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Abstract. In this paper, we investigate a priori and a posteriori error estimates of fully
discrete H1-Galerkin mixed finite element methods for parabolic optimal control prob-
lems. The state variables and co-state variables are approximated by the lowest order
Raviart-Thomas mixed finite element and linear finite element, and the control vari-
able is approximated by piecewise constant functions. The time discretization of the
state and co-state are based on finite difference methods. First, we derive a priori error
estimates for the control variable, the state variables and the adjoint state variables.
Second, by use of energy approach, we derive a posteriori error estimates for optimal
control problems, assuming that only the underlying mesh is static. A numerical exam-
ple is presented to verify the theoretical results on a priori error estimates.
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1. Introduction

Finite element method is the most widely used numerical method in computing optimal
control problems, the literature on this topic is huge, it is impossible to even give a very
brief review here. For the studies about a priori error estimates, superconvergence and a
posteriori error estimates of finite element approximations for optimal control problems,
see [2, 3, 7, 11, 15, 16, 19, 20, 22, 23, 31, 32] for elliptic optimal control problems and [12,
14,18,21,24–26] for parabolic optimal control problems.

However, the mixed finite element method is much more important for a certain class
of optimal control problems, which contains the gradient of the state variable in the ob-
jective functional. For example, in the flow control problem, the gradient stands for Dracy
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velocity and it is an important physics variable, or, in the temperature control problem,
large temperature gradients during cooling or heating may lead to its destruction. Chen
et al. have done some works on a priori error estimates and superconvergence properties
of standard mixed finite element methods for optimal control problems, see, for exam-
ple, [5, 6, 8, 13]. In [5, 6], Chen used the postprocessing projection operator, which was
defined by Meyer and Rösch (see [22]) to prove a quadratic superconvergence of the con-
trol by mixed finite element methods. In [8], Chen used the average L2 projection operator
and the superconvergence properties of mixed finite element methods for elliptic problems

to derive the superconvergence of the control. However, the convergence order is h
3
2 since

the analysis was restricted by the low regularity of the control. In [13], we developed a
mixed discontinuous finite element method for linear parabolic optimal control problems,
and derived a priori and a posteriori error estimates.

In this paper, we shall investigate a priori and a posteriori error estimates of H1-
Galerkin mixed finite element method for parabolic optimal control problems. The pro-
posed method was first introduced to discuss a priori error estimates for linear parabolic
and parabolic integro-differential equations [27,28]. A notable advantage of this approach
is that the method not only overcomes the inf-sup condition but the approximating finite
element spaces are also allowed to be of different polynomial degree. Notice that using
this method, we can derive two approximations for the gradient of the primal state vari-
able y, one is the numerical approximation solution ppph, the other is the derivative of the
approximation solution yh.

We consider the following linear parabolic optimal control problems for the state vari-
ables ppp, y, and the control u with control constraint:

min
u∈K⊂U

¨

1

2

∫ T

0

�

‖ppp− pppd‖
2 + ‖y − yd‖

2 + ‖u‖2
�

d t

«

(1.1a)

yt(x , t) + divppp(x , t) +βββ(x) · ∇y(x , t) + c(x)y(x , t)

= f (x , t) + u(x , t), x ∈ Ω, t ∈ J , (1.1b)

ppp(x , t) = −A(x)∇y(x , t), x ∈ Ω, t ∈ J , (1.1c)

y(x , t) = 0, x ∈ ∂Ω, t ∈ J , (1.1d)

y(x , 0) = y0(x), x ∈ Ω, (1.1e)

where Ω ⊂ R2 is a polygonal domain, J = (0, T]. Let K be a closed convex set in U =

L2(J ; L2(Ω)), f , yd ∈ L2(J ; L2(Ω)), pppd ∈ L2(J ; (L2(Ω))2), y0 ∈ H1(Ω), βββ ∈ (W 1,∞(Ω))2

and 0 < c ∈ W 1,∞(Ω). We assume that the coefficient matrix A(x) = (ai j(x))2×2 ∈
W 1,∞(Ω̄;R2×2) is a symmetric 2 × 2-matrix and there are constants c1, c2 > 0 satisfying
for any vector X ∈ R2, c1‖X‖

2
R2 ≤ XtAX≤ c2‖X‖

2
R2 . K is a set defined by

K =
n

u ∈ U : u(x , t)≥ 0, a.e. in Ω× J
o

. (1.2)

We also assume that the following coercivity condition holds:

c −
1

2
∇ ·βββ ≥ a0 > 0.
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So the well-posedness of the control problem (1.1a)-(1.1e) is guaranteed.
In this paper, we adopt the standard notation W m,p(Ω) for Sobolev spaces on Ω with a

norm ‖ · ‖m,p given by

‖v‖pm,p =
∑

|α|≤m

‖Dαv‖p
Lp(Ω)

,

a semi-norm | · |m,p given by

|v|pm,p =
∑

|α|=m

‖Dαv‖p
Lp(Ω)

.

We set W
m,p

0 (Ω) = {v ∈W m,p(Ω) : v|∂Ω = 0}. For p = 2, we denote

Hm(Ω) =W m,2(Ω), Hm
0 (Ω) =W

m,2
0 (Ω),

‖ · ‖m = ‖ · ‖m,2, ‖ · ‖= ‖ · ‖0,2.

We denote by Ls(J ; W m,p(Ω)) the Banach space of all Ls integrable functions from J into
W m,p(Ω) with norm

‖v‖Ls(J ;W m,p(Ω)) =
�

∫ T

0

||v||s
Wm,p(Ω)

d t
�

1
s

for s ∈ [1,∞),

and the standard modification for s = ∞. For simplicity of presentation, we denote
‖v‖Ls(J ;W m,p(Ω)) by ‖v‖Ls(W m,p). Similarly, one can define the spaces H1(J ; W m,p(Ω)) and

C k(J ; W m,p(Ω)). In addition C denotes a general positive constant independent of h and
∆t, where h is the spatial mesh-size and ∆t is time step.

The plan of this paper is as follows. In Section 2, we construct H1-Galerkin mixed finite
element approximation scheme for the optimal control problem (1.1a)-(1.1e) and give its
equivalent optimality conditions. The main results of this paper are stated in Section 3
and Section 4. In Section 3, we derive a priori error estimates for the control variable, the
state variables and the adjoint state variables. In Section 4, we derive a posteriori error
estimates for optimal control problems. A numerical example is presented to verify our
main results in Section 5. In the last section, we briefly summarize the results obtained
and some possible future extensions.

2. Mixed methods for optimal control problems

In this section, we shall construct H1-Galerkin mixed finite element approximation
scheme of the control problem (1.1a)-(1.1e). To fix the idea, we shall take the state spaces
LLL = H1(J ;VVV ) and Q = L2(J ; W ), where VVV and W are defined as follows:

VVV = H(div;Ω) =
¦

vvv ∈ (L2(Ω))2, divvvv ∈ L2(Ω)
©

, W = H1
0(Ω). (2.1)

The Hilbert space VVV is equipped with the following norm:

‖vvv‖H(div;Ω) =
�

‖vvv‖20,Ω + ‖divvvv‖20,Ω

�1/2
.
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A mixed weak form of (1.1b)-(1.1c) can be given by

(A−1ppp, vvv) = (y, divvvv), ∀ vvv ∈ VVV , t ∈ J , (2.2a)

(yt , w) + (divppp+βββ · ∇y + c y, w) = ( f + u, w), ∀ w ∈ L2(Ω), t ∈ J , (2.2b)

where (·, ·) is the inner product of L2(Ω).
As in [27], taking w = divvvv, ∀ vvv ∈ VVV in (2.2b), differentiating (2.2a) with respect to t,

and then substituting the two resulting equations, we derive

(A−1pppt , vvv) + (divppp+βββ · ∇y + c y, divvvv) = ( f + u, divvvv), ∀ vvv ∈ VVV , t ∈ J . (2.3)

Using (1.1c) and (2.3), we get the following mixed variational form

(A−1pppt , vvv) + (divppp+βββ · ∇y + c y, divvvv) = ( f + u, divvvv), ∀ vvv ∈ VVV , t ∈ J , (2.4a)

(∇y,∇w) = −(A−1ppp,∇w), ∀ w ∈W, t ∈ J . (2.4b)

Now, we recast (1.1a)-(1.1e) as the following weak form: find (ppp, y,u) ∈ LLL ×Q× K such
that

min
u∈K⊂U

¨

1

2

∫ T

0

�

‖ppp− pppd‖
2 + ‖y − yd‖

2 + ‖u‖2
�

d t

«

(2.5a)

(A−1pppt , vvv) + (divppp+βββ · ∇y + c y, divvvv) = ( f + u, divvvv), ∀ vvv ∈ VVV , t ∈ J , (2.5b)

ppp(x , 0) = −A∇y0(x), ∀ x ∈ Ω, (2.5c)

(∇y,∇w) = −(A−1ppp,∇w), ∀ w ∈W, t ∈ J . (2.5d)

Since the objective functional is convex, it then follows from [17] that the optimal control
problem (2.5a)-(2.5d) has a unique solution (ppp, y,u), and that a triplet (ppp, y,u) is the
solution of (2.5a)-(2.5d) if and only if there is a co-state (qqq, z) ∈ LLL×Q such that (ppp, y,qqq, z,u)
satisfies the following optimality conditions:

(A−1ppp t , vvv) + (divppp+βββ · ∇y + c y, divvvv) = ( f + u, divvvv), ∀ vvv ∈ VVV , t ∈ J , (2.6a)

ppp(x , 0) = −A∇y0(x), ∀ x ∈ Ω, (2.6b)

(∇y,∇w) = −(A−1ppp,∇w), ∀ w ∈W, t ∈ J , (2.6c)

− (A−1qqqt , vvv) + (divqqq, divvvv) = −(A−1∇z, vvv) + (ppp− pppd , vvv), ∀ vvv ∈ VVV , t ∈ J , (2.6d)

qqq(x , T ) = 0, ∀ x ∈ Ω, (2.6e)

(∇z,∇w) = −(divqqq,βββ · ∇w) + (y − yd − cdivqqq, w), ∀ w ∈W, t ∈ J , (2.6f)

(u+ divqqq, ũ− u)≥ 0, ∀ ũ ∈ K . (2.6g)

The inequality (2.6g) can be expressed as

u=max{0,−divqqq}. (2.7)
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Let Th denote a regular rectangulation of the domain Ω, hτ denotes the diameter of τ and
h = max hτ. Let VVV h be a finite dimensional subspace of VVV consisting of the lowest order
Raviart-Thomas mixed finite element space [10,29], namely,

VVV h :=
n

vvvh ∈ VVV : ∀ τ ∈ Th, vvvh|τ ∈Q1,0(τ)×Q0,1(τ)
o

, (2.8)

where Qm,n(τ) indicates the space of polynomials of degree no more than m and n in x

and y on τ, respectively.
Let Wh ⊂W be the standard linear finite element space and Vh be the following piece-

wise constant space

Vh :=
¦

vh ∈ L2(Ω) : ∀ τ ∈ Th, vh|τ = constant
©

. (2.9)

Set Kh = Vh ∩
¦

v ∈ L2(Ω) : v(x)≥ 0, ∀ x ∈ Ω
©

.
Before the mixed finite element scheme is given, we introduce three operators. Firstly,

we define the standard elliptic projection [9] Rh : W →Wh, which satisfies: for any φ ∈W

(∇(Rhφ −φ),∇wh) = 0, ∀ wh ∈Wh, (2.10a)

‖φ − Rhφ‖s ≤ Ch2−s‖φ‖2, s = 0,1, ∀ φ ∈ Hs(Ω). (2.10b)

Next, recall the Fortin projection (see [4] and [10]) Πh : VVV → VVV h, which satisfies: for any
qqq ∈ VVV

(div(Πhqqq− qqq), divvvvh) = 0, ∀ vvvh ∈ VVV h, (2.11a)

‖qqq−Πhqqq‖0,ρ ≤ Ch‖qqq‖1,ρ , 2≤ ρ ≤∞, ∀ qqq ∈
�

W 1,ρ(Ω)
�2

, (2.11b)

‖div(qqq−Πhqqq)‖−s ≤ Ch1+s‖divqqq‖1, s = 0,1, ∀ divqqq ∈ H1(Ω). (2.11c)

At last, we define the standard L2-orthogonal projection Ph : L2(Ω)→ Vh, which satisfies:
for any u ∈ L2(Ω)

(u− Phu,φ) = 0, ∀ φ ∈ Vh. (2.12)

We have the approximation property:

‖u− Phu‖−s,r ≤ Ch1+s|u|1,r , s = 0,1, ∀ u ∈W 1,r(Ω). (2.13)

We now consider the fully discrete mixed finite element approximation for the control
problem. Let ∆t > 0, N = T/∆t ∈ Z, and tn = n∆t, n ∈ Z. Also, let

ψn =ψn(x) =ψ(x , tn), dtψ
n =

ψn −ψn−1

∆t
, δψn =ψn−ψn−1.

We define for 1≤ s <∞ and s =∞ the discrete time dependent norms

|||ψ|||Ls(J ;W m,p(Ω)) :=

 

N−l
∑

n=1−l

∆t‖ψn‖sm,p

!
1
s

, |||ψ|||L∞(J ;W m,p(Ω)) := max
1−l≤n≤N−l

‖ψn‖m,p,
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where l = 0 for the control variable u and the state variables y, ppp, and l = 1 for the
co-state variables z,qqq. For simplicity of presentation, we denote |||ψ|||Ls(J ;W m,p(Ω)) and
|||ψ|||L∞(J ;W m,p(Ω)) by |||ψ|||Ls(W m,p) and |||ψ|||L∞(W m,p), respectively.

Then the fully discrete approximation scheme is to find (pppn
h
, yn

h
,un

h
) ∈ VVV h×Wh×Kh, n=

1, · · · , N , such that

min
un

h
∈Kh

¨

1

2

N
∑

n=1

∆t
�

‖pppn
h − pppn

d‖
2 + ‖yn

h − yn
d ‖

2 + ‖un
h‖

2�
«

(2.14a)

(A−1dtppp
n
h, vvvh) + (divpppn

h +βββ · ∇yn
h + c yn

h , divvvvh) = ( f
n + un

h, divvvvh), ∀ vvvh ∈ VVV h, (2.14b)

ppp0
h
(x) = Πhppp(x , 0), ∀ x ∈ Ω, (2.14c)

(∇yn
h

,∇wh) = −(A
−1pppn

h
,∇wh), ∀ wh ∈Wh. (2.14d)

Again, it can be shown that the optimal control problem (2.14a)-(2.14d) has a unique
solution (pppn

h
, yn

h
,un

h
), n = 1, · · ·, N , and that a triplet (pppn

h
, yn

h
,un

h
) ∈ VVV h ×Wh × Kh, n =

1, · · ·, N , is the solution of (2.14a)-(2.14d) if and only if there is a co-state (qqqn−1
h

, zn−1
h
) ∈

VVV h×Wh such that
�

pppn
h
, yn

h
,qqqn−1

h
, zn−1

h
,un

h

�

∈ (VVV h×Wh)
2×Kh satisfies the following optimality

conditions:

(A−1dtppp
n
h
, vvvh) + (divpppn

h
+βββ · ∇yn

h
+ c yn

h
, divvvvh) = ( f

n+ un
h
, divvvvh), ∀ vvvh ∈ VVV h, (2.15a)

ppp0
h
(x) = Πhppp(x , 0), ∀ x ∈ Ω, (2.15b)

(∇yn
h

,∇wh) = −(A
−1pppn

h
,∇wh), ∀ wh ∈Wh, (2.15c)

− (A−1dtqqq
n
h
, vvvh) + (divqqqn−1

h
, divvvvh) = −(A

−1∇zn−1
h

, vvvh) + (ppp
n
h
− pppn

d
, vvvh),

∀ vvvh ∈ VVV h, (2.15d)

qqqN
h (x) = 0, ∀ x ∈ Ω, (2.15e)

(∇zn−1
h

,∇wh) = −(divqqqn−1
h

,βββ · ∇wh) + (y
n
h − yn

d − cdivqqqn−1
h

, wh), ∀ wh ∈Wh, (2.15f)

(un
h + divqqqn−1

h
, ũh− un

h)≥ 0, ∀ ũh ∈ Kh. (2.15g)

Similarly, employing the projection (2.7) the optimal condition (2.15g) can be rewritten
as follows:

un
h
=max

�

0,−divqqqn−1
h

	

, n= 1, · · · , N . (2.16)

For i = 1, · · ·, N , let

Yh|(ti−1,ti]
=
�

(t i − t)y i−1
h
+ (t − t i−1)y

i
h

�

/∆t,

Zh|(ti−1,ti]
=
�

(t i − t)z i−1
h
+ (t − t i−1)z

i
h

�

/∆t,

Ph|(ti−1,ti]
=
�

(t i − t)ppp i−1
h
+ (t − t i−1)ppp

i
h

�

/∆t,

Qh|(ti−1,ti]
=
�

(t i − t)qqqi−1
h
+ (t − t i−1)qqq

i
h

�

/∆t,

Uh|(ti−1,ti]
= ui

h.
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For any function w ∈ C(J ; L2(Ω)), let

ŵ(x , t)|t∈(ti−1,ti]
= w(x , t i), w̃(x , t)|t∈(ti−1 ,ti]

= w(x , t i−1).

Then the optimality conditions (2.15a)-(2.15g) satisfying
�

A−1Pht , vvvh

�

+ (divP̂h+βββ · ∇Ŷh+ cŶh, divvvvh) = ( f̂ + Uh, divvvvh), ∀ vvvh ∈ VVV h, (2.17a)

Ph(x , 0) = Πhppp(x , 0), ∀ x ∈ Ω, (2.17b)

(∇Ŷh,∇wh) = −(A
−1 P̂h,∇wh), ∀ wh ∈Wh, (2.17c)

−
�

A−1Qht , vvvh

�

+ (divQ̃h, divvvvh) =−
�

A−1∇Z̃h, vvvh

�

+ (P̂h− p̂ppd , vvvh), ∀ vvvh ∈ VVV h, (2.17d)

Qh(x , T ) = 0, ∀ x ∈ Ω, (2.17e)

(∇Z̃h,∇wh) = −(divQ̃h,βββ · ∇wh)+ (Ŷh− ŷd − cdivQ̃h, wh), ∀ wh ∈Wh, (2.17f)

(Uh+ divQ̃h, ũh− Uh)≥ 0, ∀ ũh ∈ Kh. (2.17g)

In the rest of the paper, we shall use some intermediate variables. For any control function
Uh ∈ Kh, we first define the state solution (ppp(Uh), y(Uh),qqq(Uh), z(Uh)) satisfies

�

A−1ppp t(Uh), vvv
�

+ (divppp(Uh) +βββ · ∇y(Uh) + c y(Uh), divvvv)

=( f + Uh, divvvv), ∀ vvv ∈ VVV , t ∈ J , (2.18a)

ppp(Uh)(x , 0) = −A∇y0(x), ∀ x ∈ Ω, (2.18b)

(∇y(Uh),∇w) = −
�

A−1ppp(Uh),∇w
�

, ∀ w ∈W, t ∈ J , (2.18c)

−
�

A−1qqqt(Uh), vvv
�

+ (divqqq(Uh), divvvv)

=
�

ppp(Uh)− pppd − A−1∇z(Uh), vvv
�

, ∀ vvv ∈ VVV , t ∈ J , (2.18d)

qqq(Uh)(x , T ) = 0, ∀ x ∈ Ω, (2.18e)

(∇z(Uh),∇w)

=− (divqqq(Uh),βββ · ∇w) + (y(Uh)− yd − cdivqqq(Uh), w), ∀ w ∈W, t ∈ J . (2.18f)

In the rest of the paper, we shall use some intermediate variables. For any control function
ũ ∈ K , we define the discrete state solution (ppph(ũ), yh(ũ),qqqh(ũ), zh(ũ)) associated with ũ

which satisfies
�

A−1dtppp
n
h
(ũ), vvvh

�

+
�

divpppn
h
(ũ) +βββ · ∇yn

h
(ũ) + c yn

h
(ũ), divvvvh

�

=( f n+ ũn, divvvvh), ∀ vvvh ∈ VVV h, (2.19a)

ppp0
h
(ũ)(x) = Πhppp(x , 0), ∀ x ∈ Ω, (2.19b)

(∇yn
h (ũ),∇wh) = −

�

A−1pppn
h(ũ),∇wh

�

, ∀ wh ∈Wh, (2.19c)

−
�

A−1dtqqq
n
h(ũ), vvvh

�

+ (divqqqn−1
h
(ũ), divvvvh)

=−
�

A−1∇zn−1
h
(ũ), vvvh

�

+ (pppn
h
(ũ)− pppn

d
, vvvh), ∀ vvvh ∈ VVV h, (2.19d)

qqqN
h (ũ)(x) = 0, ∀ x ∈ Ω, (2.19e)
�

∇zn−1
h
(ũ),∇wh

�

=−
�

divqqqn−1
h
(ũ),βββ · ∇wh

�

+
�

yn
h (ũ)− yn

d − cdivqqqn−1
h
(ũ), wh

�

, ∀ wh ∈Wh. (2.19f)
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3. A priori error estimates

In this section, we will derive a priori error estimates for the optimal control problems.

Lemma 3.1. Let (ppp, y,qqq, z) be the solution of (2.6a)-(2.6g) and (pppn
h
(u), yn

h
(u),qqqn−1

h
(u),

zn−1
h
(u)) be the solution (2.19a)-(2.19f) with ũ = u respectively. Assume that yt , (yd)t ∈

L2(L2), y, z ∈ L∞(H2), ppp,qqq ∈ L∞((H2)2), ppp t ,qqqt ∈ L2((H1)2), pppt t ,qqqt t , (pppd)t ∈ L2((L2)2),then

we have

|||∇(y − yh(u))|||L∞(L2)+ |||ppp− ppph(u)|||L∞(L2)

+ |||div(ppp− ppph(u))|||L2(L2) ≤ C1(h+∆t), (3.1a)

|||∇(z− zh(u))|||L2(L2) + |||qqq− qqqh(u)|||L∞(L2)

+ |||div(qqq− qqqh(u))|||L2(L2) ≤ C2(h+∆t), (3.1b)

where

C1 = C
�

‖ppp t‖L2(H1),‖y‖L∞(H2),‖ppp‖L∞(H1),‖ppp‖L2(H2),‖ppp t t‖L∞(L2)

�

,

C2 = C
�

‖ppp t t‖L2(L2),‖qqq t t‖L2(L2),‖yt‖L2(L2),‖(yd)t‖L2(L2),‖ppp t‖L2(H1),‖(pppd)t‖L2(L2),

‖qqqt‖L2(H1),‖y‖L∞(H2),‖ppp‖L∞(H1),‖z‖L2(H2),‖qqq‖L∞(H1),‖ppp‖L2(H2),‖qqq‖L2(H2)

�

are independent of h and ∆t.

Proof. Let

en
1 = Πhpppn− pppn

h
(u), en

2 = Rh yn − yn
h
(u), ρn

1 = pppn−Πhpppn, ρn
2 = yn − Rh yn,

en
3 = Πhqqqn − qqqn

h(u), en
4 = Rhzn − zn

h (u), ρn
3 = qqqn −Πhqqq

n, ρn
4 = zn − Rhzn

for n= 0,1, · · · , N .
From (2.6a)-(2.6f) and (2.19a)-(2.19f), by (2.10a) and (2.11a), we have the following

error equations:

(A−1dt e
n
1 , vvvh) + (diven

1 , divvvvh)

=(εn
1, vvvh)− (A

−1dtρ
n
1 , vvvh)− (βββ · ∇(e

n
2 +ρ

n
2) + c(en

2 +ρ
n
2), divvvvh), (3.2a)

(∇en
2 ,∇wh) = −(A

−1en
1 ,∇wh)− (A

−1ρn
1 ,∇wh), (3.2b)

− (A−1dt e
n
3 , vvvh) + (diven−1

3 , divvvvh)

=(εn−1
3 , vvvh) + (A

−1dtρ
n−1
3 , vvvh)− (A

−1∇(en−1
4 +ρn−1

4 ), vvvh)

+ (ρn
1 + en

1 − δpppn + δpppn
d
, vvvh), (3.2c)

(∇en−1
4 ,∇wh) = −(div(en−1

3 +ρn−1
3 ),βββ · ∇wh)− (c(diven−1

3 + divρn−1
3 ), wh)

+ (ρn
2 + en

2 − δ yn +δ yn
d , wh) (3.2d)

for any vvvh ∈ VVV h and wh ∈Wh, n= 1, · · · , N , and where

εn
1 = A−1(dtppp

n− pppn
t ), εn−1

3 = A−1(qqqn−1
t − dtqqq

n), n= 1, · · · , N . (3.3)
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By standard backward difference error analysis, we have

‖εn
1‖

2 ≤ C∆t‖ppp t t‖
2
L2(tn−1,tn;L2(Ω))

, ‖εn−1
3 ‖

2 ≤ C∆t‖qqqt t‖
2
L2(tn−1,tn;L2(Ω))

. (3.4)

Choosing vvvh = en
1 in (3.2a) and using

�

A−1dt e
n
1 , en

1

�

≥
1

2∆t

�

‖A−
1
2 en

1‖
2 −‖A−

1
2 en−1

1 ‖
2
�

,

we have

1

2∆t

�




A
− 1

2 en
1







2
−




A
− 1

2 en−1
1







2
�

+ ‖diven
1‖

2

≤(εn
1, en

1)−
�

A−1dtρ
n
1 , en

1

�

− (βββ · ∇(en
2 +ρ

n
2) + c(en

2 +ρ
n
2), diven

1). (3.5)

Multiplying both sides of (3.5) by 2∆t and summing it over n from 1 to M (1 ≤ M ≤ N),
using Cauchy inequality, (3.4), (2.10b), (2.11b), Poincare’ inequality and e0

1 = 0, we find
that





A
− 1

2 eM
1







2
+ 2

M
∑

n=1

‖diven
1‖

2∆t ≤Ch2‖y‖2
L2(H2)

+ Ch2‖ppp t‖
2
L2(H1)

+ C(∆t)2‖ppp t t‖
2
L2(L2)

+ C

M
∑

n=1

∆t
�

‖en
1‖

2 + ‖∇en
2‖

2
�

. (3.6)

Setting wh = en
2 in (3.2b), using Cauchy inequality and (2.11b), we have

‖∇en
2‖ ≤ Ch‖pppn‖1 + C‖en

1‖. (3.7)

Substituting (3.7) into (3.6), applying the discrete Gronwall’s lemma to the resulting in-
equality, and using the assumption on A, we find that

|||e1|||
2
L∞(L2)

+ |||dive1|||
2
L2(L2)

≤Ch2
�

‖ppp‖2
L2(H1)

+ ‖ppp t‖
2
L2(H1)

�

+ C(∆t)2‖pppt t‖
2
L2(L2)

. (3.8)

Then we estimate (3.2c) and (3.2d). For sufficiently smooth y, yd , ppp and pppd , we arrive at

(δpppn, vvvh)≤ C(∆t)
1
2 ‖ppp t‖L2(tn−1,tn;L2(Ω))‖vvvh‖, (3.9a)

(δpppn
d , vvvh)≤ C(∆t)

1
2 ‖(pppd)t‖L2(tn−1,tn;L2(Ω))‖vvvh‖, (3.9b)

(δ yn, wh)≤ C(∆t)
1
2 ‖yt‖L2(tn−1,tn;L2(Ω))‖wh‖, (3.9c)

(δ yn
d , wh)≤ C(∆t)

1
2 ‖(yd)t‖L2(tn−1,tn;L2(Ω))‖wh‖. (3.9d)

Selecting vvvh = en−1
3 in (3.2c) and wh = en−1

4 in (3.2d), similar to (3.7) and (3.8), us-
ing (2.10b), (2.11b)-(2.11c), (3.4), (3.9a)-(3.9d), Cauchy inequality, Poincare’s inequality,
discrete Gronwall’s lemma and eN

3 = 0, we conclude that
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|||e3|||
2
L∞(L2)

+ |||∇e4|||
2
L2(L2)

+ |||dive3|||
2
L2(L2)

≤C(∆t)2

�

‖qqqt t‖
2
L2(L2)

+
∑

v=y,yd

‖vt‖
2
L2(L2)

+
∑

v=ppp,pppd

‖vt‖
2
L2(L2)

�

.

+ Ch2
�

‖y‖2
L2(H2)

+ ‖qqqt‖
2
L2(H1)

+ ‖z‖2
L2(H2)

+ ‖qqq‖2
L2(H2)

+ ‖ppp‖2
L2(H1)

�

+ |||e1|||
2
L2(L2)

+ |||∇e2|||
2
L2(L2)

. (3.10)

Combining (2.10b), (2.11b)-(2.11c), (3.7)-(3.8), (3.10), and the triangle inequality, we
complete the proof of lemma. �

Using the stability analysis as in Lemma 3.1, we have

Lemma 3.2. Let
�

pppn
h
, yn

h
,qqqn−1

h
, zn−1

h

�

and
�

pppn
h
(u), yn

h
(u),qqqn−1

h
(u), zn−1

h
(u)
�

be the discrete

solutions of (2.19a)-(2.19f) with ũn = un
h

and ũn = un, respectively. We have

|||∇(yh− yh(u))|||L∞(L2)+ |||ppph− ppph(u)|||L∞(L2) ≤ C |||u− uh|||L2(L2), (3.11a)

|||∇(zh− zh(u))|||L2(L2) + |||qqqh− qqqh(u)|||L∞(L2) ≤ C |||u− uh|||L2(L2), (3.11b)

|||div(ppph− ppph(u))|||L2(L2) + |||div(qqqh− qqqh(u))|||L2(L2) ≤ C |||u− uh|||L2(L2). (3.11c)

Next, we derive the following inequality.

Lemma 3.3. Let u be the solution of (2.6a)-(2.6g) and un
h

be the solution of (2.15a)-(2.15g),
respectively. We have

N
∑

n=1

(un − un
h,divrn−1

3 )∆t ≥ 0. (3.12)

Proof. Let

rn
1 = pppn

h(u)− pppn
h, rn

2 = yn
h (u)− yn

h , n= 0,1, · · · , N , (3.13a)

rn
3 = qqqn

h
(u)− qqqn

h
, rn

4 = zn
h
(u)− zn

h
, n= 0,1, · · · , N . (3.13b)

From (2.19a)-(2.19f), we have

�

A−1dt r
n
1 , vvvh

�

+ (divrn
1 +βββ · ∇rn

2 + crn
2 , divvvvh) = (u

n− un
h, divvvvh), ∀ vvvh ∈ VVV h, (3.14a)

r0
1 (x) = 0, ∀ x ∈ Ω, (3.14b)
�

∇rn
2 ,∇wh

�

= −
�

A−1rn
1 ,∇wh

�

, ∀ wh ∈Wh, (3.14c)

−
�

A−1dt r
n
3 , vvvh

�

+
�

divrn−1
3 , divvvvh

�

= −
�

A−1∇rn−1
4 , vvvh

�

+
�

rn
1 , vvvh

�

, ∀ vvvh ∈ VVV h, (3.14d)

rN
3 (x) = 0, ∀ x ∈ Ω, (3.14e)
�

∇rn−1
4 ,∇wh

�

= −
�

divrn−1
3 ,βββ · ∇wh

�

+
�

rn
2 − cdivrn−1

3 , wh

�

, ∀ wh ∈Wh. (3.14f)

Choosing vvvh = rn−1
3 in (3.14a), wh = rn−1

4 in (3.14c), vvvh = rn
1 in (3.14d) and wh = rn

2 in
(3.14f), respectively. Then multiplying the four resulting equations by ∆t and summing it
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over n from 1 to N , we can find that

N
∑

n=1

(un− un
h
, divrn−1

3 )∆t = |||r1|||
2
L2(L2)

+ |||r2|||
2
L2(L2)

, (3.15)

which yields to (3.12). �

Now, the main result of this section is given in the following theorem.

Theorem 3.1. Let (ppp, y,qqq, z,u) and (pppn
h
, yn

h
,qqqn−1

h
, zn−1

h
,un

h
) be the solution of (2.6a)-(2.6g)

and the solution of (2.15a)-(2.15g), respectively. Assume that all the conditions in Lemma

3.1 are valid and divqqqt ∈ L2(L2). Then we have

|||u− uh|||L2(L2) ≤ C3(h+∆t), (3.16a)

|||∇(y − yh)|||L∞(L2) + |||ppp− ppph|||L∞(L2) + |||div(ppp− ppph)|||L2(L2) ≤ C3(h+∆t), (3.16b)

|||∇(z− zh)|||L2(L2)+ |||qqq− qqqh|||L∞(L2) + |||div(qqq− qqqh)|||L2(L2) ≤ C3(h+∆t), (3.16c)

where C3 = C(C2,‖divqqqt‖L2(L2)) is independent of h and ∆t.

Proof. It follows from (2.6g) , (2.12) and (2.15g) that

|||u− uh|||
2
L2(L2)

=

N
∑

n=1

(un− un
h,un − un

h)∆t

=

N
∑

n=1

(un + divqqqn, un − un
h
)∆t +

N
∑

n=1

�

div(qqqn−1 − qqqn), un − un
h

�

∆t

+

N
∑

n=1

�

div
�

qqqn−1
h
(u)− qqqn−1�, un − un

h

�

∆t +

N
∑

n=1

�

div
�

qqqn−1
h
− qqqn−1

h
(u)
�

,un − un
h

�

∆t

−
N
∑

n=1

�

un
h + divqqqn−1

h
,un − Phun

�

∆t −
N
∑

n=1

�

un
h + divqqqn−1

h
, Phun − un

h

�

∆t

≤
N
∑

n=1

�

div
�

qqqn−1 − qqqn
�

,un − un
h

�

∆t +

N
∑

n=1

�

div
�

qqqn−1
h
(u)− qqqn−1�,un − un

h

�

∆t

+

N
∑

n=1

�

div
�

qqqn−1
h
− qqqn−1

h
(u)
�

,un − un
h

�

∆t =:
3
∑

i=1

Ii . (3.17)

Using Cauchy inequality and Lemma 3.3, we see that

I1 ≤ C(∆t)2‖divqqqt‖
2
L2(L2)

+
1

3
|||u− uh|||

2
L2(L2)

, (3.18a)

I2 ≤ C |||div(qqq− qqqh(u))|||
2
L2(L2)

+
1

3
|||u− uh|||

2
L2(L2)

, (3.18b)

I3 = −|||ppp− ppph(u)|||
2
L2(L2)
− |||y − yh(u)|||

2
L2(L2)
≤ 0. (3.18c)

Then, (3.16a) can be proved by (3.17)-(3.18c) and Lemma 3.1. Combining Lemmas 3.1-
3.2, (3.16a) with the triangle inequality, we complete the proof of theorem. �
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4. A posteriori error estimates

In this section, we shall consider a posteriori error estimates for H1-Galerkin mixed
finite element approximation to parabolic optimal control problems.

Let (ppp, y,qqq, z,u) and (Ph, Yh,Qh, Zh, Uh) be the solutions of (2.6a)-(2.6g) and (2.17a)-
(2.17g), respectively. We decompose the errors as follows:

ppp− Ph = ppp− ppp(Uh) + ppp(Uh)− Ph := rppp + ξppp,

y − Yh = y − y(Uh) + y(Uh)− Yh := ry + ξy ,

qqq−Qh = qqq− qqq(Uh) + qqq(Uh)−Qh := rqqq + ξqqq,

z − Zh = z − z(Uh) + z(Uh)− Zh := rz + ξz.

Now, we are in the position to estimate the error between (y(Uh), ppp(Uh), z(Uh),qqq(Uh), Uh)

and (Yh, Ph, Zh,Qh, Uh).

Lemma 4.1. Let (Yh, Ph, Zh,Qh, Uh) and (y(Uh), ppp(Uh), z(Uh),qqq(Uh), Uh) be the solutions of

(2.17a)-(2.17g) and (2.18a)-(2.18f), respectively. Then we have

‖∇(y(Uh)− Yh)‖L∞(L2)+ ‖ppp(Uh)− Ph‖L∞(L2) + ‖div(ppp(Uh)− Ph)‖L2(L2) ≤ C

3
∑

i=1

ηi, (4.1)

where

η2
1 =max

t∈J

∑

τ∈Th

h2
τ‖div(A−1Ph+∇Yh)‖

2
L2(τ)

+max
t∈J

∑

l∈∂Th

∫

l

hl

�

(A−1Ph+∇Yh) ·n
�2

,

η2
2 =

N
∑

i=1

∫ ti

ti−1





∑

τ∈Th

�

‖A−1Pht +∇Yht‖
2
L2(τ)

+ ‖Yht + divP̂h

+βββ · ∇Ŷh+ cŶh− f̂ − Uh‖
2
L2(τ)

��

,

η2
3 = ‖ f − f̂ ‖2

L2(L2)
+ ‖div(Ph− P̂h)‖

2
L2(L2)

+ ‖∇(Yh− Ŷh)‖
2
L2(L2)

+ ‖A∇y0−Πh(A∇y0)‖
2,

where l is an edge of an element τ,
�

(A−1Ph+∇Yh) · n
�

l is the normal derivative jumps over

the interior edge l, defined by

[(A−1Ph+∇Yh) · n]l =
h

�

A−1Ph+∇Yh

�

|τ1
l
−
�

A−1Ph+∇Yh

�

|τ2
l

i

· n,

where n is the unit normal vector on l = τ1
l
∩ τ2

l
outwards τ1

l
, hl is the maximum diameter

of the edge l.

Proof. First, let y0
h

be the solution of the following equation

(∇y0
h ,∇wh) = −

�

A−1ppp0
h,∇wh

�

, ∀ wh ∈Wh,
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this together with (2.15c) yields to

(∇Yh,∇wh) = −(A
−1Ph,∇wh), ∀ wh ∈Wh. (4.2)

It follows from (2.17c), (2.18c), Green’s formula and Cauchy inequality that

‖∇ξy‖
2 = (∇ξy ,∇y(Uh)) + (A

−1ξppp,∇Yh)

=− (A−1ppp(Uh),∇y(Uh))− (∇Yh,∇y(Uh)) + (A
−1ppp(Uh),∇Yh)− (A

−1Ph,∇Yh)

=− (A−1ξppp,∇ξy)− (A
−1Ph+∇Yh,∇ξy)

=− (A−1ξppp,∇ξy)− (A
−1Ph+∇Yh,∇(ξy − π̂hξy))

=− (A−1ξppp,∇ξy)−
∑

τ∈Th

∫

τ

div(A−1Ph+∇Yh)(ξy − π̂hξy)

+
∑

l∈∂Th

∫

l

[(A−1Ph+∇Yh) ·n](ξy − π̂hξy)

≤C‖ξppp‖
2 + C

∑

τ∈Th

h2
τ

∫

τ

(div(A−1Ph+∇Yh))
2

+ C
∑

l∈∂Th

hl

∫

l

[(A−1Ph+∇Yh) · nnn]
2+

1

2
‖∇ξy‖

2, (4.3)

where we have also used the properties of the local averaging interpolation operator π̂h,
please see [30] for detail.

Using (2.17a) and (2.18a), we find that
�

A−1ξpppt ,ξppp

�

+
�

divξppp, divξppp

�

=
�

A−1ξpppt , ppp(Uh)
�

+ (divξppp, divppp(Uh)) +
�

f̂ − f + div(Ph− P̂h)

+βββ · ∇
�

y(Uh)− Ŷh

�

+ c
�

y(Uh)− Ŷh

�

, divPh

�

=
�

f + Uh−βββ · ∇y(Uh)− c y(Uh), divppp(Uh)
�

−
�

A−1Pht , ppp(Uh)
�

−
�

divPh, divppp(Uh)
�

+
�

f̂ − f + div(Ph− P̂h) +βββ · ∇(y(Uh)− Ŷh) + c(y(Uh)− Ŷh), divPh

�

=−
�

A−1Pht , ppp(Uh)
�

−
�

divP̂h+βββ · ∇Ŷh+ cŶh− f̂ − Uh, divppp(Uh)
�

− ( f̂ − f + div(Ph− P̂h) +βββ · ∇(y(Uh)− Ŷh) + c(y(Uh)− Ŷh), divξppp)

=−
�

A−1Pht +∇Yht ,ξppp

�

−
�

f̂ − f + div(Ph− P̂h) +βββ · ∇(Yh− Ŷh), divξppp

�

−
�

Yht + divP̂h+βββ · ∇Ŷh+ cŶh− f̂ − Uh, divξppp

�

−
�

βββ · ∇ξy + c(Yh− Ŷh)+ cξy , divξppp

�

. (4.4)

Now, integrating (4.4) from 0 to t, using Cauchy inequality, the following equality

(∇Yht ,ξppp) = −(Yht , divξppp), (4.5)

Poincare’s inequality, (4.3), and Gronwall’s lemma, we complete the proof of lemma. �
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Lemma 4.2. Let (Yh, Ph, Zh,Qh, Uh) and (y(Uh), ppp(Uh), z(Uh),qqq(Uh), Uh) be the solutions of

(2.17a)-(2.17g) and (2.18a)-(2.18f), respectively. Then we have

‖∇(z(Uh)− Zh)‖L2(L2) + ‖qqq(Uh)−Qh‖L∞(L2) + ‖div(qqq(Uh)−Qh)‖L2(L2)

≤C

8
∑

i=4

ηi + ‖∇(y(Uh)− Yh)‖L2(L2) + ‖ppp(Uh)− Ph‖L2(L2), (4.6)

where

η2
4 =

N
∑

i=1

∫ ti

ti−1

∑

τ∈Th

h2
τ



div(∇Zh+βββdivQ̃h) + Ŷh− ŷd − cdivQ̃h





2

L2(τ)
,

η2
5 =

N
∑

i=1

∫ ti

ti−1

∑

l∈∂Th

∫

l

hl

�

(∇Zh+βββdivQ̃h) · n
�2

,

η2
6 =

N
∑

i=1

∫ ti

ti−1

∑

τ∈Th

�

‖A−1Qht + P̂h− p̂ppd − A−1∇Z̃h+∇W̃h‖
2
L2(τ)

+ ‖W̃h− divQ̃h‖
2
L2(τ)

�

,

η2
7 = ‖yd − ŷd‖

2
L2(L2)

+ ‖div(Qh− Q̃h)‖
2
L2(L2)

+ ‖∇(Zh− Z̃h)‖
2
L2(L2)

,

η2
8 = ‖Ph− P̂h‖

2
L2(L2)

+ ‖pppd − p̂ppd‖
2
L2(L2)

,

where W̃h ∈ L2(Wh) can be obtained by

(∇W̃h,∇wh) = −
�

A−1Qht + P̂h− p̂ppd − A−1∇Z̃h,∇wh

�

, ∀ wh ∈Wh.

Proof. Similar to (4.3)-(4.4), we have

‖∇ξz‖
2 = (∇ξz,∇z(Uh))+ (∇(Zh− Z̃h),∇Zh) +

�

y(Uh)− Ŷh+ ŷd − yd

+cdiv(Q̃h− qqq(Uh)), Zh

�

−
�

div(qqq(Uh)− Q̃h),βββ · ∇Zh

�

=−
�

divqqq(Uh),βββ · ∇z(Uh)
�

+
�

y(Uh)− yd − cdivqqq(Uh), z(Uh)
�

− (∇Zh,∇z(Uh))

+
�

∇(Zh− Z̃h),∇Zh

�

+
�

y(Uh)− Ŷh+ ŷd − yd + cdiv(Q̃h− qqq(Uh)), Zh

�

−
�

div(qqq(Uh)− Q̃h),βββ · ∇Zh

�

=−
�

∇Z̃h+βββdivQ̃h,∇(ξz − π̂hξz)
�

+
�

Ŷh− ŷd − cdivQ̃h,ξz − π̂hξz

�

−
�

∇(Zh− Z̃h),∇ξz

�

+
�

ξy + Yh− Ŷh+ ŷd − yd − cdivξqqq + cdiv(Q̃h−Qh),ξz

�

−
�

divξqqq + div(Qh− Q̃h),βββ · ∇ξz

�

≤C
∑

τ∈Th

h2
τ

∫

τ

�

div(∇Zh+βββdivQ̃h) + Ŷh− ŷd − cdivQ̃h

�2

+ C
∑

l∈∂Th

hl

∫

l

�

(∇Zh+βββdivQ̃h) · n
�2
+ C‖∇(Zh− Z̃h)‖

2 + C
�

‖ξy‖
2 + ‖Yh− Ŷh‖

2

+‖ ŷd − yd‖
2 + ‖divξqqq‖

2
�

+ C‖div(Qh− Q̃h)‖+
1

2
‖∇ξz‖

2, (4.7a)
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−
�

A−1ξqqqt ,ξqqq

�

+ (divξqqq, divξqqq)

=
�

A−1Qht + P̂h− p̂ppd − A−1∇Z̃h+∇W̃h,ξqqq

�

+ (W̃h− divQ̃h, divξqqq)

+ (div(Q̃h−Qh), divξqqq) +
�

A−1∇(Z̃h− Zh),ξqqq

�

+ (Ph− P̂h+ cξy + p̂ppd − pppd + ξppp + A−1∇ξy ,ξqqq). (4.7b)

Now, integrating (4.7b) from t to T , using Cauchy inequality, Poincare’s inequality, Gron-
wall’ lemma, (4.7a) and ξqqq(x , T ) = 0, we complete the proof of lemma. �

From (2.6a)-(2.6g) and (2.18a)-(2.18f), we derive the error equations:

�

A−1rpppt , vvv
�

+ (divrppp +βββ · ∇ry + cry , divvvv) = (u− Uh, divvvv), ∀ vvv ∈ VVV , t ∈ J , (4.8a)

rppp(x , 0) = 0, ∀ x ∈ Ω, (4.8b)

(∇ry ,∇w) = −
�

A−1rppp,∇w
�

, ∀ w ∈W, t ∈ J , (4.8c)

−
�

A−1rqqqt , vvv
�

+ (divrqqq, divvvv) = −(A−1∇rz, vvv)+ (rppp, vvv), ∀ vvv ∈ VVV , t ∈ J , (4.8d)

rqqq(x , T ) = 0, ∀ x ∈ Ω, (4.8e)

(∇rz,∇w) = −(divrqqq,βββ · ∇w) + (ry − cdivrqqq, w), ∀ w ∈W, t ∈ J . (4.8f)

Using the stability analysis as in Lemmas 4.1-4.2, we have

Lemma 4.3. Let (y, ppp, z,qqq) and (y(Uh), ppp(Uh), z(Uh),qqq(Uh)) be the solutions of (2.6a)-(2.6g)
and (2.18a)-(2.18f), respectively. Then we have

‖∇(y − y(Uh))‖L∞(L2) + ‖ppp− ppp(Uh)‖L∞(L2) ≤ C‖u− Uh‖L2(L2), (4.9a)

‖∇(z− z(Uh))‖L2(L2)+ ‖qqq− qqq(Uh)‖L∞(L2) ≤ C‖u− Uh‖L2(L2), (4.9b)

‖div(ppp− ppp(Uh))‖L2(L2) + ‖div(qqq− qqq(Uh))‖L2(L2) ≤ C‖u− Uh‖L2(L2). (4.9c)

In order to the following analysis, we divide the domain Ω into three parts:

Ω− = {x ∈ Ω : divQ̃h(x)≤ 0},

Ω0 = {x ∈ Ω : divQ̃h(x)> 0, Uh(x) = 0},

Ω+ = {x ∈ Ω : divQ̃h(x)> 0, Uh(x)> 0}.

It is easy to see that the partition of the above three subsets is dependent on t. For all t,
the three subsets are not intersected each other, and Ω̄ = Ω̄− ∪ Ω̄0 ∪ Ω̄+.

Firstly, let us derive the a posteriori error estimates for the control u.

Lemma 4.4. Let (y, ppp, z,qqq,u) and (Yh, Ph, Zh,Qh, Uh) be the solutions of (2.6a)-(2.6g) and

(2.17a)-(2.17g), respectively. Then we have

‖u− Uh‖L2(L2) ≤ Cη0 + ‖div(Q̃h− qqq(Uh))‖L2(L2), (4.10)

where η0 = ‖Uh+ divQ̃h‖L2(J ;L2(Ω−∪Ω+)).
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Proof. It follows from (2.6g) that

‖u− Uh‖
2
L2(L2)

=

∫ T

0

�

u− Uh,u− Uh

�

d t

=

∫ T

0

�

u+ divqqq,u− Uh

�

d t +

∫ T

0

�

Uh+ divQ̃h, Uh− u
�

d t

+

∫ T

0

�

div
�

Q̃h− qqq(Uh)
�

,u− Uh

�

d t +

∫ T

0

�

div
�

qqq(Uh)− qqq
�

,u− Uh

�

d t

≤

∫ T

0

�

Uh+ divQ̃h, Uh− u
�

d t +

∫ T

0

�

div(Q̃h− qqq(Uh)),u− Uh

�

d t

+

∫ T

0

�

div(qqq(Uh)− qqq),u− Uh

�

d t

= : I1 + I2 + I3. (4.11)

We first estimate I1. Note that

I1 =

∫ T

0

(Uh+ divQ̃h, Uh− u)d t

=

∫ T

0

∫

Ω−∪Ω+

(Uh+ divQ̃h)(Uh− u)d xd t +

∫ T

0

∫

Ω0

(Uh+ divQ̃h)(Uh− u)d xd t. (4.12)

It follows from Cauchy inequality that

∫ T

0

∫

Ω−∪Ω+

(Uh+ divQ̃h)(Uh− u)d xd t

≤C‖Uh+ divQ̃h‖
2

L2
�

J ;L2(Ω−∪Ω+)
� +

1

3
‖u− Uh‖

2

L2
�

J ;L2(Ω−∪Ω+)
�

=Cη2
0 +

1

3
‖u− Uh‖

2
L2(L2)

. (4.13)

Furthermore, we have that

Uh+ divQ̃h ≥ divQ̃h > 0, Uh− u= 0− u ≤ 0 on Ω0.

It yields that

∫ T

0

∫

Ω0

(Uh+ divQ̃h)(Uh− u)d xd t ≤ 0. (4.14)

Then (4.12)-(4.14) imply that

I1 ≤ Cη2
0 +

1

3
‖u− Uh‖

2
L2(L2)

. (4.15)
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Moreover, using Cauchy inequality, it is clear that

I2 =

∫ T

0

(div(Q̃h− qqq(Uh)),u− Uh)d t

≤ C‖div(Q̃h− qqq(Uh))‖
2
L2(L2)

+
1

3
‖u− Uh‖

2
L2(L2)

. (4.16)

Now we turn to I3. Integrating (4.8a), (4.8c)-(4.8d) and (4.8f) from 0 to T , using (4.8b)
and (4.8e), we have

I3 =

∫ T

0

�

(y(Uh)− y, y − y(Uh)) + (ppp(Uh)− ppp, ppp− ppp(Uh))
�

d t ≤ 0. (4.17)

Thus, we obtain from (4.13) and (4.15)-(4.17) that

‖u− Uh‖
2
L2(L2)
≤ Cη2

0 + ‖div(Q̃h− qqq(Uh))‖
2
L2(L2)

, (4.18)

which completes the proof. �

Collecting Lemmas 4.1-4.4 and the triangle inequality, we can derive the following
main result.

Theorem 4.1. Let (ppp, y,qqq, z,u) and (Ph, Yh,Qh, Zh, Uh) be the solutions of (2.6a)-(2.6g) and

(2.17a)-(2.17g), respectively. Then we have

‖u− Uh‖L2(L2)+ ‖∇(y − Yh)‖L∞(L2) + ‖ppp− Ph‖L∞(L2) + ‖div(ppp− Ph)‖L2(L2)

+ ‖∇(z − Zh)‖L∞(L2) + ‖qqq−Qh‖L∞(L2) + ‖div(qqq−Qh)‖L2(L2) ≤ C

8
∑

i=0

ηi , (4.19)

where η0 is defined in Lemma 4.4, η1-η3 are defined in Lemma 4.1, and η4-η8 are defined in

Lemma 4.2.

5. Numerical experiments

In this section, we present below an example to illustrate the theoretical results on a
priori error estimates. The discretization was already described in previous sections: the
control function u was discretized by piecewise constant functions, whereas the state (y, ppp)

and the co-state (z,qqq) were approximated by the lowest order Raviart-Thomas mixed finite
element functions and standard piecewise linear finite element functions. In the following
example, we choose the domain Ω = [0,1]× [0,1], βββ = (1,1)T , T = 1, c = 1 and A is a
unit matrix.
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Table 1: The numerical error for control variable and state variables on uniform mesh.

h=∆t 1/4 1/8 1/16 1/32
|||u− uh|||L2(L2) 3.0597e-01 1.7542e-01 8.1834e-02 3.5567e-02
|||∇(y − yh)|||L∞(L2) 6.7731 2.9599 1.3987 6.8820e-01
|||ppp− ppph|||L∞(L2) 5.7357 2.7834 1.3750 6.8524e-01
|||∇(z− zh)|||L∞(L2) 10.1826 5.5310 2.8289 1.4266
|||qqq− qqqh|||L∞(L2) 2.0087e-01 1.0718 5.4695e-02 2.7921e-03

Table 2: Convergence orders of the numerical error for control variable and state variables.

h=∆t 1/4 1/8 1/16 1/32
|||u− uh|||L2(L2) - 0.7990 1.0976 1.2016
|||∇(y − yh)|||L∞(L2) - 1.1980 1.0840 1.0214
|||ppp− ppph|||L∞(L2) - 1.0426 1.0143 1.0071
|||∇(z− zh)|||L∞(L2) - 0.8797 0.9708 0.9855
|||qqq− qqqh|||L∞(L2) - 0.9030 0.9708 0.9708

Example 5.1. The data under testing are as follows:

y = et sin(2πx1) sin(2πx2),

ppp = −

�

2πet cos(2πx1) sin(2πx2)

2πet sin(2πx1) cos(2πx2)

�

,

qqq = −

�

sin(πt) cos(πx1) sin(πx2)

sin(πt) sin(πx1) cos(πx2)

�

,

z = divqqq, u =max{0,−divqqq}.

The source function f and the desired states yd and pppd can be determined using the above
functions. In Table 1, the error

|||u− uh|||L2(L2), |||∇(y − yh)|||L∞(L2),

|||ppp− ppph|||L∞(L2), |||∇(z− zh)|||L∞(L2)

|||qqq− qqqh|||L∞(L2)

obtained on a sequence of uniformly refined meshes are shown. The convergence orders
of these errors can be found in Table 2. These results are consistent with the prediction of
Theorem 3.1.

6. Conclusions

In this paper, we discussed fully discrete H1-Galerkin mixed finite element methods for
linear parabolic optimal control problem (1.1a)-(1.1e), we used backward Euler method
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(θ -method with θ = 1) for time discretization. In the coming papers, we shall use Crank-
Nicolson method (θ -method with θ = 1

2
) and discontinuous Galerkin method with piece-

wise polynomials for time discretization, we can refer to [1, 24, 25] to construct the cor-
responding numerical schemes. Furthermore, we shall consider a priori and a posteriori
error estimates of H1-Galerkin mixed finite element methods for optimal control problems
governed by hyperbolic equations and parabolic integro-differential equations.
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