resp. [[ullz, .y =inf{||illz,, | #=uonTxI}).

For simplicity, we denote X}, ;(I) (resp. Z;s(I)) by XST’b (resp. Zgb) if I=(0,T). In addition,
let
lullzs =2] nC(l0,T)H(T)).
7,5

There are a series of smoothing estimates:

Lemma 3.1. Let b,s € R and T >0 be given. There exists a constant C > 0 such that

(i) for any ¢ € H*(T),

IW 9l <l

(ii) for annyZf%’s,

/0 "W(t—1)f(r)dr

Proof. See [2,9]. O

<Clfllz, -

/5

Z

NI— S
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Lemma 3.2. For

1

—5 for I=1,

§>s0=14 —2, for 1=2,
1

—5 for [ >2.

There exist a constant C such that the following bilinear estimate

[(wo)xllzr, <Cllullzr [[ollz
-2 75 25

holds.
Proof. See [17,18] and [9]. O

Proof of Theorem 1.1. Rewrite the system (3.1) in its equivalent integral equation form:

u(t) :W(t)uo+/0tW(t—T)(Gh)(”()dT—/otW(t—T)(uux)(T)dT. (3.2)

Define .
w(T,u)::/O W(T —7) () (7)d.

According to Theorem 2.1, for given ug, u; € Hj(T), if one chooses
h=®(up,u1+w(T,u))

in the equation (3.2), then

u(t):W(t)uo-l—/OtW(t—T) (GCD(uo,ul-l—w(T,u))) (T)dr—/OtW(t—T)(uux)(T)dT,

and
Ul—o =1y, Ulp— =11.

This leads us to consider the map

Tu(t)=W(t)uo+ /0 "W(t—1) (GCD(uo,ul-i-w(T,u))) (t)dt— /O "Wt 1) () (T)dT.

If we can prove that I' is a contraction mapping in an appropriate space, then its fixed
point u is a solution of (3.2) with h=®(ug,u;+w(T,u)) and satisfies u|;—7=1u;.
Applying Lemma 3.1-3.2 yields that

t
[Tl <Clluolls+C|| [ W(t=) (G0, +wo(Tw) (D) +Cluma 7,
28 —55
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<Clluo|s +C||GD(uo,u1+w(T,u)) HLZ([O,T];HS(T))+CH“HZZg
348

<Cllutolls+C [l s+ st + lleo (T, ) s ] +Cllul 2

E,S
Notice that
T
Hw(T,u)HS:H/O W(T =)y ()|
t
<C sup | [ 9(W(t-rjuu(r)dr| <cllul; -

te(o,T)"' /0 5 1

Consequently,

IT()llzr < Cllluolls+lualls) +CllueliZr -
25 58

For R >0, let Bg be a bounded subset of Z{S:
2/
Br= {vezgs\ [0] =0, HUHZQS gR}.

Then, for any u € Br
IT()llzr < C(lluolls+[ur]ls)+CR?.
275

We choose 6 >0 and R >0 such that

2C6+CR*<R, CR< %

Then,
I0@)lzr <R,
275

which means that I' map By into itself.
Similarly, for any u, v € Bg, we deduce that

<fu—ollr ,

275

NI~

1T () =L (@)l
25
which implies that I' is an contracting map on Bg.

By the Banach fixed point theorem, there is unique solution to the integral equation
(3.2) which is the desired solution of (3.1). 0
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4 Exponential stabilizability

For the linearized system

o+ (—1)H102 4y 4 2au, = —Kyu,  x€T,t>0,
u(x,0)=uo(x), xeT.

Its solution can be written as
u(t) =Wa(t)uo,
where W), is the Cp-semigroup associated to the linearized system.
Lemma 4.1. Let sc R and T >0 be given. There exists a constant C > 0 such that
(i)
WA(B)llzr <Cllglls
55
for any ¢ € H(T);
(ii) t
| [ W=, <cllfl
0 Z,y 55
55
forany f € Z%/S

Proof. For given ¢ € Hj(T) and f € Zf%’s, let

u(t):WA(t)cp—l—/OtWA(t—r)f(T)dr.

Then u solves
oiu+ (=112 = —Kyu+f,  x€T,t>0,

u(x,0)=¢(x), xT. (4.1)

Consequently,

u(t):W(t)qb-i—/OtW(t—T)f(T)dT—/OtW(t—T)[KAM](T)CIT
and forany 0<T'<T,

lullzr <C(lI@lls+1fllzr, )+ClKxu]l v
27 T2

—58

where C >0 depends only onsand T. As

IKaull 7 < CallKqullgr < Co(T) [Jullzz
5.5

2, 7§+es
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for some v >0 and C; depending only on s and T. Thus if T’ is chosen small enough, we
have

lullzr <C(Iglls+Iflzr )-
545 -8

It then follows from the semigroup property of the system (4.1) that

lullzr <C(llglls+fllz, ).
28 -

/5

Nl

The proof is complete. U

We first show the closed loop system

{atu—l-(—l)’*lai’“u-i—uaxu:—KAu, xeT, t>0, 12)
u

u(x,0)=up(x), x€T.
is well-posedness in the space H*(T) for any s > 0.

Proposition 4.1. Let T >0 and s > so be given. Then there exists a 6 >0 such that for any
up € H*(T) with
[uolls <9,

the system (4.2) admits a unique solution u € Z1 .- Moreover, the corresponding solution map is
57

Lipschitz continuous.

Proof. Rewrite the system (4.2) in its equivalent integral equation form:
u(t):WA(t)uo—/OtWA(t—T)(uux)(T)dT. (4.3)
Then define the map
Tu(t) = W () — /0 W (f—1) (it (T)dT.
Applying Lemma 4.1, Lemmas 3.1-3.2, we obtain

Tl <Gl | [ (4= () (e

T
Zlg
27

<Cllsolls +Cllulzy -
Z,S
For R >0, let B be a bounded subset of ZlTs:
2/

BR:{UEZ%T/SHU]:O,HUHZT] gR}.
25
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Then, for any u € Bg, we have

IT(u)llzr < Clluolls+CR.
358

We choose 6 >0 and R >0 such that

Cé+CR?*<R, CR<%.

Then, ||T(u)|| zt <R, which implies that I' maps Bg into itself. In addition, for any u,
55

v € Bg, we have

1
IT()=T@)llzy <5lu=-vlz

which implies that I' is an contracting mapping on Bg. By Banach’s contracting mapping
principle, I" has unique fixed point which is the desired solution of the system (4.2). O

Remark 4.1. The local well-posedness result presented in Proposition 4.2 can be restated
as follows:

Let s >sg and r >0 be given. There exists a T >0 such that for any uy € H*(T) with
||luo||s <7, the system (4.2) admits a unique solution u € Z%T’S.

Next we show that the system (4.2) is globally well-posed in the space H*(T) for any
s>0.

Theorem 4.1. Let s >sg and T >0 be given. For any ug € H°(T), the system (4.2) admits a
unique solution u € Z% .- Furthermore, the following estimate holds
27

lullzr <ars(llullo)luolls,
5.5

where ats:RY — R is a nondecreasing continuous function depending only on T and s.

Proof. The proof is very much similar to that of Theorem 4.7 in [5] and is therefore omit-
ted. O

Proof of Theorem 1.2. For given s >0 and A >0, by Proposition 2.3, there exists positive
constant C such that
IWa(Buolls < Ce M uolls, V0.

For any given 0 <A’ <A, pick T >0 such that

2Ce M < e N,



44 X.Q. Zhao and M. Bai / J. Partial Diff. Eq., 31 (2018), pp. 29-46

We seek a solution u to the integral equation (4.3) as a fixed point of the map

Tu(t) :WA(t)uo—/OtWA(t—T)(uux)(T)dT

in some closed ball Bg(0) in the function space ZlTS. This will be done provided that
27

||lto|s < 6 where ¢ is a small number to be determined. Furthermore, to ensure the expo-
nential stability with the claimed decay rate, the numbers 6 and R will be chosen in such
a way that

() lls e T luols.

By Lemma 4.1, there exist some positive constant C;, C; (independent of 6 and R) such
that

IT()llzr <Cilluolls+CallullZr
27 75
IT(u) =Tz <Ca(llmillzy +luallzy )lm—uallzr -
7,5 7/5 z,S z/S
On the other hand, we have for some constant C >0 and all u € Bg(0)

<e M§+C'R2

S

IT(0)(T) e <Co[Wa (T)uolls+Ca| | TWa(T 1) () (7)de

Pick 6 =C4R?, where C,; and R are chosen so that

!/
(Cj—gCe*“, (C1C4+C2)R?*<R, ZCZRS%.
4

Then we have

IP@) gy <R, VueBr(0),
55
1
T (1) ~T()llzr <5llw—mllzr , Vi u2€ By (0).
25 25

Therefore, I is a contraction in Bg(0). Furthermore, its unique fixed point u€ B (0) fulfills
lu(T)lls < IT(u)(T) s <e™*Te.

Assume now that 0<||ug||gy <J. Changing J into ¢’ = ||ugl|s and R into R'= (5//5)%12, we
infer that
lu(T)lls <e* T luolls,

and an obvious induction yields

lu(nT)ls <" fuolls
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for any n>0. We infer by the semigroup property that there exists some positive constant
C>0such that
lu(®)s < Ce™*[luolls,

if |10 |s < 0. O
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