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Abstract. A multistep collocation method on uniform grids for weakly singular Volterra

integral equations is considered. The initial integral equation is modified by a smoothing

transformation and then solved by a multistep collocation method on a uniform grid.

Convergence and linear stability are also studied. Numerical results demonstrate the

efficiency of the method.
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1. Introduction

Let 0 < α < 1 and D := {(t,τ) : 0¶ τ ¶ t ¶ T}. Linear weakly singular Volterra Inte-

gral Equations (VIEs)

y(t) = g(t) +

∫ t

0

K(t,τ)y(τ)dτ, t ∈ [0, T ], (1.1)

where K(t,τ) = (t − τ)−αk(t,τ), arise in many practical applications, including combus-

tion, viscoelasticity, control theory, finance, biology, optics and so on — cf. [16,19,24,25].

Such equations are well-studied and numerous results for the Eq. (1.1) can be immediately

extended on nonlinear VIEs

y(t) = g(t) +

∫ t

0

(t −τ)−αk(t,τ, y(τ))dτ, t ∈ [0, T ],

if k : D ×R→ R and g : [0, T ]→ R are sufficiently smooth functions — cf. [5,7,11].

Various numerical methods for weakly singular VIEs have been also developed [10,18,

20,27]. In particular, while dealing with weak singularity the collocation methods exploit

two main ideas. Thus one can apply standard methods on suitable non-uniform meshes and
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this approach was used in one-step collocation methods [5, 8, 15]. Nevertheless, the use

of small subintervals at the start of the method can lead to substantial round-off errors in

subsequent calculations. To overcome these difficulties, various smoothing transformations

have been proposed in [1,2,17,22,23]. Thus Diogo et al. [16] regularised weakly singular

VIEs by a transformation and applied spline collocation methods based on uniform meshes.

We note that working with smoothing transformations on a uniform partitions is equivalent

to the use of graded meshes.

On the other hand, multistep collocation methods attract a lot of interest nowadays.

Such methods employ collocation polynomials, relying on data and collocation points from

previous time steps. The use of such methods allows to achieve prescribed accuracy at a

much lower computational cost than in classical one-step collocation methods [12]. More-

over, multistep collocation methods have good stability. We recall that two-step almost

collocation methods for VIEs with regular kernels have been constructed in [9,11,12], but

generalisation of this approach to VIEs with weakly singular kernels requires substantial

additional work. Here we engage the transformation from [23] to extend the approach of

Conte and Paternoster [12] to weakly singular VIEs.

This paper is arranged as follows. Section 2 is devoted to the regularity of the solutions

of the Eq. (1.1). In Section 3, multistep collocation methods for weakly singular VIEs are

introduced and the order of convergence of such methods is established. In Section 4,

we analyse the stability of multistep methods. Finally, Section 5 presents the results of

numerical experiments, which illustrate the theoretical findings.

2. Regularity of the Solutions

Here and in what follows, C denotes a positive constant, independent of specified vari-

ables but taking different values in different occurrences. Let us introduce the weight func-

tion

Λθ (t) :=









1, for θ < 0,

(1+ |log t|)−1 , for θ = 0,

tθ , for θ > 0,

where t ∈ (0, T ]. We also consider two sets of smooth functions needed to describe the

high order derivatives of the solutions of the Eq. (1.1).

Definition 2.1 (cf. Refs. [14, 23]). If m ∈ N and α < 1, then Cm,α[0, T ] is the set of all

m-times continuously differentiable functions y : [0, T ]→ R such that

�

�y( j)(t)
�

� ¶ CΛ−1
α+ j−1(t), j = 1,2, · · · , m.

Definition 2.2 (cf. Refs. [14, 23]). If m ∈ N and α < 1, then W m,α(D) is the set of all

m-times continuously differentiable functions K : D→ R such that

�

�

�

�

�

∂

∂ t

�i � ∂

∂ t
+
∂

∂ τ

� j

K(t,τ)

�

�

�

�
¶ CΛ−1

α+i
(t −τ), i + j ¶ m, i, j ∈ N+.
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Lemma 2.1. If K(t,τ) ∈W m,α(D), m ∈ N, α < 1, then

�

�

�

�

∂ pK(t,τ)

∂ t l∂ τp−l

�

�

�

�
¶ CΛ−1

α+p−l
(t −τ), l ¶ p ¶ m. (2.1)

Proof. It follows immediately from Definition 2.2.

The regularity of the solutions of the Eq. (1.1) can be characterised as follows.

Lemma 2.2 (cf. Brunner & Houwen [8, p. 1081]). If K ∈W m,α(D), g ∈ Cm,α[0, T ], m ∈ N,

α < 1, then (1.1) has a unique solution y ∈ Cm,α[0, T ].

Now we assume that m ∈ N, V, T ∈ R+, d ¾ 1 and consider smoothing transformations

φ : [0, V ]→ [0, T ] such that

φ ∈ Cm[0, V ], (2.2)

C1vd−1
¶ φ′(v)¶ C2vd−1, 0¶ v ¶ V, (2.3)

�

�φ( j)(v)
�

� ¶ C

¨

vd− j, 0¶ j ¶min{d , m},

1, j > d ,
0¶ v ¶ V, (2.4)

where C2 ¾ C1 > 0 and C > 0 are constants.

If v, w ∈ [0, V ] and P := {(v, w) : 0¶ w ¶ v ¶ V}, we can replace the variables t and τ

in (1.1) by

τ = φ(w), t = φ(v), (2.5)

thus rewriting this equation in the form

yφ(v) = gφ(v) +

∫ v

0

Kφ(v, w)yφ(w)dw, (2.6)

where gφ(v) = g (φ(v)), Kφ(v, w) = K (φ(v),φ(w))φ′(w) are known functions and yφ(v)

= y (φ(v)) is the objective function. Let us now describe the properties of the functions in

(2.6).

Lemma 2.3. If K(t,τ) ∈ W m,α(D) and the transformation φ satisfies the conditions (2.2)-

(2.4), then for p =
∑i+ j

k=1
ak +

∑ j+1

k=1
bk − 1 with ak, bk ∈ N0, there is a constant C such

that

�

∂

∂ v

�i � ∂

∂ v
+
∂

∂ w

� j

Kφ(v, w)

=

p
∑

l=0

∑

ak ,bk

C

i+ j
∏

k=1

�

φ(k)(v)
�ak

j+1
∏

k=1

�

φ(k)(w)
�bk ∂

pK(t,τ)

∂ t l∂ τp−l
, (2.7)

where l ¶ p ¶ i + j ¶ m, 0¶ w¶ v ¶ V and
∑i+ j

k=1
kak +

∑ j+1

k=1
kbk = i + j + 1.

Proof. It can be proved by induction.
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Lemma 2.4 (cf. Pedas & Vainikko [23, Lemma 4.2]). If f and φ satisfy the conditions:

1. f (t) ∈ Cm,α[0, T ] for m ∈ N, α, T ∈ R, α < 1 and T > 0,

2. φ meets the requirements (2.2)-(2.4) with d ∈ N if d ¶ m and with d ∈ R if d > m,

then f φ(v) = f (φ(v)) ∈ Cm,β[0, V ] with β = 1− d(1−α).

Lemma 2.5. If K and φ satisfy the conditions:

1. K(t,τ) ∈ W m,α(D), where D = {(t,τ) : 0¶ τ ¶ t ¶ T}, m ∈ N, α, T ∈ R, α < 1 and

T > 0,

2. φ meets the requirements (2.2)-(2.4), with d ∈ N if d ¶ m and with d ∈ R if d > m,

then Kφ(v, w) = K (φ(v),φ(w))φ′(w) ∈W m,β(P) with β = 1− d(1−α).

Proof. Assume that K and φ satisfy the above conditions and note that Kφ(v, w) is m

times continuously differentiable function in the triangle 0 < w ¶ v ¶ V . The inequality

(2.7) can now be used, but we have to estimate all terms in its right-hand side. Indeed, it

follows from (2.1) that

�

�

�

�

∂ pK(t,τ)

∂ t l∂ τp−l

�

�

�

�
¶ CΛ−1

α+p−l
(φ(v)−φ(w))

¶ C









1, α+ p− l < 0,

1+ |log(v −w)|+ |log w| , α+ p− l = 0,

(v −w)−(α+p−l)w−(α+p−l)(d−1), α+ p− l > 0,

¶ CΛ−1
α+p−l

(v −w).

There are five cases to consider — viz.

A: i ¾ 1, i + j = 1,2, · · · ,min{d , m};

B: i ¾ 1, 1+ j = 1,2, · · · , d , i + j = d + 1, d + 2, · · · , m;

C: i ¾ 1, 1+ j = d + 1, d + 2, · · · , m;

D: i = 0, 1+ j = 1,2, · · · ,min{d , m};

D: i = 0, j = d , d + 1, · · · , m.

Let us start with the case A. Using the relations (2.1)-(2.5) when i+ j ¶min{d , m}, we

obtain

�

�

�

�

�

i+ j
∏

k=1

�

φ(k)(v)
�ak

j+1
∏

k=1

�

φ(k)(w)
�bk

�

�

�

�

�

¶ C v

i+ j
∑

k=1

(d−k)ak

w

j+1
∑

k=1

(d−k)bk

¶ C(v −w)d(p+1)−(i+ j+1).
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Note that if 0< w ¶ v ¶ V , then (v −w)d(p+1)−(i+ j+1)
¶ C . Therefore,

ΨA ¶ C(v −w)d(p+1)−(i+ j+1)
Λ
−1
α+p−l

(v −w)

¶ C









1, α+ p− l < 0,

(1+ |log(v −w)|) (v −w)d(1−α)−(i+1), α+ p− l = 0,

(v −w)d(1−α)−(i+1), α+ p− l > 0,

(2.8)

where

ΨA =

�

�

�

�

�

i+ j
∏

k=1

�

φ(k)(v)
�ak

j+1
∏

k=1

�

φ(k)(w)
�bk ∂

pK(t,τ)

∂ t l∂ τp−l

�

�

�

�

�

.

If α < 0, then d(1−α)− (i + 1)> 0 and the inequality (2.8) yields

ΨA ¶ C . (2.9)

On the other hand, if α= 0, then

ΨA ¶ C

¨

1, i 6= d − 1,

1+ |log(v −w)| , i = d − 1.
(2.10)

For 0< α < 1, one notes that p > l −α and the application of (2.8) shows that

ΨA ¶ C

¨

1, i ¶ d(1−α)− 1,

(v −w)d(1−α)−(i+1), i > d(1−α)− 1.
(2.11)

Combining estimates (2.9)-(2.11), we arrive at the inequality

ΨA ¶ CΛ−1
1+i−d(1−α)(v −w). (2.12)

Case B: Let

Q1 = d

 

d
∑

k=1

ak +

j+1
∑

k=1

bk

!

−

 

d
∑

k=1

kak +

j+1
∑

k=1

kbk

!

¾ 0,

Q2 = d

i+ j
∑

k=d+1

ak +

 

d
∑

k=1

kak +

j+1
∑

k=1

kbk

!

.

It follows from (2.1), (2.2)-(2.4) that
�

�

�

�

�

i+ j
∏

k=1

�

φ(k)(v)
�ak

j+1
∏

k=1

�

φ(k)(w)
�bk

�

�

�

�

�

¶ C(v −w)Q1 ,

and since C(v −w)Q1−(α+p−l)
¶ C(v −w)d(1−α)+ j−Q2 , we obtain

ΨB ¶ C









1, α+ p− l < 0,

(1+ |log(v −w)|) (v −w)Q1 , α+ p− l = 0,

(v −w)d(1−α)+ j−Q2 , α+ p− l > 0,
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where

ΨB =

�

�

�

�

�

i+ j
∏

k=1

�

φ(k)(v)
�ak

j+1
∏

k=1

�

φ(k)(w)
�bk ∂

pK(t,τ)

∂ t l∂ τp−l

�

�

�

�

�

.

On the other hand, since C(v −w)d(1−α)+ j−Q2 ¶ C(v −w)d(1−α)−(i+1), then

ΨB ¶ C

















1, α+ p− l < 0,

1, α+ p− l = 0, Q1 > 0,

1+ |log(v −w)| , α+ p− l = 0, Q1 = 0,

1, α+ p− l > 0, d(1−α) + j −Q2 ¾ 0,

(v −w)d(1−α)−(i+1), α+ p− l > 0, d(1−α) + j −Q2 < 0.

(2.13)

The inequality i + j > d implies

Q2 ¶ i + j + 1. (2.14)

Moreover, it follows from the relations α+ p− l = 0, Q1 = 0 and i + j > d that

i + j + 1= d

 

d
∑

k=1

ak +

j+1
∑

k=1

bk

!

+

i+ j
∑

k=d+1

kak,

d(1−α) ¶ d(l + 1−α) = d(p+ 1) = d

 

i+ j
∑

k=1

ak +

j+1
∑

k=1

bk

!

¶ i + j + 1.

However, since i + j + 1 ¾ d + 2 implies d(1− α) = i + 1, the inequalities (2.13), (2.14)

yield

ΨB ¶ CΛ−1
1+i−d(1−α)(v −w). (2.15)

The remaining cases C, D and E, can be considered analogously, so that

ΨC ¶ CΛ−1
1+i−d(1−α)(v −w),

ΨD ¶ CΛ−1
1−d(1−α)(v −w),

ΨE ¶ CΛ−1
1−d(1−α)(v −w).

(2.16)

Combining (2.12), (2.15), (2.16) with the representation (2.7) produces the estimate

�

�

�

�

�

∂

∂ v

�i � ∂

∂ v
+
∂

∂ w

� j

Kφ(v, w)

�

�

�

�
¶ CΛ−1

β+i
(v −w),

where v, w ∈ P and i+ j ¶ m. This shows that Kφ(v, w) ∈W m,β(P)with β = 1−d(1−α).

Lemma 2.5 describes the differential properties of the solutions and is used in the con-

vergence analysis below.

Remark 2.1. Simple calculations show that β ¶ α, hence the functions f φ(v) and Kφ(v, w)

have improved smoothing properties.
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3. Convergence Order

Weakly singular VIEs on graded meshes with grading exponent ζ are equivalent to VIEs

on uniform meshes regularized by transformation t = vζT .

It is well known that the application of linear multistep methods with non-equidistant

nodes to ordinary differential equations is connected with a number of problems. For

weakly singular VIEs, analogous difficulties arise in multistep collocation methods based on

graded meshes . Therefore, here we start with approximation methods on uniform meshes.

Let N ∈ N and V ∈ R+. Following the notation in [3, 4, 23], we write ∆
(ζ,V)
N for the

partition

vn := V

�

n

N

�ζ

, n= 0,1, · · · , N , ζ ¾ 1,

and discretise the interval [0, V ] by uniform mesh ∆
(1,V )
N with the step size h = V/N .

Besides, we consider collocation points vn, j = vn+c jh, for j = 1,2, · · · , m, n= 0,1, · · · , N−1

with the fixed parameters 0 < c1 < c2 < · · · < cm ¶ 1. Using the transformation φ, we

transform the initial mesh into a non-uniform one — viz.

∆
(ζ,T)
N =

§

tn|tn = φ (vn) = T

�

n

N

�ζn

, n= 0,1, · · · , N , ζ = max
n=0,1,··· ,N

ζn, ζn ¾ 1

ª

.

Let tn, j = φ(vn, j) = tn + cn, jhn, where hn = tn+1 − tn and

cn, j =
φ(vn, j)−φ (vn)

φ (vn+1)−φ (vn)
.

Using this mesh∆
(ζ,T)
N in the Eq. (1.1), we rewrite it on the interval t ∈ [tn, tn+1] as y(t) =

Fn(t) +Φn(t), where the lag-term Fn(t) and the increment-term Φn(t) have the form

Fn(t) = g(t) +

∫ tn

0

K(t,τ)y(τ)dτ,

Φn(t) =
� t − tn

2

�1−α
∫ 1

−1

(1− s)−αk
�

t, tn +
t − tn

2
(1+ s)

�

y
�

tn +
t − tn

2
(1+ s)

�

ds.

(3.1)

If m is a non-negative integer and −1 ¶ ϑ ¶ m− 1, then S(ϑ)m

�

∆
(ζ,T)
N

�

refers to the spline

space

f ∈ Cϑ ([0, T ]) , f |(tn,tn+1]
= fn ∈ πm, n= 0,1, · · · , N − 1

on the grid ∆
(ζ,T)
N , where πm denote the set of (real) polynomials of degree at most m.

For N , m ∈ N, the desired approximation of yφ is an element uφ(v) ∈ S
(−1)
m−1

�

∆
(1,V)
N

�

and

yN (t) := uφ
�

φ−1(t)
�

, t ∈ [0, T ] represents an approximation for the solution y of (1.1).

In order to derive the starting values of the scheme, we assume that the domain can be

appropriately extended into negative half-axis. The initial values we need, can be obtained

via a starting procedure related to a classical one-step method. In this way, the multistep
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collocation method can start on the first integration interval. In what follows, the starting

interval is written as [0, vr−1] and on the set [vn, vn+1], n= r−1, r, · · · , N −1, the unknown

function yφ(v) is approximated by piecewise polynomials as follows

uφn (vn + sh) =

r−1
∑

k=0

ϕk(s)y
φ

n−k
+

m
∑

j=1

ψ j(s)U
φ

n, j
, s ∈ [0,1]. (3.2)

Note that U
φ

n, j
= u

φ
n (vn, j) and ϕk(s), ψ j(s) are polynomials of degree m+ r − 1, satisfying

the conditions u
φ
n (vn−k) = y

φ

n−k
. In particular, the interpolation conditions yield

ϕl(−k) = δl ,k, ϕl(c j) = 0, l, k = 0,1, · · · , r − 1,

ψi (−k) = 0, ψi

�

c j

�

= δi, j , i, j = 1,2, · · · , m,

where δi, j is the Kronecker delta. The above system has a unique solution — viz.

ϕk(s) =

m
∏

i=1

s− ci

−k − ci

r−1
∏

i=0,i 6=k

s+ i

−k + i
, ψ j(s) =

r−1
∏

i=0

s+ i

c j + i

m
∏

i=1,i 6= j

s− ci

c j − ci

.

On the other hand, the collocation polynomials on the interval [tn, tn+1] have the form

un (tn + shn) =

r−1
∑

k=0

Mn,k(s)yn−k +

m
∑

j=1

Ln, j(s)Un, j , s ∈ [0,1], n= 0,1, · · · , N − 1, (3.3)

where Un, j = un(tn, j) and Mn,k(s), Ln, j(s) are polynomials such that

Mn,l

�

−dn,k

�

= δl ,k, Mn,l

�

cn, j

�

= 0, l, k = 0,1, · · · , r − 1,

Ln,i

�

−dn,k

�

= 0, Ln,i

�

cn, j

�

= δi, j , i, j = 1,2, · · · , m,

with dn,k = (tn − tn−k)/hn. The unique solution of the above interpolation problem is

Mn,k(s) =

m
∏

i=1

s− cn,i

−dn,k − cn,i

r−1
∏

i=0,i 6=k

s+ dn,i

−dn,k + dn,i

, Ln, j(s) =

r−1
∏

i=0

s+ dn,i

cn, j + dn,i

m
∏

i=1,i 6= j

s− cn,i

cn, j − cn,i

.

Using the transformation (2.5) in the Eq. (3.1) yields

Fφn (v) =gφ(v) +

∫ vn

0

Kφ(v, w)yφ(w)dw,

Φ
φ
n (v) =

�

φ(v)−φ (vn)

2

�1−α ∫ 1

−1

(1− s)−αk

�

φ(v),φ (vn) +
φ(v)−φ(vn)

2
(1+ s)

�

× y

�

φ (vn) +
φ(v)−φ (vn)

2
(1+ s)

�

ds.

(3.4)
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It is clear that yφ(v) = y(t), gφ(v) = g(t), F
φ
n (v) = Fn(t) and the Eq. (1.1) transforms

into yφ(v) = F
φ
n (v) + Φ

φ
n (v). Thus, the multistep collocation method can be now written

as
U
φ

n,i
= F

φ

n,i
+Φ

φ

n,i
,

y
φ

n+1 =

r−1
∑

k=0

ϕk(1)y
φ

n−k
+

m
∑

j=1

ψ j(1)U
φ

n, j
,

(3.5)

where

F
φ

n,i
= gφ(vn,i) + h

n−1
∑

l=0

∫ 1

0

Kφ
�

vn,i, vl + sh
�

u
φ

l
(vl + sh)ds, (3.6)

Φ
φ

n,i
=

�

φ(vn,i)−φ (vn)

2

�1−α

×

∫ 1

−1

(1− s)−αk

�

φ(vn,i),φ (vn) +
φ(vn,i)−φ (vn)

2
(1+ s)

�

× un

�

φ (vn) +
φ(vn,i)−φ (vn)

2
(1+ s)

�

ds, i = 1,2, · · · , m. (3.7)

Let us point out that the collocation polynomials (3.2) and (3.3) are aimed to manage the

terms (3.6) and (3.7).

We now consider the errors of the approximations (3.2)-(3.5). Let L( f ) refer to the

linear functional on the space Cm,α[a, b] defined by

L( f ) =

m−1
∑

l=1

 
∫ b

a

µl(x) f
(l)(x)dx +

jl∑

i=1

χi,l f (l)
�

x i,l

�

!

,

where µl(x) are piecewise continuous functions on the interval [a, b], x i,l ∈ [a, b] and

χi,l ∈ R
∗. Similar to [13, Theorem 3.7.1], we can establish the following result.

Theorem 3.1. If L(ν) = 0 for all ν ∈ πm−1, then for all f ∈ Cm,α[a, b] one has

L( f ) =

∫ b

a

f (m)(t)K(t)dt,

where K(t) = 1
(m−1)! Lx

�

(x − t)m−1
+

�

and Lx

�

(x − t)m−1
+

�

means that L acts on (x − t)m−1
+

considered as the function of x such that

(x − t)m−1
+ =

¨

(x − t)m−1, for x ¾ t,

0, for x < t.
(3.8)

Proof. Taking into account the representation (3.8) and applying L to the m-term Tay-

lor’s expansion of f (x) with the remainder in integral form, we have

L( f ) =
1

(m− 1)!

∫ b

a

f (m)(t)Lx

�

(x − t)m−1
+

�

dt,
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since L(p) = 0 for any p ∈ πm−1. This completes the proof.

Lemma 3.1. If K ∈ W m+r,α(D) and g ∈ Cm+r,α[0, T ], then for any s ∈ [0,1] and distinct

collocation abscissas {c j}
m
j=1

, the exact solution y(t) of (1.1) satisfies the equations

yφ (vn + sh) =

r−1
∑

k=0

ϕk(s)y
φ (vn−k) +

m
∑

j=1

ψ j(s)y
φ(vn, j) + hm+rRφm,r,n(s),

y (tn + shn) =

r−1
∑

k=0

Mn,k(s)y (tn−k) +

m
∑

j=1

Ln, j(s)y(tn, j) + hm+r
n

Rm,r,n(s),

(3.9)

where

Rφm,r,n(s) =

∫ 1

−r+1

Kφm,r(s,σ)
�

yφ (vn +σh)
�(m+r)

dσ,

Rm,r,n(s) =

∫ 1

−dn,r−1

Km,r(s,σ)y
(m+r) (tn +σhn)dσ,

Kφm,r(s,σ) =

(s−σ)m+r−1
+

−
r−1
∑

k=0

ϕk(s)(−k −σ)m+r−1
+

−
m
∑

j=1

ψ j(s)
�

c j −σ
�m+r−1

+

(m+ r − 1)!
,

Km,r(s,σ) =

(s−σ)m+r−1
+ −

r−1
∑

k=0

Mn,k(s)(−dn,k −σ)
m+r−1
+ −

m
∑

j=1

Ln, j(s)
�

cn, j −σ
�m+r−1

+

(m+ r − 1)!
.

Proof. If K ∈ W m+r,α(D) and g ∈ Cm+r,α[0, T ], then Lemma 2.2 shows that y ∈
Cm+r,α[0, T ]. Therefore, Lemmas 2.4 and 2.5 yield the inclusions gφ ∈ Cm+r,β[0, V ],

yφ ∈ Cm+r,β[0, V ], Kφ ∈W m+r,β(P), β = 1− d(1−α).
From (3.9), we obtain

Rφm,r,n(s) =
1

hm+r

 

yφ (vn + sh)−
r−1
∑

k=0

ϕk(s)y
φ (vn−k)−

m
∑

j=1

ψ j(s)y
φ(vn, j)

!

,

Rm,r,n(s) =
1

hm+r
n

 

y (tn + shn)−
r−1
∑

k=0

Mn,k(s)y (tn−k)−
m
∑

j=1

Ln, j(s)y(tn, j)

!

.

Replacing both the sets vn + sh, vn−k, vn, j and tn + shn, tn−k, tn, j into x , respectively, leads

to the representations

K̄φm,r(s,σ) =
1

(m+ r − 1)!
Rφ(x)m,r,n

�

(x − (vn +σh))m+r−1
+

�

=
1

(m+ r − 1)!h

¨

(s−σ)m+r−1
+ −

r−1
∑

k=0

ϕk(s)(−k −σ)m+r−1
+
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−
m
∑

j=1

ψ j(s)(c j −σ)
m+r−1
+

)

,

K̄m,r(s,σ) =
1

(m+ r − 1)!
R(x)m,r,n

�

(x − (tn +σhn))
m+r−1
+

�

=
1

(m+ r − 1)!hn

¨

(s−σ)m+r−1
+ −

r−1
∑

k=0

Mn,k(s)(−dn,k −σ)
m+r−1
+

−
m
∑

j=1

Ln, j(s)(cn, j −σ)
m+r−1
+

)

,

suggesting that K̄
φ
m,r and K̄m,r are Peano kernels for the operators R

φ
m,r,n and Rm,r,n. By

Theorem 3.1, we have

Rφm,r,n(s) =

∫ 1

−r+1

hK̄φm,r(s,σ)
�

yφ(vn +σh)
�(m+r)

dσ,

Rm,r,n(s) =

∫ 1

−dn,r−1

hnK̄m,r(s,σ)y
(m+r)(tn +σhn)dσ.

Setting K
φ
m,r(s,σ) = hK̄

φ
m,r(s,σ) if s ∈ [−r + 1,1] and Km,r(s,σ) = hnK̄m,r(s,σ) if s ∈

[−dn,r−1, 1], we complete the proof.

Lemma 3.1 allows to evaluate the error ǫ(v) = yφ(v)−uφ(v) of the numerical scheme

(3.5).

Theorem 3.2. Assume that K ∈ W m+r,α(D), g ∈ Cm+r,α[0, T ] and φ is a transformation

satisfying the conditions (2.2)-(2.4) with d ∈ N for d ¶ m and d ∈ R for d > m. If, in

addition, the starting error satisfies the relation

‖ǫ‖∞,[0,vr−1]
= O

�

hm+r
�

, h→ 0,

and the spectral radius ρ(A) of the matrix

A=

�

0r−1,1 Ir−1

ϕr−1(1) ϕr−2(1), · · · ,ϕ0(1)

�

is less than one, then

‖ǫ‖∞ = O
�

hm+r−α
�

, h→ 0.

Proof. Let s ∈ [0,1]. It follows from Lemma 3.1 that

yφ (vn + sh) =

r−1
∑

k=0

ϕk(s)y
φ (vn−k) +

m
∑

j=1

ψ j(s)y
φ(vn, j) + hm+rRφm,r,n(s), (3.10)

y (tn + shn) =

r−1
∑

k=0

Mn,k(s)y (tn−k) +

m
∑

j=1

Ln, j(s)y(tn, j) + hm+r
n Rm,r,n(s). (3.11)
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Subtracting (3.10) from (3.2) and (3.11) from (3.3), we obtain

ǫ (vn + sh) =

r−1
∑

k=0

ϕk(s)ǫn−k +

m
∑

j=1

ψ j(s)ǫn, j + hm+rRφ
m,r,n(s), n¾ r − 1, (3.12)

ǫ (tn + shn) =

r−1
∑

k=0

Mn,k(s)ǫn−k +

m
∑

j=1

Ln, j(s)ǫn, j + hm+r
n Rm,r,n(s), n¾ r − 1, (3.13)

where ǫn−k = ǫ (vn−k) = ǫ (tn−k), ǫn, j = ǫ(vn, j) = ǫ(tn, j). Evaluating the Eqs. (3.4) at

v = vn,i yields

Fφ
n

�

vn,i

�

= gφ(vn,i) + h

n−1
∑

l=0

∫ 1

0

Kφ(vn,i, vl + sh)yφ(vl + sh)ds,

Φ
φ
n

�

vn,i

�

=

�

φ(vn,i)−φ (vn)

2

�1−α ∫ 1

−1

(1− s)−α

× k

�

φ(vn,i),φ (vn) +
φ(vn,i)−φ (vn)

2
(1+ s)

�

× y

�

φ(vn) +
φ(vn,i)−φ (vn)

2
(1+ s)

�

ds, i = 1,2, · · · , m.

(3.14)

Subtracting (3.6) and (3.7) from (3.14), we get

ǫn,i = h

n−1
∑

l=0

∫ 1

0

Kφ(vn,i, vl + sh)ǫ(vl + sh)ds +

�

cn,ihn

2

�1−α ∫ 1

−1

(1− s)−α

× k

�

tn,i, tn +
cn,ihn

2
(1+ s)

�

ǫ

�

tn +
cn,ihn

2
(1+ s)

�

ds. (3.15)

The condition (2.2) implies that

ǫ(vl + sh) = hm+rql(s), l = 0,1, · · · , r − 1, s ∈ [0,1] (3.16)

with ‖ql‖∞ ¶ C . Substituting (3.12), (3.13) and (3.16) in (3.15) leads to the equation

ε(2)
n
− h1−α

n
B̃nε

(2)
n
= h

n−1
∑

l=r

B̃(l)
n
ε
(2)

l
+ h

n−1
∑

l=r

B̄(l)
n
ε
(1)

l
+ h1−α

n
B̄nε

(1)
n

+ hm+r+1
n−1
∑

l=0

ρ̄(l)n + hm+r+1−α
n ρ̄(n)n , n¾ r − 1, (3.17)

where the terms ε
(1)

l
∈ Rr , ε

(2)

l
, ρ̄(l)n ∈ R

m, B̄(l)n ∈ R
m×r and B̃n, B̃(l)n ∈ R

m×m have the form

ε
(1)

l
= [ǫl−r+1,ǫl−r+2, · · · ,ǫl]

T , ε
(2)

l
=
�

ǫl ,1,ǫl ,2, · · · ,ǫl ,m

�T
,
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�

B̄(l)n

�

ik
=

∫ 1

0

Kφ(vn,i, vl + sh)ϕk(s)ds,
�

B̃(l)n

�

i j
=

∫ 1

0

Kφ(vn,i, vl + sh)ψ j(s)ds,

�

B̄n

�

ik
=

� cn,i

2

�1−α
∫ 1

−1

(1− s)−αk

�

tn,i, tn +
cn,ihn

2
(1+ s)

�

Mn,k

� cn,i

2
(1+ s)

�

ds,

�

B̃n

�

i j
=

� cn,i

2

�1−α
∫ 1

−1

(1− s)−αk

�

tn,i, tn +
cn,ihn

2
(1+ s)

�

Ln, j

� cn,i

2
(1+ s)

�

ds,

�

ρ̄(l)n

�

i
=













∫ 1

0
Kφ(vn,i, vl + sh)ql(s)ds, l = 0,1, · · · , r − 1,

∫ 1

0
Kφ(vn,i, vl + sh)R

φ

m,r,l
(s)ds, l = r, r + 1, · · · , n− 1,

� cn,i

2

�1−α ∫ 1

−1
(1− s)−αk

�

tn,i , tn+
cn,ihn

2
(1+s)

�

Rm,r,n

� cn,i

2
(1+s)

�

ds, l = n.

Setting n= l − 1 and s = 1 in (3.12) produces the difference equation

ε
(1)

l
= Aε

(1)

l−1
+ Sε

(2)

l−1
+ hm+rρ̃m,r,l−1, l ¾ r − 1, (3.18)

with the coefficients

S=

�

0r−1,m

ψψψT(1)

�

, ρ̃m,r, j =

�

0r−1,1

R
φ

m,r, j
(1)

�

,

ψψψ(1) = [ψ1(1),ψ2(1), · · · ,ψm(1)]
T .

We note that (3.18) has the solution

ε
(1)

l
= Al−r+1ε

(1)
r−1 +

l−1
∑

j=r−1

Al− j−1
�

Sε
(2)
j
+ hm+rρ̃m,r, j

�

,

and inserting it in (3.17), one obtains

�

I − h1−α
n B̃n

�

ε(2)n = h

n−1
∑

l=r

B̃(l)n ε
(2)

l
+ h

�
n−1
∑

l=r

B̄(l)n Al−r+1

�

ε
(1)
r−1

+ h

n−2
∑

j=r

 

n−1
∑

l= j+1

B̄(l)n Al− j−1S

!

ε
(2)
j
+ hm+r+1

n−2
∑

j=r−1

 

n−1
∑

l= j+1

B̄(l)n Al− j−1

!

ρ̃m,r, j

+ h

�
n−1
∑

l=r

B̄(l)n Al−rS

�

ε
(2)
r−1 + hm+r+1

n−1
∑

l=0

ρ̄(l)n + h1−α
n B̄nAn−r+1ε

(1)
r−1

+ h1−α
n

 

n−1
∑

j=r−1

B̄nAn− j−1S

!

ε
(2)
j
+ h1−α

n
hm+r

n−1
∑

j=r−1

B̄nAn− j−1ρ̃m,r, j + hm+r+1−α
n

ρ̄(n)
n

.

The error term ε(2)n can be estimated analogously to [12, Theorem 4.2]. This finishes the

proof.

Table 1 shows the convergence order for various approximation methods for weakly

singular VIEs.
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Table 1: Colloation methods for weakly singular VIEs

Method Collocation numbers Convergence Order

One-step (uniform) m 1−α

One-step (graded) m m

One-step (transformed) m m

Multistep (uniform) m 1−α

Multistep (transformed) m m+ r −α

4. Linear Stability Analysis

In this section, we consider the basic test equation

y(t) = 1+λ

∫ t

0

(t −τ)−α y(τ)dτ, 0< α < 1, t ∈ [0, T ], Re(λ) < 0 (4.1)

usually adopted in literature to test the stability of numerical methods for VIEs— [6]. If

|argλ − π| < (1−α/2)π, then the exact solution y(t) of (4.1) tends to zero as t tends

to +∞.

Definition 4.1. A numerical method is called stable for z = λh ∈ C, where h is the step

size, if the corresponding numerical solution yn of the Eq. (4.1) tends to zero when n tends

to +∞. The region of absolute stability of a numerical method consists of all those z ∈ C
for which the method is stable. If the region of absolute stability contains the left complex

half-plane, then the corresponding method is called A-stable.

Using the mesh ∆
(ζ,T)
N , we rewrite (4.1) on the interval [tn, tn+1] as

y(t) = Fn(t) +Φn(t), t ∈ [tn, tn+1] ,

where

Fn(t) = 1+λ

∫ tn

0

(t −τ)−α y(τ)dτ,

Φn(t) = λ
� t − tn

2

�1−α
∫ 1

−1

(1− s)−α y

�

tn +
t − tn

2
(1+ s)

�

ds,

and the application of φ yields

Fφn (v) = 1+λ

∫ vn

0

(φ(v)−φ(w))−αφ′(w)yφ(w)dw,

Φ
φ
n (v) = λ

�

φ(v)−φ (vn)

2

�1−α∫ 1

−1

(1− s)−α y

�

φ (vn) +
φ(v)−φ (vn)

2
(1+ s)

�

ds.
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Consider now the vectors

u = [1,1, · · · , 1]T ∈ Rm, Uφ
n
=
�

U
φ
n,1, U

φ
n,2, · · · , Uφ

n,m

�T
,

yyyφ(r)
n
=
�

yφ
n

, y
φ
n−1, · · · , y

φ
n−r+1

�T
, ϕϕϕ(1) = [ϕ0(1),ϕ1(1), · · · ,ϕr−1(1)]

T ,

and the matrices

E =

�

−ψψψ(1)T

0r,m

�

, F=

�

01,r 0

Ir 0r,1

�

, G =

�

1 −ϕϕϕ(1)T

0r,1 Ir

�

,

and B
φ

l
=
�

β
φ(l)

ik

�

∈ Rm×r , Γ
φ

l
=
�

γ
φ(l)

i j

�

∈ Rm×m, Wn =
�

ω
(n)

ik

�

∈ Rm×r , Pn =
�

ρ
(n)

i j

�

∈

R
m×m, where

β
φ(l)

ik
=

∫ 1

0

�

φ(vn,i)−φ(vl + sh)
�−α
φ′(vl + sh)ϕk(s)ds,

γ
φ(l)

i j
=

∫ 1

0

�

φ(vn,i)−φ(vl + sh)
�−α
φ′(vl + sh)ψ j(s)ds,

ω
(n)

ik
=

1

h

�

cn,ihn

2

�1−α∫ 1

−1

(1− s)−αMn,k

�

cn,i

2
(1+ s)

�

ds,

ρ
(n)

i j
=

1

h

�

cn,ihn

2

�1−α∫ 1

−1

(1− s)−αLn, j

�

cn,i

2
(1+ s)

�

ds.

The main result of this section is the following theorem.

Theorem 4.1. Let z = λh. The multistep collocation method (3.5) for the Eq. (4.1) comprises

the recurrence relation






y
φ

n+1

yyy
φ(r)
n

U
φ
n





= Rn(z)







y
φ
n

yyy
φ(r)

n−1

U
φ
n−1





 , 1¶ n¶ N − 1, (4.2)

with the stability matrix Rn(z) = [Qn(z)]
−1 Mn(z) and

Qn(z) :=

�

0m,1 −zWn Im − zPn

G E

�

,

Mn(z) :=

�

0m,1 z
�

B
φ
n−1 −Wn−1

�

Im+ z
�

Γ
φ
n−1 − Pn−1

�

F 0r+1,m

�

.

Proof. For the Eq. (4.1), we rewrite (3.6) and (3.7) as follows

F
φ

n,i
=1+ z

n−1
∑

l=0

∫ 1

0

�

φ(vn,i)−φ(vl + sh)
�−α
φ′(vl + sh)U

φ

l ,s
ds,

Φ
φ

n,i
=

z

h

�

φ(vn,i)−φ(vn)

2

�1−α∫ 1

−1

(1− s)−αun

�

φ(vn) +
φ(vn,i)−φ(vn)

2
(1+ s)

�

ds.
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Taking into account that

yφ(vn,i) = y
φ

n,i
= U

φ

n,i
,

Uφn,s =

r−1
∑

k=0

ϕk(s)y
φ

n−k
+

m
∑

j=1

ψ j(s)y
φ

n, j
,

we write

U
φ

n,i
= 1+ z

n−1
∑

l=0

 

r−1
∑

k=0

β
φ(l)

ik
y
φ

l−k
+

m
∑

j=1

γ
φ(l)

i j
U
φ

l , j

!

+ z

r−1
∑

k=0

ω
(n)

ik
y
φ

n−k
+ z

m
∑

j=1

ρ
(n)

i j
U
φ

n, j
.

Now the multistep collocation method (3.5) can be represented in a more compact form —

viz.

y
φ
n+1 =ϕϕϕ(1)

T yyyφ(r)
n
+ψψψ(1)TUφ

n
, (4.3)

Uφ
n
= u+ z

n−1
∑

l=0

�

B
φ

l
yyy
φ(r)

l
+ Γ

φ

l
U
φ

l

�

+ zWn yyyφ(r)
n
+ zPnUφ

n
. (4.4)

Considering the difference U
φ
n −U

φ
n−1, we find out

Uφn −U
φ

n−1 = z
�

B
φ

n−1 yyy
φ(r)

n−1 + Γ
φ

n−1U
φ

n−1

�

+ zWn yyyφ(r)n − zWn−1 yyy
φ(r)

n−1

+ zPnUφn − zPn−1U
φ

n−1.

Therefore,

(Im − zPn)U
φ
n − zWn yyyφ(r)n = z

�

B
φ

n−1 −Wn−1

�

yyy
φ(r)

n−1

+
�

Im+ z
�

Γ
φ

n−1 − Pn−1

��

U
φ

n−1. (4.5)

It follows from (4.3) that
�

1 −ϕϕϕ(1)T

0r,1 Ir

��

y
φ
n+1

yyy
φ(r)
n

�

+

�

−ψψψ(1)T

0r,m

�

Uφ
n
=

�

01,r 0

Ir 0r,1

��

y
φ
n

yyy
φ(r)

n−1

�

.

Taking into account the Eq. (4.5), we obtain

�

0m,1 −zWn Im− zPn

G E

�







y
φ

n+1

yyy
φ(r)
n

U
φ
n







=

�

0m,1 z
�

B
φ

n−1 −Wn−1

�

Im + z
�

Γ
φ

n−1 − Pn−1

�

F 0r+1,m

�







y
φ
n

yyy
φ(r)
n−1

U
φ
n−1





 ,

which implies the representation (4.2).
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5. Numerical Experiments

Usually, the integrals in the Eqs. (3.6) and (3.7) cannot be evaluated analytically, hence

quadrature formulae have to be used. The integral in the right-hand side of (3.6) does

not contain singular terms. Therefore, one can use the Gauss-Legendre quadratures thus

obtaining

F̄
φ

n,i
= gφ

�

vn,i

�

+ h

n−1
∑

l=0

µ1∑

η=0

bηKφ
�

vn,i, vl + ξηh
�

u
φ

l

�

vl + ξηh
�

, (5.1)

where
�

ξη, bη
�µ1

η=0
are Gauss-Legendre nodes and weights in [0,1].

To discretise the term (3.7), we approximate it by Gauss-Jacobi quadrature formula, so

that

Φ̄
φ

n,i
=

�

cn,ihn

2

�1−α µ0∑

η=0

dηk

�

tn,i , tn +
cn,ihn

2

�

1+ γη
�

�

un

�

tn +
cn,i

2

�

1+ γη
�

hn

�

, (5.2)

where
�

γη, dη
�µ0

η=0
are Gauss-Jacobi nodes and weights in [−1,1].

The starting values of the method are determined by the classical one-step collocation

method of order m+ r, and the discretised multistep collocation polynomial P
φ
n (v) has the

form

Pφn (vn + sh) =

r−1
∑

k=0

ϕk(s)y
φ

n−k
+

m
∑

j=1

ψ j(s)Y
φ

n, j
, s ∈ [0,1], n= 0,1, · · · , N − 1. (5.3)

The second collocation polynomial has the form

Pn (tn + shn) =

r−1
∑

k=0

Mn,k(s)yn−k +

m
∑

j=1

Ln, j(s)Yn, j , s ∈ [0,1], n= 0,1, · · · , N − 1. (5.4)

Thus, the Eqs. (5.3) and (5.4) represent the continuous approximations of u
φ

l
and ul , re-

spectively. Besides, Y
φ

n, j
= Yn, j = P

φ
n (vn, j) = Pn(tn, j) are determined by the nonlinear

system

Y
φ

n,i
= F̄

φ

n,i
+ Φ̄

φ

n,i
, i = 1,2, · · · , m,

y
φ

n+1 =

r−1
∑

k=0

ϕk(1)y
φ

n−k
+

m
∑

j=1

ψ j(1)Y
φ

n, j
.

In order to verify the theoretical results of Section 3, we consider two test problems.

Example 5.1. The linear weakly singular Volterra integral equation

y(t) =
1

2
πt + t

1
2 −

∫ t

0

(t − s)−1/2 y(s)ds, t ∈ [0,1]

has the exact solution y(t) = t1/2 — cf. [26, Example 1].
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Table 2: Example 5.1: Error Norms and Order of Convergene.

c1 = 21/38, c2 = 1 c1 = 16/19, c2 = 1

N Error Norm Order Error Norm Order

4 1.0336e-003 - 9.3550e-004 -

8 4.6645e-005 4.4698 4.2028e-005 4.4763

16 1.8953e-006 4.6212 1.6840e-006 4.6414

32 8.3248e-008 4.5089 7.3189e-008 4.5241

64 3.5540e-009 4.5499 3.1229e-009 4.5507

128 1.1492e-010 4.9507 1.0225e-010 4.9327

256 5.0575e-012 4.5061 4.3201e-012 4.5649

512 2.2371e-013 4.4987 1.8433e-013 4.5507

1024 9.9198e-015 4.4987 7.8650e-015 4.5507

We set m = 2, r = 3 with c1 = 21/38, c2 = 1 and c1 = 16/19, c2 = 1, respectively, and

use a smoothing transformation φ(v) = T V−d vd , 0 ¶ v ¶ V , which satisfy the conditions

(2.2)-(2.4). Taking into account [23, Theorems 5.2], we obtain d > 4, and we will use the

transformation t = φ(v) = v7. The starting values are obtained by the classical one-step

collocation method of order 5 considered in [23]. Besides, we choose µ0 = µ1 = 3 in the

quadrature methods (5.1) and (5.2).

The errors of the method are presented in Table 2. The column "Error Norm" demon-

strates absolute errors at the end point for various N . The column "Order" shows the

estimated order of convergence computed as Order = log2 (Error (N/2)/Error(N )). For

α = 1/2, the theoretical convergence order determined by Theorem 3.2 is m + r − α =
3+ 2− 1/2= 9/2 consistent with the numerical results in Table 2.

Example 5.2. The nonlinear weakly singular Volterra integral equation

y(t) = t1/3

�

1−
9

10
t4/3

�

+

∫ t

0

(t − s)−1/3 y3(s)ds, t ∈ [0,1]

has the exact solution y(t) = t1/3 — cf. [21, Example 4].

We set m = 2, r = 3 with c1 = 16/19, c2 = 1 and take the smoothing transformation

φ(v) = v11. For α = 1/3, the theoretical convergence order determined by Theorem 3.2

is m + r − α = 2 + 3 − 1/3 ≈ 4.6667. Table 3 shows the errors and the corresponding

convergence order for the methods presented here and in [21]. We point out that the

above multistep collocation methods nearly attains the theoretical value of Theorem 3.2,

while the method in [21] produces visibly distinct results.
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Table 3: Example 5.2: Two methods.

Our method Method in [21]

N Error Norm Order Error Norm Order

4 8.9885e-004 - 1.7538e-002 -

8 3.8011e-005 4.5636 9.6438e-003 0.8628

16 1.6001e-006 4.5702 2.8406e-003 1.7634

32 6.4019e-008 4.6435 6.1128e-004 2.2163

64 2.6456e-009 4.5968 1.3058e-004 2.2269

128 1.0679e-010 4.6308 2.7371e-005 2.2542

256 4.3684e-012 4.6115 5.7373e-006 2.2542

512 1.7870e-013 4.6115 1.2026e-006 2.2542

1024 7.3101e-015 4.6115 2.5209e-007 2.2542
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