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Abstract. In this paper, a mixed tensor analysis for a two-dimensional (2D) manifold
embedded into a three-dimensional (3D) Riemannian space is conducted and its appli-
cations to construct a dimensional splitting method for linear and nonlinear 3D elastic
shells are provided. We establish a semi-geodesic coordinate system based on this
2D manifold, providing the relations between metrics tensors, Christoffel symbols, co-
variant derivatives and differential operators on the 2D manifold and 3D space, and
establish the Gateaux derivatives of metric tensor, curvature tensor and normal vector
and so on, with respect to the surface ~Θ along any direction~η when the deformation of
the surface occurs. Under the assumption that the solution of 3D elastic equations can
be expressed in a Taylor expansion with respect to transverse variable, the boundary
value problems satisfied by the coefficients of the Taylor expansion are given.
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1 Introduction

A shell is a three-dimensional (3D) elastic body that is geometrically characterized by its
middle surface and its small thickness. The middle surface ℑ is a compact surface in ℜ3

that is not a plane (otherwise the shell is a plate), and it may or may not have a boundary.
For instance, the middle surface of a sail has a boundary, whereas that of a basketball has
no boundary.
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At each point s ∈ ℑ, let n(s) denote a unit vector normal to ℑ. Then the reference
configuration of the shell, (that is, the subset of ℜ3 that occupies before forces are applied

to it), is a set of the form {(~θ+ξn(s))∈ℜ3 :~θ∈ℑ,|ξ|≤e(~θ)}, where the function e: ℑ→ℜ is
sufficiently smooth and satisfies 0≤ e(~θ)≤ ε for all s∈ℑ. Additionally, ε>0 is thought of
as being ‘small’ compared with the ‘characteristic’ length of ℑ (its diameter, for instance).
If e(s)= ε,∀s∈ ℑ, the shell is said to have a constant thickness of 2ε. If e is not a constant
function, the shell is said to have a variable thickness.

The theory of elastic plates and shells is one of the most important theories of elastic-
ity. Thin shells and plates are widely used in civil engineering projects as well as engi-
neering projects. Examples include aircraft, cars, missiles, orbital launch systems, rockets,
and trains.

Considerable work on the subject was conducted by the Russian scholars A.I. Lurje
(1937), V.Z. Vlasov (1944) and V.V. Novozhilov (1951) after the pioneer idea of Love.
However, now it appears necessary to improve the mathematical understanding of the
classical plate and shell models pioneered by these scholars. The reason for this is that
the precision required in aircraft and spacecraft projects has intensified with the advent
of powerful electronic computers. The goal therein is, on the one hand, to develop better
finite approximations on elements and, on the other hand, to refine theoretical models
when necessary.

A.L. Gol’denveizer (1953) first put forward the ideas of conducting an asymptotic
analysis based on the thickness of a shell or plate. New formulations for shells and plates
were obtained by relaxing the constitutive relations and reinforcing the equilibrium that
must be satisfied. Even in presenting a much more detailed analysis than that offered by
his predecessors, no mathematical justification was given by Gol’denveizer. As such, a
large number of difficulties were still to be overcome. At the same time, the weak for-
mulations of J.L. Lions and mixed formulations of Hellinger-Reissner and Hu-Washizu
(1968) appeared to provide alleviation. Of particular significance was the work of J.L. Li-
ons (1973) on singular perturbation, which provided the tools and explanation for what
happens when the asymptotic method is applied to plates, shells, and beams. The math-
ematical foundation of elasticity can be found in [4,6]. The asymptotic method was revis-
ited in a functional framework proposed by Li, Zhang and Huang [1], P.G. Ciarlet [3,4]
and M. Bernadou [5]. Their work made convergence and error analysis possible therein
for the first time.

The 3D models are derived directly from the principles of equilibrium in classical
mechanics, and are viewed as singular perturbation problems dependent upon the small
parameter ε (the half-thickness of the shell). 2D models are obtained by making some
additional hypotheses that are not justified by physical law. Our aim here is to justify
mathematically the assumptions that formulate the basis of a 2D model of elasticity, and
whose solution approaches 3D displacement better than the solution of classical models.

This paper is organized as follows: in Section 2, we present a mixed tensor analysis on
2D manifolds embedded into 3D Euclidian space; in Section 3, we provide the exchange
of tensors and curvature after the deformation of curvatures; in Section 4, we give dif-
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ferential operators in 3D Riemannian space under semi geodesic coordinate system; in
Section 5, asymptotic forms of 3D linear and nonlinear elastic operators with respect to
transverse variable ξ are derived; in Section 6, a specific shell as an example,is provided.

2 Mixed tensor analysis on a 2D manifold embedded into a 3D

Riemannian space

Tensor analysis in Riemannian space can be found in [2]. Here it presents for mixed
tensor analysis on a 2D manifold embedded into a 3D Riemannian space, in which we
provide basic theorem and formula and gives proof in details.

Let us consider elastic shells, which is assumed to be a St Venant-Kirchhoff material
and homogeneous and isotropic. Hence this material is characterized by its two Lamé
constants λ>0 and µ>0 which are thus independent of its thickness.

An elastic shell whose reference configuration {Ω̂ε}⊂ E3 (3D-Euclidean space) con-
sists of all points within a distance ≤ ε from a given surface ℑ⊂ E3 and ε > 0 which is
thought of being small. The 2D manifold ℑ⊂E3 is called the middle surface of the shell,
and the parameter ε is called the semi-thickness of the shell. The surface ℑ can be defined

as the image ~θ of the closure of a domain ω⊂R2, where ~θ : ω̄→E3 is a smooth injective
mapping. Let~n denote an unit normal vector along ℑ and let

Ωε=ω×(−ε,ε).

Hence the set {Ω̂ε} is given by {Ω̂ε}= ~Θ(Ω̄ε) where the mapping ~Θ : Ω̄ε ⊂ R3 → E3 is
defined by

~Θ(x1,x2,ξ)=~θ(x1,x2)+ξ~n, ∀(x1,x2,ξ)∈ Ω̄ε , (x1,x2)∈ω. (2.1)

The pair (x1,x2) is usually called Gaussian coordinate on ℑ, and (x1,x2,ξ) is called semi-
geodesic coordinate system (S-Coordinate System) (if E3 is a Riemmannian space and
ℑ is a 2D manifold). The boundary of shell {Ω̂ε} consists as follows: • top surface
Γt=ℑ×{+ε},
• bottom surface Γb=ℑ×{−ε},
• lateral surface Γl =Γ0∩Γ1 :Γ0=γ0×{−ε,+ε},Γ1=γ1×{−ε,+ε}, where γ=γ0∪γ1 is the
boundary of ω:γ=∂ω.

In what follows, Latin indices and exponent: (i, j,k,···) take their values in the set
{1,2,3} whereas Greek indices and exponents (α,β,γ,··· ,) take their values in the set
{1,2}. In addition, Einstein’s summation convention with respect to repeated indices
and exponent is used.

It is well known that the covariant and contravariant component of the metric tensors
on the surface ℑ are given by

aαβ =~θα
~θβ and aαβaβλ =δα

λ, (2.2)
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where~θα=
∂~θ

∂xα . The second and third fundamental forms are given by

bαβ=~n~θαβ =−~nα
~θβ, cαβ =~nα~nβ, cαβ= aλσbαλbβσ. (2.3)

Furthermore, it is well known that the contravariant components of bαβ,cαβ are given by

bαβ = aαλaβσbλσ, cαβ= aαλaβσcλσ,

while the inverse matrices b̂αβ, ĉαβ of bαβ,cαβ can be expressed by

b̂αβbβλ=δα
λ, ĉαβcβλ=δα

λ, (2.4)

which will play important role in the followings. In the same season we have to introduce
permutation tensors in ℜ3 and on ℑ which are given by

ε ijk =





√
g,

−√
g,

0,

εijk =





1√
g , (i, j,k) : even permutation of (1,2,3),

− 1√
g , (i, j,k) : odd permutation of (1,2,3),

0, otherwise,

(2.5)

where g=det(gij) and gij is metric tensor of ℜ3.
Similarly

εαβ =





√
a,

−√
a,

0,

εαβ=





1√
a
, (α,β) : even permutation of (1,2),

− 1√
a
, (α,β) : odd permutation of (1,2),

0, otherwise.

(2.6)

Let H and K denote mean curvature and Gaussian curvature respectively:

H=
1

2
aαβbαβ, K=

det(bαβ)

det(aαβ)
=

b

a
.

Then the determinant of third fundamental tensor cαβ is

c=det(cαβ)=det(aλσbαλbβσ)= a−1b2=bK.

Using permutation tensors in ℜ3 and on ℑ the following relationships are held




aαβaβλ=δα
λ, b̂αβbβλ=δα

λ, ĉαβcβλ=δα
λ,

aαβ = εαλεβσaλσ, a=det(aαβ),

bb̂αβ = aεαλεβσbλσ, Kb̂αβ = εαλεβσbλσ, b=det(bαβ),
cĉαβ = aεαλεβσcλσ, K2ĉαβ = εαλεβσcλσ, c=det(cαβ),

(2.7)

and {
b
a =K, c

a =K2,
c=det(cαβ)=det(aλσbαλbβσ)= a−1b2=bK= aK2.

(2.8)

The following lemma present fundamental formula concerning many basic tensors of
order two on the surface.
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Lemma 2.1. The third fundamental tensor is not independent of the first and second fundamental
tensors aαβ,bαβ. There are following relationships





Kaαβ−2Hbαβ+cαβ=0, Kaαβ−2Hbαβ+cαβ =0,

aαβ−2H ˆbαβ+K ˆcαβ=0,

K ˆbαβ+bαβ−2Haαβ =0, K2 ˆcαβ+2Hbαβ−(4H2−K)aαβ =0.

(2.9)

Besides, there are relationships between matrices bαβ,cαβ and its inverse matrices b̂αβ, ĉαβ as fol-
lows {

Kb̂αβ= εαλεβσbλσ, K2ĉαβ = εαλεβσcλσ,

b̂αβ= ĉαλb
β
λ, ĉαβ= b̂αλ b̂

β
λ, bα

β = b̂αλcβλ.
(2.10)

Furthermore,




bαβbλσ−bαλbβσ= εµνελβbν
αb

µ
σ ,

bαβbλσ−bαλbβσ=Kεασεβλ,

εαβbα
λb

β
σ =Kελσ, εαλεβσbαβbλσ=2K, ενµεβσbν

βb
µ
σ =2K,

(2.11)





cαλbλ
β =−2HKaαβ+(4H2−K)bαβ=2Hcαβ−Kbαβ,

cαλcλ
β =−K(4H2−K)aαβ+2H(4H2−2K)bαβ,

cα
α= aαβcαβ=bαβbαβ=4H2−2K;

bαβcαβ=8H3−6HK; cαβcαβ =16H4−16H2K+2K2.

(2.12)

Proof. First, we prove (2.11). For the simplicity, let r=~θ and n denote the unite normal
vector to surface ℑ. (2.3) shows bαβ =−nαrβ, therefore

bαβbλσ−bαλbβσ=(−(nα ·rβ)rλ+(nα ·rλ)rβ)nσ.

In terms of formula in vector analysis

A×(B×C)=(A·C)B−(A·B)C,

it yields that
bαβbλσ−bαλbβσ=(nα×(rλ×rβ))nσ.

On the other hand, applying Weingarten formula

nβ=−bα
βrα=−bαβrα

and permutation tensor
εαβn= rα×rβ, εαβ=n(rα×rβ), (2.13)

we can obtain

bαβbλσ−bαλbβσ= ελβ(nα×n)nσ

=ελβbν
αb

µ
σ(rν×n)rµ = ελβbν

αb
µ
σ(rµ×rν)n= εµνελβbν

αb
µ
σ .
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This is the first part of (2.11).
Next we prove last two formula in (2.11). Remember that

b=
1

2
ε̂αλ ε̂βσbαβbλσ= a

1

2
εαλεβσbαβbλσ.

Therefore,

εαλεβσbαβbλσ=2
b

a
=2K.

This is the forth part of (2.11). Using εαλaανaλµ = ενµ we derive

εαλεβσbαβbλσ = εαλεβσaανbν
βaλµb

µ
σ = ενµεβσbν

βb
µ
σ =2K.

This is the fifth part of (2.11).
Applying εβλ to contraction of indices of tensor for both sides of above equality

εβλενµεβσbν
βb

µ
σ =2Kεβλ

and using εβλεβσ =δσ
λ we lead to

ενµbν
βb

µ
λ=2Kεβλ.

This is the third part of (2.11).
Next, we prove second of (2.11). To do that, combing the first and third part of (2.11),

we have
bαβbλσ−bαλbβσ= εµνελβbν

αb
µ
σ = ελβKεασ.

From this it yields the second part of (2.11).
Next we prove (2.9). To do that by contraction of tensor indices for the second part of

(2.11) with aλσ we have

aλσbαβbλσ−aλσbαλbβσ=Kaλσεασεβλ.

Because of
aλσεασεβλ= aαβ, aλσbαβbλσ =2Hbαβ, aλσbαλbβσ= cαβ,

we can obtain the first part of (2.9).
Using the trick of tensor indices left leads to the second part of (2.9).
In order to prove the third part of (2.9), multiplying both sides of tensor index of the

first part of (2.9) by εαλεβσ, then using (2.7), we derive

Kaλσ−2HKb̂λσ+K2ĉλσ =0.

This is the third part of (2.9).
Applying trick of tensor index left, the second part of (2.11) can be rewritten as

bαβbλσ−bαλbβσ=Kεασεβλ,
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multiplying both sides of above equality, by bλσ and using b̂αβ = εασεβλbλσ, it is easy to
yield

bαβbλσbλσ−bαλbβσbλσ =K2b̂αβ. (2.14)

On the other hand, the first part of (2.9) can be rewritten in mixed tensor formulae

Kδα
β−2Hbα

β+c
β
β =0.

Using this formula and 2H=bα
α , we claim that

bλσbλσ= cλ
λ =2Hbλ

λ−Kδλ
λ =4H2−2K,

bαλbβσbλσ =bαλc
β
λ=bαλ(2Hb

β
λ−Kδ

β
λ)=2Hcαβ−Kbαβ

=2H(2Hbαβ−Kaαβ)−Kbαβ=(4H2−K)bαβ−2HKaαβ.

Consequently, we have

bαβbλσbλσ−bαλbβσbλσ

=(4H2−2K)bαβ−[(4H2−K)bαβ−2HKaαβ]=K(−bαβ+2Haαβ). (2.15)

Combing (2.14) and (2.15), we prove the fourth part of (2.9).
Because of the third and fourth part of (2.9)

K2ĉαβ=K(2Hb̂αβ−aαβ)=2H(2Haαβ−bαβ)−Kaαβ=(4H2−K)aαβ−2Hbαβ,

it is easy to derive the fifth part of (2.9). Now we prove (2.10). With

b̂αβbβλ=bαβb̂βλ=δα
λ, b̂αλb

β
λ= aβσ b̂αλbσλ= aβσδα

σ = aαβ,

Kĉαλb
β
λ=(2Hb̂αλ−aαλ)b

β
λ=2Haαβ−bαβ=Kb̂αβ,

it yields the first part of (2.10):

b̂αβ = ĉαλb
β
λ.

Similarly,

Kb̂αλb̂
β
λ=(2Haαλ−bαλ)b̂

β
λ=(2Hb̂αβ−aαβ)=Kĉαβ.

This is the second part of (2.10).
On the other hand, with (2.10) we derive

Kb̂αλcβλ=(2Haαλ−bαλ)(2Hbβλ−Kaβλ)=4H2bα
β−2HKδα

β−2Hcα
β+Kbα

β

=((4H2+K)bα
β−2HKδα

β−2H(2Hbα
β−Kδα

β)=Kbα
β.

This is the third part of (2.10).
Next we prove (2.12). Repeatedly using (2.9)

bαλc
β
λ=bαλ(−Kδ

β
λ+2Hb

β
λ)=−Kbαβ+2Hcαβ =−Kbαβ+2H(−Kaαβ+2Hbαβ)

=−2HKaαβ+(4H2−K)bαβ=2Hcαβ−Kbαβ.
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Then, we have

cαλcλ
β = cαλ(−Kδλ

β+2Hbλ
β)=−Kcαβ+2Hbλ

β cαλ=−Kcαβ+2H(−2HKaαβ+(4H2−K)bαβ)

=−Kcαβ−4H2Kaαβ+2H(4H2−K)bαβ=K(−2Hbαβ+Kaαβ)−4H2Kaαβ

+2H(4H2−K)bαβ=(K2−4H2K)aαβ+2H(4H2−2K)bαβ,

bαβcαβ =bαβ(2Hbαβ−Kaαβ)=2H(4H2−2K)−K2H=8H3−6HK,
cαβcαβ = cαβ(2Hbαβ−Kaαβ)=2H(8H3−6HK)−K(4H2−2K)=16H4−16H2K+2K2.

Those are (2.12), thus, we complete our proof.

In the following sections, we consider the metric tensor of 3D Euclidean space under
semi-geodesic coordinate (x1,x2,ξ).

Lemma 2.2. Under semi-geodesic coordinate system, the covariant components gij = ~Θi
~Θj of

metric tensor of 3D Euclidian space E3 are the polynomials of two degree with respect transversal
variable ξ and can be expressed by means of the first, second and third fundamental form of surface
ℑ :

{
gαβ(x,ξ)= aαβ(x)−2ξbαβ(x)+ξ2cαβ(x)=(1−Kξ2)aαβ(x)+2ξ(Hξ−1)bαβ(x);
gα3(x,ξ)= g3α(x,ξ)=0, g33(x,ξ)=1, g(x,ξ)=det(gij)= θ(ξ)2a(x),

(2.16)

where

θ(ξ)=1−2Hξ+Kξ2 =(1−κ1ξ)(1−κ2ξ), (2.17)

κλ,λ=1,2 are the principle curvatures of ℑ.

Its contravariant components gij, gijg
jk = δk

i are the rational functions of transverse variable

ξ and can be expressed by inverse matrices b̂αβ, ĉαβ :

{
gαβ(x,ξ)= θ−2(aαβ(x)−2K ˆbαβ(x)ξ+K2ξ2 ˆcαβ(x))= θ−2(p(ξ)aαβ(x)+q(ξ)bαβ(x));
g3α(x,ξ)= gα3(x,ξ)=0, g33(x,ξ)=1,

(2.18)

where x=(x1,x2) and

p(ξ)=1−4Hξ+(4H2−K)ξ2, q(ξ)=2ξ(1−Hξ). (2.19)

In particular, gαβ admits a Taylor expansion

gαβ = aαβ+2bαβξ+3cαβξ3+··· . (2.20)

Proof. Let ∀(x,ξ)∈ E3

R(x,ξ)= r(x)+ξn

and its derivatives

Rα(x,ξ)=
∂R

∂xα
= rα(x)+ξnα, R3=n.
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It is obvious that they are independent on Ω. Hence

gαβ =Rα(x,ξ)·Rβ(x,ξ)= rα(x,ξ)·rβ(x,ξ)+ξ
{

rα(x,ξ)·nβ(x,ξ)+nα(x,ξ)·rβ(x,ξ)
}

+ξ2nα(x,ξ)·nβ(x,ξ)= aαβ−2ξbαβ+ξ2cαβ.

Combing the first part of (2.9), we derive

gαβ = p0(ξ)aαβ+q0(ξ)bαβ.

Since |n|2=1, nα(x,ξ)·n(x,ξ)=0, we claim

g3α =(rα(x,ξ)+ξnβ(x,ξ))·n=0, g33=n(x,ξ)·n(x,ξ)=0.

Consider determinant

det(gij)=det(gαβ)=
a
2 εαλεβσgαβgλσ =

a
2 εαλεβσ[aαβaλσ−2ξ(aαβbλσ+aλσbαβ)

+ξ2(aαβcλσ+aλσcαβ+4bαβbλσ)−2ξ3(bαβcλσ+bλσcαβ)+ξ4cαβcλσ).

With (2.8) {
εαλεβσaλσ = aαβ, εαλεβσaαβaλσ = aαβaαβ =2,

Kb̂αβ= εαλεβσbλσ, K2ĉαβ= εαλεβσcλσ,
(2.21)

it infers
g :=det(gij)=

a
2 [aαβaαβ−4ξ(aλσbλσ)+2ξ2(aλσcλσ+2Kb̂λσbλσ)

−4ξ3(Kb̂λσcλσ)+ξ4K2ĉλσcλσ).

From (2.8) and (2.9)

aαβaαβ =2, aλσbλσ=2H, aλσcλσ =4H2−2K, b̂λσbλσ=2, ĉλσcλσ =2,

Kb̂λσcλσ =(2Haλσ−bλσ)cλσ =2H(4H2−2K)−(8H3−6HK)=2HK,
(2.22)

we obtain
g= a

2

{
2−8Hξ+2(4H2+2K)ξ2−4HKξ3+2Kξ4

}
= aθ2.

We complete the proof of (2.16).
In order to prove (2.18), we observe [gij]= [gij ]

−1,





gij = 1
2 εiklεjmngkmgln,

gαβ = 1
2 εαklεβmngkmgln

= 1
2 [ε

α3λεβmng3mgλn+εαλ3εβmngλmg3n]
= 1

2 [ε
α3λεβ3σg33gλσ+εα3λεβσ3g3σgλ3+εαλ3gβ3σgλ3g3σ+εαλ3εβσ3g33gλσ]

=(by(2.16)) 1
2 [ε

α3λεβ3σg33gλσ+εαλ3εβσ3g33gλσ],

and

ε3αβ =

√
a√
g

εαβ = θ−1εαβ.
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Then

gαβ = 1
2 [2εαλεβσgλσ]= θ−2εαλεβσ(aλσ−2ξbλσ+ξ2cλσ)= aαβ−2ξKb̂αβ+K2ĉαβ. (2.23)

Similarly

g3α = 1
2 ε3kl gαmngkmgln =

1
2 ε3λσεαmngλmgσn =

1
2 ε3λσεα3βgλ3gσβ+

1
2 ε3λσεαβ3gλβgσ3 =0,

g33= 1
2 ε3klε3mngkmgln =

1
2 ε3λσε3αβgλαgσβ =

1
2 θ−2ελσεαβgλαgσβ

= 1
2 θ−2ελσεαβ(aαλ−2ξbαλ+ξ2cαλ)(aβσ−2ξbβσ+ξ2cβσ)

= 1
2 θ−2ελσεαβ[aαλaβσ−2ξ(aαλbβσ+aβσbαλ)+ξ2(aαλcβσ+aβσcαλ+4bαλbβσ)

−2ξ3(bαλcβσ+bβσcαλ)+ξ4cαλcβσ)].

With (2.21), we have

g33= 1
2 θ−2[aβσaβσ−2ξ(aβσbβσ+aαλbαλ)+ξ2(aβσcβσ+aαλcαλ+4Kb̂βσbβσ)

−2ξ3(Kb̂βσcβσ+Kb̂αλcαλ)+ξ4K2cβσcβσ)].

Using (2.12), we obtain

g33 = 1
2 θ−2[2−8Hξ+2ξ2(4H2+2K)−8HKξ3+2ξ4K2]= θ−2θ2=1.

Making Taylor expansion

θ−2=1+4Hξ+(12H2−2K)ξ2 ··· ,
gαβ =(1+4Hξ+(12H2−2K)ξ2+···)(p(ξ)aαβ+q(ξ)bαβ)

= aαβ+2bαβξ+3(−Kaαβ+2Hbαγ)ξ2+···(appying second of(2.9))

= aαβ+2bαβξ+3cαβξ2+···= aαβ+2bαβξ+3cαβξ2+··· ,

(2.24)

gives (2.20). The proof is completed.

Since ℑ is as a 2D manifold embedded in 3D Euclidian space E3, we need consider the
mixed tensor, in particular, mixed covariant derivative for the mixed tensor. Lemmas 2.2
and 2.3 provide the relations between the tensors in E3 and those on ℑ. What follows, we

consider others relations, for example, let Γi
jk,∇i, and

∗
Γα

βγ,
∗
∇α denote Christoffel symbols

and covariant derivative in E3 and on ℑ respectively,




Γij,k =
1
2(

∂gik

∂x j +
∂gjk

∂xi − ∂gij

∂xk ), Γm
ij = gmkΓij,k,

∗
Γαβ,λ=

1
2(

∂aαλ

∂xβ +
∂aβλ

∂xα − ∂aαβ

∂xλ ),
∗

Γλ
αβ= aλσ

∗
Γαβ,σ,

∇iu
j= ∂uj

∂xi +Γ
j
ikuk,

∗
∇α uβ= ∂uβ

∂xα +
∗

Γβ
αλ uλ,

divu=∇iu
i,

∗
divu=

∗
∇α uα.

(2.25)

Then we have
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Lemma 2.3. Under S-coordinate system, Christoffel symbols (Γk
ij,Γij,k) in E3 can be expressed by

means of Christoffel symbols (
∗

Γα
βλ,

∗
Γαβ,λ) of ℑ

{
Γαβ,λ= gλσ

∗
Γσ

αβ+ξ(Hξ−1)
∗
∇λ bαβ+2ξ(Hξ−1)(

∗
Γσ

βλ bσα−bλσ

∗
Γσ

αβ),
Γαβ,3=−Jαβ(ξ), Γα3,β=Γ3α,β= Jαβ(ξ), Γij,k =0, other case,

(2.26)





Γλ
αβ=

∗
Γλ

αβ+Φλ
αβ, Γα

β3=Γα
3β= θ−1 Iα

β , Γ3
αβ= Jαβ,

Γ3
33=Γ3

3β=Γ3
β3=Γα

33=0,
(2.27)

where

Φα
βλ= θ−1Rα

βλ, Rα
βλ=(−δα

µξ+(2Hδα
µ−bα

µ)ξ
2)

∗
∇λ b

µ
β ;

Iα
β =−bα

β+Kξδα
β, Jαβ =bαβ−ξcαβ, gαβ Jβσ =−θ−1 Iα

σ .
(2.28)

Proof. With Weingarten formula and Gaussian formulae




rαβ=
∗

Γλ
αβ rλ+bαβn, ∂βrα=−

∗
Γα

βλ rλ+bα
βn,

nβ =−bα
βrα=−bαβrα.

(2.29)

we have {
Rα= rα+ξnα=(δλ

α −ξbλ
α )rλ,

R3=n,
(2.30)

Rαβ =(δλ
α −ξbλ

α )rλβ−ξ∂βbλ
α rλ

=
∗

Γν
λβ (δ

λ
α −ξbλ

α )rν+bλβ(δ
λ
α −ξbλ

α )n−ξ∂βbλ
α rλ

=[
∗

Γν
αβ −ξ(

∗
Γν

λβ bλ
α +∂βbν

α)]rν+ Jαβn

=[
∗

Γν
αβ −ξ(

∗
∇β bν

α+
∗

Γµ
αβ bν

µ)]rν+ Jαβn.

Therefore, 



Rαβ =[
∗

Γν
αβ−ξ(

∗
∇β bν

α+
∗

Γµ
αβ bν

µ)]rν+ Jαβn,

Rα3=R3α=nα=−bλ
α rλ,

R33=0.

(2.31)

Here we used Gadazzi formula and the covariant derivative of bαβ

∂bαλ

∂xβ
=

∗
∇β bαλ+

∗
Γσ

αβ bσλ+
∗

Γσ
βλ bασ,

∗
∇α bβλ=

∗
∇β bαλ. (2.32)

Since nrλ=0, cλµ=bν
µbλν, gλµ = aλµ−2ξbλµ+ξ2cλµ, we have

Γαβ,λ=RαβRλ =[
∗

Γν
αβ−ξ(

∗
∇β bν

α+
∗

Γµ
αβ bν

µ)]rν ·(δσ
λ−ξδσ

λ)rσ

=(aλν−ξbλν)[
∗

Γν
αβ −ξ(

∗
∇β bν

α+
∗

Γµ
αβ bν

µ)]

= aλν

∗
Γν

αβ−ξ(
∗
∇β bαλ+2

∗
Γµ

αβ bν
µ)+ξ2(bλν

∗
∇β bν

α+cλµ

∗
Γµ

αβ)

=
∗
Γαβ,λ+Qαβ,λ(ξ)= gλµ

∗
Γν

αβ +Rαβ,λ(ξ),
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where 



Rαβ,λ(ξ) :=−ξ
∗
∇β bαλ+ξ2bλµ

∗
∇β b

µ
α ,

Qαβ,λ :=−ξ(
∗
∇β bαλ+2bλµ

∗
Γµ

αβ)+ξ2(bλµ

∗
∇β b

µ
α+cλµ

∗
Γµ

αβ).

We complete the proof of first part of (2.26).
Similarly,

Γαβ,3=Rαβn= Jαβ(ξ),
Γα3,β=Γ3α,β=R3αRβ =−bλ

α rλRβ=−Jαβ(ξ),
Γ33,α=Γ3β,3=0.

Next we prove (2.27). In deed, from the first part of (2.26), we derive

Γλ
αβ = gλσΓαβ,σ= gλσgσν

∗
Γν

αβ+gλσRαβ,σ=
∗

Γλ
αβ+Φλ

αβ(ξ).

We use gλσgσν =δλ
ν and get

Φλ
αβ(ξ) := gλσ Rαβ,σ

= θ−2(p(ξ)aλσ+q(ξ)bλσ)(−ξ
∗
∇β bασ+ξ2bσµ

∗
∇β b

µ
α))

= θ−2[p(ξ)(−ξ
∗
∇β bλ

α +ξ2bλ
µ

∗
∇β b

µ
α)+q(ξ)(−ξbλσ

∗
∇β bασ+ξ2cλ

µ

∗
∇β b

µ
α)].

As the covariant derivative of metric tensor is vanished, from Godazzi formula, we have

cλ
µ =−Kδλ

µ+2Hbλ
µ ,

bλ
µ

∗
∇β b

µ
α =bλσ

∗
∇β bασ=bλσ

∗
∇σ bαβ.

It can also be expressed by

Φλ
αβ = θ−2[ϕ1(ξ)

∗
∇β bλ

α +ϕ2(ξ)b
λσ

∗
∇β bασ],

ϕ1(ξ) :=−ξ(p(ξ)+Kξ), ϕ2(ξ) := ξ(pξ−q+2Hξq).

Taking (2.19) into account, simply computation shows

ϕ1(ξ)= ξ(2Hξ−1)θ, ϕ2(ξ)=−ξ2θ.

Therefore,

Φλ
αβ =θ−1(ξ)(ξ(2Hξ−1)

∗
∇β bλ

α −ξ2bλσ
∗
∇σ bαβ)

=θ−1(ξ)[(−δα
µξ+(2Hδα

µ−bα
µ)ξ

2)
∗
∇λ b

µ
β ].

This is the first part of (2.27). In addition,

Γα
3β = gαλΓ3β,λ=−gαλ Jβλ= θ−1 Iα

β .

Other conclusions can be proved easily.



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 389

As we all know, the covariant derivatives of tensor in E3 and ℑ are defined by

∇ju
i= ∂uj

∂x j +Γi
jkuk,

∗
∇β uα= ∂uα

∂xβ +
∗

Γα
βγ uγ,

∗
∇β u3= ∂uα

∂ξ . (2.33)

Since ℑ is embedded into E3, there are relations between covariant derivatives of tensor
at different level.

Lemma 2.4. Under S-coordinate system covariant derivative of a vector ~u in E3 can be expressed
by derivatives of its components on the tangent space at ℑ. Furthermore it is a rational function
of transversal variable ξ





∇αuβ=
∗
∇α uβ+θ−1 I

β
α u3+Φ

β
αλuλ, ∇3u3= ∂u3

∂ξ ;

∇3uβ= ∂uβ

∂ξ +θ−1 I
β
λuλ; ∇αu3=

∗
∇α u3+ Jαλuλ;

divu=
∗

div u+ ∂u3

∂ξ +dk(ξ)u
k,

dα(ξ)= θ−1[−2
∗
∇α Hξ+

∗
∇α Kξ2], d3(ξ)= θ−1(−2H+2Kξ),

θ=1−2Hξ+Kξ2 ,

(2.34)

which admit to make Taylor expansion with respect to transversal variable ξ





∇iu
j=

0

∇i uj+
1

∇i ujξ+
2

∇i ujξ2+··· ,
divu= ∂u3

∂ξ +
0

div u+
1

div uξ+
2

div uξ2+···
(2.35)

where




0
∇α uβ :=

∗
∇α uβ−b

β
α u3,

1
∇α uβ :=−(c

β
αu3+

∗
∇λ b

β
α uλ),

2
∇α uβ :=(Kb

β
α−2Hc

β
α)u

3−b
β
λ

∗
∇σ bλ

α uσ,
0
∇α u3 :=

∗
∇α u3+bβαuβ,

1
∇α u3 :=−cβαuβ,

2
∇α u3 :=0,

0
∇3 uβ := ∂uβ

∂ξ −b
β
λuλ,

1
∇3 uβ :=−c

β
λuλ,

2
∇3 uβ :=(Kb

β
λ−2Hc

β
λ)u

λ,
0
∇3 u3 := ∂u3

∂ξ ,
1
∇3 u3 :=0,

2
∇3 u3 :=0.

(2.36)





0

div u :=
∗

div u−2Hu3,
1

div u :=−[(4H2−2K)u3+2uα
∗
∇α H],

2

div u :=−[(8H3−6HK)u3+uα
∗
∇α (2H2−K)].

(2.37)

Proof. Note that (2.34) can be easly derived from (2.33) and (2.27). In order to consider
Taylor expansion, it is value to mention that when ξ is small enough, function θ−1 can
be made Taylor expansion

θ−1=1+2Hξ+(4H2−K)ξ2+··· . (2.38)
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Since

θ−1 I
β
α u3+Φ

β
αλuλ= θ−1[−b

β
α u3−(

∗
∇α b

β
λuλ−Kδ

β
λu3)ξ+(2H

∗
∇α b

β
λ−bβσ

∗
∇α bλσ)u

λξ2]

=−b
β
αu3−(c

β
αu3+

∗
∇α b

β
λuλ)ξ+((−2Hc

β
α+Kb

β
α)u

3−bβσ
∗
∇α bλσuλ)ξ2+o(|ξ|3),

θ−1 I
β
α =−b

β
α−c

β
αξ+(−2Hc

β
α+Kb

β
α)ξ

2+o(|ξ|3),

it immediately yields (2.35) and (2.36). Remind that we have to compute divergence. In
fact,

divu=
∗

div u+
∂u3

∂ξ
+Φα

αλ(ξ)u
λ+θ−1 Iα

α (ξ)+o(|ξ|3).

Applying Godazzi formula and Lemma 2.1,

∗
∇α bλσ =

∗
∇λ bασ, bαβbαβ=4H2−2K,

2bλσ
∗
∇α bλσ=

∗
∇α (b

λσbλσ)=
∗
∇α (4H2−2K), (2.39)

we have

Iα
α =−bα

α+Kξδα
α =−2H+2Kξ, Φα

αλ(ξ)= θ−1(−2
∗
∇λ Hξ+ξ2

∗
∇λ K). (2.40)

Combining above results, it is easy to obtain (2.35)–(2.37). The proof is completed.

Following lemma is very useful throughout this paper which indicates the relations
between Jαβ, Iα

β ,Rα
βλ and so on.

Lemma 2.5. The following formulae are valid





gαβ I
β
σ =−θ Jασ; Jαβ I

β
σ =−θcασ; gαβ Jαλ=−θ−1 I

β
λ ;

gαβΦ
β
σλ =−ξ

∗
∇α bσλ+ξ2bαγ

∗
∇σ b

γ
λ; JαβΦ

β
σλ =−ξbαγ

∗
∇σ b

γ
λ;

gαβΦα
σλΦ

β
νµ = ξ2aγη

∗
∇σ b

γ
λ

∗
∇ν b

η
µ;

gλσ Iλ
α Iσ

β = cαβθ2; gλσ Iλ
ν Φσ

αβ = ξθbνµ

∗
∇α b

µ
β .

gβσΦλ
βσ = θ−3{((2Hξ2−ξ)aλµ−ξ2bλµ)(2p(ξ)+4Hq(ξ)

∗
∇µ H−q(ξ)

∗
∇µ (K))}.

(2.41)
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Proof. Repeatedly using Lemma 2.1, we have

gαβ I
β
σ =(aαβ−2ξbαβ+ξ2cαβ)(−b

β
σ+Kξδ

β
σ)

=−bασ+2ξcασ−ξ2b
β
σcαβ+Kξaασ−2ξ2Kbασ+ξ3Kcασ

=−bασ+ξ(cασ+Kaαβ)+ξcασ−ξ2(−2HKaασ+(4H2−K)bασ)−2ξ2Kbασ+ξ3Kcασ

=−bασ+2Hξbασ−Kξ2bασ+ξcασ−ξ2(−2HKaασ+(4H2)bασ)+ξ3Kcασ

=−θbασ+ξcασ−ξ22Hcασ+ξ3Kcασ=−θbασ+ξθcασ =−θ Jασ,

Jαβ I
β
σ =(bαβ−ξcαβ)(−bα

σ+Kξδα
σ)=−cαβ+ξ(cαβb

β
σ+Kbασ)−Kcασξ2

=−cασ+ξ(−2HKaασ+(4H2−K)bασ+Kbασ)−Kcασξ2

=−cασ+2Hξ(2Hbασ−Kaασ)−Kcασξ2 =−θcασ,

gαβ Jαλ = θ−2(aαβ−2Kb̂αβξ+K2 ĉαβξ2)(bαλ−ξcαλ)

= θ−2(b
β
λ−ξ(c

β
λ+2Kδ

β
λ)+ξ2(2Kb̂αβcαλ+K2ĉαβbαλ)−K2δ

β
λξ3).

Since
2Kb̂αβcαλ+K2ĉαβbαλ=K2b̂

β
λ+2Kb

β
λ=2HKδ

β
λ+Kb

β
λ,

c
β
λ+2Kδ

β
λ=2Hb

β
λ+Kδ

β
λ,

we have,

gαβ Jαλ = θ−2(b
β
λ−ξ(2Hb

β
λ+Kδ

β
λ)+ξ2(2Hkδ

β
λ+Kb

β
λ)−K2δ

β
λξ3)

= θ−1(Hb
β
λ−Kξδ

β
λ)=−θ−1 I

β
λ .

Next, we compute

gλσΦσ
αβ = θ−1[(2Hξ2−ξ)gλν−ξ2gλσbσ

ν ]
∗
∇β bν

α.

Since

gλσbσ
ν =bσ

ν (aλσ−2ξbλσ+ξ2cλσ)=bλσ−2ξcλσ+ξ2bσ
ν cλσ,

this follows from the first part of (2.12) that

bσ
ν cλσ =−2HKaλν+(4H2−K)bλν,

we obtain

gλσbσ
ν =−2HKξ2aλν+(1+(4H2−K)ξ2)bλν−2ξcλν,

(2Hξ2−ξ)gλν−ξ2gλσbσ
ν

=(−ξ+2Hξ2+2HKξ4)aλν+(ξ2−2Hξ3+(K−4H2)ξ4)bλν+(2Hξ4+ξ3)cλν

= θ(ξ2bλν−ξaλν+(1+2Hξ)ξ3(Kaλν−2Hbλν+cλν)= θ(ξ2bλν−ξaλν).

Combining above results we get the forth part of (2.41).



392 K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458

Taking the first and second part of (2.41) into account,

gλσ Iλ
α Iσ

β =(−θ Jασ)Iσ
β =−(θ)(−θ)cαβ = θ2cαβ.

It yields seventh of (2.41)
gλσ Iλ

α Iσ
β = θ2cαβ.

Next we prove the fifth part of (2.41). Note that

JλσΦσ
αβ(ξ)= θ−1{(ξ(2Hξ−1)Jλσ δσ

ν −ξ2 Jλσbσ
ν}

∗
∇β bν

α

= θ−1{(ξ(2Hξ−1)(bλν−ξcλν)−ξ2(bσ
ν bλσ−ξbσ

ν cλν)}
∗
∇β bν

α.

By (2.12)
bσ

ν cλν=−2HKaλν+(4H2−k)bλν,

and θ=1−2Hξ+Kξ2 and (2.9)

Kaλν−2Hbλν+cλν=0,

simple calculation shows that

JλσΦσ
αβ(ξ)= θ−1{−ξθbλν−2Hξ3(Kaλν−2Hbλν+cλν)}

∗
∇β bν

α=−ξbλν

∗
∇β bν

α.

This is the fifth part of (2.41).
In order to prove the eighth part of (2.41), by gλσ Iλ

ν =−θ Jνσ, we obtain

gλσ Iλ
ν Φσ

αβ =−θ JσνΦσ
αβ(using fifth parts of (2.41))= θξbνµ

∗
∇α b

µ
β .

Next, we prove sixth of (2.41). Indeed, from fourth of (2.41) it gives that

gαβΦα
σλΦ

β
νµ =(−ξaβγ+ξ2bβγ)

∗
∇λ b

γ
σ θ−1(−ξδ

β
η +(2Hδ

β
η −b

β
η)ξ

2)
∗
∇ν b

η
µ

=θ−1{ξ2aγη−ξ3(2Haγη−bγη)−ξ3bγη+ξ4(2Hbγη−cγη)}
∗
∇λ b

γ
σ

∗
∇ν b

η
µ

=θ−1ξ2((1−2Hξ)aγη+2Hbγη−cγηξ2)
∗
∇λ b

γ
σ

∗
∇ν b

η
µ

(owing to −cγη =Kaγη−2Hbγη)

=θ−1aγη(1−2Hξ+Kξ2)
∗
∇λ b

γ
σ

∗
∇ν b

η
µ = ξ2aγη

∗
∇λ b

γ
σ

∗
∇ν b

η
µ.

This is sixth of (2.41).
Finally, we have to prove the night part of (2.41). From (2.18), (2.28) and Godazzi

formula
∗
∇α bβλ=

∗
∇λ bαβ, it leads to

gαβ = θ−2(p(ξ)aαβ+q(ξ)bαβ),

Φλ
αβ = θ−1{−ξaλσ

∗
∇α bβσ+ξ2(2Hδλ

σ −bλ
σ)a

σµ
∗
∇α bµβ}

=(Godazzi)= θ−1{−ξaλσ
∗
∇σ bαβ+ξ2(2Hδλ

σ −bλ
σ)a

σµ
∗
∇µ bαβ}

= θ−1((2Hξ2−ξ)aλµ−ξ2bλµ)
∗
∇µ bαβ.
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Therefore,

gβσΦλ
βσ = θ−3{((2Hξ2−ξ)aλµ−ξ2bλµ)(p(ξ)aβσ+q(ξ)bβσ)

∗
∇µ bβσ}.

Since covariant derivative of metric tensor is vanished, from Lemma 2.1, with bβσbβσ =

c
β
β =4H2−2K, it is not difficult to obtain

aβσ
∗
∇µ bβσ=2

∗
∇µ (H), bβσ

∗
∇µ bβσ=

∗
∇µ (2H2−K).

Indeed,

aβσ
∗
∇µ bβσ=

∗
∇µ (a

βσbβσ)=
∗
∇µ (2H), bβσ

∗
∇µ bβσ=

∗
∇µ (b

βσbβσ)−bβσ

∗
∇µ bβσ,

but

bβσ
∗
∇µ bβσ=bβσ

∗
∇µ bβσ,

hence

bβσ
∗
∇µ bβσ=

1

2

∗
∇µ (b

βσbβσ=
∗
∇µ (2H2−K).

Finally we obtain

gβσΦλ
βσ = θ−3{((2Hξ2−ξ)aλµ−ξ2bλµ)(2p(ξ)

∗
∇µ H+q(ξ)

∗
∇µ (2H2−K))}

= θ−3{((2Hξ2−ξ)aλµ−ξ2bλµ)(2p(ξ)+4Hq(ξ)
∗
∇µ H−q(ξ)

∗
∇µ (K))}.

The proof is completed.

In what follows, we consider strain tensor eij(u) in E3 associated with displacement
vector u

eij(u)=
1

2
(∇iuj+∇jui)=

1

2
(gjk∇iu

k+gik∇ju
k). (2.42)

We use derivative of metric tensor being vanished

∇igjk =0,
∗
∇α aβσ =0, (2.43)

which will be frequently used throughout this paper.
The contravariant component of vector u: uk = gkjuj instead of covariant component

of vector. The strain tensor on ℑ associated with displacement vector u:

∗
eαβ (u)=

1

2
(
∗
∇α uβ+

∗
∇β uα)=

1

2
(aβλ

∗
∇α uµ+aαλ

∗
∇β uλ). (2.44)

The contravariant components of strain tensor are defined by

eij(u)= gikgjmekm(u),
∗

eαβ (u)= aαλaβσ ∗
eλσ (u).

We also consider Green St.Vennant strain tensor Eij(u) of the displacement u for non-
linear elastic case

Eij(u)= eij(u)+Dij(u), Dij(u)=
1
2 gkl∇iu

k∇ju
l, Eij(u)= gikgjl Ekl(u). (2.45)
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Lemma 2.6. Under S-coordinate system the strain tensor and Green St.Vennant strain tensor
are the polynomials of degree two with respect to transverse variable ξ





eij(u)=γij(u)+
1
γij (u)ξ+

2
γij (u)ξ

2,

Eij(u)= eij(u)+Dij(u)=∑
2
k=0

k
Eij (u)ξ

k,
(2.46)

where

γαβ(u)=
∗
eαβ (u)−bαβu3=

1

2
[aβλ

0
∇α uλ+aαλ

0
∇β uλ],

1
γαβ (u)=−(bαλ

∗
∇β uλ+bβλ

∗
∇α uλ)+cαβu3− ∗

∇λ bαβuλ

=−[bβλ

0

∇α uλ+bαλ

0

∇β uλ]−cαβu3−
∗
∇λ bαβuλ,

2
γαβ (u)=

1

2
(cαλ

∗
∇β uλ+cβλ

∗
∇α uλ+

∗
∇λ cαβuλ)=

1

2
[bβλ

∗
∇α (b

λ
σuσ)+bαλ

∗
∇β (b

λ
σuσ)],

γα3(u)=
1

2
(aαβ

∂uβ

∂ξ
+

∗
∇α u3),

1
γα3 (u)=−bαβ

∂uβ

∂ξ
,

2
γα3 (u)=

1

2
cαβ

∂uβ

∂ξ
,

γ33(u)=
∂u3

∂ξ
,

1
γ33 (u)=

2
γ33 (u)=0, γαβ(u)= aανaβσγνσ(u), (2.47)

∗
Eij (u,u) :=

0
Eij (u,u)=γij(u)+ϕij(u,u),

1
Eij (u,u)=

1
γij (u)+ϕ1

ij(u,u),
2
Eij (u,u)=

2
γij (u)+ϕ2

ij(u,u),

Dij(u,v) := ϕij(u,v)+ϕ1
ij(u,v)ξ+ϕ2

ij(u,v)ξ2, (2.48)

where the strain tensors on the two-dimensional manifold S are given as:




∗
eαβ (u)=

1
2(aαλδσ

β+aβλδσ
α)

∗
∇σ uλ,

1
eαβ (u)=−(bαλδσ

β+bβλδσ
α)

∗
∇σ uλ,

2
eαβ (u)=

1
2(cασδλ

β +cβσδλ
σ )

∗
∇λ uσ,

(2.49)





ϕαβ(u)=
1
2 aij

0
∇α ui

0
∇β uj,

ϕ1
αβ(u)=− 1

2 [
∗
∇α (bλσuλ)

0
∇β uσ+

0
∇α uλ

∗
∇β (bλσuσ)+(cαν

0
∇β u3+cβν

0
∇α u3)uν],

ϕ2
αβ(u)=

1
2 [

∗
∇α (bλσuλ)

∗
∇β (b

σ
ν uν)+cαλcβσuλuσ],

(2.50)





ϕ0
3α(u)=

1
2 [(aλσ

∂uσ

∂ξ −bλσ)
0
∇α uλ+

0
∇α u3 ∂u3

∂ξ ],

ϕ1
3α(u)=− 1

2 [bλσ

0
∇α uλ+

∗
∇α bσλuλ] ∂uσ

∂ξ + 1
2 cλσuσ(−δλ

α
∂u3

∂ξ +
∗
∇α uλ),

ϕ2
3α(u)=

1
2 bλγ

∗
∇α b

γ
σ uλ ∂uσ

∂ξ ,

(2.51)

{
ϕ33(u)=

1
2 [(aαβ

∂uα

∂ξ −2bαβuα) ∂uβ

∂ξ +cαβuαuβ+ ∂u3

∂ξ
∂u3

∂ξ ],

ϕ1
33(u)= [bαβ

∂uα

∂ξ +cαβuα] ∂uβ

∂ξ ], ϕ2
33(u)= cαβ

∂uα

∂ξ
∂uβ

∂ξ ,
(2.52)
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where
aij = gij|ξ=0=(aαβ,a3α = aα3=0,a33 =1). (2.53)

Remark 2.1. Since displacement vector u3=0 and ∂u
∂ξ =0 at tangent space of 2D manifold

ℑ, the strain tensor is given by
∗
eαβ (u) while displacement vector are in 3D space, the

strain tensor of displacement vector restrict on the ℑ will be given by γαβ(u).

Proof.

eαβ(u)=
1
2(gαλ∇βuλ+gβλ∇αuλ)

= 1
2 [gαλ

∗
∇β uλ+gβλ

∗
∇α uλ+θ−1(gαλ Iλ

β +gβλ Iλ
α )u

3+(gαλΦλ
βν+gβλΦλ

αν)u
ν]

= 1
2(gαλ

∗
∇β uλ+gβλ

∗
∇α uλ)+ 1

2(−2Jαβu3)

+ 1
2(−(

∗
∇α bβν+

∗
∇β bαν)ξ+(bαµ

∗
∇β b

µ
ν +bβµ

∗
∇α b

µ
ν )u

νξ2).

Since of Godazzi formula and vanishing of covariant derivatives of metric tensor, we get

bαµ

∗
∇β b

µ
ν +bβµ

∗
∇α b

µ
ν =bαµ

∗
∇ν b

µ
β+bβµ

∗
∇ν b

µ
α =

∗
∇ν (b

µ
βbαµ)=

∗
∇ν cαβ,

eαβ(u)=
1
2(gαλ

∗
∇β uλ+gβλ

∗
∇α uλ)− Jαβu3+(− ∗

∇ν bαβξ+ξ2
∗
∇ν cαβ)u

ν

= 1
2(aαλ

∗
∇β uλ+aβλ

∗
∇α uλ)−bαβu3+ξ[−(bαλ

∗
∇β uλ+bβλ

∗
∇α uλ)+cαβu3− ∗

∇ν bαβuν]

+ξ2 1
2 [(cαλ

∗
∇β uλ+cβλ

∗
∇α uλ)+

∗
∇ν cαβuν]=γαβ(u)+

1
γαβ (u)ξ+

2
γαβ (u)ξ

2.

Similarly, using Jαλ+θ−1gαβ I
β
λ =0, we have

e3α(u)=
1
2(gαβ∇3uβ+∇αu3)

= 1
2(gαβ

∂uβ

∂ξ +θ−1gαβ I
β
λuλ+

∗
∇α u3+ Jαλuλ)= 1

2(gαβ
∂uβ

∂ξ +
∗
∇α u3),

e33(u)=∇3u3= ∂u3

∂ξ .

Next, we prove the second part of (2.46). With (2.41) and Godazzi formula, we have

Ψαβλ(ξ)= gλσΦσ
αβ(ξ)=(−ξδσ

β +ξ2bσ
β)

∗
∇α bσλ. (2.54)

It infers that

Dαβ(u)=
1
2(gλσ∇αuλ∇βuσ+∇αu3∇βu3)

= 1
2 [gλσ(

∗
∇α uλ+θ−1 Iλ

α u3+Φλ
ανuν)(

∗
∇β uσ+θ−1 Iσ

β u3+Φσ
βνuν)

+(
∗
∇α u3+ Jανuν)(

∗
∇β u3+ Jβνuν)]

= 1
2{gλσ

∗
∇α uλ

∗
∇β uσ−(Jασ

∗
∇β uσ+ Jβσ

∗
∇α uσ)u3+(Ψβνλ

∗
∇α uλ

+Ψανσ

∗
∇β uσ)uν+ΨανσΦσ

βµuνuµ+
∗
∇α u3

∗
∇β u3

+(Jανδσ
β+ Jβνδσ

α)
∗
∇σ u3uν+ Jαν Jβµuνuµ}= ϕαβ(u)+ξϕ1

αβ(u)+ξ2 ϕ2
αβ(u).
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In what follows, we prove

Ψανσ(ξ)Φσ
βµ(ξ)= ξ2

∗
∇α bνλ

∗
∇β bλ

µ .

(Ψβνλ

∗
∇α uλ+Ψανσ

∗
∇β uσ)uν=(−ξ(δσ

β δ
η
α+δσ

α δ
η
β)+ξ2(bσ

βδ
η
α+bσ

αδ
η
β))

∗
∇σ bλν

∗
∇η uλuν.

Indeed, by (2.28) we derive

Ψανσ(ξ)Φσ
βµ(ξ)= θ−1(−ξδλ

σ +ξ2bλ
σ)((2Hξ2−ξ)δσ

η −ξ2bσ
η)

∗
∇α bνλ

∗
∇β b

η
µ

= θ−1[ξ(ξ−2Hξ2)δλ
η +ξ3bλ

η +ξ2(2Hξ2−ξ)bλ
η −ξ4cλ

η ]
∗
∇α bνλ

∗
∇β b

η
µ,

ξ3bλ
η +ξ2(2Hξ2−ξ)bλ

η −ξ4cλ
η = ξ4(2Hbλ

η −cλ
η )= ξ4Kδλ

η (see(2.9)),

Ψανσ(ξ)Φσ
βµ(ξ)= θ−1(ξ2(1−2Hξ+Kξ2))

∗
∇α bνλ

∗
∇β b

η
µ= ξ2

∗
∇α bνλ

∗
∇β b

η
µ.

Taking into account of

(Ψβνλ

∗
∇α uλ+Ψανσ

∗
∇β uσ)uν=(Ψβνλδ

η
α+Ψανλδ

η
β)u

ν
∗
∇η uλ,

and (2.54), we immediately obtain our conclusion. By above discussion, it infers that

Dαβ(u)=
1
2{gλσ

∗
∇α uλ

∗
∇β uσ+(−ξ(δσ

βδ
η
α+δσ

α δ
η
β)+ξ2(bσ

βδ
η
α+bσ

α δ
η
β))

∗
∇σ bλν

∗
∇η uλuν

+(ξ2
∗
∇α bνλ

∗
∇β bλ

µ+ Jαν Jβµ)u
νuµ+

∗
∇α u3

∗
∇β u3

+(Jανδσ
β+ Jβνδσ

α)(
∗
∇σ u3uν−

∗
∇σ uνu3)}= ϕαβ(u)+ϕ1

αβ(u)ξ+ϕ2
αβ(u)ξ

2,

where

ϕαβ(u)=
1
2 aij

∗
∇α ui

∗
∇β uj+ϕ0

αβλσuλuσ+ϕ0σ
αβ3λ(

∗
∇σ u3uλ− ∗

∇σ uλu3),

ϕ1
αβ(u)=−bλσ

∗
∇α uλ

∗
∇β uσ+ϕ1

αβλσuλuσ+ϕ
1η
αβλσ

∗
∇η uλuσ+ϕ1σ

αβ3λ(
∗
∇σ u3uλ− ∗

∇σ uλu3),

ϕ2
αβ(u)= cλσ

∗
∇α uλ

∗
∇β uσ+ϕ2

αβλσuλuσ+ϕ
2η
αβλσ

∗
∇η uλuσ,

with

ϕ0
αβλσ=

1
2 bαλbβσ, ϕ0σ

αβ3λ=
1
2(bαλδσ

β+bβλδσ
α), ϕ1

αβλσ=− 1
2(cαλbβσ+cαλbασ),

ϕ
1η
αβλσ=− 1

2(δ
ν
βδ

η
α+δν

αδ
η
β)

∗
∇σ bλν, ϕ1σ

αβ3λ=− 1
2(cαλδσ

β+cβλδσ
α ),

ϕ2
αβλσ=

1
2(cαλcβσ+

∗
∇α bνλ

∗
∇β bν

σ), ϕ
2η
αβλσ=

1
2(b

ν
βδ

η
α+bν

αδ
η
β)

∗
∇ν bλσ.

Applying (2.36) immediately derive formula (2.50).
By similar manner, the Calculations show that

D3α(u)=Dα3(u)=
1
2 gkm∇αuk∇3um = 1

2 gλσ∇αuλ∇3uσ+ 1
2∇αu3∇3u3

= 1
2 gλσ(

∗
∇α uλ+(θ−1 Iλ

α u3+Φλ
ανuν))( ∂uσ

∂ξ +θ−1 Iσ
µ uµ)

+ 1
2

∂u3

∂ξ (
∗
∇α u3+ Jασuσ)= 1

2 [gλσ

∗
∇α uλ− Jασu3+Ψσαµuµ] ∂uσ

∂ξ

− 1
2 Jλσ

∗
∇α uλuσ+ 1

2 cασu3uσ+ 1
2 ξbµγ

∗
∇α b

γ
ν uνuµ

+ 1
2

∂u3

∂ξ (
∗
∇α u3+ Jασuσ)= ϕ0

3β(u)+ϕ1
3α(u)ξ+ϕ2

3α(u)ξ
2,
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where

ϕ0
3α(u)=

1
2 [aλσ

0

∇α uλ ∂uσ

∂ξ +
0

∇α u3uσ) ∂u3

∂ξ −bλσ

0

∇α uλuσ],

ϕ1
3α(u)=− 1

2 [bλσ

0

∇α uλ+
∗
∇α bσλuλ] ∂uσ

∂ξ + 1
2 cλσuσ(

∗
∇α uλ−δλ

α
∂u3

∂ξ ),

ϕ2
3α(u)=

1
2(cλσ

∗
∇α uλ+bγλ

∗
∇α b

γ
σ uλ) ∂uσ

∂ξ ,

D33(u)=
1
2 gkm∇3uk∇3um = 1

2 [gαβ(
∂uα

∂ξ +θ−1 Iα
λuλ)( ∂uβ

∂ξ +θ−1 I
β
σ uσ)+ ∂u3

∂ξ
∂u3

∂ξ ].

Furthermore, from (2.4) and (2.34) we have

D33(u)=
1
2 [gαβ

∂uα

∂ξ
∂uβ

∂ξ −2Jαβuα ∂uβ

∂ξ +cαβuαuβ+ ∂u3

∂ξ
∂u3

∂ξ ]

= ϕ33(u)+ξϕ1
33(u)+ξ2 ϕ2

33(u),

where
ϕ33(u)=

1
2 [aαβ

∂uα

∂ξ
∂uβ

∂ξ −2bαβuα ∂uβ

∂ξ +cαβuαuβ+ ∂u3

∂ξ
∂u3

∂ξ ],

ϕ1
33(u)=−[bαβ

∂uα

∂ξ
∂uβ

∂ξ +cαβuα ∂uβ

∂ξ ], ϕ2
33(u)= cαβ

∂uα

∂ξ
∂uβ

∂ξ .

Our proof is completed.

We assume that the elastic material constituting the shell are isotropic and homoge-
nous. The contravariant components of elasticity tensor are given by

Aijkl =λgijgkl+µ(gikgjl+gil gjk), (2.55)

where (λ≥0,µ>0) are the elastic coefficient constants. Let

aαβστ =λaαβaστ+µ(aασaβτ+aατaβσ),
bαβστ =λbαβbστ+µ(bασbβτ+bατbβσ),
cαβστ =λ(aαβbστ+aστbαβ)+µ(aασbβτ+aβτbασ+aατbβσ+aβσbατ).

(2.56)

Lemma 2.7. The elasticity tensor are a rational polynomials with respect to ξ in the S-coordinate
system:





Aαβστ = θ−4[aαβστ+∑
4
k=1 Ã

αβστ
k ξk]=

∞

∑
k=0

A
αβστ
k ξk,

Aαβ33=A33αβ =λgαβ, A3333=λ+2µ, Aα3β3=A3α3β=Aα33β=A3αβ3=µgαβ,

Aαβσ3=Aαβ3σ=Aα3βσ=A3αβσ=0, Aα333=A3α33=A33α3=A333α=0,

(2.57)

where




Ã
αβστ
1 =2cαβστ−8Haαβστ ,

Ã
αβστ
2 =2(12H2−K)aαβστ−10Hcαβστ+4bαβστ ,

Ã
αβστ
3 =8H(K−4H2)aαβστ+(8H2−2K)cαβστ−8Hbαβστ ,

Ã
αβστ
4 =(4H2−K)2aαβστ+2H(K−4H2)cαβστ+4H2bαβστ.

(2.58)

A
αβλσ
0 = aαβλσ, A

αβλσ
1 =2cαβστ, A

αβλσ
2 =−6Kaαβστ+6Hcαβστ−4bαβστ. (2.59)
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Proof. From (2.55) and (2.18), simple calculation show our results. The proof is complete.

In what follows, we introduce following invariant scale function





γ0(u)= aαβγαβ(u)=
∗

div u−2Hu3,

γ1(u)= aαβ
1
γαβ (u)=−bα

β

∗
∇α uβ+(4H2−2K)u3−2uλ

∗
∇λ H,

γ2(u)= aαβ
2
γαβ (u)= cα

β

∗
∇α uβ+uλ

∗
∇λ (2H2−K),

(2.60)





β0(u)=bαβγαβ(u)=bα
β

∗
∇α uβ−(4H2−2K)u3,

β1(u)=bαβ
1
γαβ (u)=−cα

β

∗
∇α uβ+(8H3−6HK)u3+

∗
∇λ (4H2−2K)uλ,

β2(u)=bαβ
2
γαβ (u)=(2Hcα

β−Kbα
β)

∗
∇α uβ+ 1

2 bαβ
∗
∇λ cαβuλ.

(2.61)

3 The metric tensors after deformation of the surface in ℜ3

In this section, we have to study the exchange of geometry of the surface in ℜ3 when the
surface occurs deformation. We will give the formula for the exchange of metric tensor,
curvatures tensor and normal vector to the surface.

Let ω⊂ℜ2 be a compact domain and a immersion ~Θ : ω→ℜ3 is smooth enough, the

middle surface ℑ of shell defined as the image ~Θ. The deformation of a surface means
that at each point on the surface bears a small displacement ~η and new surface after

deformation denote ℑ(~η) as the image ~̃
Θ=~Θ+~η.

For simplicity, later on, we denote the Gateaux derivative of a geometric tensor (for

example, metric tensor) with respect to surface ~Θ along director ~η

Daαβ

D~Θ
~η= lim

t→0
[aαβ(~Θ+t~η)−aαβ(~Θ)].

Theorem 3.1. Assume that surface ℑ is burned a deformation ~Θ⇒ ~̃
Θ=~Θ+~η. Then following

formulae hold





aαβ(η)−aαβ =2
0
Eαβ (η),

Daαβ(η)
DΘ

η=2γαβ(η),

a(η)= a(1+2
0
E (η))+2det(

0
Eαβ (η)),

Da(η)

D~Θ
~η=2aγ0(η),

Daαβ(η)

D~Θ
~η=2(εαλεβσ−aαβaλσ)γλσ(η),

√
a

a(η) =1−γ0(η)+o(|η|2),
(3.1)





Dn(η)
DΘ

η=−aλσ
0
∇λ η3

eσ,

n(η)=
√

a
a(η)

[(1+γ0(η)+det(
0
∇α ηβ))n+aλγ(εαβελσ

0
∇α ησ

0
∇β η3− 0

∇λ η3)eγ],
(3.2)
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bαβ(η)=
√

a
a(η) [(bαβ+ραβ(η)+

∗
Γλ

αβ

0
∇λ η3)(1+γ0(η)+det

0
∇α ηβ)

+(ρσ
αβ(η)+

∗
Γλ

αβ

0
∇λ ησ+

∗
Γσ

αβ)(ε
νµεσγ

0
∇ν ηγ

0
∇µ η3− 0

∇σ η3)],
Dbαβ(η)

D~Θ
~η=ραβ(η),

Dbαβ(η)

D~Θ
~η=ραβ(η)+2((εανb

β
λ+εβνbα

λ)ε
λµ−2bαβaνµ)γνµ(η),

Db(η)

D~Θ
~η= 1

2 b(ραβ(η)b
αβ+ρλσ(η)b

λσ =bbαβραβ(η)=bρb(η),

(3.3)





DH
D~Θ

~η=ρ0(η)+4Hγ0(η)+2Kbαβγαβ(η),
DK
D~Θ

~η=Kρb(η)−2Kγ0(η),

γ0(η)= aαβγαβ(η), γb(η)=bαβγαβ(η).

(3.4)

The Gateaux derivative of Riemann curvature with respect to surface ℑ along direction ~η is given
by

D ∗
Rαβλσ(η)
DΘ

=bασρβλ(η)+ρασ(η)bβλ−bαλρβσ(η)−ραλ(η)bβσ, (3.5)

where




γαβ(η)=
∗
eαβ (η)−bαβη3,

0
Eαβ (η)=γαβ(η)+ϕαβ(η,η),

0
E0 (η)= aαβ

0
Eαβ (η), γ0(η)= aαβγαβ(η), ϕ0(η)= aαβ ϕαβ(η),

ραβ(η)=
1
2(

∗
∇α

∗
∇β η3+

∗
∇α

∗
∇β η3)+bασ

∗
∇β ησ+bβσ

∗
∇α ησ−cαβη3+

∗
∇λ bαβηλ,

θ=1−2Hξ+Kξ2 , p(ξ)=1−4Hξ+(4H2−K)ξ2, q(ξ)=2ξ−2Hξ2 ,
ρb(η)=bαβραβ(η), ρ0(η)= aαβραβ(η).

(3.6)

Proof. (i) Preliminary

Assume that the displacement vector and base vectors of S-coordinate system at ℑ

~η=ηλeλ+η3n, eα=∂α
~θ, n=

e1×e2

|e1×e2|
= εαβ(eα×eβ)

are given. Then

Proposition 3.1. The followings on the ℑ are valid





∂α~η=
0

∇α ηβeβ+
0

∇α η3n,

γαβ(η)=
1
2(∂α~ηeβ+∂β~ηeα)=

1
2(aβλ

0

∇α ηλ+aαλ

0

∇β ηλ),

∂α~η∂β~η= aij

0

∇α ηi
0

∇β η j =2ϕαβ(η,η),

(3.7)

∂α~η×∂β~η= ελσ

0
∇α ηλ

0
∇β ησn+ελσaσγ(

0
∇α ηγ

0
∇β η3− 0

∇α η3
0
∇β ηγ)eλ. (3.8)
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Proof. Indeed, using Gaussian and Weingarten’s formula, reads

∂α~η=∂α(η
λeλ)=∂αηλeλ+ηλeλα+∂αη3n+η3nα

=∂αηλeλ+ηλ(
∗

Γν
λα eν+bλαn)+∂αη3n+η3(−bν

λeν)

=(∂αην+
∗

Γν
λα ηλ)eν+(bαληλ+∂αη3)n−bν

αη3eν

=(
∗
∇α ην−bν

αη3)eν+(
∗
∇α η3+bαληλ)n

=
0
∇α ηνeν+

0
∇α η3n,

∂α~η∂β~η= aνµ

0
∇α ην

0
∇β ηµ+

0
∇α η3

0
∇β η3= aij

0
∇α ηi

0
∇β η j =2ϕαβ(~η).

From above formula (3.7) is obtained.
What follows that we prove (3.8), In fact, by virtue of Weingarten’s and Gaussian

formula

eαβ=
∗

Γλ
αβ eλ+bαβn, nα=−b

β
αeβ =−bαβeβ, (3.9)

and (see [2])





a×b= ε ijkaibjek,

eα×eβ = εαβn, n×eα= εαβeβ, eαeβ =δα
β, n×n=0,

εαβεβσ =δα
σ.

(3.10)

Therefore,

∂α~η×∂β~η= εijk(∂α~η)i(∂β~η)j~ek = εijλ(∂α~η)i(∂β~η)j~ek+εij3(∂α~η)i(∂β~η)j~n

(by properties of permutation tensor)

= ε3σλ((∂α~η)3(∂β~η)σ−(∂α~η)σ(∂β~η)3)~eλ+ελσ3(∂α~η)λ(∂β~η)σ~n

= ε3σλgσγ((∂α~η)
3(∂β~η)

γ−(∂α~η)
γ(∂β~η)

3)~eλ+ελσ3gλνgµσ(∂α~η)
ν(∂β~η)

µ
~n.

Observe that

ε3αβ =

√
a

g
εαβ = θ−1εαβ, (∂β~η)

γ=
0
∇β ηγ.

∂α~η×∂β~η= θ−1εσλgσγ(
0

∇α η3
0

∇β ηγ−
0

∇α ηγ
0

∇β η3)~eλ+θ−1ελσgλνgσµ

0

∇α ηλ
0

∇β ησ
~n. (3.11)

Taking into account of

gαβ|ℑ= aαβ, θ|ℑ=1, ελσaλνaσµ = ενµ,

from (3.11) it infers (3.8) immediately.

(ii) Metric tensor and its determinant a(η)=det(aαβ(η)).
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Proposition 3.2. The Gateaux derivatives for metric tensors and its determinant with
respect to ℑ along director ~η are given by the followings





aαβ(η)−aαβ =2
0
Eαβ (η),

Daαβ(η)
DΘ

η=2γαβ(η),

a(η)= a(1+2
0
E (η))+2det(

0
Eαβ (η)),

Da(η)

D~Θ
~η=2aγ0(η),

Daαβ(η)

D~Θ
~η=2(εαλεβσ−aαβaλσ)γλσ(η),

√
a

a(η)=1−γ0(η)+o(|η|2),
(3.12)

where
0
Eαβ (η) are leading term of Green St.Venant strain tensor Eαβ(η) and

0
E (η)=γ0(η)+ϕ0(η), γ0(η)= aαβγαβ(η), ϕ0(η)= aαβ ϕαβ(η).

Furthermore,

a(η)>0

if vector ~η is small enough.

Proof. The deformed surface ℑ(η) define as the image ~Θ(η)=~Θ+~η. Assume vectors

e(η) :=∂α
~Θ(η)=∂α

~Θ+∂α~η=eα+∂α~η

are linearly independent at all points of ω ⊂ ℜ2. It is obvious that if the vector ~η is
small enough, e(η) can be as base vectors of two dimensional manifold ℑ(η). So that
aαβ(η)=eα(η)eβ(η) are covariant components of metric tensor of ℑ(η) which is nonsin-
gular matrix. Indeed

aαβ(η)=∂α(~Θ+~η)∂β(~Θ+~η)= aαβ+∂α~ηeβ+∂β~ηeα+∂α~η∂β~η.

By (3.7),

aαβ(η)=aαβ+2γαβ(η)+aij

0
∇α ηi

0
∇β η j

=aαβ+2(γαβ(η)+ϕαβ(η))= aαβ+2
0
Eαβ (η). (3.13)

According to the calculation’s principle of the determinant for a matrix

det(Aαβ)=
1

2
ε̂αβ ε̂λσ Aαλ Aβζ, εαβ=

ε̂αβ

√
a

,

and the formula

aαβ = εαλεβσaλσ, aaαβ = ε̂αλ ε̂βσaλσ, γ0(η)= aαβγαβ(η), ϕ0(η)= aαβ ϕαβ(η),
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we assert

a(η)=det(aαβ(η))=
1
2 ε̂αβ ε̂λσaαλ(η)aβσ(η)=

1
2 aεαβελσaαλ(η)aβσ(η)

= 1
2 aεαβελσ(aαλ+2(γαλ(η)+ϕαλ(η)))(aβσ+2(γβσ(η)+ϕβσ(η)))

= 1
2 a{εαβελσaαλaβσ+2εαβελσ{aαλ(γβσ(η)+ϕβσ(η))+aβσ(γαλ(η)+ϕαλ(η))}
+4aεαβελσ(γαλ(η)+ϕαλ(η))(γβσ(η)+ϕβσ(η))}

= a+aβσ(γβσ(η)+ϕβσ(η))+aαλ(γαλ(η)+ϕαλ(η))+2adetγαβ(η)+ϕαβ(η)

= a+2a
0
E (η)+2adet(

0
Eαβ (η))>0, (if ~η is small enough).

Therefor there exist contravariant components of metric tensor

aαβ(η)aβσ(η)=δα
σ, aαβ(η)= εαλ(η)εβσ(η)aλσ(η),

where the permutation tensor is defined by

εαβ(η)=





√
a(η),

−
√

a(η),

0,

εαβ(η)=





1√
a(η)

, (α,β) : even permutation of (1,2),

− 1√
a(η)

, (α,β) : odd permutation of (1,2),

0, otherwise.

Let the normal unite vector be

n(η)= εαβ(η)eα(η)×eβ(η)=
e1(η)×e2(η)

|e1(η)×e2(η)|
,

and the contravariant base vector

eα(η)= aαβeβ(η), eα(η)eβ(η)=δα
β, aαβ(η)=eα(η)eβ(η).

From this, of course, it infers

a(η)−a=2aγ0(η)+2aϕ0(η)+2adet(
0
Eαβ (η)).

The second and third terms of the above equality are two degree of η, so that with (3.13)

Da
D~Θ

~η=2aγ0(η),
Daαβ

D~Θ
~η=2γαβ(η).

On the other hand

aαβ(η)= εαλ(η)εβσ(η)aλσ =
1

a(η)
ε̂αλ ε̂βσaλσ(η),

Daαβ

D~Θ
~η= ε̂αλ ε̂βσ( 1

a
Daλσ

D~Θ
~η− aλσ

a2
Da
D~Θ

~η)

= ε̂αλ ε̂βσ 2
a (γλσ(η)−aλσr0(η))=2(εαλεβσγλσ(η)−aαβγ0(η)).

The proof of Proposition 3.2 is complete.
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(iii) Second fundamental form and unit normal vector n(η) to ℑ(η)
Proposition 3.3. The Gateaux derivatives for unit normal vector with respect to ℑ along
director ~η are given by the followings




Dn(η)
DΘ

η=−aλσ
0
∇λ η3eσ,

n(η)=
√

a
a(η) [(1+γ0(η)+det(

0

∇α ηβ))n+aλγ(εαβελσ

0

∇α ησ
0

∇β η3−
0

∇λ η3)eγ].
(3.14)

Proof. Firstly, assume that a(η) 6=0 by (3.10),

n(η)= 1
2 εαβ(η)eα(η)×eβ(η)=

1
2

√
a

a(η)
εαβ(eα+∂α~η)×(eβ+∂β~η)

= 1
2 q(εαβeα×eβ+εαβ(eα×∂β~η+∂α~η×eβ)+εαβ∂α~η×∂β~η)

=q(n+εαβeα×∂β~η+
1
2 εαβ∂α~η×∂β~η).

(3.15)

From (3.7), (3.10) and the formula

det(
0
∇α ηβ)=

1

2

(
ενµετλ

0
∇ν ητ

0
∇µ ηλ

)
, γ0(η)=

0
∇β ηβ = aαβγαβ(η),

it infers

εαβeα×∂β~η= εαβeα×(
0
∇β ηλ+

0
∇β η3n)= εαβ(

0
∇β ηλeα×eλ+

0
∇β η3eα×n)

= εαβεαλ(
0
∇β ηλn− 0

∇β η3eλ).

Here we used formula

eα×eλ= εαλn, eα×n=−εαλeλ =−aλσεαλeσ.

Owing to εαβεαλ=δ
β
λ, we have

εαβeα×∂β~η=
0
∇β ηβn− 0

∇β η3eβ=γ0(η)n−
0
∇β η3eβ.

In a similar manner, using (3.8) gives

εαβ∂α~η×∂β~η= εαβελσ

0

∇α ηλ
0

∇β ησn+εαβελσ(
0

∇α ησ
0

∇β η3−
0

∇α η3
0

∇β ησ)eλ

= εαβελσ

0

∇α ηλ
0

∇β ησn+2εαβελσ

0

∇α ησ
0

∇β η3eλ

=2det(
0

∇α ηβ)n+2εαβελσ

0

∇α ησ
0

∇β η3eλ.

Substituting above equalities into (3.15) leads to sixth formula of (3.14).
Using sixth formula of (3.14),

√
a

a(η)
[(1+γ0(η)+det(

0
∇α ηβ))n+aλγ(εαβελσ

0
∇α ησ

0
∇β η3− 0

∇λ η3)eγ]

=(1−γ0(η)+o(|η|2))[(1+γ0(η)+o(|η|2))n−aλγ
0
∇λ η3eγ]

=n−aλγ
0
∇λ η3eγ+o(|η|2).
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Hence we assert
Dn(η)

D~Θ
~η=−aλγ

0
∇λ η3eγ.

♠ Curvature Tensor

Proposition 3.4. The Gateaux derivatives for curvature tensors and its determinant with
respect to ℑ along director ~η are given by the followings





bαβ(η)=
√

a
a(η)

[(bαβ+ραβ(η)+
∗

Γλ
αβ

0
∇λ η3)(1+γ0(η)+det

0
∇α ηβ)

+(ρσ
αβ(η)+

∗
Γλ

αβ

0
∇λ ησ+

∗
Γσ

αβ)(ε
νµεσγ

0
∇ν ηγ

0
∇µ η3− 0

∇σ η3)],
Dbαβ(η)

D~Θ
~η=ραβ(η),

Dbαβ(η)

D~Θ
~η=ραβ+2((εανb

β
λ+εβνbα

λ)ε
λµ−2bαβaνµ)γνµ(η),

Db(η)

D~Θ
~η= 1

2 b(ραβ(η)b
αβ+ρλσ(η)b

λσ =bbαβραβ(η)=bρb(η),

(3.16)

where the tensors of order two are defined by

{
ραβ(η) :=

∗
∇α

0
∇β η3+bασ

0
∇β ησ, ρσ

αβ(η) :=
∗
∇α

0
∇β ησ−bσ

α

0
∇β η3,

ρ0(η)= aαβραβ(η), ρb(η)=bαβραβ(η).
(3.17)

Proof. According to the Gaussian formula

∂α∂βθ=
∗

Γλ
αβ ∂λθ+bαβn, ∂α∂βθ(η)=

∗
Γλ

αβ (η)∂λθ(η)+bαβ(η)n(η),

we have

bαβ(η)=∂α∂βθ(η)n(η)=eαβ(η)n(η)=(eαβ+∂α∂β~η)n(η). (3.18)

On the other hand, the following formula is held

∂α∂β~η=
(

ρσ
αβ(η)+

∗
Γλ

αβ

0
∇λ ησ

)
eσ+

(
ραβ(η)+

∗
Γλ

αβ

0
∇λ η3

)
n. (3.19)

Indeed, by the Weingarten’s and Gaussian formula (3.9)

∂α∂β~η =∂α(
0
∇β ησeσ+

0
∇β η3n)=∂α

0
∇β ησeσ+

0
∇β ησ(

∗
Γλ

ασ eλ+bασn)

+∂α

0
∇β η3n+

0
∇β η3(−bλ

α eλ)

=(∂α

0
∇β ησ+

∗
Γσ

αλ

0
∇β ηλ−bσ

α

0
∇β η3)eσ+(∂α

0
∇β η3+bασ

0
∇β ησ)n

=(
∗
∇α

0
∇β ησ+

∗
Γλ

αβ

0
∇λ ησ−bσ

α

0
∇β η3)eσ+(

∗
∇α

0
∇β η3+

∗
Γσ

αβ

0
∇σ η3+bασ

0
∇β ησ)n.
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Hence, we conclude (3.19) by virtue of (3.17). Using the Weingarten’s formula (3.9) with
(3.19), we assert

eαβ+∂α∂βη=
∗

Γλ
αβ eλ+bαβn+(ρσ

αβ(η)+
∗

Γλ
αβ

0
∇λ ησ)eσ+(ραβ(η)+

∗
Γλ

αβ

0
∇λ η3)n

=(ρσ
αβ(η)+

∗
Γλ

αβ (δ
σ
λ+

0
∇λ ησ))eσ+(bαβ+ραβ(η)+

∗
Γλ

αβ

0
∇λ η3)n.

Coming back (3.18) with (3.7) and (3.9) shows

bαβ(η)=
√

a
a(η) [(ρ

σ
αβ(η)+

∗
Γλ

αβ (δ
σ
λ+

0
∇λ ησ))eσ+(bαβ+ραβ(η)+

∗
Γλ

αβ

0
∇λ η3)n]

[(1+γ0(η)+det(
0

∇α ηβ)n+aλγ(ενµελσ

0

∇ν ησ
0

∇µ η3−
0

∇λ η3)eγ].

Since aλγeσeγ =δλ
σ , we have

bαβ(η)=q(η)[(ρσ
αβ(η)+

∗
Γλ

αβ (δ
σ
λ+

0
∇λ ησ))(ενµεσγ

0
∇ν ηγ

0
∇µ η3− 0

∇σ η3)

+(bαβ+ραβ(η)+
∗

Γλ
αβ

0
∇λ η3)(1+γ0(η)+det(

0
∇α ηβ))]

=q(η)[(bαβ+ραβ(η)+
∗

Γλ
αβ

0
∇λ η3)(1+γ0(η)+det(

0
∇α ηβ))

+(ρσ
αβ(η)+

∗
Γλ

αβ

0
∇λ ησ+

∗
Γσ

αβ)(ε
νµεσγ

0
∇ν ηγ

0
∇µ η3− 0

∇σ η3)]

=q(η)[φαβ(η)d0(η)+φσ
αβ(η)dσ(η)].

It can be rewritten in




bαβ(η)=q(η)[bαβ+ρα(η)+φαβ(η)d(η)+φσ
αβ(η)mσ(η)−(ρσ

αβ(η)+
∗

Γλ
αβ

0
∇λ ησ)

0
∇σ η3],

bαβ(η)=bαβ+ραβ(η)+o(|η|2),
Dbαβ(η)

D~Θ
~η=ραβ(η),

q(η)=
√

a
a(η)

=1+−γ0(η)−ϕ0(η)+2a−1 det(
0
Eαβ (η))+··· .

These are the first second of (3.16). Next we consider the contravariant component

bαβ(η)= aαλ(η)aβσ(η)bλσ(η).

Using above, (3.12) and (3.16), and link chain of derivative

Dbαβ(η)

D~Θ
~η= aαλaβσρλσ(η)+2((εανελµ−aαλaνµ)b

β
λ+(εβνεσµ−aβσaνµ)bα

σ)γνµ(η)

=ραβ+2((εανb
β
λ+εβνbα

λ)ε
λµ−2bαβaνµ)γνµ.

Note that

b(η)=
1

2
ε̂αλ ε̂βσbαβ(η)bλσ(η).
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If b=det(bαβ) 6=0 then

bαβ(η)=b−1(η)ε̂αλ ε̂βσbλσ(η).

Hence
Db(η)

D~Θ
~η= 1

2 ε̂αλ ε̂βσ(ραβbλσ+bαβρλσ)

= 1
2 b(ραβ(η)b

αβ+ρλσ(η)b
λσ =bbαβραβ(η)=bρb(η).

To sum up, it completes our proof.

Proposition 3.5. The Gateaux derivatives for (H,K,cαβ) with respect to ℑ along director
~η are given by the followings





DH(η)

D~Θ
~η=ρ0(η)+4Hγ0(η)+2Kbαβγαβ(η),

DK(η)

D~Θ
~η=Kρb(η)−2Kγ0(η),

γ0(η)= aαβγαβ(η), γb(η)=bαβγαβ(η).

(3.20)

Proof. Since H(η)=aαβ(η)bαβ, K= b
a , cαβ(η)=−Kaαβ(η)+2Hbαβ(η), applying Propositions

3.3-3.5, we can derive (3.20) directly.

Proposition 3.6. The Gateaux derivative of Riemannian curvature tensor with respect to
surface ℑ(η) is give by

D ∗
Rαβλσ(η)
DΘ

=bασρβλ(η)+ρασ(η)bβλ−bαλρβσ(η)−ραλ(η)bβσ. (3.21)

Indeed, the Riemannian curvature tensor of surface ℑ(η) is given by

∗
Rαβλσ (η)=bασ(η)bβλ(η)−bαλ(η)bβσ(η).

Applying Proposition 3.4 immediately yields to (3.21).

(iv) Symmetry of indices for ραβ(η) and ρλ
αβ(η)

Let us define the tensor ραβ(η) of order two and ρσ
αβ(η) of order three generated by

the displacement vector ~η.

Proposition 3.7. The tensors ραβ(η) and ρσ
αβ(η) are symmetric tensors with respect to

index (α,β):
ραβ(η)=ρβα(η), ρσ

αβ(η)=ρσ
βα(η)

and have equivalent form

ραβ(η) :=
1

2
(
∗
∇α

∗
∇β η3+

∗
∇β

∗
∇α η3)+bασ

∗
∇β ησ+bβσ

∗
∇α ησ−cαβη3+

∗
∇σ bαβησ

=
1

2
(
∗
∇α

∗
∇β η3+

∗
∇β

∗
∇α η3)− 1

γαβ (η), (3.22)

ρσ
αβ(η) :=

1

2
(
∗
∇α

∗
∇β ησ+

∗
∇β

∗
∇α ησ)− 1

2
(bλβbσ

α+bλαbσ
β)η

λ

−(bσ
β

∗
∇α η3+bσ

α

∗
∇β η3+aσλ

∗
∇λ bαβη3). (3.23)
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Proof. First, we prove (3.22) and (3.23). Indeed, by virtue of (2.36) and (3.17),

ραβ(η)=
∗
∇α

0
∇β η3+bασ

0
∇β ησ =

∗
∇α (

∗
∇β η3+bβσησ)+bασ(

∗
∇β ησ−bσ

βu3)

=
∗
∇α

∗
∇β η3+

∗
∇α (bβσησ)+bασ

∗
∇β ησ−bασbσ

βη3

=
∗
∇α

∗
∇β η3+bασ

∗
∇β ησ+bβσ

∗
∇α ησ+

∗
∇α bβσησ−cαβη3,

since η3 is looked as a scale function define on ℑ and Goddazi formula we claim

∗
∇α

∗
∇β η3=

∗
∇β

∗
∇α η3,

∗
∇α

∗
∇β η3= 1

2(
∗
∇α

∗
∇β η3+

∗
∇β

∗
∇α η3),

∗
∇α bβσ=

∗
∇σ bαβ, bβσbσ

α = cαβ.

From this and (2.47), it implies (3.22). Next we prove (3.23). In fact, by (2.29), we claim

∗
∇α

0

∇β ησ−bσ
α

0

∇β η3

=
∗
∇α

∗
∇β ησ−bσ

α bβληλ−(bσ
β

∗
∇α η3+bσ

α

∗
∇β η3+

∗
∇α bσ

βη3).

Since the Godazzi formula and the covariant derivative of metric tensor being vanishing,

∗
∇α bβλ=

∗
∇β bαλ,

∗
∇α aλσ =0 ⇒ ∗

∇α bσ
βη3= aλσ

∗
∇λ bαβη3.

In addition, by virtue of the Ricci formula

∗
∇α

∗
∇β ησ− ∗

∇β

∗
∇α ησ =Rσ

λαβηλ, (3.24)

where Rσ
λαβ is Riemann tensor of the 2D manifold ℑ, and it can be expressed in terms of

curvature tensor bαβ (see in [2]):

Rσ
λαβ=bλβbσ

α−bλαbσ
β. (3.25)

Hence

∗
∇α

∗
∇β ησ−bσ

α bβληλ = 1
2 (

∗
∇α

∗
∇β ησ+

∗
∇β

∗
∇α ησ)+ 1

2(
∗
∇α

∗
∇β ησ−

∗
∇β

∗
∇α ησ)−bσ

α bβληλ

= 1
2 (

∗
∇α

∗
∇β ησ+

∗
∇β

∗
∇α ησ)+ 1

2(bλβbσ
α−bλαbσ

β)η
λ−bσ

α bβληλ

= 1
2 (

∗
∇α

∗
∇β ησ+

∗
∇β

∗
∇α ησ)− 1

2(bλβbσ
α+bλαbσ

β)η
λ.

Finally, we end our proof for Theorem 3.1.
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4 Differential operator in the S-coordinate system

Hoge-Laplave operator under S- coordinate system

It is well known that for the Navier-Stokes equations in fluid mechanics or the Lamee-
Navier equations in elastic mechanics, their principle part contain the divergence of the
strain tensor for velocity vector or displacement vector. In the Riemannian space, they do
not have interchangeability with Leray projector on the divergence free subspace Kerdiv,
but it is possible to make interchange with the Hoge-Laplave operator. In order to make
mix with either self, denote ∆H by

∆H =(dδ+δd), (4.1)

where d and δ are the exterior differential operator and the supper differential operator,
respectively. According to the Weitzenbock formula, it is equal to Bochner-Laplace (traci-
Laplace) plus Ricci operator when it acts on vector field, i.e

∆Hui=(dδ+δd)ui =∆Bui+(Ric·u)i, (4.2)

where Bochner-Laplace operator is defined by

∆B =∇∗∇=−gij∇i∇j =−∆. (4.3)

It is well known that the conservation of the energy-momentum in physics concern
divergence of enrgy-momentum tensor, the constitutive equation in continuum also con-
tain the relationship between strain tensor and stress tensor. It is natural that the diver-
gence of strain tensor play important role. The relationship of strain tensor, Bochner-
Lpalace operator and Ricci operator in Riemannian space are given by

∇ie
ij(u)=−1

2
∆Buj+

1

2
gjk∇kdivu+

1

2
gjkRicmkum. (4.4)

Combining above notations, the divergence of the strain tensor in higher space and two
dimensional surface are given by

{
dive(u)= 1

2(−∆Bu+∇div(u)+Ric·u)= 1
2(−∆Hu+2Ric·u+∇divu),

∗
div e(u)= 1

2 (
∗
∆u+

∗
∇

∗
divu+Ku),

(4.5)

respectively. It is obvious that it is enough to compute the Bochner-Laplace operator
when we have to compute the divergence of strain tensor.

By the way in 3D-Euclidean space E3, following is given in terms of the operator
rotrot to compute divergence of strain tensor

∆u=graddivu−rotrotu.

The following theorem gives the expansion with respect to the transverse variable ξ
for the Riemmannian curvature and the Ricci curvature tensors.
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Theorem 4.1. Under S-coordinate in the 3D-Riemmannian space, the Riemannian curvature
tensor is a polynomial of degree two with respect to the transverse variable ξ





Rαβλσ=Rαβλσ(1)ξ+Rαβλσ(2)ξ
2, R3αβλ=R3αβλ(1)ξ+R3αβλ(2)ξ

2,
Rβλ3α=R3αβλ, Rα3βλ=Rβλα3=−R3αβλ,
R33αβ =Rαβ33=R3α3β =R3αβ3=Rα33β =0,
R333α =R33α3=R3α33=Rα333=0, R3333=0,

(4.6)

where





Rαβλσ(1)=−( ∂2bαλ

∂xβ∂xσ +
∂2bβσ

∂xα∂xλ − ∂2bβλ

∂xα∂xσ − ∂2bασ

∂xβ∂xλ )−(cαλbβσ+cβσbαλ−bβλcασ

−cβλbασ)−[
∗

Γν
βσ (

∗
∇α bλν+

∗
Γµ

αλ bµν)+
∗

Γν
αλ (

∗
∇β bσν+

∗
Γµ

βσ bµν)

−
∗

Γν
βλ (

∗
∇α bσν+

∗
Γµ

ασ bµν)−
∗

Γν
ασ (

∗
∇β bλν+

∗
Γµ

βλ bµν)],

Rαβλσ(2)=
1
2(

∂2cαλ

∂xβ∂xσ +
∂2cβσ

∂xα∂xλ − ∂2cβλ

∂xα∂xσ − ∂2cασ

∂xβ∂xλ )+(cβσcαλ−cβλcασ)

+(b
µ
ν

∗
∇α bλµ+

∗
Γµ

αλ cνµ)
∗

Γν
βσ−(b

µ
ν

∗
∇α bσµ+

∗
Γµ

ασ cνµ)
∗

Γν
βλ

+
∗
∇β bσµ(

∗
∇α b

µ
λ+

∗
Γν

αλ b
µ
ν )−

∗
∇β bλµ(

∗
∇α b

µ
σ+

∗
Γν

ασ),

(4.7)

{
R3αβλ(1)=

∗
∇β cαλ−

∗
∇λ cαβ,

R3αβλ(2)=b
µ
λ

∗
∇α bβµ−bβµ

∗
∇α b

µ
λ.

(4.8)

Proof. At the first, we give the expression for the Riemann curvature tensor of four order
covariant components under S-coordinate. To do that, according to

Rklij =∂iΓlj,k−∂jΓli,k−Γ
p
liΓkj,p+Γ

p
ljΓik,p

= 1
2

(
∂2gik

∂xj∂xl
+

∂2gjl

∂xi∂xk
− ∂2gil

∂xj∂xk
− ∂2gjk

∂xi∂xl

)
+Γ

p
jlΓik,p−Γ

p
ilΓjk,p,

(4.9)

and (2.16)–(2.17), we have





Rαβλσ=
1
2 (

∂2gαλ

∂xβ∂xσ +
∂2gβσ

∂xα∂xλ − ∂2gβλ

∂xα∂xσ − ∂2gασ

∂xβ∂xλ )+gpq(Γ
q
βσΓ

p
αλ−Γ

q
βλΓ

p
ασ)= Iαβλσ+ I Iαβλσ,

Iαβλσ=
1
2 (

∂2gαλ

∂xβ∂xσ +
∂2gβσ

∂xα∂xλ − ∂2gβλ

∂xα∂xσ − ∂2gασ

∂xβ∂xλ ),

I Iαβλσ= gpq(Γ
q
βσΓ

p
αλ−Γ

q
βλΓ

p
ασ)= gνµ(Γν

βσΓ
µ
αλ−Γν

βλΓ
µ
ασ)

+(Γ3
βσΓ3

αλ−Γ3
βλΓ3

ασ)= I I
(1)
αβλσ+ I I

(2)
αβλσ,

I I
(1)
αβλσ= gνµ(Γν

βσΓ
µ
αλ−Γν

βλΓ
µ
ασ),

I I(2)=Γ3
βσΓ3

αλ−Γ3
βλΓ3

ασ.

(4.10)
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By applying

gαλ = aαλ−2ξbαλ+ξ2cαλ,

Γν
αλ=

∗
Γν

αλ+Φν
αλ =

∗
Γν

αλ−ξ
∗
∇α bν

λ+ξ2(2Hδν
η−bν

η)
∗
∇α b

η
λ,

Γν
3α= θ−1 Iν

α , Γ3
αβ= Jαβ, Γ3

3λ=Γα
33=0,





Iαβλσ= Ia
αβλσ−2ξ Ib

αβλσ+ξ2 Ic
αβλσ,

Ia
αβλσ=

1
2(

∂2aαλ

∂xβ∂xσ +
∂2aβσ

∂xα∂xλ − ∂2aβλ

∂xα∂xσ − ∂2aασ

∂xβ∂xλ ),

Ib
αβλσ=

1
2(

∂2bαλ

∂xβ∂xσ +
∂2bβσ

∂xα∂xλ − ∂2bβλ

∂xα∂xσ − ∂2bασ

∂xβ∂xλ ),

Ic
αβλσ=

1
2(

∂2cαλ

∂xβ∂xσ +
∂2cβσ

∂xα∂xλ − ∂2cβλ

∂xα∂xσ − ∂2cασ

∂xβ∂xλ ),

(4.11)

we have

I I
(2)
αβλσ=Γ3

βσΓ3
αλ−Γ3

βλΓ3
ασ = Jβσ Jαλ− Jβλ Jασ

=bβσbαλ−bβλbασ+ξ2(cβσcαλ−cβλcασ)−ξ{(cαλbβσ+cβσbαλ−bβλcασ−cβλbασ)}.

According to the formula for the Riemann curvature in 2D Surface ([1])

∗
Rαβσλ=bβσbαλ−bβλbασ. (4.12)

Therefore

I I
(2)
αβλσ=

∗
Rαβσλ+ξ2(cβσcαλ−cβλcασ)−ξ(cαλbβσ+cβσbαλ−bβλcασ−cβλbασ). (4.13)

Next we compute I I
(1)
αβλσ. By (2.27)

I I
(1)
αβλσ= gνµ(Γν

βσΓ
µ
αλ−Γν

βλΓ
µ
ασ)

= gνµ{(
∗

Γν
βσ+Φν

βσ)(
∗

Γµ
αλ+Φ

µ
αλ)−(

∗
Γν

βλ+Φν
βλ)(

∗
Γµ

ασ+Φ
µ
ασ)}

= gνµ(
∗

Γν
βσ

∗
Γµ

αλ−
∗

Γν
βλ

∗
Γµ

ασ)+gνµ(Φν
βσΦ

µ
αλ−Φν

βλΦ
µ
ασ)

+gνµ(
∗

Γν
βσ Φ

µ
αλ+

∗
Γµ

αλ Φν
βσ−

∗
Γν

βλ Φ
µ
ασ−

∗
Γµ

ασ Φν
βλ).

By appling (2.27) and (2.28)




gνµΦ
µ
αλ =(−ξδ

η
ν +ξ2b

η
ν)

∗
∇α bλη, gνµΦν

βσ=(−ξδ
η
µ+ξ2b

η
µ)

∗
∇β bση ,

gνµΦ
µ
ασ =(−ξδ

η
ν +ξ2b

η
ν)

∗
∇α bση , gνµΦν

βλ=(−ξδ
η
µ+ξ2b

η
µ)

∗
∇β bλη ,

(4.14)

it yields

gνµ{
∗

Γν
βσ Φ

µ
αλ+

∗
Γµ

αλ Φν
βσ−

∗
Γν

βλ Φ
µ
ασ−

∗
Γµ

ασ Φν
βλ}

=(−ξδ
η
ν +ξ2b

η
ν)

∗
Γν

βσ

∗
∇α bλη+(−ξδ

η
µ+ξ2b

η
µ)

∗
Γµ

αλ

∗
∇β bση

−(−ξδ
η
ν +ξ2b

η
ν)

∗
Γν

βλ

∗
∇α bση−(−ξδ

η
µ+ξ2b

η
µ)

∗
Γµ

ασ

∗
∇β bλη

=(−ξδ
η
ν +ξ2b

η
ν)(

∗
Γν

βσ

∗
∇η bαλ+

∗
Γν

αλ

∗
∇η bβσ−

∗
Γν

βλ

∗
∇η bασ−

∗
Γν

ασ

∗
∇η bβλ).
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Using

Φ
µ
αλ = θ−1(−ξ

∗
∇α b

µ
λ+ξ2(2Hδ

µ
η −b

µ
η )

∗
∇α b

η
λ)

and (4.14), we have

gνµΦν
βσΦ

µ
αλ =(−ξ

∗
∇β bσµ+ξ2b

η
µ

∗
∇β bση)·θ−1(−ξ

∗
∇α b

µ
λ+ξ2(2Hδ

µ
η −b

µ
η )

∗
∇α b

η
λ)

= θ−1{ξ2
∗
∇α b

µ
λ

∗
∇β bσµ−ξ3[(2Hδ

µ
η −b

µ
η )

∗
∇β bσµ

∗
∇α b

η
λ+b

η
µ

∗
∇β bση

∗
∇α b

µ
λ]

+ξ4((2Hδ
µ
τ −b

µ
τ )b

η
µ

∗
∇β bση

∗
∇α bτ

λ)}= θ−1ξ2(1−2Hξ+Kξ2)
∗
∇α b

µ
λ

∗
∇β bσµ

= ξ2
∗
∇α b

µ
λ

∗
∇β bσµ,

gνµΦν
βλΦ

µ
ασ =(−ξ

∗
∇β bλµ+ξ2b

η
µ

∗
∇β bλη)θ

−1(−ξ
∗
∇α b

µ
σ+ξ2(2Hδ

µ
η −b

µ
η )

∗
∇α b

η
σ)

= θ−1{ξ2
∗
∇α b

µ
σ

∗
∇β bλµ−ξ3[(2Hδ

µ
η −b

µ
η )

∗
∇β bλµ

∗
∇α b

η
σ+b

η
µ

∗
∇β bλη

∗
∇α b

µ
σ ]

+ξ4((2Hδ
µ
η −b

µ
η )b

τ
µ

∗
∇β bλτ

∗
∇α b

η
σ)}= ξ2

∗
∇α b

µ
σ

∗
∇β bλµ,

where we have used the following two equalities

{
−b

µ
η

∗
∇β bλµ

∗
∇α b

η
σ+b

η
µ

∗
∇β bλη

∗
∇α b

µ
σ =0,

(2Hδ
µ
η −b

µ
η )b

τ
µ=2Hbτ

η−cτ
η =Kδτ

η .

Finally,

gνµ(Φν
βσΦ

µ
αλ−Φν

βλΦ
µ
ασ)= ξ2aνµ(

∗
∇ν bαλ

∗
∇µ bβσ−

∗
∇ν bασ

∗
∇µ bβλ), (4.15)

it still possess anti-symmetric of indices. Combing (4.14) and (4.15) with (4.12) yields

I I
(1)
αβλσ=(aνµ−2ξbνµ+ξ2cνµ)(

∗
Γν

βσ

∗
Γµ

αλ−
∗

Γν
βλ

∗
Γµ

ασ)+ξ2aνµ(
∗
∇ν bαλ

∗
∇µ bβσ−

∗
∇ν bασ

∗
∇µ bβλ)

+(−ξδ
η
ν +ξ2b

η
ν)(

∗
Γν

βσ

∗
∇η bαλ+

∗
Γν

αλ

∗
∇η bβσ−

∗
Γν

βλ

∗
∇η bασ−

∗
Γν

ασ

∗
∇η bβλ). (4.16)

Substituting (4.11), (4.12) and (4.16) into (4.9) leads to

Rαβλσ=
∗
Rαβσλ+

1
2(

∂2aαλ

∂xβ∂xσ +
∂2aβσ

∂xα∂xλ − ∂2aβλ

∂xα∂xσ − ∂2aασ

∂xβ∂xλ )+aνµ(
∗

Γν
αλ

∗
Γµ

βσ−
∗

Γν
ασ

∗
Γµ

βλ)

+ξ{−( ∂2bαλ

∂xβ∂xσ +
∂2bβσ

∂xα∂xλ − ∂2bβλ

∂xα∂xσ − ∂2bασ

∂xβ∂xλ )−2bνµ(
∗

Γν
βσ

∗
Γµ

αλ−
∗

Γν
βλ

∗
Γµ

ασ)

−(cαλbβσ+cβσbαλ−bβλcασ−cβλbασ)}+ξ2{ 1
2(

∂2cαλ

∂xβ∂xσ +
∂2cβσ

∂xα∂xλ − ∂2cβλ

∂xα∂xσ − ∂2cασ

∂xβ∂xλ )

+cνµ(
∗

Γν
βσ

∗
Γµ

αλ−
∗

Γν
βλ

∗
Γµ

ασ)+(cβσcαλ−cβλcασ)}
+(−ξδ

η
ν +ξ2b

η
ν)(

∗
Γν

βσ

∗
∇α bλη+

∗
Γν

αλ

∗
∇β bση−

∗
Γν

βλ

∗
∇α bση−

∗
Γν

ασ

∗
∇β bλη)

+ξ2(
∗
∇α b

µ
λ

∗
∇β bσµ−

∗
∇α b

µ
σ

∗
∇β bλµ).

(4.17)
Owing to the anti-symmetric of index of Riemann curvature tensor

∗
Rαβλσ=− ∗

Rαβσλ,
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the sum of first three terms in (4.17) equal to zero

1
2(

∂2aαλ

∂xβ∂xσ +
∂2aβσ

∂xα∂xλ − ∂2aβλ

∂xα∂xσ − ∂2aασ

∂xβ∂xλ )

+aνµ(
∗

Γν
αλ

∗
Γµ

βσ−
∗

Γν
ασ

∗
Γµ

βλ)+
∗
Rαβσλ=

∗
Rαβλσ+

∗
Rαβσλ=0.

Then (4.17) becomes

Rαβλσ= ξ{−( ∂2bαλ

∂xβ∂xσ +
∂2bβσ

∂xα∂xλ − ∂2bβλ

∂xα∂xσ − ∂2bασ

∂xβ∂xλ )−2bνµ(
∗

Γν
βσ

∗
Γµ

αλ−
∗

Γν
βλ

∗
Γµ

ασ)

−(cαλbβσ+cβσbαλ−bβλcασ−cβλbασ)−(
∗

Γν
βσ

∗
∇α bλν+

∗
Γν

αλ

∗
∇β bσν

−
∗

Γν
βλ

∗
∇α bσν−

∗
Γν

ασ

∗
∇β bλν)}+ξ2{ 1

2 (
∂2cαλ

∂xβ∂xσ +
∂2cβσ

∂xα∂xλ − ∂2cβλ

∂xα∂xσ − ∂2cασ

∂xβ∂xλ )

+cνµ(
∗

Γν
βσ

∗
Γµ

αλ−
∗

Γν
βλ

∗
Γµ

ασ)+(cβσcαλ−cβλcασ)+b
η
ν(

∗
Γν

βσ

∗
∇α bλη+

∗
Γν

αλ

∗
∇β bση

−
∗

Γν
βλ

∗
∇α bση−

∗
Γν

ασ

∗
∇β bλη)+(

∗
∇α b

µ
λ

∗
∇β bσµ−

∗
∇α b

µ
σ

∗
∇β bλµ)}.

It can be also expressed by

Rαβλσ= ξ{−( ∂2bαλ

∂xβ∂xσ +
∂2bβσ

∂xα∂xλ − ∂2bβλ

∂xα∂xσ − ∂2bασ

∂xβ∂xλ )−(cαλbβσ+cβσbαλ−bβλcασ−cβλbασ)

−[
∗

Γν
βσ (

∗
∇α bλν+

∗
Γµ

αλ bµν)+
∗

Γν
αλ (

∗
∇β bσν+

∗
Γµ

βσ bµν)−
∗

Γν
βλ (

∗
∇α bσν+

∗
Γµ

ασ bµν)

−
∗

Γν
ασ (

∗
∇β bλν+

∗
Γµ

βλ bµν)]}+ξ2{ 1
2 (

∂2cαλ

∂xβ∂xσ +
∂2cβσ

∂xα∂xλ − ∂2cβλ

∂xα∂xσ − ∂2cασ

∂xβ∂xλ )

+(cβσcαλ−cβλcασ)+(b
µ
ν

∗
∇α bλµ+

∗
Γµ

αλ cνµ)
∗

Γν
βσ−(b

µ
ν

∗
∇α bσµ+

∗
Γµ

ασ cνµ)
∗

Γν
βλ

+
∗
∇β bσµ(

∗
∇α b

µ
λ+

∗
Γν

αλ b
µ
ν )−

∗
∇β bλµ(

∗
∇α b

µ
σ+

∗
Γν

ασ)}.
(4.18)

Let us define a tensor of four order covariant components

Rαβλσ(1)=−( ∂2bαλ

∂xβ∂xσ +
∂2bβσ

∂xα∂xλ − ∂2bβλ

∂xα∂xσ − ∂2bασ

∂xβ∂xλ )−(cαλbβσ+cβσbαλ−bβλcασ−cβλbασ)

−[
∗

Γν
βσ (

∗
∇α bλν+

∗
Γµ

αλ bµν)+
∗

Γν
αλ (

∗
∇β bσν+

∗
Γµ

βσ bµν)

−
∗

Γν
βλ (

∗
∇α bσν+

∗
Γµ

ασ bµν)−
∗

Γν
ασ (

∗
∇β bλν+

∗
Γµ

βλ bµν)],

Rαβλσ(2)=
1
2 (

∂2cαλ

∂xβ∂xσ +
∂2cβσ

∂xα∂xλ − ∂2cβλ

∂xα∂xσ − ∂2cασ

∂xβ∂xλ )+(cβσcαλ−cβλcασ)

+(b
µ
ν

∗
∇α bλµ+

∗
Γµ

αλ cνµ)
∗

Γν
βσ−(b

µ
ν

∗
∇α bσµ+

∗
Γµ

ασ cνµ)
∗

Γν
βλ

+
∗
∇β bσµ(

∗
∇α b

µ
λ+

∗
Γν

αλ b
µ
ν )−

∗
∇β bλµ(

∗
∇α b

µ
σ+

∗
Γν

ασ).
(4.19)

Then (4.17) becomes
Rαβλσ=Rαβλσ(1)ξ+Rαβλσ(2)ξ

2. (4.20)

The remaining is to prove formula (4.8)

R3αβλ=
1
2(

∂2g3β

∂xβ∂xλ +
∂2gαλ

∂ξ∂xβ − ∂2gαβ

∂ξ∂xλ − ∂2g3λ

∂xβ∂xα )+gνµ(Γν
3βΓ

µ
αβ−Γν

αβΓ
µ
3λ)+g33(Γ3

3βΓ3
αλ−Γ3

αβΓ3
3λ)

=(used(2.16)(2.27)){∂β(−bαλ+ξcαλ)−∂λ(−bαβ+ξcαβ)}
+gνµ(θ−1 Iν

β(
∗

Γµ
αλ+Φ

µ
αλ)−θ−1 I

µ
λ(

∗
Γν

αβ+Φν
αβ).

(4.21)
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Using

∗
∇β bαλ=∂βbαλ−

∗
Γµ

βα bµλ−
∗

Γµ
βλ bαµ,

∗
∇λ bαβ=∂λbαβ−

∗
Γµ

λα bµβ−
∗

Γµ
λβ bαµ,

∂βbαλ−∂λbαβ=
∗
∇β bαλ−

∗
∇λ bαβ+

∗
Γµ

βα bµλ+
∗

Γµ
βλ bαµ−

∗
Γµ

λα bµβ−
∗

Γµ
λβ bαµ

=
∗
∇β bαλ−

∗
∇λ bαβ+

∗
Γµ

βα bµλ−
∗

Γµ
λα bµβ,

∂βcαλ−∂λcαβ =
∗
∇β cαλ−

∗
∇λ cαβ+

∗
Γµ

βα cµλ−
∗

Γµ
λα cµβ,

and the Godazzi formula ∗
∇λ bαβ=

∗
∇β bαλ, (4.22)

we obtain

∂β(−bαλ+ξcαλ)−∂λ(−bαβ+ξcαβ)=−{∂βbαλ−∂λbαβ−ξ(∂βcαλ−∂λcαβ)}
= ξ(

∗
∇β cαλ−

∗
∇λ cαβ)+

∗
Γµ

λα Jµβ−
∗

Γµ
βα Jµλ.

(4.23)

On the other hand, by (2.41)
{

gνµθ−1 Iν
β =−Jβµ, gνµθ−1 I

µ
λ =−Jλν,

JβµΦ
µ
αλ=−ξ

∗
∇λ bαβ+ξ2b

µ
β

∗
∇λ bαµ, JλνΦν

αβ =−ξ
∗
∇β bαλ+ξ2b

µ
λ

∗
∇β bαµ.

(4.24)

Substituting into (4.24) leads to

gνµ(θ−1 Iν
β(

∗
Γµ

αλ+Φ
µ
αλ)−θ−1 I

µ
λ(

∗
Γν

αβ+Φν
αβ))= Jλν

∗
Γν

αβ−Jβν

∗
Γµ

αλ+ξ(
∗
∇λ bαβ−

∗
∇β bαλ)

+ξ2(b
µ
λ

∗
∇α bβµ−b

µ
β

∗
∇λ bαµ) (Godazzi formula(4.24))

= Jλν

∗
Γν

αβ −Jβν

∗
Γµ

αλ+ξ2(b
µ
λ

∗
∇α bβµ−b

µ
β

∗
∇λ bαµ).

(4.25)
Combining (4.22), (4.24) and (4.25) yields

R3αβλ= ξ(
∗
∇β cαλ−

∗
∇λ cαβ)+ξ2(b

µ
λ

∗
∇α bβµ−bβµ

∗
∇α b

µ
λ). (4.26)

By symmetry and anti-symmetry of indices for Rimemann curture tensor, we obtain

Rβλ3α=R3αβλ, Rα3βλ=−R3αβλ, Rβλα3=−R3αβλ. (4.27)

In what follows,

R33αβ =
1
2{∂2(g3α)3β+∂2(g3β)3α−∂2(g3α)3β−∂2(g3β)3α}+gpq(Γ

p
3βΓ

q
3α−Γ

p
3βΓ3

3α)=0,

Rαβ33=0,

R3α3β =
1
2{∂2(g33)αβ+∂2(gαβ)33−∂2(gα3)3β−∂2(g3β)α3}+gpq(Γ

p
αβΓ

q
33−Γ

p
3βΓ

q
3α)

= 1
2

∂2(aαβ−2ξbαβ+ξ2cαβ)

∂ξ2 +gνµ(0−θ−1 Iν
βθ−1 I

µ
α )+(Γ3

αβΓ3
33−Γ3

3βΓ3
3α)

= cαβ−cαβ =0,
Rα33β =0, R3αβ3=0, R333α =R33α3=R3α33=Rα333=0, R3333=0.

(4.28)
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This gives Γν
33=Γ3

3α=0, gνµ Iν
β I

µ
α =θ2cαβ. From this we complete proof of Theorem 4.1.

Theorem 4.2. Under the S-coordinate in the 3D-Riemmannian space, the Ricci curvature tensor
is a rational polynomial of degree two with respect to the transverse variable ξ whose Taylor
expansion is given by





Rij =Rij(0)+Rij(1)ξ+Rij(2)ξ
2+··· ,

Rαβ(0)=0,

Rαβ(1)=
1√
a

∂
∂xλ (

√
a

∗
∇α bλ

β)+2K(bαβ−Haαβ)+2Hαβ+
∗

Γλ
ασ

∗
∇λ bσ

β+
∗

Γσ
βλ

∗
∇σ bλ

α ,

Rαβ(2)=(4HHαβ+4Hα Hβ−Kαβ)+K((K−4H2)aαβ+4Hbαβ)

+ 1√
a

∂
∂xλ ((2Hδλ

ν −bλ
ν )
√

a
∗
∇α bν

β)

−[(2Hδλ
ν −bλ

ν )(
∗

Γσ
λβ

∗
∇α bν

σ+
∗

Γσ
λα

∗
∇β bν

σ)+
∗
∇λ bσ

α

∗
∇σ bλ

β ],

R3β(0)=4
∗
∇β H−2bλ

σ

∗
Γσ

λβ,

R3β(1)=
∗
∇β (8H2−2K)+2K

∗
∇β ln

√
a−4Hbλ

σ

∗
Γσ

λβ,

R3β(2)=8(6H2−K)
∗
∇β H−(4Hδλ

β +2bλ
β)

∗
∇β K+4HK

∗
∇β ln

√
a−(8H2−2K)bλ

σ

∗
Γσ

λβ,

R33=0,
(4.29)

where Hα=∂α H, Hαβ=∂2
αβH.

Proof. Applying Lemmas 2.2, 2.3 and 2.5, and g= θ2a, we have

Rαβ=− ∂2

∂xα∂xβ ln
√

g+ 1√
g

∂
∂xλ (

√
gΓλ

αβ)+
1√
g

∂
∂x3 (

√
gΓ3

αβ)−Γλ
ασΓσ

λβ−Γλ
α3Γ3

λβ−Γ3
ασΓσ

3β−Γ3
α3Γ3

3β,

Rαβ=− ∂2 lnθ
∂xα∂xβ +

∂2 ln
√

a
∂xα∂xβ +

1√
a

∂
∂xλ (

√
aΓλ

αβ)+Γλ
αβ

∂lnθ
∂xλ

+ 1√
a

∂
∂ξ (

√
aΓ3

αβ)+Γ3
αβ

∂lnθ
∂ξ −Γλ

ασΓσ
λβ−θ−1(Jαλ Iλ

β + Jβσ Iσ
α ).

On the other hand,

1√
a

∂
∂xλ (

√
aΓλ

αβ)=
1√
a

∂
∂xλ (

√
a

∗
Γλ

αβ)+
1√
a

∂
∂xλ (

√
aΦλ

αβ),

Γλ
αβ

∂lnθ
∂xλ = θ−1(

∗
Γλ

αβ +Φλ
αβ)(−2Hλξ+Kλξ2)

= θ−1{−2
∗
∇λ H

∗
Γλ

αβ ξ+(
∗
∇λ K

∗
Γλ

αβ+2
∗
∇λ H

∗
∇α bλ

β)ξ
2

−(
∗
∇ν (K+2H2)+bλ

ν

∗
∇λ H)

∗
∇α bν

βξ3+(2Hδλ
ν −bλ

ν )
∗
∇λ K

∗
∇α bν

βξ4},

1√
a

∂
∂ξ (

√
aΓ3

αβ)=
∂Jαβ

∂ξ =−cαβ,

Γ3
αβ

∂lnθ
∂ξ = Jαβθ−1(−2H+2Kξ)= θ−1{−2Hbαβ+2(Kbαβ+Hcαβ)ξ−2Kcαβξ2},

−θ−1[Jαλ Iλ
β + Jβσ Iσ

α ]=2cαβ,
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Γλ
ασΓσ

λβ=
∗

Γλ
ασ

∗
Γσ

λβ+
∗

Γλ
ασ Φσ

λβ+Φλ
ασ

∗
Γσ

λβ+Φλ
ασΦσ

βλ

=
∗

Γλ
ασ

∗
Γσ

λβ+(
∗

Γλ
ασ

∗
∇λ bσ

β+
∗

Γσ
βλ

∗
∇σ bλ

α )ξ

+[(2Hδλ
ν −bλ

ν )(
∗

Γσ
λβ

∗
∇α bν

σ+
∗

Γσ
λα

∗
∇β bν

σ)+
∗
∇λ bσ

α

∗
∇σ bλ

β ]ξ
2

−(2Hδλ
ν −bλ

ν )(
∗
∇α bσ

λ

∗
∇β bν

σ+
∗
∇β bσ

λ

∗
∇α bν

σ)ξ
3

+(2Hδλ
ν −bλ

ν )(2Hδσ
µ−bσ

µ)
∗
∇α bν

σ

∗
∇β b

µ
λξ4.

Similarly,

Rαβ=− ∂2 lnθ
∂xα∂xβ − ∂2 ln

√
a

∂xα∂xβ +
1√
a

∂
∂xλ (

√
a

∗
Γλ

αβ)+
1√
a

∂
∂xλ (

√
aΦλ

αβ)

−
∗

Γλ
ασ

∗
Γσ

λβ+cαβ+θ−1(−2Hbαβ+(2Hcαβ+2Kbαβ)ξ−2Kcαβξ2)

+(
∗

Γλ
ασ

∗
∇λ bσ

β+
∗

Γσ
βλ

∗
∇σ bλ

α )ξ+[(2Hδλ
ν −bλ

ν )(
∗

Γσ
λβ

∗
∇α bν

σ+
∗

Γσ
λα

∗
∇β bν

σ)

+
∗
∇λ bσ

α

∗
∇σ bλ

β ]ξ
2+(2Hδλ

ν −bλ
ν )(2Hδσ

µ−bσ
µ)

∗
∇α bν

σ

∗
∇β b

µ
λξ4

−(2Hδλ
ν −bλ

ν )(
∗
∇α bσ

λ

∗
∇β bν

σ+
∗
∇β bσ

λ

∗
∇α bν

σ)ξ
3.

Note that

− ∂2 ln
√

a
∂xα∂xβ +

1√
a

∂
∂xλ (

√
a

∗
Γλ

αβ)−
∗

Γλ
ασ

∗
Γσ

λβ=
∗
Rαβ,

cαβ=−Kaαβ+2Hbαβ,

we have
∗
Rαβ −Kaαβ=0.

Furthermore,

Rαβ =− ∂2 lnθ
∂xα∂xβ +

1√
a

∂
∂xλ (

√
aΦλ

αβ)+2Hbαβ+θ−1(−2Hbαβ+2(Hcαβ+Kbαβ)ξ−2Kcαβξ2)

+(
∗

Γλ
ασ

∗
∇λ bσ

β+
∗

Γσ
βλ

∗
∇σ bλ

α )ξ+[(2Hδλ
ν −bλ

ν )(
∗

Γσ
λβ

∗
∇α bν

σ+
∗

Γσ
λα

∗
∇β bν

σ)+
∗
∇λ bσ

α

∗
∇σ bλ

β ]ξ
2

+(2Hδλ
ν −bλ

ν )(2Hδσ
µ−bσ

µ)
∗
∇α bν

σ

∗
∇β b

µ
λξ4−(2Hδλ

ν −bλ
ν )(

∗
∇α bσ

λ

∗
∇β bν

σ+
∗
∇β bσ

λ

∗
∇α bν

σ)ξ
3.

Thanks to

∂2 lnθ
∂xα∂xβ = θ−2(−2Hαβξ+(Kαβ+4HHαβ−4HαHβ)ξ

2+(2HαKβ+2HβKα−2HKαβ

−2KHαβ)ξ
3+(KαKβ+KKαβ)ξ

4)=−2Hαβξ+(Kαβ−4HHαβ−4HαHβ)ξ
2+··· ,

1√
a

∂
∂xλ (

√
aΦλ

αβ)=
1√
a

∂
∂xλ (

√
a

∗
∇α bλ

β)ξ+
1√
a

∂
∂xλ (

√
a(2Hδλ

ν −bλ
ν )

∗
∇α bλ

β)ξ
2,

2Hbαβ+θ−1(−2Hbαβ+2(Hcαβ+Kbαβ)ξ−2Kcαβξ2)
=2[Hcαβ+(K−2H2)bαβ]ξ+K((K−4H2)aαβ+4Hbαβ)ξ

2+···
=K(bαβ−Haαβ)ξ+K((K−4H2)aαβ+4Hbαβ)ξ

2+··· .
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Finally




Rαβ(1)=
1√
a

∂
∂xλ (

√
a

∗
∇α bλ

β)+2K(bαβ−Haαβ)+2Hαβ+
∗

Γλ
ασ

∗
∇λ bσ

β+
∗

Γσ
βλ

∗
∇σ bλ

α ,

Rαβ(2)=(4HHαβ+4HαHβ−Kαβ)+K((K−4H2)aαβ+4Hbαβ)

+ 1√
a

∂
∂xλ ((2Hδλ

ν −bλ
ν )
√

a
∗
∇α bν

β)−[(2Hδλ
ν −bλ

ν )(
∗

Γσ
λβ

∗
∇α bν

σ+
∗

Γσ
λα

∗
∇β bν

σ)+
∗
∇λ bσ

α

∗
∇σ bλ

β ].

In addition

R3β =− ∂2

∂ξ∂xβ ln
√

g+ 1√
g

∂
∂xλ (

√
gΓλ

3β)+
1√
g

∂
∂ξ (

√
gΓ3

3β)

−Γλ
3σΓ3

λβ−Γλ
33Γ3

λβ−Γ3
3σΓσ

3β−Γ3
33Γ3

3β,

R33=− ∂2 lnθ
∂ξ2 −Γλ

3σΓσ
3λ=

∂2 lnθ
∂ξ2 −θ−2 Iλ

σ Iσ
λ

= θ−2{−(2K−4H2+4HKξ−2K2ξ2)−(4H2−2K−4HKξ+2K2)}=0,

where we have used bλ
σbσ

λ= cλ
λ =4H2−2K,

R3β =− ∂2

∂ξ∂xβ lnθ+ ∂2

∂ξ∂xβ ln
√

a+ 1√
a

∂
∂xλ (

√
aΓλ

3β)+Γλ
3β

∂lnθ
∂xλ +Γλ

3σΓσ
λβ−Γ3

3σΓσ
3β−Γλ

33Γ3
λβ

−Γ3
33Γ3

3β=− ∂
∂xβ

−2H+2Kξ
θ +( ∂ln

√
a

∂xλ + ∂lnθ
∂xλ )Γ

λ
3β+

∂Γλ
3β

∂xλ +θ−1 Iλ
σ (

∗
Γσ

λβ+Φσ
λβ),

− ∂
∂xβ

−2H+2Kξ
θ = θ−2(2

∗
∇β H−2

∗
∇β Kξ+(2H

∗
∇β K−2K

∗
∇β H)ξ2),

( ∂ln
√

a
∂xλ + ∂lnθ

∂xλ )Γ
λ
3β = θ−1(−bλ

β∂λ ln
√

a+K∂β ln
√

aξ)

+θ−2(2bλ
β

∗
∇λ Hξ+(−bλ

β

∗
∇λ K−2K

∗
∇β H)ξ2+K

∗
∇β Kξ3),

∂Γλ
3β

∂xλ = ∂
∂xλ (θ

−1 Iλ
β )= θ−1(−∂λbλ

β+∂βKξ)

+θ−2(−2bλ
β

∗
∇λ Hξ+(2K

∗
∇β H−bλ

β

∗
∇λ K)ξ2+K

∗
∇β Kξ3),

Iλ
σ Φσ

λβ = θ−1(
∗
∇β (2H2−K)ξ+K

∗
∇β Kξ3),

θ−1 Iλ
σ (

∗
Γσ

λβ +Φσ
λβ)= θ−1(−bλ

σ

∗
Γσ

λβ+K ∂ln
√

a
∂xβ ξ)+θ−2(

∗
∇β (2H2−K)ξ+K

∗
∇β Kξ3),

R3β = θ−1(−bλ
β∂λ ln

√
a−∂λbλ

β−bλ
σ

∗
Γσ

λβ+(2K
∗
∇β ln

√
a+∂βK)ξ)

+θ−2{(2 ∗
∇β H−2

∗
∇β Kξ+(2H

∗
∇β K−2K

∗
∇β H)ξ2)+(2bλ

β

∗
∇λ Hξ

+(−bλ
β

∗
∇λ K−2K

∗
∇β H)ξ2+K

∗
∇β Kξ3)+(−2bλ

β

∗
∇λ Hξ+(2K

∗
∇β H

−bλ
β

∗
∇λ K)ξ2+K

∗
∇β Kξ3)+(

∗
∇β (2H2−K)ξ+K

∗
∇β Kξ3)}.

It follows from

∂λbλ
β =2

∗
∇β H−bλ

β

∗
∇λ ln

√
a+bλ

σ

∗
Γσ

λβ,

that

R3β= θ−1(2
∗
∇β H−2bλ

σ

∗
Γσ

λβ +(2K
∗
∇β ln

√
a+

∗
∇β K)ξ)+θ−2

{
(2

∗
∇β H

+
∗
∇β (2H2−3K)ξ+(2(Hδλ

β −bλ
β)

∗
∇λ K−2K

∗
∇β H)ξ2+3K

∗
∇β Kξ3

}
.
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Since

θ−1=1+2Hξ+(4H2−K)ξ2+··· , θ−2=1+4Hξ+(12H2−2K)ξ2+··· ,
we obtain




R3β(0)=4
∗
∇β H−2bλ

σ

∗
Γσ

λβ,

R3β(1)=
∗
∇β (8H2−2K)+2K

∗
∇β ln

√
a−4Hbλ

σ

∗
Γσ

λβ,

R3β(2)=8(6H2−K)
∗
∇β H−(4Hδλ

β +2bλ
β)

∗
∇β K+4HK

∗
∇β ln

√
a−(8H2−2K)bλ

σ

∗
Γσ

λβ .

The proof is complete.

Next we consider the relationships of covariant derivatives of order two in 3D-space
and on the two dimensional manifolds which are necessary for studying differential op-
erators on the manifolds.

Lemma 4.1. There are relationships between the covariant derivatives of two order of the vectors
in 3D space and on two dimensional manifold





∇α∇βui=
∗
∇α

∗
∇β ui− Jαβ

∂ui

∂ξ +Π
iµ
αβ,k(ξ)

∗
∇µ uk+Πi0

αβ,k(ξ)u
k,

∇3∇3ui= ∂2ui

∂ξ2 +li
j(ξ)

∂uj

∂ξ ,

∇β∇3ui=
∗
∇β

∂ui

∂ξ +Πi3
β3,k(ξ)

∂uk

∂ξ +Π
iµ
β3,k(ξ)

∗
∇µ uk+Πi0

β3,k(ξ)u
k,

(4.30)

where




Π
ij
αβ,k(ξ)=Π

ij
αβ,k(0)+Π

ij
αβ,k(1)ξ+Π

ij
αβ,k(2)ξ

2+··· ,
Π

γµ
αβ,ν(ξ)=Φ

γ
ανδ

µ
β−Φ

µ
αβδ

γ
ν +Φ

γ
βνδ

µ
α ,

Π
γµ
αβ,3(ξ)= θ−1(I

γ
β δ

µ
α + I

γ
α δ

µ
β),

Π
γ0
αβ,ν(ξ)=Φ

γ
αµΦ

µ
βν−Φ

µ
αβΦ

γ
µν+θ−1(I

γ
α Jβν− I

γ
ν Jαβ)+

∗
∇α Φ

γ
βν,

Π
γ0
αβ,3(ξ)=R

γ
αβ(ξ),

Π
3µ
αβ,ν(ξ)= Jβνδ

µ
α + Jανδ

µ
β , Π

3µ
αβ,3(ξ)=−Φ

µ
αβ,

Π30
αβ,µ(ξ)=

∗
∇α Jβµ+Φν

αµ Jβν−Φν
αβ Jνµ, Π30

αβ,3=−cαβ,

(4.31)





Π
γ3
β3,σ(ξ)=Φ

γ
βσ, Π

γ3
β3,3= θ−1 I

γ
β ,

Π
γµ
β3,ν(ξ)= θ−1(−b

γ
ν δ

µ
β+b

µ
βδ

γ
ν ), Π

γµ
β3,3=0,

Π
γ0
β3,σ(ξ)=R

γ
βσ(ξ),

Π
γ0
β3,3(ξ)=−θ−1(cγ

β−2Kb
γ
β ξ+K2δ

γ
β ξ2),

Π
3µ
β3,λ=0, Π

3µ
β3,3(ξ)=−θ−1 Iσ

β , Π33
β3,σ= Jβσ, Π33

β3,3=0,

Π33
β3,k=Π30

β3,k=0,

lα
β(ξ)(ξ)=2θ−1 Iα

β =−2bα
β−2cα

βξ+2(Kbα
β−2Hcα

β)ξ
2+··· ,

l3
β(ξ)= lα

3 = l3
3 =0,

(4.32)
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and




Rα
βσ(ξ) :=

∗
∇β (θ

−1 Iα
σ)+θ−1(Iλ

σ Φα
βλ− Iλ

β Φα
λσ)= θ−2(−

∗
∇β bα

σ−
∗
∇σ cα

βξ+rα
βσξ2),

rα
βσ =

∗
∇β (2H(Kδα

σ−cα
σ))+(2Hδα

µ−bα
µ)

∗
∇σ cα

β−2H
∗
∇β cα

σ+c
µ
σ

∗
∇β bα

µ).

Proof. In order to prove Lemma 4.1, we repeatedly and alternately to apply Lemmas 2.1-
2.7. Indeed, for example, according to the definition of covariant derivative of second
order tensor

∇λ∇σuα= ∂
∂xλ∇σuα+Γα

λk∇σuk−Γk
λσ∇kuα

= ∂
∂xλ∇σuα+Γα

λµ∇σuµ+Γα
λ3∇σu3−Γν

λσ∇νuα−Γ3
λσ∇3uα

=(by Lemma 2.3)= ∂
∂xλ∇σuα+

∗
Γα

λµ ∇σuµ−
∗

Γµ
λσ ∇µuα

+Φα
λµ∇σuµ+Γα

λ3∇σu3−Φν
λσ∇νuα−Γ3

λσ∇3uα

=
∗
∇λ∇σuα+(Φα

λµδ
µ
σ−Φν

λσδα
µ)∇νuµ+θ−1 Iα

λ∇σu3− Jλσ∇3uα

=(by Lemma 2.4)
∗
∇λ (

∗
∇σ uα+θ−1 Iα

σu3+Φα
σµuµ)

+(Φα
λµδν

σ−Φν
λσδα

µ)(
∗
∇ν uµ+θ−1 I

µ
ν u3+Φ

µ
νγuγ)

+θ−1 Iα
λ(

∗
∇σ u3+ Jσγuγ)− Jλσ(

∂uα

∂ξ +θ−1 Iα
γuγ).

Making rearrangement to obtain

∇λ∇σuα=
∗
∇λ

∗
∇σ uα+(Φα

λµδν
σ−Φν

λσδα
µ)

∗
∇ν uµ+θ−1 Iα

λ

∗
∇σ u3− Jλσ

∂uα

∂ξ +
∗
∇λ (θ

−1 Iα
σu3+Φα

σµuµ)

+(Φα
λµδν

σ−Φν
λσδα

µ)(θ
−1 I

µ
ν u3+Φ

µ
νγuγ)+θ−1(Iα

λ Jσγ− Jλσ Iα
γ)u

γ,

∇λ∇σuα=
∗
∇λ

∗
∇σ uα+(Φα

λµδν
σ−Φν

λσδα
µ+Φα

σµδν
λ)

∗
∇ν uµ+θ−1(Iα

λδν
σ+ Iα

σδν
λ)

∗
∇ν u3

− Jλσ
∂uα

∂ξ +{Φα
λµΦ

µ
σγ−Φα

µγΦ
µ
λσ+

∗
∇λ Φα

σγ+θ−1(Iα
λ Jσγ− Jλσ Iα

γ)}uγ

+{ ∗
∇λ (θ

−1 Iα
σ)+θ−1(I

µ
σ Φα

λµ− Iα
µΦ

µ
λσ)}u3.

(4.33)

Next we consider

∇α∇βu3= ∂
∂xα∇βu3+Γ3

αk∇βuk−Γk
αβ∇ku3

=(by (2.27)) ∂
∂xα∇βu3+Γ3

αµ∇βuµ−Γuαβ∇µu3+ Jαµ∇βuµ− Jαβ
∂u3

∂ξ

=
∗
∇α (

∗
∇β u3+ Jβµuµ)−Φ

µ
αβ(

∗
∇µ u3+ Jµνuν)+ Jαµ(

∗
∇β uµ+θ−1 I

µ
β u3+Φ

µ
βνuν)− Jαβ

∂u3

∂ξ

=
∗
∇α

∗
∇β u3+(Jβµδν

α+ Jαµδν
β)

∗
∇ν uµ−Φ

µ
αβ

∗
∇µ u3− Jαβ

∂u3

∂ξ

+(
∗
∇α Jβµ+ JανΦν

βµ− JνµΦν
αβ)u

µ+θ−1 Jαµ I
µ
β u3.

Below we prove {
θ−1 Jαµ I

µ
β =−cαβ,

∗
∇α Jβµ+ JανΦν

βµ− JνµΦν
αβ =

∗
∇µ Jαβ.

(4.34)
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In fact, in view of (2.41)
θ−1 Jαµ I

µ
β = θ−1(−θcαβ)=−cαβ.

In addition, we have




JανΦν
βµ =−ξbαγ

∗
∇β b

γ
µ , JνµΦν

αβ =−ξbµγ

∗
∇α b

γ
β ,

∗
∇α Jβµ+ JανΦν

βµ− JνµΦν
αβ =

∗
∇α bβµ−ξ

∗
∇α cβµ+ξ(−bαγ

∗
∇β b

γ
µ+bµγ

∗
∇α b

γ
β).

(4.35)

Using the Godazzi formula
∗
∇β bαγ=

∗
∇α bβγ,

we assert

−bαγ

∗
∇β b

γ
µ+bµγ

∗
∇α b

γ
β =−bαγ

∗
∇β b

γ
µ+

∗
∇α cβµ−b

γ
β

∗
∇α bµγ

=−bαγ

∗
∇µ b

γ
β−b

γ
β

∗
∇µ bαγ+

∗
∇α cβµ=− ∗

∇µ cαβ+
∗
∇α cβµ.

Substituting above formula into (4.35) leads to

∗
∇α Jβµ+ JανΦν

βµ− JνµΦν
αβ =

∗
∇α bβµ−ξ

∗
∇α cβµ+ξ(−bαγ

∗
∇β b

γ
µ+bµγ

∗
∇α b

γ
β)

=
∗
∇α bβµ−ξ

∗
∇α cβµ+ξ(− ∗

∇µ cαβ+
∗
∇α cβµΩ)

=
∗
∇α bβµ−ξ

∗
∇µ cαβ=

∗
∇µ (bαβ−ξcαβ)=

∗
∇µ Jαβ.

From this it yields (4.34). Finally we obtain

∇α∇βu3= ∂
∂xα∇βu3+Γ3

αk∇βuk−Γk
αβ∇ku3=

∗
∇α

∗
∇β u3

+(Jβµδν
α+ Jαµδν

β)
∗
∇ν uµ−Φ

µ
αβ

∗
∇µ u3− Jαβ

∂u3

∂ξ +
∗
∇µ Jαβuµ−cαβu3.

(4.36)

Combing (4.33) and (4.36) we claim

∇α∇βui =
∗
∇α

∗
∇β ui− Jαβ

∂ui

∂ξ
+Π

iµ
αβ,k(ξ)

∗
∇µ uk+Πi0

αβ,kuk, (4.37)





Π
iµ
αβ,k(ξ)=





Φ
γ
ανδ

µ
β−Φ

µ
αβδ

γ
ν +Φ

γ
βνδ

µ
α , i=γ,k=ν

θ−1(I
γ
α δ

µ
β+ I

γ
β δ

µ
α ), i=γ,k=3,

Jβνδ
µ
α + Jανδ

µ
β , i=3,k=ν,

−Φ
µ
αβ, i=3,k=3,

Πi0
αβ,k(ξ)=





Φ
γ
αµΦ

µ
βν−Φ

γ
µνΦ

µ
αβ+

∗
∇α Φ

γ
βν+θ−1(I

γ
α Jβν− Jαβ I

γ
ν ), i=γ,k=ν,

∗
∇α (θ−1 I

γ
β )+θ−1(I

µ
β Φ

γ
αµ− I

γ
µ Φ

µ
αγ), i=γ,k=3,

∗
∇ν Jαβ, i=3,k=ν,
−cαβ, i=3,k=3.

(4.38)
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Next we consider

∇3∇3uα=
∂

∂ξ
∇3uα+Γα

3k∇3uk−Γk
33∇kuα.

Owing to (2.27):
Γk

33=Γ3
3k =Γ3

k3=0, k=1,2,3, (4.39)

it infers

∇3∇3uα= ∂
∂ξ∇3uα+Γα

3β∇3uβ=(δα
β

∂
∂ξ +θ−1 Iα

β)∇3uβ=(δα
β

∂
∂ξ +θ−1 Iα

β)(
∂uβ

∂ξ +θ−1 I
β
λuλ)

= ∂2uα

∂ξ2 + ∂
∂ξ (θ

−1 Iα
λuλ)+θ−1 Iα

β(
∂uβ

∂ξ +θ−1 I
β
λuλ)

= ∂2uα

∂ξ2 +2θ−1 Iα
β

∂uβ

∂ξ +( ∂
∂ξ (θ

−1 Iα
λ)+θ−2 Iα

β I
β
λ)u

λ.

(4.40)
The following equality is very useful later on

∂

∂ξ
(θ−1 Iα

λ)+θ−2 Iα
β I

β
λ =0. (4.41)

To obtain that, we first show that

∂
∂ξ (θ

−1 Iα
λ)= θ−2(2H−2Kξ)Iα

λ+θKδα
λ)

= θ−2{(2H−2Kξ)(−bα
λ+Kξδα

λ)+Kδα
λ(1−2Hξ+Kξ2)}

= θ−2(Kδα
λ−2Hbα

λ+2Kbα
λξ−K2δα

λξ2).

On the other hand,

Iα
β I

β
λ =(−bα

λ+Kξδα
β)(−b

β
λ+Kξδ

β
λ)=bα

βb
β
λ−2Kbα

λξ+K2δα
λξ2

(by Lemma 2.1 Kδα
λ−2Hbα

λ+cα
λ=0)= cα

λ−2Kbα
λ+K2δα

λξ2,

so that
∂

∂ξ
(θ−1 Iα

λ)+θ−2 Iα
β I

β
λ = θ−2(cααλ−2Hbα

λ+Kδα
λ)=0.

This infers (4.41). Coming back to (4.40)

∇3∇3uα= ∂2uα

∂ξ2 +2θ−1 Iα
β

∂uβ

∂ξ . (4.42)

In addition, in view of (4.39) we have

∇3∇3u3= ∂
∂ξ∇3u3+Γ3

3k∇3uk−Γk
33∇ku3= ∂2u3

∂ξ2 . (4.43)

Combining (4.42) and (4.43) gives

∇3∇3ui= ∂2u3

∂ξ2 +li
j(ξ)

∂uβ

∂ξ ,

li
j =

{
2θ−1 Iα

β , i=α, j=β,

0, otherwise.

(4.44)
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Next we compute

∇β∇3uα= ∂
∂xβ ∇3uα+Γα

βk∇3uk−Γk
β3∇kuβ(by (6.15))

= ∂
∂xβ ∇3uα+Γα

βλ∇3uλ+Γα
β3∇3u3−Γλ

β3∇λuα

= ∂
∂xβ ∇3uα+(

∗
Γα

βλ+Φα
βλ)∇3uλ+θ−1 Iα

β
∂u3

∂ξ −θ−1 Iλ
β (

∗
∇λ uα+θ−1 Iα

βu3+Φα
βσuσ)

=
∗
∇β ∇3uα+Φα

βλ∇3uλ+θ−1 Iα
β

∂u3

∂ξ −θ−1 Iλ
β

∗
∇λ uαΦα

λσ.

Finally we find

∇β∇3uα=
∗
∇β

∂uα

∂ξ +Φα
βλ

∂uλ

∂ξ +θ−1 Iα
β

∂u3

∂ξ +θ−1(Iα
λδσ

β− Iσ
β δα

λ)
∗
∇σ uλ

+(
∗
∇β (θ

−1 Iα
σ)+θ−1(Iλ

σ Φα
βλ− Iλ

β Φα
λσ))u

σ−θ−1 Iα
λ Iλ

β u3.
(4.45)

Straightforward calculasions show

θ−1 Iα
λ Iλ

β = θ−2(−bα
λ+Kδα

λξ)(−bλ
β +Kδλ

β ξ)= θ−1(bα
λbλ

β+K2δα
βξ2−2Kbα

βξ)

= θ−1(cα
β+K2δα

βξ2−2Kbα
βξ),

θ−1(Iλ
σ Φα

βλ− Iλ
β Φα

λσ)= θ−2{(−bλ
σ+Kδλ

σ ξ)(− ∗
∇β bα

σξ+(2Hδα
µ−bα

µ)
∗
∇β b

µ
λξ2)

−(−bλ
β+Kδλ

β ξ)(− ∗
∇λ bα

σξ+(2Hδα
µ−bα

µ)
∗
∇λ b

µ
σξ2)}

= θ−2{(Iλ
β

∗
∇λ bα

σ− Iλ
σ

∗
∇β bα

λ)ξ+(2Hδα
µ−bα

µ)(Iλ
σ

∗
∇β b

µ
λ− Iλ

β

∗
∇λ b

µ
σ)ξ

2}
= θ−2(Iλ

β

∗
∇λ b

µ
σ− Iλ

σ

∗
∇β b

µ
λ){δα

µξ−(2Hδα
µ−bα

µ)ξ
2}.

Howerver

(Iλ
β

∗
∇λ bα

σ− Iλ
σ

∗
∇β bα

λ)=−(bλ
β

∗
∇λ bα

σ−bλ
σ

∗
∇β bα

λ)+K(δλ
β

∗
∇λ bα

σ−δλ
σ

∗
∇β bα

λ)ξ,

(δλ
β

∗
∇λ bα

σ−δλ
σ

∗
∇β bα

λ)=
∗
∇β bα

σ−
∗
∇β bα

σ =0,

bλ
β

∗
∇λ bα

σ−bλ
σ

∗
∇β bα

λ=(by Godazzi formula)bλ
β

∗
∇σ bα

λ−bλ
σ

∗
∇β bα

λ

=
∗
∇σ (cα

β)−bα
λ

∗
∇σ bλ

β−bλ
σ

∗
∇β bα

λ(using Godazzi formula again)

=
∗
∇σ (cα

β)−bα
λ

∗
∇β bλ

σ−bλ
σ

∗
∇β bα

λ =
∗
∇σ (cα

β)−
∗
∇β (c

α
σ).

Therefore





θ−1 Iα
λ Iλ

β = θ−1(−bα
λ+Kδα

λξ)(−bλ
β +Kδλ

β ξ)= θ−1(cα
β+K2δα

βξ2−2Kbα
βξ),

Iλ
β

∗
∇λ b

µ
σ− Iλ

σ

∗
∇β b

µ
λ=− ∗

∇σ (c
µ
β)+

∗
∇β (c

µ
σ),

θ−1(Iλ
σ Φα

βλ− Iλ
β Φα

λσ)= θ−2(
∗
∇β (c

µ
σ)−

∗
∇σ (c

µ
β)){δα

µξ−(2Hδα
µ−bα

µ)ξ
2}.

(4.46)
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On the other hand

∗
∇β (θ

−1 Iα
σ)= θ−2{θ(− ∗

∇β bα
σ+

∗
∇β Kδα

σ)+(2
∗
∇β Hξ− ∗

∇β Kξ2)Iα
σ}

= θ−2{−
∗
∇β bα

σ+(
∗
∇β Kδα

σ−2H
∗
∇β bα

σ−2bα
σ

∗
∇β H)ξ

+(2H
∗
∇β K−K

∗
∇β bα

σ+
∗
∇β HKδα

σ+bα
σ

∗
∇β K)ξ2}

= θ−2{− ∗
∇β bα

σ+
∗
∇β (Kδα

σ−2Hbα
σ)ξ+(

∗
∇β (2HK)δα

σ+bα
σ

∗
∇β K−K

∗
∇β bα

σ)ξ
2}

= θ−2{− ∗
∇β bα

σ−
∗
∇β cα

σξ+(
∗
∇β (2HK)δα

σ+bα
σ

∗
∇β K−K

∗
∇β bα

σ)ξ
2}.

(4.47)

Combining (4.46) and (4.47) leads to

∗
∇β (θ

−1 Iα
σ)+θ−1(Iλ

σ Φα
βλ− Iλ

β Φα
λσ)= θ−2{− ∗

∇β bα
σ−

∗
∇σ cα

βξ

+(
∗
∇β (2H(Kδα

σ−cα
σ))+(2Hδα

µ−bα
µ)

∗
∇σ cα

β−2H
∗
∇β cα

σ+c
µ
σ

∗
∇β bα

µ)ξ
2}.

(4.48)

Owing to

Iα
λδσ

β− Iσ
β δα

λ=bσ
βδα

λ−bα
λδσ

β

and applying (4.46), (4.45) becomes

∇β∇3uα=
∗
∇β

∂uα

∂ξ +Φα
βλ

∂uλ

∂ξ +θ−1 Iα
β

∂u3

∂ξ +θ−1(bσ
βδα

λ−bα
λδσ

β)
∗
∇σ uλ

+θ−2{−
∗
∇β bα

σ−
∗
∇σ cα

βξ+(
∗
∇β (2H(Kδα

σ−cα
σ))+(2Hδα

µ−bα
µ)

∗
∇σ cα

β

−2H
∗
∇β cα

σ+c
µ
σ

∗
∇β bα

µ)ξ
2}uσ−θ−1(cα

β−2Kbα
βξ+K2δα

βξ2)u3. (4.49)

By a similar manner, we find

∇β∇3u3= ∂
∂xβ ∇3u3+Γ3

βk∇3uk−Γk
β3∇ku3= ∂2u3

∂xβ∂ξ
+Γ3

βλ∇3uλ−Γλ
β3∇λu3

= ∂2u3

∂xβ∂ξ
+ Jβλ(

∂uλ

∂ξ +θ−1 Iλ
σ uσ)−θ−1 Iλ

β (
∗
∇λ λu3+ Jλσuσ)

= ∂
∂ξ

∗
∇β u3+ Jβλ

∂uλ

∂ξ −θ−1 Iλ
β

∗
∇λ u3+θ−1(Jβλ Iλ

σ − Jλσ Iλ
β )u

σ.

Note that

Jβλ Iλ
σ =−θcβσ=−θcσβ = Jλσ Iλ

β ,

we have

∇β∇3u3=
∗
∇β

∂u3

∂ξ + Jβλ
∂uλ

∂ξ −θ−1 Iλ
β

∗
∇λ u3.

With (4.45) we assert

∇β∇3ui =
∗
∇β

∂ui

∂ξ +Πi3
β3,k(ξ)

∂uk

∂ξ +Π
iµ
β3,k(ξ)

∗
∇µ uk+Πi0

β3,k(ξ)u
k, (4.50)
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where




Πi3
β3,k(ξ)=





Φα
βλ(ξ), i=α, k=λ,

θ−1 Iα
β , i=α, k=3,

Jβλ, i=3, k=λ,
0, i=3, k=3,

Π
iµ
β3,k(ξ)=





θ−1(Iα
ν δ

µ
β− I

µ
β δα

ν), i=α, k=ν,

0, i=α, k=3,
0, i=3, k=ν,

−θ−1 I
µ
β , i=3, k=3,

Πi0
β3,k(ξ)=





∗
∇β (θ

−1 Iα
ν )+θ−1(Iλ

ν Φα
βλ− Iλ

β Φα
λν), i=α, k=ν

−θ−1 Iα
λ Iλ

β , i=α, k=3,

0, i=3, k=ν,
0, i=3, k=3.

(4.51)

To sum up we verify (4.30).

Theorem 4.3. Under the S-coordinate system in the 3D Riemannian space, the Bochner-Lplace
operator acting on a vector field can be expressed in a rational polynomial with respect to the
transverse variable (the length of geodesic curve) ξ.

∆ui = gαβ
∗
∇α

∗
∇β ui+ ∂2ui

∂ξ2 +Πi3
j (ξ)

∂uj

∂ξ +Π
iµ
k (ξ)

∗
∇µ uk+Πi0

k (ξ)u
k, (4.52)

where





Πi3
j (ξ)=





θ−1(−2bα
β+2Kξδα

β), i=α, j=β,

θ−1(−2H+2Kξ), i=3, j=3,
0, otherwise,

Π
iµ
k (ξ)=





2gαµΦ
γ
αν−gαβΦ

µ
αβδ

γ
ν , i=γ, k=ν

2θ−1gαµ I
γ
α , i=γ, k=3,

−2θ−1 I
µ
ν , i=3, k=ν,

−gαβΦ
µ
αβ, i=3, k=3,

Πi0
k (ξ)=





gαβ(Phi
γ
αµΦ

µ
βν−Φ

γ
µνΦ

µ
αβ+

∗
∇α Φ

γ
βν)+θ−1Kδ

γ
ν , i=γ, k=ν,

gαβR
γ
αβ(ξ), i=γ, k=3,

gαβ
∗
∇ν Jαβ, i=3, k=ν,

−gαβcαβ, i=3, k=3.

(4.53)
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Remark 4.1. The Taylor expansions in (4.53) are given by





Πα3
β (ξ)=−2bα

β−2cα
βξ−(Kbα

β+4Hcα
β)ξ

2+··· ,
Π33

3 (ξ)=−2H+(2K−4H2)ξ+2H(3K−4H2)ξ2+··· ,
Π

αβ
ν (ξ)=µ(

∗
∇ν bαβ−2δα

ν αaβλ
∗
∇λ H)ξ+2µ(bα

µ

∗
∇α bβµ−δα

ν bβµ
∗
∇µ H

+2bβλ
∗
∇λ bα

ν−bα
ν aβµ

∗
∇µ (2H2−K))ξ2+··· ,

Π
αβ
3 (ξ)=−2bαβ−6cαβξ+6(−2Hcαβ+Kbαβ)ξ2+··· ,

Π
3µ
ν (ξ)=2b

µ
ν +2c

µ
ν ξ+(4Hc

µ
ν −2Kb

µ
ν )ξ

2+··· ,
Π

3µ
3 (ξ)=2aλµ

∗
∇λ Hξ+(2bλµ

∗
∇λ H−2aλµ

∗
∇λ (2H2−K))ξ2+··· ,

Π
γ0
ν (ξ)=Kδ

γ
ν +(2HKδ

γ
ν−

∗
∆ b

γ
ν )ξ+(K(4H2−K)δγ

ν −2bαβ
∗
∇α

∗
∇β b

γ
ν

−b
γ
µ

∗
∆ b

µ
ν −2aλµ

∗
∇µ b

γ
ν

∗
∇λ H)ξ2+··· ,

Π
γ0
3 (ξ)=−2aγµ

∗
∇µ H−(2aγµ

∗
∇µ (2H2−K)+aαβ

∗
∇α c

γ
β+8Haγµ

∗
∇µ H)ξ

+{2(K−2H2)aγµ
∗
∇µ H−4Haαβ

∗
∇α c

γ
β+aαβr

γ
αβ

−2bαβ(
∗
∇α c

γ
β+4H

∗
∇β b

γ
α )−3cαβ

∗
∇β b

γ
α}ξ2+··· ,

Π30
ν (ξ)=2

∗
∇ν H+(24H2

∗
∇ν H−6

∗
∇ν (HK)−2bαβ

∗
∇ν cαβ)ξ

2+··· ,
Π30

3 (ξ)=2K−4H2+(6HK−8H3)ξ+(16H2K−16H4−2K2)xi2+··· .

Proof. Applying Lemma 2.2 and Lemma 4.1

∆ui = glm∇m∇lu
i= gαβ∇α∇βui+∇3∇3ui

= gαβ(
∗
∇α

∗
∇β ui− Jαβ

∂ui

∂ξ +Π
iµ
αβ,k(ξ)

∗
∇µ uk+Πi0

αβ,k(ξ)u
k)+ ∂2ui

∂ξ2 +li
j(ξ)

∂uj

∂ξ

= gαβ
∗
∇α

∗
∇β ui+ ∂2ui

∂ξ2 +Πi3
j (ξ)

∂uj

∂ξ +Π
iµ
k (ξ)

∗
∇µ uk+Πi0

k (ξ)u
k.

(4.54)

Since gαβ Jαβ =−θ−1 Iα
α , we obtain





Πi3
j (ξ)= li

j(ξ)−gαβ Jαβδi
j

=





θ−1(−2bα
β+2Kξδα

β), i=α, j=β,

θ−1(−2H+2Kξ), i=3, j=3,
0, otherwise,

Π
iµ
k (ξ)= gαβΠ

iµ
αβ,k(ξ), Πi0

k (ξ)= gαβΠi0
αβ,k(ξ).

(4.55)
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By virtue (4.31) and Lemma 2.5




gαβΠ
iµ
αβ,k(ξ)=





2gαµΦ
γ
αν−gαβΦ

µ
αβδ

γ
ν , i=γ, k=ν

2θ−1gαµ I
γ
α , i=γ, k=3,

−2θ−1 I
µ
ν , i=3, k=ν,

−gαβΦ
µ
αβ, i=3, k=3,

gαβΠi0
αβ,k(ξ)=





gαβ(Φγ
αµΦ

µ
βν−Φ

γ
µνΦ

µ
αβ+

∗
∇α Φ

γ
βν)+θ−2(I

γ
ν Iα

α− I
γ
α Iα

ν ), i=γ, k=ν,

gαβR
γ
αβ(ξ), i=γ, k=3,

gαβ
∗
∇ν Jαβ, i=3,k=ν,

−gαβcαβ, i=3,k=3.
(4.56)

Applying (4.46) and Lemma 2.1 Kδα
β−2Hbα

β+cα
β =0, it yield

I
γ
ν Iα

α − I
γ
α Iα

ν =2Hb
γ
ν −c

γ
ν −2HKδ

γ
ν +K2δ

γ
ν ξ2=Kδ

γ
ν −2HKδ

γ
ν +K2δ

γ
ν ξ2 = θKδ

γ
ν .

Hence, we obtain the 2nd and 3rd parts of (4.53).

Theorem 4.4. Under the S-cooedinate system in the 3D Riemann space, the Betrimi-Laplace
operator ∆ = gij∇i∇j is a polynomial with respect to transfers variable ξ, which can be made
Taylor expansion with respect to ξ, i.e. for a two times differential function ϕ,




∆ϕ= gαβ
∗
∇α

∗
∇β ϕ+gαβΦλ

αβ

∗
∇λ ϕ−2θ−1(Kξ−H) ∂ϕ

∂ξ +
∂2 ϕ
∂ξ2

= ∂2 ϕ
∂ξ2 −(2H+(4H2−2K)ξ+(8H3−6HK)ξ2) ∂ϕ

∂ξ +
0
∆ ϕ+

1
∆ ϕξ+

2
∆ ϕξ2+··· ,

0
∆ ϕ=

∗
∆ ϕ := aαβ

∗
∇α

∗
∇β ϕ,

1
∆ ϕ=2bαβ

∗
∇α

∗
∇β ϕ−2(aλσ

∗
∇σ H)

∗
∇λ ϕ,

2
∆ ϕ=3cαβ

∗
∇α

∗
∇β ϕ−2[(bλσ

∗
∇σ H+aλσ

∗
∇σ (2H2−K))]

∗
∇λ ϕ.

(4.57)

Proof. Indeed, by (2.34),

∆ϕ= gij∇i∇j ϕ= gij(∂i∂j ϕ−Γk
ij∂k ϕ)= gij(∂2

ij ϕ−Γλ
ij∂λ ϕ−Γ3

ij∂ξ ϕ)

= gαβ(∂2
αβ ϕ−Γλ

αβ∂λ ϕ−Γ3
αβ∂ξϕ)+g33(∂2

33 ϕ−Γλ
33∂λ ϕ−Γ3

33∂ξ ϕ)

= gαβ(∂2
αβ ϕ−(

∗
Γλ

αβ+Φλ
αβ)∂λ ϕ−Γ3

αβ∂ξ ϕ)+ ∂2ϕ
∂ξ2

= gαβ(
∗
∇α

∗
∇β ϕ+Φλ

αβ

∗
∇λ ϕ− Jαβ

∂ϕ
∂ξ )+

∂2 ϕ
∂ξ2

= gαβ
∗
∇α

∗
∇β ϕ+gαβΦλ

αβ

∗
∇λ ϕ−gαβ Jαβ

∂ϕ
∂ξ +

∂2 ϕ
∂ξ2 .

Since

aαβbαβ=2H, aαβcαβ =4H2−2K, bαβbαβ=4H2−2K, bαβcαβ=8H3−6HK,

aαβ
∗
∇α bλ

β = aλσ
∗
∇σ (2H), bαβ

∗
∇σ bαβ =

1
2

∗
∇σ (bαβbαβ)=

∗
∇σ (2H2−K),

bαβ
∗
∇α bλ

β = aλσbαβ
∗
∇σ bαβ= aλσ 1

2

∗
∇σ (bαβbαβ)= aλσ

∗
∇σ (2H2−K),
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it is not difficult to prove that

gαβ = aαβ+2bαβξ+3cαβξ2+··· ,
gαβ Jαβ = θ−1(2H−2Kξ)=2H+(4H2−2K)ξ+(8H3−6HK)ξ2+··· ,
gαβΦλ

αβ =−2[aλσ
∗
∇σ Hξ+(bλσ

∗
∇σ H+aλσ

∗
∇σ (2H2−K))ξ2]+··· .

Therefore

∆ϕ= ∂2 ϕ
∂ξ2 −(2H+(4H2−2K)ξ+(8H3−6HK)ξ2) ∂ϕ

∂ξ +
∗
∆ ϕ+2bαβ

∗
∇α

∗
∇β ϕξ

+3cαβ
∗
∇α

∗
∇β ϕξ2−2[aλσ

∗
∇σ Hξ+(bλσ

∗
∇σ H+aλσ

∗
∇σ (2H2−K))ξ2]

∗
∇λ ϕ+··· .

The proof is completed.

5 A dimensional splitting form for linearly elastic equations in

3D shell in ℜ3

As well know that the initial and boundary value problem of linearly elastic mechanics
are give by

Li(u) :=∇j(Aijklekl(u))= f .

Since Aijkl is defined by (2.55) and gklekl(u)=divu, we claim

Aijklekl(u)=λgijgklekl(u)+µ{gik gjlekl(u)+gil gjkekl(u)}
=λgijdivu+µ(eij(u)+eji(u))=λgijdivu+2µeij(u).

Therefore
Li(u) :=∇j(Aijklekl(u))=λgij∇jdivu+2µ∇je

ij(u),
∇je

ij(u)= 1
2∇j(∇iuj+∇jui)= 1

2∇j∇iuj+ 1
2∇j∇jui,

∇j∇jui= gjk∇j∇kui =∆ui.

Applying the Ricci formula

∇j∇iuj= gik∇j∇kuj = gik∇k∇ju
j−gikR

j
mkju

m = gik∇kdivu−R
j
mkju

m,

where R
j
mkl are Riemannian curvature tensor of three dimensional Riemannian space E3,

if E3 is Euclidian space, R
j
mkl =0. Furthermore

R
j
mkj=−R

j
mjk=−Rmk,

where Rmk are Ricci curvature tensor.
In this case, the linear elasticity operator is given by

Li(u)=−µ∆ui−(λ+µ)gij∇jdivu+gikRmkum.
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Finally elasticity equations in Euclidian space are given by




∂2u
∂t2 −µ∆u−(λ+µ)∇∇·u= f , in Ω⊂R3,

u=0, on Γ01,
σ·n|Γ02

=h,σ·n|Γt∪Γb
=0,

ut=0=U0, ∂u
∂t =U1, in Ω,

(5.1)

where the lateral surface Γ0=Γ01∪Γ02, σ is a stress tensor.

Theorem 5.1. Under the S-coordinate system in E3, Eq. (5.1) can be expressed as




∂2ui

∂t2 +Li(u)= f i,

Li(u)=−µ∆ui−(λ+µ)gij∂j(
∗

divu+ ∂u3

∂ξ +dkuk),

in details,




Lα(u)=−µ ∂2uα

∂ξ2 −mα3
β (ξ) ∂uβ

∂ξ −(λ+µ)gαβ
∗
∇β

∂u3

∂ξ −µgβσ
∗
∇β

∗
∇σ uα

−(λ+µ)gαβ
∗
∇β

∗
div u+m

αβ
k (ξ)

∗
∇β uk+mα0

k (ξ)uk,

L3(u)=−(λ+2µ) ∂2u3

∂ξ2 +m33
k (ξ) ∂uk

∂ξ −(λ+µ)
∗

div ∂u
∂ξ

−µgβσ
∗
∇β

∗
∇σ u3+m

3β
k (ξ)

∗
∇β uk+m30

k (ξ)uk,

(5.2)

where 



m
αβ
k (ξ)=−µΠ

αβ
k (ξ)−(λ+µ)gαβdk(ξ),

mα0
k (ξ)=−µΠα0

k (ξ)−(λ+µ)gαβdβk(ξ),

m
3β
k (ξ)=−µΠ

3β
k (ξ),

m30
k (ξ)=−µΠ30

k (ξ)−(λ+µ)d3k(ξ),
m33

k (ξ)=µ(2H−2Kξ)δ3
k −(λ+µ)dk(ξ),

mα3
β (ξ)=µθ−1(−2bα

β+2Kξδα
β), mα3

3 =0.

(5.3)

Matrices dij are given by




dβ(ξ)= θ−1(−2
∗
∇β Hξ+

∗
∇β Kξ2)=− ∗

∇β Hξ+
∗
∇β (K−2H2)ξ2+··· ,

d3(ξ)= θ−1(−2H+2Kξ)=−2H+(2K−4H2)ξ+(6HK−8H3)ξ2+··· ,
d33(ξ)=

∂d3
∂ξ = θ−2(−4H2+12HKξ−6K2ξ2)

=−4H2+4H(3K−4H2)ξ+2K(4H2−3K)ξ2+··· ,
d3β(ξ)=

∂dβ

∂ξ = θ−2(−2
∗
∇β H+2

∗
∇β Kξ+(2K

∗
∇β H−2H

∗
∇β K)ξ2)

=−2
∗
∇β H+2

∗
∇β (K2H2)ξ+(8H

∗
∇β K+

∗
∇β (2HK−8H3)ξ2+··· ,

dβλ(ξ)=
∗
∇β dλ(ξ)= θ−2{−

∗
∇β

∗
∇λ Hξ+(2H

∗
∇β

∗
∇λ H+

∗
∇β

∗
∇λ K−4

∗
∇β H

∗
∇λ H)ξ2

+(−2K
∗
∇β

∗
∇λ H−2H

∗
∇β

∗
∇λ K+2

∗
∇β K

∗
∇λ H+2

∗
∇β H

∗
∇µ K)ξ3

+(K
∗
∇β

∗
∇λ K− ∗

∇β K
∗
∇λ K)ξ4}

=− ∗
∇β

∗
∇λ Hξ+(

∗
∇β

∗
∇λ K−2H

∗
∇β

∗
∇λ H−4

∗
∇λ H

∗
∇β H)ξ2+··· .

(5.4)
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Remark 5.1. Taylor expansions of (5.3) are given by





m
ij
k (ξ)=m

ij
k (0)+m

ij
k (1)ξ+m

ij
k (2)ξ

2+··· ,
m

αβ
ν (0)=0, m

αβ
ν (1)=µ

∗
∇ν bαβ+((λ+µ)aαβδ

µ
ν −2µaβµδα

ν)
∗
∇µ H,

m
αβ
ν (2)=(λ+µ)(2bαβ

∗
∇ν H+aαβ

∗
∇ν (2H2−K))

+µ{2
∗
∇ν cαβ+2bβλ

∗
∇ν bα

λ−2H
∗
∇ν bαβ−δα

ν aβλ
∗
∇λ (11H2−4K)},

m
αβ
3 (0)=2µbαβ+2(λ+µ)Haαβ, m

αβ
3 (1)=2(λ+4µ)cαβ ,

m
αβ
3 (2)=(14µ+6λ)Hcαβ−(16µ+4λ)Kbαβ,

mα0
ν (0)=µKδα

ν , mα0
ν (1)=µ(

∗
∆ bα

ν−2HKδα
ν+(λ+µ)aαβ

∗
∇β

∗
∇ν H,

mα0
ν (2)=µ{K(K−4H2)δα

ν+2bλσ
∗
∇λ

∗
∇σ bα

ν+bα
λ

∗
∆ bλ

ν}=2aλσ
∗
∇σ bα

ν

∗
∇λ H

+(λ+µ){2Haαβ
∗
∇β

∗
∇ν H−aαβ

∗
∇β

∗
∇ν K+4aαβ

∗
∇β H

∗
∇ν K},

mα0
3 (0)=(λ+3µ)aαβ

∗
∇β H,

mα0
3 (1)=µ(2aαµ

∗
∇µ (2H2−K)+aλβ

∗
∇λ cα

β+8Haαµ
∗
∇µ H)

−(λ+µ){4(bαβ−2Haαβ)
∗
∇β H+2aαβ

∗
∇β K},





mα0
3 (2)=µ{2(2H2−K)aγµ

∗
∇µ H+4Haαβ

∗
∇α c

γ
β−aαβr

γ
αβ+2bαβ(

∗
∇α c

γ
β+4H

∗
∇β b

γ
α )

+3cαβ
∗
∇β b

γ
α}+(λ+µ){6cαβ

∗
∇β H+2bαβ

∗
∇γ β(8H2−2K)

+aαβ(
∗
∇β (

64
3 H3−10HK)−2H

∗
∇β K)},





m
3β
ν (ξ)=µ{−2b

β
ν −2c

β
ν ξ+2(kb

β
ν −2Hc

β
nu)ξ2}+··· ,

m
3β
3 (ξ)=µ{−2aβλ

∗
∇λ Hξ+(2aβλ

∗
∇λ (2H2−K)−2bβλ

∗
∇λ H)ξ2}+··· ,

m30
ν (ξ)=2λ

∗
∇ν H+2(λ+µ)

∗
∇ν (K−2H2)ξ

+{λ(
∗
∇ν (8H3−2HK)−4H

∗
∇ν K)+µ(2bαβ

∗
∇ν cαβ+4K

∗
∇ν H)}ξ2+··· ,

m30
3 (ξ)=4λH2+2µ(4H2−K)+(4Hλ+6µH)(4H2−3K)ξ

+{2λ(3K2−28H2K+24H4)+8µ(K2−9H2K+8H4)}ξ2+··· ,
m33

ν (ξ)=(λ+µ)(2
∗
∇ν Hξ+

∗
∇ν (2H2−K)ξ2),

m33
3 (ξ)=(λ+2µ)2H+{(λ+µ)(4H2−2K)−2µK}ξ+(λ+µ)2H(4H2−3K)ξ2+··· ,

mα3
ν (ξ)=−2µbα

ν+2µ(Kδα
ν−2Hbα

ν)ξ+2µ(2HKδα
ν +(K−4H2)bα

ν)ξ+··· ,
mα3

3 (ξ)=0.

Proof. At first we prove (5.2). To do that, since (4.30) and (2.35), rewritten (5.1) into com-
ponents form

∂2ui

∂t2 −µ{ ∂2ui

∂ξ2 +Πi3
j

∂uj

∂ξ +gβσ
∗
∇β

∗
∇σ ui+Π

iβ
k (ξ)

∗
∇β uk+Πi0

k (ξ)u
k}

−(λ+µ)gij∂jdivu= f i. (5.5)
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In addition,

divu= ∂u3

∂ξ +
∗

div u+dk(ξ)u
k,

dλ(ξ)= θ−1(−2
∗
∇λ Hξ+

∗
∇λ Kξ2), d3(ξ)= θ−1(−2H+2Kξ), (5.6)





gij∂jdiv(u)={gαβ
∗
∇β divu, ∂

∂ξ divu},
∗
∇β divu=

∗
∇β

∂u3

∂ξ +
∗
∇β

∗
divu+dβk(ξ)u

k+dk(ξ)
∗
∇β uk,

∂
∂ξ divu= ∂2u3

∂ξ2 +dk(ξ)
∂uk

∂ξ +
∗

div ∂u
∂ξ +d3k(ξ)u

k,

dmk ={ ∗
∇β dk(ξ),

∂
∂ξ dk} (see(5.4)).

(5.7)

Therefore

gij∂jdiv(u)=





gαβ[
∗
∇β

∂u3

∂ξ +
∗
∇β

∗
divu+dβk(ξ)u

k+dk(ξ)
∗
∇β uk], i=α

∂2u3

∂ξ2 +dk(ξ)
∂uk

∂ξ +
∗

div ∂u
∂ξ +d3k(ξ)u

k, i=3.
(5.8)

Substituting (5.6) leads to (5.2), we end our proof.

Theorem 5.2. Under the S-coordinate system in E3, if the solution of (5.1) in neighborhood of
surface ℑ and right hand f can be made Taylor expansions with respect to transverse variable ξ

{
u(x,ξ)=u0(x)+u1(x)ξ+u2(x)ξ2+··· ,
f (x,ξ)= f0(x)+ f1(x)ξ+ f2(x)ξ2+··· , (5.9)

then the linear elasticity operators cam be made Taylor expansions as





Li(u)=Li
0(u0,u1,u2)+Li

1(u0,u1.u2)ξ+Li
2(u0,u1,u2)ξ2+··· ,

Li
0(u0,u1,u2)=Ki

0(u0)+Li
0(u1,u2),

Li
1(u0,u1.u2)=Ki

0(u1)+Ki
1(u0)+Li

1(u1,u2),
Li

2(u0,u1.u2)=Ki
0(u2)+Ki

1(u1)+Ki
2(u0)+Li

2(u1,u2),

(5.10)

where u0(x),u1(x),u2(x) satisfy following boundary value problems





∂2ui
0

∂t2 +Ki
0(u0)+Li

0(u1,u2)= f i
0,

∂2ui
1

∂t2 +Ki
0(u1)+Ki

1(u0)+Li
1(u1,u2)= f i

1,
∂2ui

2

∂t2 +Ki
0(u2)+Ki

1(u1)+Ki
2(u0)+Li

2(u1,u2)= f i
2,

(5.11)

with boundary conditions in (5.1) on the boundary γ1=Γ02∩{ξ=0} of middle surface

uk|γ0 =0,k=1,2,3; σijnj|γ1
=σ

ij
0 (u0)nj =hi(ξ=0), (5.12)
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where





Kα
0(u0)=−µ

∗
∆ uα

0−(λ+µ)aαβ
∗
∇β (

∗
div u0)−m

αβ
k (0)

∗
∇β uk

0−mα0
k (0)uk

0,

Kα
1(u0)=−2µbβσ

∗
∇β

∗
∇σ uα

0−2(λ+µ)bαβ
∗
∇β

∗
div u0−m

αβ
k (1)

∗
∇β uk

0−mα0
k (1)uk

0,

Kα
2(u0)=−3µcβσ

∗
∇β

∗
∇σ uα

0−3(λ+µ)bαβ
∗
∇β

∗
div u0−m

αβ
k (2)

∗
∇β uk

0−mα0
k (2)uk

0,

(5.13)





K3
0(u0)=−µ

∗
∆ u3

0+µm
3β
k (0)

∗
∇β uk

0+m30
k (0)uk

0,

K3
1(u0)=−2µbβσ

∗
∇β

∗
∇σ uα

0+m
3β
k (1)

∗
∇β uk

0−m30
k (1)uk

0,

K3
2(u0)=3µcβσ

∗
∇β

∗
∇σ u3

0+m
3β
k (2)

∗
∇β uk

0+m30
k (2)uk

0,

(5.14)





Lα
0(u1,u2)=−2µuα

2−mα3
β (0)u

β
1 −(λ+µ)aαβ

∗
∇β u3

1,

Lα
1(u1,u2)=−mα3

β (1)u
β
1 −mα3

β (0)u3
2−2(λ+µ)aαβ

∗
∇β u3

2+2bαβ
∗
∇β u3

1,

Lα
2(u1,u2)=−mα3

β (1)u
β
2 −mα3

β (2)u
β
1 ,

(5.15)





L3
0(u1,u2)=−2(λ+2µ)u3

2+m33
k (0)uk

1−(λ+µ)
∗

div u1

L3
1(u1,u2,u3)=m33

k (0)u3
2+m33

k (1)u3
1−2(λ+µ)

∗
div u3

2,

L3
2(u1,u2,u3,u4)=2m33

k (1)uk
2+m33

k (2)uk
1.

(5.16)

Here m
ij
k are defined by (5.3).

Proof. Consider (5.2)

Lα(u)=−µ ∂2uα

∂ξ2 −mα3
β (ξ) ∂uβ

∂ξ −µgβσ
∗
∇β

∗
∇σ uα

−(λ+µ)gαβ
∗
∇β (

∗
divu+ ∂u3

∂ξ )+m
αβ
k (ξ)

∗
∇β uk+mα0

k (ξ)uk.
(5.17)

Using

gαβ = aαβ+2bαβξ+3cαβξ2+··· ,

gives

−µ ∂2uα

∂ξ2 =−2µuα
2+··· ,

−mα3
β (ξ) ∂uβ

∂ξ =−{mα3
β (0)u

β
1 +(mα3

β (1)u
β
1 +2mα3

β (o)u
β
2)ξ

+(2mα3
β (1)u

β
2 +mα3

β (2)u
β
1)ξ

2+···},

−µgβσ
∗
∇β

∗
∇σ uα=−µ{ ∗

∆ uα
0+(

∗
∆ uα

1+2bβσ
∗
∇β

∗
∇σ uα

0)ξ

+(
∗
∆ uα

2+2bβσ
∗
∇β

∗
∇σ uα

1+3cβσ
∗
∇β

∗
∇σ uα

0)ξ
2}+··· ,
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(λ+µ)gαβ
∗
∇β (

∗
divu+ ∂u3

∂ξ )=(λ+µ){aαβ
∗
∇β (

∗
divu0+u3

1)

+(aαβ
∗
∇β (

∗
div u1+2u3

2)+2bαβ
∗
∇β (

∗
divu0+u3

1))ξ+(aαβ
∗
∇β (

∗
divu2)

+2bαβ
∗
∇β (

∗
div u1+2u3

2)+3cαβ
∗
∇β (

∗
div u0+u3

1))ξ
2}+··· ,

m
αβ
k (ξ)

∗
∇β uk=m

αβ
k (0)

∗
∇β uk

0+(m
αβ
k (0)

∗
∇β uk

1+m
αβ
k (1)

∗
∇β uk

0)ξ

+(m
αβ
k (0)

∗
∇β uk

2+m
αβ
k (1)

∗
∇β uk

1+m
αβ
k (2)

∗
∇β uk

0)+··· ,
mα0

k (ξ)uk =mα0
k (0)uk

0+(mα0
k (0)uk

1+mα0
k (1)uk

0)ξ+(mα0
k (0)uk

2

+mα0
k (1)uk

1+mα0
k (2)uk

0)+··· .

(5.18)

Denote





Kα
0(u0)=−µ

∗
∆ uα

0−(λ+µ)aαβ
∗
∇β (

∗
div u0)−m

αβ
k (0)

∗
∇β uk

0−mα0
k (0)uk

0,

Lα
0(u1,u2)=−2µuα

2−mα3
β (0)u

β
1 −(λ+µ)aαβ

∗
∇β u3

1,
(5.19)





Kα
1(u0)=−2µbβσ

∗
∇β

∗
∇σ uα

0−2(λ+µ)bαβ
∗
∇β

∗
div u0−m

αβ
k (1)

∗
∇β uk

0−mα0
k (1)uk

0,

Lα
1(u1,u2)=−mα3

β (1)u
β
1 −mα3

β (0)u3
2−2(λ+µ)aαβ

∗
∇β u3

2+2bαβ
∗
∇β u3

1,
(5.20)





Kα
2(u0)=−3µcβσ

∗
∇β

∗
∇σ uα

0−3(λ+µ)bαβ
∗
∇β

∗
div u0−m

αβ
k (2)

∗
∇β uk

0−mα0
k (2)uk

0,

Lα
2(u1,u2)=−mα3

β (1)u
β
2 −mα3

β (2)u
β
1 .

(5.21)

Taking (5.18)-(5.21) into account, (5.17) can be made expansion

Lα(u)=Kα
0(u0)+Lα

0(u1,u2)+{Kα
0(u1)+K1(u0)+Lα

1(u1,u2,u3)}ξ
+{Kα

0(u2)+K1(u1)+Kα
2(u0)+Lα

2(u1,u2,u3,u4)}ξ2+··· .

So that we obtain following equations





∂2uα
0

∂t2 +Kα
0(u0)+Lα

0(u1,u2)= f α
0 ,

∂2uα
1

∂t2 +Kα
0(u1)+Kα

1(u0)+Lα
1(u1,u2,u3)= f α

1 ,
∂2uα

2

∂t2 +Kα
0(u2)+Kα

1(u1)+Kα
2(u0)+Lα

2(u1,u2,u3,u4)= f α
2 ,

··· .

(5.22)

By similar manner, we assert

L3(u)=−(λ+2µ) ∂2u3

∂ξ2 +m33
k (ξ) ∂uk

∂ξ −(λ+µ)
∗

div ∂u
∂ξ

−µgβσ
∗
∇β

∗
∇σ u3+m

3β
k (ξ)

∗
∇β uk+m30

k (ξ)uk.
(5.23)
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Substituting (5.10) into (5.23) leads to

L3(u)=−2(λ+2µ)u3
2+m33

k (0)uk
1−(λ+µ)

∗
div u1−µ

∗
∆ u3

0+m
3β
k (0)

∗
∇β uk

0

+m30
k (0)uk

0+{m33
k (0)2uk

2+m33
k (1)uk

1−2(λ+µ)
∗

div u2−µ(
∗
∆ u3

1

+2bαβ
∗
∇α

∗
∇β u3

0)+m
3β
k (0)

∗
∇β uk

1+m
3β
k (1)

∗
∇β uk

0+m30
k (0)uk

1+m30
k (1)uk

0}ξ

+{m33
k (1)2uk

2+m33
k (2)uk

1−µ(
∗
∆ u3

2+2bαβ
∗
∇α

∗
∇β u3

1+3cαβ)
∗
∇β α

∗
∇β u3

0

+m
3β
k (0)

∗
∇β uk

2+m
3β
k (1)

∗
∇β uk

1+m
3β
k (2)

∗
∇β uk

0+m30
k (0)uk

2

+m30
k (1)uk

1+m33
k (2)uk

0}ξ2+··· .

(5.24)

Hence it can be expressed as

L3(u)=Kα
0(u0)+L3

0(u1,u2)+{K3
0(u1)+K3

1(u0)+L3
1(u1,u2,u3)}ξ

+{K3
0(u2)+K3

1(u1)+K3
2(u0)+L3

2(u1,u2,u3,u4)}ξ2+··· . (5.25)

Consequently, we obtain following equations




∂2uα
0

∂t2 +Kα
0(u0)+Lα

0(u1,u2)= f α
0 ,

∂2uα
1

∂t2 +Kα
0(u1)+Kα

1(u0)+Lα
1(u1,u2,u3)= f α

1 ,
∂2uα

2

∂t2 +Kα
0(u2)+Kα

1(u1)+Kα
2(u0)+Lα

2(u1,u2,u3,u4)= f α
2 ,

··· ,

(5.25)

where 



K3
0(u0)=−µ

∗
∆ u3

0+m
3β
k (0)

∗
∇β uk

0+m30
k (0)uk

0,

K3
1(u0)=−2µbβσ

∗
∇β

∗
∇σ uα

0+m
3β
k (1)

∗
∇β uk

0−m30
k (1)uk

0,

K3
2(u0)=3µcβσ

∗
∇β

∗
∇σ u3

0+m
3β
k (2)

∗
∇β uk

0+m30
k (2)uk

0,

L3
0(u1,u2)=−2(λ+2µ)u3

2+m33
k (0)uk

1−(λ+µ)
∗

div u1,

L3
1(u1,u2,u3)=m33

k (0)u3
2+m33

k (1)u3
1−2(λ+µ)

∗
div u3

2,

L3
2(u1,u2,u3,u4)=2m33

k (1)uk
2+m33

k (2)uk
1.

(5.26)

We then complete our proof.

Theorem 5.3. Under S-coordinate system in E3, if (5.5) is satisfied then linearly stress tensor
σij(u)=Aijklekl(u) can be made Taylor expansion with respect to transverse variable ξ

σij(u)=σ
ij
0 (u0)+σ

ij
1 (u0,u1)ξ+σ

ij
2 (u0,u1,u2)ξ2+··· , (5.27)

where




σ
αβ
0 (u0)=A

αβλσ
0 γλσ(u0)+λaαβu3

1,

σ
αβ
1 (u0,u1)=A

αβλσ
0 (γλσ(u1)+

1
γλσ (u0))+A

αβλσ
1 γλσ(u0)+2λaαβu3

2+2λbαβu3
1

σ
αβ
2 (u0,u1,u2)=A

αβλσ
0 (γλσ(u2)+

1
γλσ (u1)+

2
γλσ (u0))+A

αβλσ
1 (γλσ(u1)+

1
γλσ (u0))

+A
αβλσ
2 γλσ(u0)+4λbαβu3

2+3λcαβu3
1

(5.28)
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σ33
0 (u0)=λ(

∗
div u0+ck(0)u

k
0)+(λ+2µ)u3

1,

σ33
1 (u0,u1)=λ(

∗
div u1+ck(0)u

k
1+ck(1)u

k
0)+2(λ+2µ)u3

2,

σ33
2 (u0,u1,u2)=λ(

∗
div u2+ck(0)u

k
2+ck(1)u

k
1+ck(2)u

k
0),

σα3
0 (u0)=µ(uα

1+aαβ
∗
∇β u3

0),

σα3
1 (u1)=µ(2uα

2+aαβ
∗
∇β u3

1+2bαβ
∗
∇β u3

0),

σα3
2 (u0,u1,u2)=µ(aαβ

∗
∇β u3

2+2bαβ
∗
∇β u3

1+3cαβ
∗
∇β u3

0),

(5.29)

where {
cα(0)=0, cα(1)=−2

∗
∇α H, cα(2)=

∗
∇α (K−2H2),

c3(0)=−2H, c3(1)=(2K−4H2), c3(2)=(6HK−8H3).
(5.30)

The boundary conditions on top and bottom surface of shell are given by

{
σ(u)·n(εn)=σi3(u)=σi3

0 (u0)+σi3
1 (u0,u1)ε+σi3

2 (u0,u1,u2)ε2=hi, on Γt,
σ(u)·n(−εn)=−σi3(u)=−{σi3

0 (u0)−σα3
1 (u0,u1)ε+σi3

2 (u0,u1,u2)ε2}=hi, on Γb.
(5.31)

Proof. As well known that linearly stress tensor σij(u) of isotropic linearly elastic materi-
als corresponding to displacement vector u is given by

σij(u)=Aijkmekm(u).

Elastic coefficient tensor of isotropic linearly elastic materials is given by (2.55) and can
be made Taylor expansion with respect to transverse variable ξ by (2.57). In addition,

owing to Lemma 2.6 and
k
γij (u) are linear form for u, therefore

eλσ(u)=γλσ(u)+
1
γλσ (u)ξ+

2
γλσ (u)ξ

2

=γλσ(u0)+(γλσ(u1)+
1
γλσ (u0))ξ+(γλσ(u2)+

1
γλσ (u1)+

2
γλσ (u0))ξ2+··· ,

e3σ(u)=
1
2(gλσ

∂uλ

∂ξ +
∗
∇σ u3)

e33(u)=
∂u3

∂ξ =u3
1+2u3

2ξ+··· .

Note non vanishing Aijkm by Lemma 2.7

σαβ(u)=Aαβlmelm(u)=Aαβλσeλσ(u)+Aαβ33e33(u)=Aαβλσeλσ(u)+λgαβe33(u),

σ3α(u)=A3αlmelm(u)=A3α3βe3β(u)+A3αβ3Eβ3(u)=2µgαβe3α(u)=µ( ∂uα

∂ξ +gαβ
∗
∇β u3),

σ33=A33lmelm(u)=A33λσeλσ(u)+A3333e33(u)=λgλσeλσ(u)+(λ+2µ) ∂u3

∂ξ

=λ(
∗

div u+ck(ξ)u
k)+(λ+2µ) ∂u3

∂ξ ,

where ck(ξ) defined by (2.34). Thanks to (2.20)

gαβ = aαβ+2bαβξ+3cαβξ+··· .
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We assert that

σαβ(u)=Aαβλσeλσ(u)+Aαγ33e33(u)

=(A
αβλσ
0 +A

αβλσ
1 ξ+A

αβλσ
2 ξ2+···)(γλσ(u0+u1ξ+u2ξ2+···)+ 1

γλσ (u0+u1ξ+u2ξ2

+···)ξ+ 2
γλσ (u0+u1ξ+u2ξ2+···)ξ2)+λgαβ ∂

∂ξ (u
3
0+u3

1ξ+u3
2ξ2+···)

=A
αβλσ
0 γλσ(u0)+{A

αβλσ
0 (γλσ(u1)+

1
γλσ (u0))A

αβλσ
1 γλσ(u0)}ξ+{A

αβλσ
0 (γλσ(u2)

+
1
γλσ (u1)+

2
γλσ (u0))A

αβλσ
1 (γλσ(u1)+

1
γλσ (u0))+A

αβλσ
2 γλσ(u0)}ξ2

+λ{aαβu3
1+2(bαβu3

1+aαβu3
2)ξ+(3cαβu3

1+4bαβu3
2)ξ

2}+··· .

From this it yields (5.29). Moreover





σ33(u)=λ{
∗

div u+ck(ξ)u
k}+(λ+2µ) ∂u3

∂ξ

=λ{
∗

div u0+ck(0)u
k
0+(

∗
divu1+ck(1)u

k
0+ck(0)u

k
1)ξ

+(
∗

div u2+ck(0)u
k
2+ck(1)u

k
1+ck(2)u

k
0)ξ

2}+(λ+2µ)(u3
1+2u3

2ξ)+··· ,
σ33

0 (u0)=λ(
∗

div u0+ck(0)u
k
0)+(λ+2µ)u3

1,

σ33
1 (u0,u1)=λ(

∗
div u1+ck(0)u

k
1+ck(1)u

k
0)+2(λ+2µ)u3

2,

σ33
2 (u0,u1,u2)=λ(

∗
div u2+ck(0)u

k
2+ck(1)u

k
1+ck(2)u

k
0),




σα3(u)=µ( ∂uα

∂ξ +gαβ
∗
∇β u3)

=µ{uα
1+2uα

2ξ+(aαβ+2bαβξ+3cαβξ2)
∗
∇β (u

3
0+u3

1ξ+u3
2ξ2)}+··· ,

σα3
0 (u0)=µ(uα

1+aαβ
∗
∇β u3

0),

σα3
1 (u1)=µ(2uα

2+aαβ
∗
∇β u3

1+2bαβ
∗
∇β u3

0),

σα3
2 (u0,u1,u2)=µ(aαβ

∗
∇β u3

2+2bαβ
∗
∇β u3

1+3cαβ
∗
∇β u3

0),

where ck(ξ) are defined by (2.34)

cα(ξ)= θ−1(−2
∗
∇α Hξ+

∗
∇α Kξ2)=(1+2Hξ+(4H2−K)ξ2+···)(−2

∗
∇α Hξ+

∗
∇α Kξ2)

=−2
∗
∇α Hξ+

∗
∇α (K−2H2)ξ2+···= cα(0)+cα(1)ξ+cα(2)ξ2+···

c3(ξ)= θ−1(−2H+2Kξ)=−2H+(2K−4H2)ξ+(6HK−8H3)ξ2+···
= c3(0)+c3(1)ξ+c3(2)ξα2+··· .

Hence

cα(0)=0, cα(1)=−2
∗
∇α H, cα(2)=

∗
∇α (K−2H2),

c3(0)=−2H, c3(1)=(2K−4H2), c3(2)=(6HK−8H3).

Finally, boundary conditions on the top and bottom of shell are nature boundary con-
ditions

gjmσijnm|Γt∪Γb
=hi.



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 435

Note, in Theorem 3.1, displacement ~η= ε~n=(0,0,1) at top surface of shell, it yields from
(3.2)

~n(εn)=~n−aλ̺(
∗
∇λ η3+bλβηβ)~eσ =n+0(ε2)=~n+0(ε2).

Therefore, by Theorem 5.2, we have

hα = gjmσαjnm(εn)= g33σα3(u)=σα3(u)
=σα3

0 (u0)+σα3
1 (u0,u1)ε+σα3

2 (u0,u1,u2)ε2, on Γt,
h3 =σ33(u)=σ33

0 (u0)+σ33
1 (u0,u1)ε+σ33

2 (u0,u1,u2)ε2, on Γt.

Similarly, since n(−εn)=−n, hi=gjmσij(u)nm(−εn) on the bottom surface of shell, so that

hα =−σα3(u)=−{σα3
0 (u)−σα3

1 (u0,u1)ε+σα3
2 (u0,u1,u2)ε2}, on Γb,

h3 =−σ33(u)=−{σ33
0 (u0)−σ33

1 (u0,u1)ε+σ33
2 (u0,u1,u2)ε2}, on Γb.

This completes our proof.

6 A dimensional splitting form for nonlinearly elastic equa-

tions in 3D shell in ℜ3

In this section we study nonlinearly elastic equations for isomeric and isomorphic St.Venant-
Kirchhoff materials. Nonlinearly elastic equations for 3D elastic shell are given by: find
u=(ui) : Ω→ℜ3 such that :





N i(u) :=−∇jΣ̃
ij(u)= f i, in Ω,

u=0, on Γ0,

Σ̃ij(u)nj=hi, on Γ1,

(6.1)

where stress tensor σij, second Piola-Kirchhoff stress tensor Σij and first Piola-Kirchhoff
stress tensor Σ̃ij(u) are given respectively by:

{
σij(u)=Aijklekl(u), Σij(u)=AijklEkl(u),

Σ̃ij(u)=Σij(u)+Σkj(u)∇kui=(δi
k+∇kui)Σkj(u)=(δi

k+∇kui)AkjmlEml(u),
(6.2)

where eij(u), Eij(u) are strain tensor (2.42) and Green-St Venant strain tensor (2.45).

In the followings, we have to consider first Piola-Kirchhoff stress tensor Σ̃ij(u). The
covariant derivatives of first Piola-Kirchhoff stress tensor are given by

∇jΣ̃
ij(u)=∇j((δ

i
k+∇kui)AkjlmElm(u))=Akjlm∇j((δ

i
k+∇kui)Elm(u))

=Akjlm{(δi
k+∇kui)∇jElm(u)+Elm(u)∇j∇kui},

(6.3)

where we consider the materials are isomeric and isomorphic, and covariant derivatives
of metric tensor in Euclisean space are vanising (i.e. ∇j A

kjlm = 0). As well known that
linearly elastic operator

{ Li(u)=−∇jσ
ij(u)=−∇l(AijkmeKm(u))=−Aijkm∇jekm(u),

Eij(u)= eij(u)+Dij(u).
(6.4)



436 K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458

Therefore nonlinearly elastic operator is given by

N i(u)=−∇jΣ̃
ij(u)

=(δi
k+∇kui)Lk(u)−Akjlm{(δi

k+∇kui)∇jDlm(u)+Elm(u)∇j∇kui}.
(6.5)

As well known that isotropic and homogenous elstic coefficient tensor of four order
are given by (2.55) and satisfiy (2.57), in particular all components Aijlm are vanissh except

Aαβλσ=λgαβgλσ+µ(gαλgβσ+gασgβλ), Aαβ33=A33αβ=λgαβ,

Aα3β3=A3α3β=Aα33β =A3αβ3=µgαβ, A3333=λ+2µ.

In addition

∇jg
lm =0, glm = gml, g3α = gα3=0,g33=1, ∆ui= glm∇l∇mui.

So that it assert that

Akjlm{(δi
k+∇kui)∇jDlm(u)+Elm(u)∇j∇kui}=Aαβλσ{(δi

α+∇αui)∇βDλσ(u)

+Eλσ(u)∇β∇αui}+A33λσ{(δi
3+∇3ui)∇3Dλσ(u)+Eλσ(u)∇3∇3ui}

+Aαβ33{(δi
α+∇αui)∇βD33(u)+E33(u)∇β∇αui}+A3β3σ{(δi

3+∇3ui)∇βD3σ(u)

+E3σ(u)∇3∇αui}+Aα3λ3{(δi
α+∇αui)∇3Dλ3(u)+Eλ3(u)∇3∇αui}

+Aα33σ{(δi
α+∇αui)∇3D3σ(u)+E3σ(u)∇3∇αui}+A3βλ3{(δi

3+∇3ui)∇βDλ3(u)

+Eλ3(u)∇β∇3ui}+A3333{(δi
3+∇3ui)∇3D33(u)+E33(u)∇3∇3ui}.

It can be reads as

Akjlm{(δi
k+∇kui)∇jDlm(u)+Elm(u)∇j∇kui}=Aαβλσ{(δi

α+∇αui)∇βDλσ(u)

+Eλσ(u)∇β∇αui}+λgαβ{(δi
3+∇3ui)∇3Dαβ(u)+Eαβ(u)∇3∇3ui}

+λgαβ{(δi
α+∇αui)∇βD33(u)+E33(u)∇β∇αui}+µgαβ{(δi

3+∇3ui)∇αD3β(u)

+E3β(u)∇3∇αui}+µgαβ{(δi
α+∇αui)∇3Dβ3(u)+Eβ3(u)∇3∇αui}

+µgαβ{(δi
α+∇αui)∇3Dβ3(u)+Eβ3(u)∇3∇αui}+µgαβ{(δi

3+∇3ui)∇αDβ3(u)

+Eβ3(u)∇α∇3ui}+A3333{(δi
3+∇3ui)∇3D33(u)+E33(u)∇3∇3ui}.

According Ricci Theorem and Riemannian Curvature tensor are vanish in Euclidian space,
therefore

∇3∇αui=∇α∇3ui
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and symmetry of indices of strain tensor, previous equality becomes

Akjlm{(δi
k+∇kui)∇jDlm(u)+Elm(u)∇j∇kui}=Aαβλσ{(δi

α+∇αui)∇βDλσ(u)

+Eλσ(u)∇β∇αui}+λ{(δi
3+∇3ui)∇3(gαβDαβ(u))+(gαβEαβ(u))∇3∇3ui}

+λ{(δi
α+∇αui)gαβ∇βD33(u)+E33(u)gαβ∇β∇αui}+2µ(δi

3+∇3ui)gαβ∇αD3β(u)

+2µgαβ(δi
α+∇αui)∇3Dβ3(u)+4µgαβE3β(u)∇3∇αui

+(λ+2µ){(δi
3+∇3ui)∇3D33(u)+E33(u)∇3∇3ui}.

Substitute it into (6.5) leads to

N i(u)=(δi
k+∇kui)Lk(u)−Aαβλσ{(δi

α+∇αui)∇βDλσ(u)+Eλσ(u)∇β∇αui}
−λ(δi

3+∇3ui)∇3(gαβDαβ(u)+D33(u))−(λgαβEαβ(u)+2µE33(u))∇3∇3ui

−λgαβ{(δi
α+∇αui)∇βD33(u)−λE33(u)(gαβ∇β∇αui+∇3∇3ui)

−2µ(δi
3+∇3ui)gαβ∇αD3β(u)−4µgαβE3β(u)∇3∇αui}

−2µ(δi
α+∇αui)gαβ∇3Dβ3(u)−2µ(δi

3+∇3ui)∇3D33(u).

Since

∆ui= gij∇i∇ju
i= gαβ∇β∇αui+∇3∇3ui, Div(u)= gijDij(u)= gαβDαβ+D33(u).

Hence

N i(u)=(δi
k+∇kui)Lk(u)−Aαβλσ{(δi

α+∇αui)∇βDλσ(u)+Eλσ(u)∇β∇αui}
−λ(δi

3+∇3ui)∇3Divu−(λgαβEαβ(u)+2µE33(u))∇3∇3ui

−λgαβ{(δi
α+∇αui)∇βD33(u)−λE33(u)∆ui−2µ(δi

3+∇3ui)(gαβ∇αD3β(u)

+∇3D33(u))−4µgαβE3β(u)∇3∇αui}−2µ(δi
α+∇αui)gαβ∇3Dβ3(u).

(6.6)

Reads otherwise

N i(u)=(δi
k+∇kui)Lk(u)−Aαβλσ{(δi

α+∇αui)∇βDλσ(u)+Eλσ(u)∇β∇αui}
−λE33(u)∆ui−(λgαβEαβ(u)+2µE33(u))∇3∇3ui−4µgαβE3β(u)∇3∇αui

−λ(δi
3+∇3ui)∇3Divu−gαβ(δi

α+∇αui){λ∇βD33(u)+2µ∇3Dβ3(u)}
−2µ(δi

3+∇3ui)(gαβ∇αD3β(u)+∇3D33(u)).

(6.7)

Furthermore, by similar manner, we assert

−Aαβλσ{(δi
α+∇αui)∇βDλσ(u)+Eλσ(u)∇β∇αui}=−(δi

α+∇αui)∇β(AαβλσDλσ(u))

+AαβλσEλσ(u)∇α∇βui=−(δi
α+∇αui)∇β(AαβλσDλσ(u))

−2µEαβ(u)∇α∇βui−λgλσEλσ(u)(∆ui−∇3∇3ui).
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Substitutin it into (6.7) leads to

N i(u)=(δi
k+∇kui)Lk(u)−λgmkEmk(u)∆ui−2µE33(u)∇3∇3ui

−2µEαβ(u)∇α∇βui−4µgαβE3β(u)∇3∇αui−(δi
α+∇αui)∇β(AαβλσDλσ(u))

−gαβ(δi
α+∇αui){λ∇βD33(u)+2µ∇3Dβ3(u)}

−(δi
3+∇3ui)(2µ(gmk∇mD3k(u))+λ∇3(gmlDml(u))).

(6.8)

Next we need to consider relationship of covariant derivatives of nonlinear stain ten-
sor tensor.

Lemma 6.1. The covariant derivatives of symmetric tensor of stain tensor Dij in S-coordinate
system are given by





∇αDλσ=
∗
∇α Dλσ+Λν3

αλσDν3+Λ
νµ
αλσDνµ,

∇3Dλσ=
∂

∂ξ Dλσ+Λ
νµ
3λσDνµ,

∇αD3λ=
∗
∇α D3λ−Φ

β
αλD3β−θ−1 I

β
α Dβλ+ JαλD33,

∇3D3σ=
∂

∂ξ D3σ−θ−1 Iλ
σ D3λ,

∇αD33=
∗
∇α D33−2θ−1 I

β
α Dβ3, ∇3D33=

∂
∂ξ D33,

(6.9)

where




Λ
µν
αλσ(ξ) :=−(Φ

µ
αλδν

σ+Φ
µ
ασδν

λ)=Λ
µν
αλσ(1)ξ+Λ

µν
αλσ(2)ξ

2+··· ,
Λ3ν

αλσ(ξ)=−(Jαλδν
σ+ Jασδν

λ)=Λ3ν
αλσ(0)+Λ3ν

αλσ(1)ξ,

Λ
µν
3λσ(ξ)=−θ−1(I

µ
λδν

σ+ I
µ
σ δν

λ)=Λ
µν
3λσ(0)+Λ

µν
3λσ(1)ξ+Λ

µν
3λσ(2)ξ

2+··· ,

Λ
µν
αλσ(1)=

∗
∇α (b

µ
λδν

σ+b
µ
σδν

λ), Λ
µν
αλσ(2)=(2Hδ

µ
η −b

µ
η )

∗
∇α (b

η
λδν

σ+b
η
σδν

λ),

Λ3ν
αλσ(0)=−(bαλδν

σ+bασδν
λ), Λ3ν

αλσ(1)= cαλδν
σ+cασδν

λ,

Λ
µν
3λσ(0)=b

µ
λδν

σ+b
µ
σδν

λ, Λ
µν
3λσ(1)= c

µ
λδν

σ+c
µ
σδν

λ,

Λ
µν
3λσ(2)=(2Hc

µ
λ−Kb

µ
λ)δ

ν
σ+(2Hc

µ
σ−Kb

µ
σ)δ

ν
λ.

(6.10)

Proof. According to definition of covariant derivative,

∇αDλσ=
∂

∂xα Dλσ−Γk
αλDkσ−Γk

ασDλk

=∇αDλσ=
∂

∂xα Dλσ−Γν
αλDνσ−Γν

ασDλν−Γ3
αλD3σ−Γ3

ασDλ3.

By virtue of Lemma 2.3

Γν
αλ=

∗
Γν

αλ+Φν
αλ, Γ3

αλ= Jαλ,
∗
∇α Dλσ=

∂
∂ξα Dλσ−

∗
Γν

αλ Dνσ−
∗

Γν
ασ Dλν.



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 439

Therefore, since symmetry with respect to subscript of Dij=Dji,

∇αDλσ=
∂

∂xα Dλσ−(
∗

Γν
αλ+Φν

αλ)Dνσ−(
∗

Γν
ασ+Φν

ασ)Dλν− JαλD3σ− JασD3λ

=
∗
∇α Dλσ−Φν

αλDνσ−Φν
ασDνλ− JαλD3σ− JασD3λ

=
∗
∇α Dλσ+Λ

νµ
αλσDνσ+Λ

γµ
αλσDνµ.

In similar manner, by Lemma 2.3

∇3Dλσ=
∂

∂ξ Dλσ−Γk
3λDkσ−Γk

3σDλk=
∂

∂ξ Dλσ−Γν
3λDνσ−Γnu3σDλν−Γ3

3λD3σ−Γ3
3σDλ3

= ∂
∂ξ Dλσ−θ−1(Iν

λDνσ− Iν
σDνλ)=

∂
∂ξ Dλσ+Λ

νµ
3λσDνµ,

∇αD3λ=∂αD3λ−Γk
α3Dkλ(u)−Γk

αλD3k(u)=∂αD3λ−Γν
α3Dνλ(u)−Γν

αλD3ν(u)−Γ3
αλD33(u)

=∂αD3λ−θ−1 Iν
α Dνλ(u)−(

∗
Γν

αλ+Φν
αλ)D3ν(u)− JαλD33(u)

=∂αD3λ−
∗

Γν
αλ D3ν(u)−θ−1 Iν

α Dνλ(u)−Φν
αλD3ν(u)− JαλD33(u)

=
∗
∇α D3λ(u)−θ−1 Iν

α Dνλ(u)−Φν
αλD3ν(u)− JαλD33(u).

Other equalities of (6.9) can be obtain in same way. End our proof.

Lemma 6.2. Assume that the elastic materials is isomeric and isomorphic St.Venaut-Kirchhoff
materials. Then under S-coordinate system nonlinear elastic operator defined by (6.1) can be
expressed as





N i(u)=(−(λ+µ)δi
3+K0(u))

∂2ui

∂ξ2 +Ki
j(u)

∂uj

∂ξ −(λ+µ){gαβ
∗
∇β (

∗
div u+ ∂u3

∂ξ )δ
i
α

+
∗

div ∂u
∂ξ δi

3}+Kλ3(u)
∗
∇λ

∂ui

∂ξ +Kλσ(u)
∗
∇λ

∗
∇σ ui+M

iµ
k (u)

∗
∇µ uk

+Mi0
k (u)u

k−(δi
β+∇βui)Dβ(u)−(δi

3+∇3ui)D3(u),

Divu= gijEij(u),

(6.11)

where Eij(u) is Green-St-Vennant strain tensor defined by (2.45) and





K0(u)=−{µ+λDivu+2µE33(u)},

Ki
j(u)=−{mi3

j (ξ)+λDivuΠi3
j (ξ)+2µE33(u)li

j−2µEλσ(u)Jλσ(ξ)δ
i
j

+4µgλσE3σ(u)Πi3
λ3,j(ξ)},

Kλσ(u)=−((µ+λDivu)gλσ+2µEλσ(u)),

Kλ3(u)=−4µgλσE3σ(u),

M
iµ
k (u)=m

iµ
k (ξ)−λDivuΠ

iµ
k (ξ)−2µEλσ(u)Π

iµ
λσ,k(ξ)−4µgλσE3σ(u)Π

iµ
λ3,k(ξ),

Mi0
k (u)=mi0

k (ξ)−λDivuΠi0
k (ξ)−2µEλσ(u)Πi0

λσ,k(ξ)−4µgλσE3σ(u)Πi0
λ3,k(ξ),

(6.12)
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Dα(u) :=Aαβλσ(
∗
∇β Dλσ(u)+Λν3

βλσDν3(u)+Λ
νµ
βλσDνµ(u))

+gαβ(λ
∗
∇β D33(u)+2µ ∂

∂ξ D3β(u)−2(λ+µ)Iλ
β D3λ(u)),

D3(u) :={2µgαβ
∗
∇α D3β(u)+λ ∂

∂ξ (gαβDαβ(u))+(λ+2µ) ∂
∂ξ D33(u)

−2µgαβ(Φλ
αβ(ξ)D3λ(u)+ Iλ

α Dαλβ(u))−2µθ−1(2H−2Kξ)D33(u)},

(6.13)

where, Π
iµ
αβ,k, Π

iµ
k and m

ij
k are defined in Lemma 4.1, Theorem 4.3 and (5.3).

Proof. Taking (6.9) into account, we claim





qi
2(u) :=−(δi

α+∇αui)∇β(AαβλσDλσ(u))−gαβ(δi
α+∇αui){λ∇βD33(u)

+2µ∇3Dβ3(u)}−(δi
3+∇3ui)(2µ(gmk∇mD3k(u))+λ∇3(gmlDml(u)))

=−(δi
α+∇αui)Dα(u)−(δi

3+∇3ui)D3(u),

Dα(u) :=Aαβλσ(
∗
∇β Dλσ(u)+Λν3

βλσDν3(u)+Λ
νµ
βλσDνµ(u))

+gαβ(λ
∗
∇β D33(u)+2µ ∂

∂ξ D3β(u)−2(λ+µ)Iλ
β D3λ(u)),

D3(u) :=2µgαβ
∗
∇α D3β(u)+λ ∂

∂ξ (gαβDααβ(u))+(λ+2µ) ∂
∂ξ D33(u)

−2µgαβ(Φλ
αβ(ξ)D3λ(u)+ Iλ

α Dαλβ(u))−2µθ−1(2H−2Kξ)D33(u).

(6.14)
Similarly, applying Lemma 4.1 and Theorem 4.3 and Theorem 5.1, we assert





qi
1(u) :=(δi

k+∇kui)Lk(u)−λgmkEmk(u)∆ui−2µE33(u)∇3∇3ui

−2µEαβ(u)∇α∇βui−4µgαβE3β(u)∇3∇αui

=(δi
k+∇kui)Lk(u)−λDivu{gαβ

∗
∇α

∗
∇β ui+ ∂2

∂ξ2 ui+Πi3
j (ξ)

∂
∂ξ uj

+Π
iµ
k (ξ)

∗
∇µ uk+Πi0

k (ξ)u
k}−2µE33(u)(

∂2

∂ξ2 ui+li
j(ξ)

∂
∂ξ uj)

−2µEαβ(u){ ∗
∇α

∗
∇β ui− Jαβ

∂
∂ξ ui+Π

iµ
αβ,k(ξ)

∗
∇µ uk+Πi0

αβ,kuk}
−4µgαβE3β(u){

∗
∇α

∂
∂ξ ui+Πi3

α3,j
∂

∂ξ uj+Π
iµ
α3,k(ξ)

∗
∇µ uk+Πi0

α3,k(ξ)k
k},

(6.15)

where

Divu= gmlEml(u).

Owing to (5.2)





Lα(u)=−µ ∂2uα

∂ξ2 −mα3
β (ξ) ∂uβ

∂ξ −(λ+µ)gαβ
∗
∇β

∂u3

∂ξ −µgβσ
∗
∇β

∗
∇σ uα

−(λ+µ)gαβ
∗
∇β

∗
divu+m

αβ
k (ξ)

∗
∇β uk+mα0

k (ξ)uk,

L3(u)=−(λ+2µ) ∂2u3

∂ξ2 +m33
k (ξ) ∂uk

∂ξ −(λ+µ)
∗

div ∂u
∂ξ

−µgβσ
∗
∇β

∗
∇σ u3+m

3β
k (ξ)

∗
∇β uk+m30

k (ξ)uk,



K. Li and X. Shen / J. Math. Study, 51 (2018), pp. 377-458 441

with (6.8), (6.14) and (6.15), we obtain

N α(u)=−µ ∂2uα

∂ξ2 −mα3
β (ξ) ∂uβ

∂ξ −(λ+µ)gαβ
∗
∇β

∂u3

∂ξ −µgβσ
∗
∇β

∗
∇σ uα−(λ+µ)gαβ

∗
∇β

∗
div u

+m
αβ
k (ξ)

∗
∇β uk+mα0

k (ξ)uk−λDivu{gλσ
∗
∇λ

∗
∇σ uα+ ∂2

∂ξ2 uα+Πα3
j (ξ) ∂

∂ξ uj

+Π
αµ
k (ξ)

∗
∇µ uk+Πα0

k (ξ)uk}−2µE33(u)(
∂2

∂ξ2 uα+lα
j (ξ)

∂
∂ξ uj)−2µEλσ(u){ ∗

∇λ

∗
∇σ uα

−Jλσ
∂

∂ξ uα+Π
αµ
λσ,k(ξ)

∗
∇µ uk+Πα0

λσ,kuk}−4µgλσE3σ(u){
∗
∇λ

∂
∂ξ uα+Πα3

λ3,j
∂

∂ξ uj

+Π
αµ
λ3,k(ξ)

∗
∇µ uk+Πα0

λ3,k(ξ)u
k}−(δα

β+∇βuα)Dβ(u)−(δα
3 +∇3uα)D3(u),

which can be rewritten as

N α(u)=K0(u)
∂2uα

∂ξ2 +Kα
j (u)

∂uj

∂ξ −(λ+µ)gαγ
∗
∇β (

∗
div u+ ∂u3

∂ξ )

+Kλ3(u)
∗
∇λ

∂uα

∂ξ +Kλσ(u)
∗
∇λ

∗
∇σ uα+M

αµ
k (u)

∗
∇µ uk+Mα0

k (u)uk

−(δα
β+∇βuα)Dβ(u)−(δα

3+∇3uα)D3(u),

where





K0(u)=−{µ+λDivgu+2µE33(u)},
Kα

j (u)=−{mα3
j (ξ)+λDivuΠα3

j (ξ)+2µE33(u)lα
j −2µEλσ(u)Jλσ(ξ)δ

α
j

+4µgλσE3σ(u)Πα3
λ3,j(ξ)},

Kλσ(u)=−(µgλσ+λDivugλσ+2µEλσ(u)),
M

αµ
k (u)=m

αµ
k (ξ)−λDivuΠ

αµ
k (ξ)−2µEλσ(u)Π

αµ
λσ,k(ξ)−4µgλσE3σ(u)Π

αµ
λ3,k(ξ),

Mα0
k (u)=mα0

k (ξ)−λDivuΠα0
k (ξ)−2µEλσ(u)Πα0

λσ,k(ξ)−4µgλσE3σ(u)Πα0
λ3,k(ξ).

Third component is given by

N 3(u)=−(λ+2µ) ∂2u3

∂ξ2 +m33
k (ξ) ∂uk

∂ξ −(λ+µ)
∗

div ∂u
∂ξ −µgβσ

∗
∇β

∗
∇σ u3+m

3β
k (ξ)

∗
∇β uk

+m30
k (ξ)uk−λDivu{gαβ

∗
∇α

∗
∇β u3+ ∂2

∂ξ2 u3+Π33
j (ξ) ∂

∂ξ uj+Π
3µ
k (ξ)

∗
∇µ uk

+Π30
k (ξ)uk}−2µE33(u)(

∂2

∂ξ2 u3+l3
j (ξ)

∂
∂ξ uj)−2µEαβ(u){ ∗

∇α

∗
∇β u3− Jαβ

∂
∂ξ u3

+Π
3µ
αβ,k(ξ)

∗
∇µ uk+Π30

αβ,kuk}−4µgαβE3β(u){
∗
∇α

∂
∂ξ u3+Π33

α3,j
∂

∂ξ uj+Π
3µ
α3,k(ξ)

∗
∇µ uk

+Π30
α3,k(ξ)k

k}−(δ3
β+∇βu3)Dβ(u)−(δ3

3+∇3u3)D3(u),

which also can be expressed as

N 3(u)=−(λ+µ−K(u)) ∂2u3

∂ξ2 +K3
j (u)

∂uj

∂ξ −(λ+µ)
∗

div ∂u
∂ξ

+Kλ3(u)
∗
∇λ

∂u3

∂ξ +Kλσ(u)
∗
∇λ

∗
∇σ u3

+M
3µ
k (u)

∗
∇µ uk+M30

k (u)uk−(δ3
β+∇βu3)Dβ(u)−(δ3

3+∇3u3)D3(u),
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where




K3
j (u)=−{m33

j (ξ)+λDivuΠ33
j (ξ)+2µE33(u)l3

j −2µEλσ(u)Jλσ(ξ)δ
3
j

+4µgλσE3σ(u)Π33
λ3,j(ξ)},

Kλ3(u)=−4µgλσE3σ(u),

Kλσ(u)=−(µgλσ+λDivugλσ+2µEλσ(u)),

M
3µ
k (u)=m

3µ
k (ξ)−λDivuΠ

3µ
k (ξ)−2µEλσ(u)Π

3µ
λσ,k(ξ)−4µgλσE3σ(u)Π

3µ
λ3,k(ξ),

M30
k (u)=m30

k (ξ)−λDivuΠ30
k (ξ)−2µEλσ(u)Π30

λσ,k(ξ)−4µgλσE3σ(u)Π30
λ3,k(ξ).

To sum up, nonlinearly elasticity operators can be written as

N i(u)=(−(λ+µ)δi
3+K0(u))

∂2ui

∂ξ2 +Ki
j(u)

∂uj

∂ξ −(λ+µ){gαγ
∗
∇β (

∗
divu+ ∂u3

∂ξ )δ
i
α

+
∗

div ∂u
∂ξ δi

3}+Kλ3(u)
∗
∇λ

∂ui

∂ξ +Kλσ(u)
∗
∇λ

∗
∇σ ui+M

iµ
k (u)

∗
∇µ uk+Mi0

k (u)u
k

−(δi
β+∇βui)Dβ(u)−(δi

3+∇3ui)D3(u),

(6.16)

where




K0(u)=−{µ+λDivu+2µE33(u)},

Ki
j(u)=−{mi3

j (ξ)+λDivuΠi3
j (ξ)+2µE33(u)li

j−2µEλσ(u)Jλσ(ξ)δ
i
j

+4µgλσE3σ(u)Πi3
λ3,j(ξ)},

Kλ3(u)=−4µgλσE3σ(u),

Kλσ(u)=−((µ+λDivu)gλσ+2µEλσ(u)),

M
iµ
k (u)=m

iµ
k (ξ)−λDivuΠ

iµ
k (ξ)−2µEλσ(u)Π

iµ
λσ,k(ξ)−4µgλσE3σ(u)Π

iµ
λ3,k(ξ),

Mi0
k (u)=mi0

k (ξ)−λDivuΠi0
k (ξ)−2µEλσ(u)Πi0

λσ,k(ξ)−4µgλσE3σ(u)Πi0
λ3,k(ξ),

(6.17)





Dα(u) :=Aαβλσ(
∗
∇β Dλσ(u)+Λν3

βλσ(ξ)Dν3(u)+Λ
νµ
βλσ(ξ)Dνµ(u))

+gαβ(λ
∗
∇β D33(u)+2µ ∂

∂ξ D3β(u)−2(λ+µ)Iλ
β (ξ)D3λ(u))

D3(u) :=2µgαβ
∗
∇α D3β(u)+λ ∂

∂ξ (gαβDαβ(u))+(λ+2µ) ∂
∂ξ D33(u)

−2µgαβ(Φλ
αβ(ξ)D3λ(u)+ Iλ

α Dλβ(u))−2µθ−1(2H−2Kξ)D33(u).

(6.18)

Hence we complete our proof.

Theorem 6.1. Assume that solution u of nonlinearly elastic operators defined by (6.11) and right
hand term f can be made Taylor expansion with respect to ξ :

{
u(x,ξ)=u0(x)+u1(x)ξ+u2(x)ξ2+··· ,
f (x,ξ)= f0(x)+ f1(x)ξ+ f2(x)ξ2+··· . (6.19)
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Then nonlinearly elastic operators defined by (6.11) under the S-coordinates can be made Taylor
expansion





N i(u) :=N i
0(u0)+N i

1(u0,u1)ξ+N i
2(u0,u1,u2)ξ2+··· ,

N i
0(u0)=Kαβ(0)

∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

0+Mi0
k (0)u

k
0−(δi

k+γi
k0(u0))Dk(0)+F i

0(u1,u2),

N i
1(u0,u1)=Kαβ(0)

∗
∇α

∗
∇β ui

1+Kαβ(1)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

1+M
iµ
k (1)

∗
∇µ uk

0

+Mi0
k (0)u

k
1+Mi0

k (1)u
k
0−(δi

k+γi
k0(u0))Dk(1)−γi

k1(u0,u1)Dk(0)+F i
1(u1,u2),

N i
2(u0,u1,u2)=Kαβ(0)

∗
∇α

∗
∇β ui

2+Kαβ(1)
∗
∇α

∗
∇β ui

1+Kαβ(2)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

2

+M
iµ
k (1)

∗
∇µ uk

1+M
iµ
k (2)

∗
∇µ uk

0+Mi0
k (0)u

k
2+Mi0

k (1)u
k
1+Mi0

k (2)u
k
0

−(δi
k+γi

k0(u0))Dk(2)−γi
k1(u0,u1)Dk(1)−γi

k2(u0,u1,u2)Dk(0)+F i
2(u1,u2),

(6.20)
and (u0,u1,u2) satisfy approximately following boundary value problems





Kαβ(0)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

0+Mi0
k (0)u

k
0−(δi

k+γi
k0(u0))Dk(0)+F i

0(u1,u2)= f i
0, in ω,

Kαβ(0)
∗
∇α

∗
∇β ui

1+Kαβ(1)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

1+M
iµ
k (1)

∗
∇µ uk

0+Mi0
k (0)u

k
1

+Mi0
k (1)u

k
0−(δi

k+γi
k0(u0))Dk(1)−γi

k1(u0,u1)Dk(0)+F i
1(u1,u2)= f i

1, in ω,

Kαβ(0)
∗
∇α

∗
∇β ui

2+Kαβ(1)
∗
∇α

∗
∇β ui

1+Kαβ(2)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

2+M
iµ
k (1)

∗
∇µ uk

1

+M
iµ
k (2)

∗
∇µ uk

0+Mi0
k (0)u

k
2+Mi0

k (1)u
k
1+Mi0

k (2)u
k
0−(δi

k+γi
k0(u0))Dk(2)

−γi
k1(u0,u1)Dk(1)−γi

k2(u0,u1,u2)Dk(0)+F i
2(u1,u2)= f i

2, in ω,
(6.21)

with boundary conditions





u|γ0 =0,

aαβnα{(δi
nu+γi

ν0((u0))(A
νβλσ
0 E0

λσ(u0)+λaνβE0
33(u0))

+(δi
3+γi

30(u0))2µaβµE0
3µ(u0)}=hi, on γ1,

(6.22)

where





Kαβ(0)=−{aαβ(µ+λ)Div(0)+2µEαβ(0)},
Kαβ(1)=−{2bαβ(µ+λ)Div(0)+aαβλDiv(1)+2µEαβ(1)},
Kαβ(2)=−{3cαβ(µ+λ)Div(0)+2bαβλDiv(1)+aαβλDiv(2)+2µEαβ(2)},
Div(0)= aαβE0

αβ(u0,u0)+E0
33(u0,u0),

Div(1)= aαβE1
αβ(u0,u1)+2bαβE0

αβ(u0,u0)+E1
33(u0,u1),

Div(2)= aαβE2
αβ(u0,u1,u2)+2b

αβ
1 E1

αβ(u0,u1)+3cαβE0
αβ(u0,u0)+E2

33(u0,u1,u2),

E0
ij(u0)=γij(u0)+ϕij(u0,u0), E1

ij(u0,u1)=
1
γij (u1)+ψ1

ij(u0,u1),

E2
ij(u0,u1,u2)=

2
γij (u2)+ψ2

ij(u0,u2),

(6.23)
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where bilinear forms ϕk
ij are defined in Lemma 2.6 and





ψ1
ij(u0,u1)=2ϕij(u0,u1)+ϕ1

ij(u0,u0),

ψ2
ij(u0,u1,u2)=2ϕij(u1,u0)+ϕij(u1,u1)+2ϕ1

ij(u0,u1)+ϕ2
ij(u0,u0),

ψ3
ij(u0,u1,u2)=2ϕij(u1,u2)+ϕ1

ij(u1,u1)+2ϕ1
ij(u0,u2)+2ϕ2

ij(u0,u1),




Dα(0) :=A
αβλσ
0

∗
∇β ϕλσ(u0,u0)+Aαν3

0 ϕν3(u0,u0)+A
ανµ
0 ϕνµ(u0,u0)+aαβGβ(0),

Dα(1) :=A
αβλσ
0

∗
∇β ψ1

λσ(u0,u1)+A
αβλσ
1

∗
∇β ϕλσ(u0,u0)+Aαν3

0 ψ1
ν3(u0,u1)

+Aαν3
1 ϕν3(u0,u0)+A

ανµ
0 ψ1

ν3(u0,u1)+A
ανµ
1 ϕνµ(u0,u0)+aαβGβ(1)+2bαβGβ(0),

Dα(2) :=A
αβλσ
0

∗
∇β ψ2

λσ(u0,u1,u2)+A
αβλσ
1

∗
∇β ψ1

λσ(u0,u1)+A
αβλσ
2

∗
∇β ϕλσ(u0,u0)

+Aαν3
0 ψ2

ν3(u0,u1,u2)+Aαν3
1 ψ1

ν3(u0,u1)+Aαν3
2 ϕν3(u0,u0)

+A
ανµ
0 ψ2

ν3(u0,u1,u2)+A
ανµ
1 ψ1

ν3(u0,u1)+A
ανµ
2 ϕν3(u0,u0)

+aαβGβ(2)+2bαβGβ(1)+3cαβGβ(0),



D3(0)=G0(1)+2µaαβGαβ(0)+2µ2Hϕ33(u0,u0),
D3(1)=2G0(2)+2µ(2bαβGαβ(0+aαβGαβ(1))

+2µ(2Hψ1
33(u0,u1)+(4H2−2K)ϕ33(u0,u0)),

D3(2)=3G0(3)+2µ(3cαβGαβ(0)+2bαβGαβ(1)+aαβGβ(2))
+2µ(2Hψ2

33(u0,u1,u2)+(4H2−2K)ψ1
33(u0,u1)

+(8H3−6HK)ϕ33(u0,u0)),



F i
0(u1,u2) :=2K0(0)ui

2+Ki
j(0)u

j
1+Kλ3(0)

∗
∇λ ui

1

+aαβ
∗
∇β (

∗
div u0+u3

1)δ
i
α+

∗
div u1δi

3,

F i
1(u0,u1,u2) :=2K0(1)ui

2+2Ki
j(0)u

j
2+Ki

j(1)u
j
1

+2Kλ3(0)
∗
∇λ ui

2+Kλ3(1)
∗
∇λ ui

1+2bαβ
∗
∇β (

∗
div u0+u3

1)δ
i
α

+2
∗

div u2δi
3+aαβ

∗
∇β (

∗
div u1+2u3

2)δ
i
α,

F i
2(u0,u1,u2) :=2K0(2)ui

2+2Ki
j(1)u

j
2+Ki

j(2)u
j
1+2Kλ3(1)

∗
∇λ ui

2

+Kλ3(2)
∗
∇λ ui

1+aαβ
∗
∇β (

∗
div u2)δi

α+2bαβ
∗
∇β (

∗
div u1+2u3

2)δ
i
α,

(6.24)

where Mim
k (l), Ki

j(l), Kλ3(l), G0, Gβ, Gαβ and A
αβm
l are defined by (6.26) and (6.27).

Proof. As well known that the nonlinearly elastic operators are given by (6.11),

N i(u)=(−(λ+µ)δi
3+K0(u))

∂2ui

∂ξ2 +Ki
j(u)

∂uj

∂ξ −(λ+µ){gαβ
∗
∇β (

∗
div u+ ∂u3

∂ξ )δ
i
α

+
∗

div ∂u
∂ξ δi

3}+Kλ3(u)
∗
∇λ

∂ui

∂ξ +Kλσ
∗
∇λ

∗
∇σ ui+M

iµ
k (u)

∗
∇µ uk

+Mi0
k (u)u

k−(δi
β+∇βui)Dβ(u)−(δi

3+∇3ui)D3(u).

(6.25)

As well known all coefficients can be made Taylor expansions with respect to transverse
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variable ξ if taking (6.19) into account




K0(u)=K0(0)+K0(1)ξ+K0(2)ξ2+··· ,
Ki

j(u)=Ki
j(0)+Ki

j(1)ξ+Ki
j(2)ξ

2+··· ,
Kλ3(u)(u)=Kλ3(u)(0)+Kλ3(u)(1)ξ+Kλ3(2)ξ2+··· ,
Kλσ(u)=Kλσ(0)+Kλσ(1)ξ+Kλσ(2)ξ2+··· ,
M

iµ
k (u)=M

iµ
k (0)+M

iµ
k (1)ξ+M

iµ
k (2)ξ2+··· ,

Mi0
k (u)=Mi0

k (0)+Mi0
k (1)ξ+Mi0

k (2)ξ
2+··· .

(6.26)

Therefore




K0(u)
∂2ui

∂ξ2 =2K0(0)ui
2+2K0(1)ui

2ξ+2K0(2)ui
2ξ2+··· ,

Ki
j(u)

∂uj

∂ξ =Ki
j(0)u

j
1+(Ki

j(0)2u
j
2+Ki

j(1)u
j
1)ξ+(Ki

j(1)2u
j
2+Ki

j(2)u
j
1)ξ

2+··· ,
Kλ3(u)

∗
∇λ

∂ui

∂ξ =Kλ3(0)
∗
∇λ ui

1+(Kλ3(0)2
∗
∇λ ui

2+Kλ3(1)
∗
∇λ ui

1)ξ

+(Kλ3(2)
∗
∇λ ui

1+Kλ3(1)2
∗
∇λ ui

2)ξ
2+··· ,

Kλσ(u)
∗
∇λ

∗
∇σ ui=Kλσ(0)

∗
∇λ

∗
∇σ ui

0+(Kλσ(0)
∗
∇λ

∗
∇σ ui

1+Kλσ(1)
∗
∇λ

∗
∇σ ui

0)ξ

+(Kλσ(0)
∗
∇λ

∗
∇σ ui

2+Kλσ(1)
∗
∇λ

∗
∇σ ui

1+Kλσ(2)
∗
∇λ

∗
∇σ ui

0)ξ
2+··· ,

M
iµ
k (u)

∗
∇µ uk=M

iµ
k (0)

∗
∇µ uk

0+(M
iµ
k (0)

∗
∇µ uk

1+M
iµ
k (1)

∗
∇µ uk

0)ξ

+(M
iµ
k (0)

∗
∇µ uk

2+M
iµ
k (1)

∗
∇µ uk

1M
iµ
k (2)

∗
∇µ uk

0)ξ
2+··· ,

Mi0
k (u)u

k=M
iµ
k (0)uk

0+(M
iµ
k (0)uk

1+M
iµ
k (1)uk

0)ξ

+(M
iµ
k (0)uk

2+M
iµ
k (1)uk

1+M
iµ
k (2)uk

0)ξ
2+··· ,

{gαβ
∗
∇β (

∗
div u+ ∂u3

∂ξ )δ
i
α+

∗
div ∂u

∂ξ δi
3}={aαβ

∗
∇β (

∗
div u0+u3

1)δ
i
α+

∗
divu1δi

3}
+{aαβ

∗
∇β (

∗
div u1+2u3

2)δ
i
α+2

∗
div u2δi

3+2bαβ
∗
∇β (

∗
div u0+u3

1)δ
i
α}ξ

+{aαβ
∗
∇β (

∗
div u2)δi

α+2bαβ
∗
∇β (

∗
div u1+2u3

2)δ
i
α}ξ2+··· .

(6.27)

Next we consider Di defined by (6.18). To do that let remember bilinear and symmet-
ric form D(u) defined by (2.48)

Dij(u)= ϕij(u,u)+ϕ1
ij(u,u)ξ+ϕ2

ij(u,u)ξ2.

Denote



ψ1
ij(u0,u1)=2ϕij(u0,u1)+ϕ1

ij(u0,u0),

ψ2
ij(u0,u1,u2)=2ϕij(u1,u0)+ϕij(u1,u1)+2ϕ1

ij(u0,u1)+ϕ2
ij(u0,u0),

ψ3
ij(u0,u1,u2)=2ϕij(u1,u2)+ϕ1

ij(u1,u1)+2ϕ1
ij(u0,u2)+2ϕ2

ij(u0,u1).

(6.28)

Then




Dij(u)= ϕij(u0,u0)+ψ1(u0,u1)ξ+ψ2
ij(u0,u1,u2)ξ2+ψ3(u0,u1,u2)ξ3+··· ,

∂
∂ξ Dij(u)=ψ1(u0,u1)+2ψ2

ij(u0,u1,u2)ξ+3ψ3(u0,u1,u2)ξ2,
∗
∇β Dij(u)=

∗
∇β ϕij(u0,u0)+

∗
∇β ψ1(u0,u1)ξ+

∗
∇β ψ2

ij(u0,u1,u2)ξ2

+
∗
∇β ψ3

ij(u0,u1,u2)ξ3+··· .

(6.29)
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In addition, let

Aαν3(ξ) :=AαβλσΛν3
βλσ, Aανµ(ξ)=AαβλσΛ

νµ
βλσ(ξ). (6.30)

Then 



Aαν3(ξ)=Aαν3
0 +Aαν3

1 ξ+Aαν3
2 ξ2+··· ,

Aανµ(ξ)=A
ανµ
0 +A

ανµ
1 ξ+A

ανµ
2 ξ2+··· ,

Aαν3
0 =A

αβλσ
0 Λν3

βλσ(0), Aαν3
1 =A

αβλσ
0 Λν3

βλσ(1)+A
αβλσ
1 Λν3

βλσ(0),

Aαν3
2 =A

αβλσ
0 Λν3

βλσ(2)+A
αβλσ
1 Λν3

βλσ(1)+A
αβλσ
2 Λν3

βλσ(0),

A
ανµ
0 =A

αβλσ
0 Λ

νµ
βλσ(0), A

ανµ
1 =A

αβλσ
0 Λ

νµ
βλσ(1)+A

αβλσ
1 Λ

νµ
βλσ(0),

A
ανµ
2 =A

αβλσ
0 Λ

νµ
βλσ(2)+A

αβλσ
1 Λ

νµ
βλσ(1)+A

αβλσ
2 Λ

νµ
βλσ(0).

(6.31)

Let us come back to (6.18). Note that





Dα(u) :=Aαβλσ
∗
∇β Dλσ(u)+Aαν3

βλσ(ξ)Dν3(u)+A
ανµ
βλσ(ξ)Dνµ(u)+gαβGβ(u)

=Dα(0)+Dα(1)ξ+Dα(2)ξ2+··· ,
D3(u) := ∂

∂ξ G0(u)+2µgαβGαβ(u)+2µθ−1(−2H+2Kξ)D33(u)

=D3(0)+D3(1)ξ+D3(2)ξ2+··· ,
Gβ(u) :=λ

∗
∇β D33(u)+2µ ∂

∂ξ D3β(u)−2(λ+µ)Iλ
β (ξ)D3λ(u)

=Gβ(0)+Gβ(1)ξ+G(2)ξ
2+··· ,

Gαβ(u) :=Φλ
αβ(ξ)D3λ(u)+ Iλ

α Dλβ(u)=Gαβ(0)+Gαβ(1)ξ+Gαβ(2)ξ
2+··· ,

G0(u)=λgαβDαβ(u)+(λ+2µ)D33(u)=G0(0)+G0(1)ξ+G0(2)ξ2+··· ,

(6.32)

where





Gβ(0)=λ
∗
∇β ϕ33(u0,u0)+2µψ1

3β(u0,u0)+2(λ+µ)bλ
β ϕ3λ(u0,u0),

Gβ(1)=λ
∗
∇β ψ1

33(u0,u0)+2µψ2
3β(u0,u0)−2(λ+µ)(−bλ

β ψ1
3λ(u0,u1)+Kϕ3β(u0,u0)),

Gβ(2)=λ
∗
∇β ψ2

33(u0,u1,u2)+2µψ3
3β(u0,u0)−2(λ+µ)(−bλ

β ψ2
3λ(u0,u1)+Kψ1

β3(u0,u1)),

Gαβ(0)=−bλ
α ϕλβ(u0,u0),

Gαβ(1)=− ∗
∇α bλ

β ϕ3λ(u0,u0)−bλ
α ψ1

λβ(u0,u1)+Kϕαβ(u0,u0),

Gαβ(2)=− ∗
∇α bλ

βψ1
3λ(u0,u1)+bλ

µ

∗
∇α b

µ
β ϕ3λ(u0,u0)−bλ

α ψ2
λβ(u0,u1,u2)+Kψ1

αβ(u0,u0),

G0(0)=λaαβ ϕαβ(u0,u0)+(λ+2µ)ϕ33(u0,u0),

G0(1)=λaαβψ1
αβ(u0,u1)+2λbαγ ϕαβ(u0,u0)+(λ+2µ)ψ1

33(u0,u1),

G0(2)=λaαβψ2
αβ(u0,u1)+2λbαγψ1

αβ(u0,u1)+3λcαβ ϕαβ(u0,u0)+(λ+2µ)ψ2
33(u0,u1,u2),

G0(3)=λ(2bαβψ2
αβ(u0,u1,u2)+3cαγψ1

αβ(u0,u1))+(λ+2µ)ψ3
33(u0,u1,u2),

(6.33)
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Dα(0) :=A
αβλσ
0

∗
∇β ϕλσ(u0,u0)+Aαν3

0 ϕν3(u0,u0)+A
ανµ
0 ϕνµ(u0,u0)+aαβGβ(0),

Dα(1) :=A
αβλσ
0

∗
∇β ψ1

λσ(u0,u1)+A
αβλσ
1

∗
∇β ϕλσ(u0,u0)+Aαν3

0 ψ1
ν3(u0,u1)

+Aαν3
1 ϕν3(u0,u0)+A

ανµ
0 ψ1

ν3(u0,u1)+A
ανµ
1 ϕνµ(u0,u0)+aαβGβ(1)+2bαβGβ(0),

Dα(2) :=A
αβλσ
0

∗
∇β ψ2

λσ(u0,u1,u2)+A
αβλσ
1

∗
∇β ψ1

λσ(u0,u1)+A
αβλσ
2

∗
∇β ϕλσ(u0,u0)

+Aαν3
0 ψ2

ν3(u0,u1,u2)+Aαν3
1 ψ1

ν3(u0,u1)+Aαν3
2 ϕν3(u0,u0)+A

ανµ
0 ψ2

ν3(u0,u1,u2)

+A
ανµ
1 ψ1

ν3(u0,u1)+A
ανµ
2 ϕν3(u0,u0)+aαβGβ(2)+2bαβGβ(1)+3cαβGβ(0),

(6.34)





D3(0)=G0(1)+2µaαβGαβ(0)+2µ2Hϕ33(u0,u0),

D3(1)=2G0(2)+2µ(2bαβGαβ(0+aαβGαβ(1))+2µ(2Hψ1
33(u0,u1)

+(4H2−2K)ϕ33(u0,u0)),

D3(2)=3G0(3)+2µ(3cαβGαβ(0)+2bαβGαβ(1)+aαβGβ(2))+2µ(2Hψ2
33(u0,u1,u2)

+(4H2−2K)ψ1
33(u0,u1)+(8H3−6HK)ϕ33(u0,u0)).

(6.35)
Futhermore, in view of (2.34) and (6.19) we claim





∇iu
j =γi

i0(u0)+γi
i1(u0,u1)ξ+γi

i2(u0,u1,u2)ξ2+··· ,
γα

β0(u0)=
∗
∇β uα

0−bα
βu3

0, γα
β1(u0,u1)=

∗
∇β uα

1−bα
βu3

1−cα
βu3

0+Φα
βλ(1)u

λ
0 ,

γα
β2(u0,u1,u2)=

∗
∇β uα

2−bα
βu3

2−cα
βu3

1+(Kbα
β−2Hcα

β)u
3
0+Φα

βλ(1)u
λ
1 +Φα

βλ(2)u
λ
0 ,

γα
30(u0)=uα

1+bα
βu

β
0 , γα

31(u0,u1)=uα
2+bα

βu
β
1−cα

βu
β
2 ,

γα
32(u0,u1,u2)=bα

βu
β
2−cα

βu
β
1+(Kbα

β−2Hcα
β)u

β
0 ,

γ3
β0(u0)=

∗
∇β u3

0+bαβuα
0 , γ3

β1(u0,u1)=
∗
∇β u3

1+bαβuα
1−cαβuα

0 ,

γ3
β2(u0,u1,u2)=

∗
∇β u3

2+bαβuα
2−cαβuα

1 , γ3
30=u3

1, γ3
31=2u3

2, γ3
32=0,

(6.36)

where

Φα
βλ(1)=− ∗

∇λ bα
β; Φα

βλ(2)=−bα
µ

∗
∇λ b

µ
β . (6.37)

Owing to (6.36) and (6.32) we assert

(δi
k+∇kui)Dk(u)

=(δi
k+γi

k0(u0))Dk(0)+{(δi
k+γi

k0(u0))Dk(1)

−γi
k1(u0,u1)Dk(0)}ξ+{(δi

k+γi
k0(u0))Dk(2)−γi

k1(u0,u1)Dk(1)

−γi
k2(u0,u1,u2)Dk(0)}ξ2.

(6.38)
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Substituting (6.38) and (6.26) into (6.25) leads to





N i(u) :=N i
0(u0)+N i

1(u0,u1)ξ+N i
2(u0,u1,u2)ξ2+··· ,

N i
0(u0)=K0(0)2ui

2+Ki
j(0)u

j
1+Kλ3(0)

∗
∇λ ui

1+Kαβ(0)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

0

+Mi0
k (0)u

k
0+aαβ

∗
∇β (

∗
div u0+u3

1)δ
i
α+

∗
divu1δi

3−(δi
k+γi

k0(u0))Dk(0),

N i
1(u0,u1)=K0(1)2ui

2+Ki
j(0)2u

j
2+Ki

j(1)u
j
1+Kλ3(0)2

∗
∇λ ui

2+Kλ3(1)
∗
∇λ ui

1

+Kαβ(0)
∗
∇α

∗
∇β ui

1+Kαβ(1)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

1+M
iµ
k (1)

∗
∇µ uk

0+Mi0
k (0)u

k
1

+Mi0
k (1)u

k
0+2bαβ

∗
∇β (

∗
div u0+u3

1)δ
i
α+2

∗
div u2δi

3+aαβ
∗
∇β (

∗
divu1+2u3

2)δ
i
α

−(δi
k+γi

k0(u0))Dk(1)−γi
k1(u0,u1)Dk(0),

N i
2(u0,u1,u2)=K0(2)2ui

2+Ki
j(1)2u

j
2+Ki

j(2)u
j
1+Kλ3(1)2

∗
∇λ ui

2+Kλ3(2)
∗
∇λ ui

1

+Kαβ(0)
∗
∇α

∗
∇β ui

2+Kαβ(1)
∗
∇α

∗
∇β ui

1+Kαβ(2)
∗
∇α

∗
∇β ui

0+M
iµ
k (0)

∗
∇µ uk

2

+M
iµ
k (1)

∗
∇µ uk

1+M
iµ
k (2)

∗
∇µ uk

0+Mi0
k (0)u

k
2+Mi0

k (1)u
k
1+Mi0

k (2)u
k
0

+aαβ
∗
∇β (

∗
divu2)δi

α+2bαβ
∗
∇β (

∗
divu1+2u3

2)δ
i
α

−(δi
k+γi

k0(u0))Dk(2)−γi
k1(u0,u1)Dk(1)−γi

k2(u0,u1,u2)Dk(0).
(6.39)

This is (6.20).

Next we consider expansion for bilinearly symmetric form. Note Green St-vennen
strain tensor Eij(u) of vector u is defined by (2.45)

Eij(u)= eij(u)+Dij(u)

and satisfies following formula (see Lemma 2.6)





Eij(u)=
0
Eij (u)+

1
Eij (u)ξ+

2
Eij (u)ξ

2,
k
Eij (u)=

k
γij (u)+ϕk

ij(u,u),

which are polynomials of two degree with respect to transverse varialble ξ, and its co-
efficients do not contain three dimensional cavariant derivatives ∇kui of displacement

vector u but contain two dimensional derivatives
∗
∇k ui on the surface. Therefore if dis-

placement vector satisfies Taylor expansion (6.19), then we claim





Eij(u)=E0
ij(u0)+E1

ij(u0,u1)ξ+E2
ij(u0,u1,u2)ξ2+··· ,

E0
ij(u0)=γij(u0)+ϕij(u0,u0), E1

ij(u0,u1)=
1
γij (u1)+ψ1

ij(u0,u1),

E2
ij(u0,u1,u2)=

2
γij (u2)+ψ2

ij(u0,u2).

(6.40)
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Let us denote





Eij(u)= gikgjmEkm(u),
Eαβ(u)= gαλgβσEλσ=Eαβ(0)+Eαβ(1)ξ+Eαβ(2)ξ2+··· ,
E33(u)= g33g33E33=E33(u)=E0

33(u0)+E1
33(u0,u1)ξ+E2

33(u0,u1,u2)ξ2+··· ,
E3α(u)=Eα3(u)= gαβg33E3β = gαβE3β =(aαβ+2bαβ+3cαβ)E0

ij(u0)+E1
ij(u0,u1)ξ

+E2
ij(u0,u1,u2)ξ2+···=E3α(0)+E3α(1)ξ+E3α(2)ξ2+cdots,

(6.41)
where





Eαβ(0)= a
αλβσ
0 E0

λσ(u0,u0), Eαβ(1)= a
αλβσ
0 E1

λσ(u0,u1)+a
αβλσ
1 E0

λσ(u0,u0),

Eαβ(2)= a
αλβσ
0 E2

λσ(u0,u1,u2)+a
αβλσ
1 E1

λσ(u0,u1)+a
αβλσ
2 E0

λσ(u0,u0),
E3α(0)= aαλ

0 E0
3λ(u0,u0), E3α(1)= aαβE1

3β(u0,u1)+2bαβE0
3β(u0,u0),

E3α(2)= a
αβ
0 E2

3β(u0,u1,u2)+2b
αβ
1 E1

3β(u0,u1)+3c
αβ
2 E0

3β(u0,u0),

(6.42)





gαλgβσ = a
αβλσ
0 +a

αβλσ
1 ξ+a

αβλσ
2 ξ2+··· ,

a
αβλσ
0 = aαλaβσ, a

αβλσ
1 =2(aαλbβσ+bαλaβσ),

a
αβλσ
2 =3(aαλcβσ+cαλaβσ)+4bαλbσ,

(6.43)





Divu= gαβEαβ(u)+E33(u)=Div(0)+Div(1)ξ+Div(2)ξ2+···
Div(0)= aαβE0

αβ(u0,u0)+E0
33(u0,u0),

Div(1)= aαβE1
αβ(u0,u1)+2bαβE0

αβ(u0,u0)+E1
33(u0,u1),

Div(2)= aαβE2
αβ(u0,u1,u2)+2b

αβ
1 E1

αβ(u0,u1)+3cαβE0
αβ(u0,u0)+E2

33(u0,u1,u2).

(6.44)

Finally, the coefficients in (6.26) are given by using (6.12), (6.41), (6.42) and (6.44).





K0(0)=−{µ+λDiv(0)+2µE0
33(u0,u0)},

K0(1)=−{λDiv(1)+2µE1
33(u0,u1)},

K0(2)=−{λDiv(2)+2µE2
33(u0,u1,u2)},

Ki
j(0)=−{mi3

j (0)+λDiv(0)Πi3
j (0)+2µE0

33(u0,u0)li
j(0)

−2µEλσ(0)bλσδi
j+4µE0

3σ(u0,u0)Πi3
λ3,j(0)},

Ki
j(1)=−{mi3

j (1)+λ(Div(0)Πi3
j (1)+Div(1)Πi3

j (0))

+2µ(E0
33(u0,u0)li

j(1)+E1
33(u0,u1)l

i
j(0))+2µ(Eλσ(0)cλσ−Eλσ(1)bλσ)δ

i
j

+4µ(E0
3σ(u0,u0)Πi3

λ3,j(1)+E1
3σ(u0,u0)Πi3

λ3,j(0))},

Ki
j(2)=−{mi3

j (2)+λ(Div(0)Πi3
j (2)+Div(1)Πi3

j (1)+Div(2)Πi3
j (0))

+2µ(E0
33(u0,u0)li

j(2)+E1
33(u0,u1)l

i
j(1)+E2

33(u0,u1)l
i
j(0))−2µ(−Eλσ(1)cλσ

+Eλσ(2)bλσ)δ
i
j+4µ(E0

3σ(u0,u0)Πi3
λ3,j(2)+E1

3σ(u0,u0)Πi3
λ3,j(1)+E2

3σ(u0,u0)Πi3
λ3,j(0))},

Kλ3(0)=−4µaλσE0
3σ(u0,u0),

Kλ3(1)=−4µ(aλσE1
3σ(u0,u1)+2bλσE0

3σ(u0,u0)),
Kλ3(2)=−4µ(aλσE2

3σ(u0,u1,u2)+2bλσE1
3σ(u0,u1))+3cλσE0

3σ(u0,u0),
(6.45)
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Kαβ(0)=−{aαβ(µ+λDiv(0))+2µEαβ(0)},

Kαβ(1)=−{2bαβ(µ+λDiv(0))+aαβλDiv(1)+2µEαβ(1)},

Kαβ(2)=−{3cαβ(µ+λDiv(0))+2bαβλDiv(1)+aαβλDiv(2)+2µEαβ(2)},

(6.46)





M
iµ
k (0)=m

iµ
k (0)−λDiv(0)Π

iµ
k (0)−2µEλσ(0)Π

iµ
λσ,k(0)−4µaλσE0

3σ(u0,u0)Π
iµ
λ3(0),

M
iµ
k (1)=m

iµ
k (1)−λ(Div(0)Π

iµ
k (1)+Div(1)Π

iµ
k (0))

−2µ(Eλσ(0)Π
iµ
λσ,k(1)+Eλσ(1)Π

iµ
λσ,k(0))

−4µ{aλσ(E0
3σ(u0,u0)Π

iµ
λ3(1)+E1

3σ(u0,u1)Π
iµ
λ3(0))+2bλσE0

3σ(u0,u0)Π
iµ
λ3(0)},

M
iµ
k (2)=m

iµ
k (2)−λ(Div(0)Π

iµ
k (2)+Div(1)Π

iµ
k (1)+Div(2)Π

iµ
k (0))

−2µ(Eλσ(0)Π
iµ
λσ,k(2)+Eλσ(1)Π

iµ
λσ,k(1)+Eλσ(2)Π

iµ
λσ,k(0))

−4µ{aλσ(E0
3σ(u0,u0)Π

iµ
λ3(2)+E1

3σ(u0,u1)Π
iµ
λ3(1)+E2

3σ(u0,u1,u2)Π
iµ
λ3(0))

+2bλσ(E0
3σ(u0,u0)Π

iµ
λ3(1)+E1

3σ(u0,u0)Π
iµ
λ3(0))+3cλσE0

3σ(u0,u0)Π
iµ
λ3(0)},

Mi0
k (0)=mi0

k (0)−λDiv(0)Πi0
k (0)−2µEλσ(0)Πi0

λσ,k(0)−4µaλσE0
3σ(u0,u0)Πi0

λ3(0),

M
iµ
k (1)=m

iµ
k (1)−λ(Div(0)Πi

k(1)+Div(1)Πi
k(0))

−2µ(Eλσ(0)Πi0
λσ,k(1)+Eλσ(1)Πi0

λσ,k(0))

−4µ{aλσ(E0
3σ(u0,u0)Πi0

λ3(1)+E1
3σ(u0,u1)Π

i0
λ3(0))+2bλσE0

3σ(u0,u0)Πi0
λ3(0)},

M
iµ
k (2)=m

iµ
k (2)−λ(Div(0)Πi0

k (2)+Div(1)Πi0
k (1)+Div(2)Πi0

k (0))

−2µ(Eλσ(0)Πi0
λσ,k(2)+Eλσ(1)Πi0

λσ,k(1)+Eλσ(2)Πi0
λσ,k(0))

−4µ{aλσ(E0
3σ(u0,u0)Πi0

λ3(2)+E1
3σ(u0,u1)Π

i0
λ3(1)+E2

3σ(u0,u1,u2)Πi0
λ3(0))

+2bλσ(E0
3σ(u0,u0)Πi0

λ3(1)+E1
3σ(u0,u0)Πi0

λ3(0))+3cλσE0
3σ(u0,u0)Πi0

λ3(0)}.

(6.47)

Next we have to give boundary conditions

uk|γ0 =0, σn|γ1
=h,

where σ are the first Piola-Kirchhoff stress defined by (6.2)

σij =(αi
k+∇kui)AkjmlEml(u).

The normal vector n on γ1 is n−nαeα,

σn|γ1
= aαβσiβnα= aαβnα(δi

k+γi
k0(u0))AkβmlEml(u)|ξ=0

= aαβnα{(δi
nu+γi

ν0((u0))(A
νβλσ
0 Eγ0

λσ(u0)+Aνβ33E0
33(u0))

+(δi
3+γi

30(u0))(A3β3µE0
3µ(u0)+A3βµ3E0

µ3(u0))} (see(2.57))

= aαβnα{(δi
nu+γi

ν0((u0))(A
νβλσ
0 E0

λσ(u0)+λaνβE0
33(u0))+(δi

3+γi
30(u0))2µaβµE0

3µ(u0)}.
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Hence boundary conditions are given by





u|γ0 =0,

aαβnα{(δi
nu+γi

ν0((u0))(A
νβλσ
0 E0

λσ(u0)+λaνβE0
33(u0))

+(δi
3+γi

30(u0))2µaβµE0
3µ(u0)}=hi, on γ1.

(6.48)

The proof is completed.

Theorem 6.2. Assume that solution u of nonlinearly elastic operators defined by (6.11) and right
hand term f can be made Taylor expansion with respect to ξ (6.19). Then the first Piola-Kirchhoff
stress

σij(u)=(δi
k+∇kui)AkjlmElm(u)

defined by (6.2) on ℑ under the S-coordinates can be made Taylor expansion

σij(u)=σ
ij
0 (u0)+σ

ij
1 (u0,u1)ξ+σ

ij
2 (u0,u1,u2)ξ

2+··· , (6.49)

where





σ
αβ
0 (u0)=(δα

λ+γα
λ0(u0)){A

λβνµ
0 E0

νµ(u0)+λaλβE0
33(u0)}(δα

3 +γα
30(u0))2µaβµE0

3µ(u0),

σα3
0 (u0)=2µ(δα

λ+γα
λ0(u0))aλσE0

3σ(u0)+λ(δα
3 +γα

30(u0))aνµE0
νµ(u0),

σ33
0 (u0)=2µ(δ3

λ+γ3
λ0(u0))aλµE0

3µ(u0)+λ(1+u3
1)E

0
33(u0),

(6.50)




σ
αβ
1 (u0,u1)=(δα

λ+γα
λ0(u0)){A

λβνµ
0 E1

νµ(u0,u1)+A
λβνµ
1 E0

νµ(u0)

+λ(aλβE1
33(u0,u1)+2bλβE0

33(u0))}+γα
λ1(u0,u1){A

λβνµ
0 E0

νµ(u0)+λaλβE0
33(u0)}

+2µ(δα
3 +γα

30(u0))(aβµE1
3µ(u0)+2bβµE0

3µ(u0))+2µγα
31(u0,u1)a

βµE0
3µ(u0),

σα3
1 (u0,u1)=2µ(δα

λ+γα
λ0(u0))(aλσE1

3σ(u0,u1)+2bλσE0
3σ(u0))+2µγα

λ1(u0,u1)a
λσE0

3σ(u0)

+λ(δα
3 +γα

30(u0))(aνµE1
νµ(u0,u1)+2bνµE0

νµ(u0))+λγα
31(u0,u1)a

νµE0
νµ(u0),

σ33
1 (u0,u1)=2µ(δ3

λ+γ3
λ0(u0)){aλµE1

3µ(u0,u1)+2bµµE0
3µ(u0))

+2µγ3
λ1(u0,u1)a

λµE0
3µ(u0)+λ(1+u3

1)E
1
33(u0,u1)+2u3

2E0
33(u0),

(6.51)
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σ
αβ
2 (u0,u1,u2)=(δα

λ+γα
λ0(u0)){A

λβνµ
0 E2

νµ(u0,u1,u2)+A
λβνµ
1 E1

νµ(u0,u1)

+A
λβνµ
2 E0

νµ(u0)+λ(aλβE2
33(u0,u1,u2)+2bλβE1

33(u0,u1))+3cλβE0
33(u0))}

+γα
λ1(u0,u1){A

λβνµ
0 E1

νµ(u0,u1)+A
λβνµ
1 E0

νµ(u0)+λ(aλβE1
33(u0,u1)

+2bλβE0
33(u0))}+γα

λ2(u0,u1,u2){A
λβνµ
0 E0

νµ(u0)+λaλβE0
33(u0)}

+2µ(δα
3 +γα

30(u0))(aβµE2
3µ(u0)+2bβµE1

3µ(u0,u1)+3cβµE0
3µ(u0))

+2µγα
31(u0,u1)(a

βµE1
3µ(u0,u1)+2bβµE0

3µ(u0))+2µγα
32(u0,u1)a

βµE0
3µ(u0),

σα3
2 (u0,u1,u2)=2µ(δα

λ+γα
λ0(u0)){aλσE2

3σ(u0,u1,u2)+2bλσE1
3σ(u0,u1)+3cλσE0

3σ(u0)}
+2µγα

λ1(u0,u1){aλσE1
3σ(u0,u1)+2bλσE0

3σ(u0)}+2µγα
λ2(u0,u1,u2)aλσE0

3σ(u0)

+λ(δα
3 +γα

30(u0))(aνµE2
νµ(u0,u1,u2)+2bνµE1

νµ(u0,u1)+3cνµE0
νµ(u0))

+λγα
31(u0,u1)(a

νµE1
νµ(u0,u1)+2bνµE0

νµ(u0))+λγα
32(u0,u1,u2)(aνµE0

νµ(u0)),

σ33
2 (u0,u1,u2)=2µ(δ3

λ+γ3
λ0(u0)){aλµE2

3µ(u0,u1,u2)+2bµµE1
3µ(u0,u1)+3cµµE0

3µ(u0)}
+2µγ3

λ1(u0,u1){aλµE1
3µ(u0,u1)+2bλµE0

3µ(u0)}+2µγ3
λ2(u0,u1,u2)aλµE0

3µ(u0)

+λ(1+u3
1)E

2
33(u0,u1)+2u3

2E1
33(u0).

(6.52)

Proof. As well known that according to (6.2) the first Piola Kirchhoff stress tensor are
given by

σij(u)=(δi
k+∇kui)AkjlmElm(u),

σαβ(u)=(δα
k +∇kuα)AkβlmElm(u)=(δα

λ+∇λuα)AλβlmElm(u)+(δα
3+∇3uα)A3βlmElm(u)

=(δα
λ+∇λuα){AλβλσEλσ(u)+Aλβ33E33(u)+(δα

3 +∇3uα){A3β3σE3σ(u)

+A3βσ3Eσ3(u)}
=(δα

λ+∇λuα){AλβλσEλσ(u)+λgλβE33(u)+(δα
3 +∇3uα)2µgβσEσ3(u)}.

Then using (2.57), (6.51) and (6.52) we can obtain Taylor expansion for σij. By similar
manner we also can obtain for other expansions. The proof is completed.

7 An Example: Hemi-ellipsoid shell
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Let us consider the hemi ellipsoid shell. As well known that parametric equation of the
ellipsoid be given by





r= xi+yj+zk,
x=αcos ϕcosθ, y=βsin ϕcosθ, z=γsinθ,

0<γ<β<α, α,β,γ=constants,

ω :={0≤ ϕ≤2π, 0≤ θ≤π/2},

(7.1)

where (i,j,k) are Cartesian basis, (ϕ,θ) are the parameters and (x1 = ϕ,x2= θ) are called
Guassian coordinates of ellipsoid. The base vectors on the ellipsoid





e1=∂ϕr=−αsinϕcosθi+βcos ϕcosθj,

e2=∂θr=−αcos ϕsinθi−βsinϕsinθj+γcosθk,

n= 1√
a
e1×e2=

1√
a
[βγcos ϕcos2 θi+αγsin ϕcos2θj+αβsinθcosθk].

(7.2)

The metric tensor of the ellipsoid is given by





aαβ =eαeβ,

a11=(α2sin2 ϕ+β2cos2 ϕ)cos2θ,

a22=(α2cos2 ϕ+β2sin2 ϕ)sin2 θ+γ2cos2θ,

a12=
α2+β2

4 sin2ϕsin2θ,

a=det(aαβ)=α2β2(sin4 ϕ− 1
8 sin22ϕsin22θ+cos4 ϕ)

+γ2(α2sin2 ϕ+β2cos2 ϕ)cos4θ, a 6=0, ∀(ϕ,θ)∈ω,

a11= a22
a , a22 = a11

a , a12 = a21 =− a12
a .

(7.3)

Owing to 



∂ϕ∂ϕr=−αcos ϕcosθi−βsin ϕcosθj,

∂ϕ∂θr=αsinϕsinθi−βcos ϕsinθj,

∂θ∂θr=−αcos ϕcosθi−βsinϕcosθj−γsinθk,

(7.4)

the coefficients of second fundamental form, i.e. curvature tensor of ellipsoid





b11=
1√
a

∣∣∣∣∣∣

xϕϕ yϕϕ zϕϕ

xϕ yϕ zϕ

xθ yθ zθ

∣∣∣∣∣∣
=− αβγ√

a
cos3 θ,

b12=b21=
1√
a

∣∣∣∣∣∣

xϕθ yϕθ zϕθ

xϕ yϕ zϕ

xθ yθ zθ

∣∣∣∣∣∣
=0,

b22=
1√
a

∣∣∣∣∣∣

xθθ yθθ zθθ

xϕ yϕ zϕ

xθ yθ zθ

∣∣∣∣∣∣
=− αβγ√

a
cosθ.

(7.5)
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Consequently, curvature tensor, mean curvature and Gaussian curvature are given by





b=detbαβ=
1
a (αβγ)2cos4θ,

K= b
a =( αβγ

a )2cos4θ,

H= aαβbαβ=
1
a (a22b11+a11b22)=− αβγ

a
√

a
cos3 θ{α2(sin2 θcos2 ϕ+sin2 ϕ)

+β2(sin2 θsin2 ϕ+cos2 ϕ)+γ2cos2θ}.

(7.6)

Semi-Geodesic coordinate system based on ellipsoid ℑ
Note that

x2= ϕ, x1= θ, x3= ξ.

The radial vector at any point in ℜ3

R= r+ξn.

We remainder to give the covariant derivatives of the velocity field, Laplace-Betrami op-
erator and trac–Laplace operator. To do this we have to give the first and second kind of
Christoffel symbols on the ellipsoid ℑ as a two dimensional manifolds

∗
Γαβ,λ= rαβrλ,

∗
Γσ

αβ= aλσ
∗
Γαβ,λ,

∗
Γ11,1=

1
2(α

2−β2)sin2 ϕcos2 θ,
∗
Γ11,2=

1
2(α

2cos2 ϕ+β2sin2 ϕ)sin2θ,
∗
Γ12,1=− 1

2(α
2sin2 ϕ+β2cos2 ϕ)sin2θ,

∗
Γ12,2=

β2−α2

2 sin2ϕsin2θ,
∗
Γ22,1=

1
2(β−α2)sin2ϕcos2θ,

∗
Γ22,2=

1
2(α

2cos2 ϕ+β2sin2 ϕ−γ2)sin2θ,

(7.7)

∗
Γ1

11=
1
2

1
a{γ2(α2−β2)cos2θ−2β2(α2cos2 ϕ+β2sin2 ϕ)sin2θ}sin2ϕcosθ,

∗
Γ2

11=
1
a

1
2 sin2θcos2θ{ 1

2 β4sin22ϕ+α2β2(sin4 ϕϕ+cos4 ϕ)},
∗

Γ1
12=

sin2θ
2a { α4−β4

4 sin22ϕcos2θ+α2β2(sin4 ϕ+cos4 ϕ)sin2θ

−γ2(α2sin2 ϕ+β2cos2 ϕ)cos2θ},
∗

Γ2
12=β2 sin2 2θ

2a sin2ϕ(α2sin2 ϕ+β2cos2 ϕ),
∗

Γ1
22=

sin2ϕcos2 θ
2a {γ2(β2−α2cos2θ)−2α2 sin2θ(α2cos2 ϕ+β3sin2 ϕ)},

∗
Γ2

22=
sin2θcos2 θ

2a { α4−β4

4 sin22ϕ+(α2sin2 ϕ+β2cos2 ϕ)(α2cos2 ϕ+β2sin2 ϕ−γ2)}.

(7.8)
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Then covariant derivatives of vector u=uαeα+u3n on the two dimensional manifold ℑ
∗
∇α uβ =∂αuβ+

∗
Γβ

αλ uλ,





∗
∇1 u1=∂ϕu1+γ1

11u1+γ1
12u2,

∗
∇1 u2=∂ϕu2+γ2

11u1+γ2
12u2,

∗
∇2 u1=∂θu1+γ1

21u1+γ1
22u2,

∗
∇2 u2=∂ϕu2+γ2

21u1+γ2
22u2,

γ1
11 := sin2ϕcos2 θ

2a {γ2(α2−β2)cos2 θ−2β2(α2cos2 ϕ+β2sin2 ϕ)sin2θ},

γ1
12 := sin2θ

2a { α4−β4

4 sin22ϕcos2θ+α2β2(sin4 ϕ+cos4 ϕ)sin2 θ

−γ2(α2sin2 ϕ+β2cos2 ϕ)cos2θ},

γ2
11 := 1

a
1
2 sin2θcos2 θ{ 1

2 β4sin22ϕ+α2β2(sin4 ϕϕ+cos4 ϕ)},

γ2
12 :=β2 sin22θ

2a sin2ϕ(α2sin2 ϕ+β2cos2 ϕ),

γ1
21 := sin2θ

2a { α4−β4

4 sin22ϕcos2θ+α2β2(sin4 ϕ+cos4 ϕ)sin2 θ

−γ2(α2sin2 ϕ+β2cos2 ϕ)cos2θ},

γ1
22=

sin2ϕcos2 θ
2a {γ2(β2−α2cos2θ)−2α2 sin2 θ(α2cos2 ϕ+β3sin2 ϕ)},

γ2
21 :=β2 sin22θ

2a sin2ϕ(α2sin2 ϕ+β2cos2 ϕ),

γ2
22 := sin2θcos2 θ

2a { α4−β4

4 sin22ϕ+(α2sin2 ϕ+β2cos2 ϕ)(α2cos2 ϕ+β2sin2 ϕ−γ2)},

(7.9)





∗
divu=∂θu2+∂ϕu1+ ∂ln

√
a

∂ϕ u1+ ∂ln
√

a
∂θ u2

=∂θu2+∂ϕu1+d1u1+d2u2,

d1=
∂ln

√
a

∂ϕ = sin2ϕ
2a {γ2(α2−β2)cos4 θ−2α2β2cos2ϕ(1+ 1

4 sin22ϕ)},

d2=
∂ln

√
a

∂θ =− sin2θ
2a { 1

4 α2β2sin22ϕcos2θ+2γ2(α2sin2 ϕ+β2cos2 ϕ)cos2 θ.

(7.10)

As well known that displacement vector u = (u1,u2,u3) on middle surface of shell has

three components, third component u3 looked as scale function,
∗
∆u3 is a Laplace-Betrami

operator on ℑ which is given by

∗
∆ u3= aλσ

∗
∇λ

∗
∇σ u3= 1√

a
∂

∂xλ (
√

aaλσ ∂u3

∂xσ ). (7.11)

The trace- Laplace operatoe on ℑ is given by

∗
∆ uα= aλσ

∗
∇λ

∗
∇σ uα= aλσ[∂λ

∗
∇σ uα+

∗
Γα

λν

∗
∇σ uν−

∗
Γν

λσ

∗
∇ν uα],

∗
∆ uα= aλσ ∂2uα

∂xλ∂xσ +Aατ
µ

∂uµ

∂xτ +Aα
µuµ,

Aα
µ= aλσ(∂λ

∗
Γα

σµ +
∗

Γα
λν

∗
Γν

µσ−
∗

Γα
µν

∗
Γν

λσ),

Aατ
µ = aλσ[

∗
Γα

σµ δτ
λ+

∗
Γα

λµ δτ
σ−

∗
Γτ

λσ δα
µ].

(7.12)
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Next let return to stationary equations (5.6) with boundary value

(u0,u1,u2)|∂ω =0,

and consider associate variational formulations for (u,u1), find (ui
0,ui

1,i=1,2,3)∈H1
0(ω)3×

H1
0(ω)3, such that





(Ki
0(u0),aijv

j)+(Li
0(u1),aijv

j)=0, ∀v∈H1
0(ω)3,

(Ki
0(u1),aijv

j)+(Ki
1(u0),aijv

j)+(Li
1(u1),aijv

j)=0, ∀v∈ H1
0(ω)3,

(7.13)

where H1
0(ω) is a Sobolev space. Let denote

{aij}={aαβ , aα3= a3α =0, a33=1}. (7.14)

Note that (5.13) shows that





Kα
0(u0)=−µ

∗
∆ uα

0−(λ+µ)aαβ
∗
∇β (

∗
div u0)−m

αβ
k (0)

∗
∇β uk

0−mα0
k (0)uk

0,

Kα
1(u0)=−2µbβσ

∗
∇β

∗
∇σ uα

0−2(λ+µ)bαβ
∗
∇β

∗
div u0−m

αβ
k (1)

∗
∇β uk

0−mα0
k (1)uk

0,

K3
0(u0)=−µ

∗
∆ u3

0+m
3β
k (0)

∗
∇β uk

0+m30
k (0)uk

0,

K3
1(u0)=−2µbβσ

∗
∇β

∗
∇σ u3

0+m
3β
k (1)

∗
∇β uk

0−m30
k (1)uk

0.

(7.15)

Note that integrals by applying the Gaussian theorem become

(Ki
0(u0),aijv

j)=
∫

ωKi
0(u0)aijv

j
√

adθdϕ=
∫

ω{−µ
∗
∆ ui

0aijv
j

−(λ+µ)aαβ
∗
∇β (

∗
divu0)aαλvλ}

√
ddθdϕ+µ

∫
ω{m

iβ
k (0)

∗
∇β uk

0+mi0
k (0)u

k
0}aijv

j
√

adθdϕ

=
∫

ω
µ{µaλσaij

∗
∇σ ui

0

∗
∇λ vj+(λ+µ)

∗
div u0

∗
div v}√adθdϕ−

∫
ω
{m

αβ
k (0)

∗
∇β uk

0

+mα0
k (0)uk

0}aαβvβ
√

adθdϕ+
∫

ω{m
3β
k (0)

∗
∇β uk

0+m30
k (0)uk

0}v3
√

adθdϕ.

Let us denote

a(u0,v) :=
∫

ω
{µaλσaij

∗
∇σ ui

0

∗
∇λ vj+(λ+µ)

∗
div u0

∗
divv}

√
adθdϕ, (7.16a)

c(u0,v) :=−
∫

ω
{m

αβ
k (0)

∗
∇β uk

0+mα0
k (0)uk

0}aαλvλ
√

adθdϕ

+
∫

ω
{m

3β
k (0)

∗
∇β uk

0+m30
k (0)uk

0}v3
√

adθdϕ. (7.16b)
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By similar manner

(Ki
1(u0),aijv

j)=
∫

ωKi
1(u0)aijv

j
√

adθdϕ

=2µ(aαλ

∗
∇σ uα

0,
∗
∇λ (b

βσvλ))+µ(aσσ
∗
∇σ u3

0,
∗
∇λ v3)

+2(λ+µ)(
∗

div u0,
∗
∇β (b

β
λvλ))−(m

αβ
k (1)

∗
∇β uk

0+mα0
k (0)uk

0,aαλvλ)

+(m
3β
k (1)

∗
∇β uk

0−m30
k (1)uk

0,v3).

(7.17)

In addition,




a1(u0,v)=2µ(aαβ

∗
∇σ uα

0 ,
∗
∇λ (b

λσvβ))+µ(aσσ
∗
∇σ u3

0,
∗
∇λ v3)+2(λ+µ)(

∗
div u0,

∗
∇β (b

β
λvλ)),

c1(u0,v)=−(m
αβ
k (1)

∗
∇β uk

0+mα0
k (0)uk

0,aαλvλ)+(m
3β
k (1)

∗
∇β uk

0−m30
k (1)uk

0,v3).
(7.18)

Therefore, we assert
{

(Ki
0(u0),aijv

j)= a(u0,v)+c(u0,v),
(Ki

1(u0),aijv
j)= a1(u0,v)+c1(u0,v),

(7.19)





Lα
0(u1)=−mα3

β (0)u
β
1 −(λ+µ)aαβ

∗
∇β u3

1, Lα
1(u1)=−mα3

β (1)u
β
1 +2bαβ

∗
∇β u3

1,

L3
0(u1)=m33

k (0)uk
1−(λ+µ)

∗
div u1, L3

1(u1)=m33
k (1)uk

1.
(7.20)

The variational problem (7.13) can be rewritten as, find (ui
0,ui

1,i=1,2,3)∈H1
0(ω)3×H1

0(ω)3

such that {
a(u0,v)+c(u0,v)+(Li

0(u1),aijv
j)=0, ∀v∈H1

0(ω)3,

a1(u0,v)+c1(u0,v)+(Li
1(u1),aijv

j)=0, ∀v∈ H1
0 (ω)3.

(7.21)

Taking (7.5), (7.15) and Remark 5.1 into account, simple calculations show that





m
αβ
ν (0)=0, m

αβ
3 (o)=2µbαβ+2(λ+µ)Haαβ ,

mα0
ν (0)=µKδα

ν , mα0
3 (0)=(λ+3µ)aαβ

∗
∇β H,

m
3β
ν (0)=−2µb

β
ν , m

3β
3 (0)=0,

m30
ν (0)=2λ

∗
∇ν H, m30

3 (0)=4λH2+2µ(4H2−2K),

m
αβ
ν (1)=µ

∗
∇ν bαβ+((λ+µ)aαβδλ

ν −2µaβλδα
ν)

∗
∇λ H, m

αβ
3 (1)=2(λ+4µ)cαβ ,

mα0
ν (1)=µ(

∗
∆ bα

ν−2HKδα
ν)+(λ+µ)aαβ

∗
∇β

∗
∇ν H),

mα0
3 (1)=λ(2aαλ

∗
∇λ (2H2−K)+aλβ

∗
∇λ cα

β+8Haαλ
∗
∇λ H)

+(λ+3µ){4(bαβ−2Haαβ)
∗
∇β H+2aαβ

∗
∇β K},

m
3β
ν (1)=−2µc

β
ν , m

3β
3 (1)=−2µaβλ

∗
∇λ H,

m30
ν (1)=2(λ+µ)

∗
∇ν (K−2H2), m30

3 (1)=(4λ+6µ)H(4H2−3K),
m33

ν (0)=0, m33
3 (0)=(λ+2µ)2H,

m33
ν (1)=(λ+µ)

∗
∇ν H, m33

3 (1)=(λ+2µ)(4H2−2K)−2µK,
mα3

ν (0)=−2µbα
ν , mα3

3 (0)=mα3
3 (1)=0, mα3

ν (1)=2µ(Kδα
ν −2Hbα

ν).

(7.22)
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Substituting (7.22) into (7.18) and (7.20) leads to





c(u0,v)=−
∫

ω{{((2µb
β
λ+2(λ+µ)Hδ

β
λ)

∗
∇β u3

0+µKaαλuα
0

+(λ+3µ)aαβ
∗
∇β Hu3

0)v
λ+(2µb

β
λ

∗
∇β uλ

0 −2λ
∗
∇λ Huλ

0

+(2µK−(2µ+4λ)H2)u3
0)v

3}√adθdϕ,

Lα
0(u1)=2µbα

βu
β
1 −(λ+µ)aαβ

∗
∇β u3

1,

L3
0(u1)=2(λ+2µ)Hu3

1−(λ+µ)
∗

div u1,

(7.23)





c1(u0,v)=
∫

ω{{−(µ
∗
∇ν b

β
σ+((λ+µ)δ

β
σδλ

ν −2µaβλaνσ)
∗
∇λ H)

∗
∇β uν

0

−2(λ+µ)c
β
σ

∗
∇β u3

0−(µ(
∗
∆ bσν−2HKaσν+(λ+µ)

∗
∇σ

∗
∇ν H)uν

0

+(λ(2
∗
∇σ (2H2−K)+

∗
∇σ cα

α+8H
∗
∇σ H)+(λ+3µ){4(b

β
σ−2Hδ

β
σ)

∗
∇β H

+2
∗
∇σ K})u3

0}vσ+{−2µc
β
ν

∗
∇β uν

0−2µaβλH
∗
∇β u3

0

+2(λ+µ)
∗
∇ν (K−2H2)uν

0+(4λ+6µ)H(4H2−3K)u3
0}v3}√adθdϕ,

Lα
1(u1)=2µ((Kδα

β−2Hbα
β)u

β
1+2bαβ

∗
∇β u3

1.

L3
1(u1)=(λ+µ)

∗
∇β Hu

β
1+(λ+2µ)(4H2−2K)−2µK)u3

1.

(7.24)

The bilinear form of the variational problem (7.21) is given.
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