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Abstract. In [17] and [19,20], the global existence and large time behaviors of smooth
compressible fluids (including inviscid gases of Euler equations, viscous gases of
Navier-Stokes equations, and rarified gases of Boltzmann equation, respectively) have
been established in an infinitely expanding ball with a constant expansion speed. This
paper concerns with the viscous fluids in a slowly expanding ball. By involved analy-
sis on the density function and the weighted energy estimates, we show that the fluid
in the slowly expanding ball smoothly tends to a vacuum state and there is no appear-
ance of vacuum in any part of the expansive ball. Our present result is a meaningful
supplement to the one in [19].
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1 Introduction

In this paper, as in [17] and [19, 20], we continue to study the global existence and sta-
bility of a smooth compressible viscous flow in a 3-D slowly expanded ball. The slowly

expanded ball at time f is described by Sy ={x:|x|=/x2+x3+x3 <R(t)}, where R(t) €
C*[0,00) satisfies R(0) =1, R'(0) =0, R”(0) =0, moreover, R(t) = (1+ht)* holds for t >1,
here a € (0,1) and h >0 are fixed constants. As in [19], we suppose that the movement

of gases in Q={(t,x):t>0, |x| =y/x3+x3+x3 <R(t)} is described by 3-D compressible
barotropic Navier-Stokes equations:

pr+div(pu) =0, (1.1a)
pus+pu-Vu+VP(p)=puAu+(pu+A)Vdiou, (1.1b)
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VisCous gas

Figure 1. A viscous flow in a 3-D slowly expanded ball.

where p >0 is the density, u=(111,uy,u3) is the velocity, u >0 and A are the first and second
viscosity coefficient respectively, i+ %A >0 holds, and the state equation is P(p) =p” with
y>1

By the physical property for the viscous flow, as in [19], one can naturally pose the
following initial-boundary conditions for Egs. (1.1a)-(1.1b)

{ 0(0,x)=po(x), u(0,x)=up(x), for x€Sy,

_ R'(t)x (1.2)
u(t,x)—m, for (t,x)€0Q,

where po(x) € H3(Sy), uo(x) €H3(So), po(x) >0 for x€Sy, and 9Q={(t,x):t>0, |x|=R(t)}.
For Egs. (1.1a)-(1.1b) together with (1.2), completely similar to the proof of Theorem 2.1
in [19], we can obtain a local existence result as follows:

Theorem 1.1. If po(x) € H3(Sp), Vpo(x) € H}(So), uo(x) € H3(So), and R(t) = (1+ht)* for
t >1, then there exist a constant hy >0 and a small constant ey > 0 depending only on hy and «
such that when

sup  [RO(£)[+ |00 (x) =15y +1#0(x) (s <e0 and  0<h<h,
0<t<1,1<k<4

there exists some constant T, > 1 such that Egs. (1.1a)-(1.1b) with (1.2) have a unique local
solution (p,u) which satisfies

peC([0,T], H*(S))NCH([0,T.],H*(Sy)),
ueC([0,T.], HL(Se)NH3(S:))NCL([0,T.],Hy(Se))NLA([0, T], HA(St)).

Moreover, p(t,x) > C >0 holds for (t,x) € [0,T*] x S, and

lo=lcqor.ms0) +letllcqorymsy) 1l o, ny mrcs)nms sy + 11l cgor,ms)) < Ce
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Remark 1.1. It follows from the assumptions R”(0) =0, Vpo(x) € H}(So) and ug(x) €
H;j(So) in Theorem 1.1 that the compatibility of the initial velocity uo(x) on the boundary
0Sp = {x:|x| =1} holds and meanwhile 1,;(0,x) € H}(So) is derived from Eq. (1.1b). This
fact will play a basic role in proving the local existence result in Theorem 1.1 (one can see
the details in [19]).

Based on Theorem 1.1 and the continuity argument, we will establish the following
global existence result:

Theorem 1.2. Under the assumptions of Theorem 1.1, when the adiabatic exponent <y satisfies
1<y< %—1—%, then Egs. (1.1a)-(1.1b) with (1.2) admit a global solution (p,u) in Q) which fulfills

p(t,x) €C([0,00), H*(S:))NC'([0,00), H(S})), (1.3a)
u(t,x) € C([0,00),H3(S;))NCL([0,00),H(S))), (1.3b)
2R;(t) <p(t,x) < 2R§(t) for t>1. (1.3¢)

Remark 1.2. The assumption of y < %4—% in Theorem 1.2 is applied to guarantee the

uniform integrability of the integral f;o #5542 in (3.67) of Section 3, which is required

to derive the global a priori energy estimate for the solution of (1.1a)-(1.1b) with (1.2). In
addition, we specially point out that, for the air (y~1.4) and the polytropic gases (y~3),
the assumption of y < 2+1 with 0<a <1 in Theorem 1.2 is obviously fulfilled.

Remark 1.3. By Theorem 1.1 and Theorem 1.2, one can conclude that the solution of
(1.1a)-(1.1b) with (1.2) does not contain vacuum state in any finite time.

So far there have been extensive studies on the global existence and behaviors of so-
lutions to the compressible Navier-Stokes equations. For one-dimensional case, see [8,15,
18] and the references therein. For multi-dimensional case with constant viscosity coeffi-
cients, the local existence of classical solution has been established in [14] in the absence
of vacuum, and the local existence of strong solutions is also shown in [1,2], when the
initial density may vanish in some open sets. The global existence of classical solution
was first obtained in [12, 13] for the initial data close to a non-vacuum state and then
these results were generalized in other weighted energy spaces (one can see [3,16] and so
on). In addition, the author in [6] studied the global existence with discontinuous initial
data. Recently, for the case when the initial density may vanish in some region, under
the smallness assumption on the total energy, the authors in [7] established the global
existence and uniqueness of classical solutions. For large initial data with the finite to-
tal energy and different assumptions on the adiabatic constant <y, the global existence of
weak solutions was firstly established by P.L. Lions in [11] and subsequently was im-
proved in [4,9]. For the Egs. (1.1a)-(1.1b) (or including the energy equation) with suitable
initial-boundary values have also been extensively studied, for examples, see [10,13] and
the references therein. On the other hand, the authors in [5] obtained the global existence
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of weak solution to the compressible barotropic Navier-Stokes system in a time depen-
dent domain with slip boundary condition. Finally, we point out that the authors in [17]
and [19,20] have established the similar conclusions as in Theorem 1.1-Theorem 1.2 for
R(t) =1+ht by taking the delicate weighted energy analysis through the related special
solutions. However, in the case of 0<a <1 for R(t)=(1+ht)*, it seems that the special so-
lution of (1.1a)-(1.1b) with (1.2) is difficult to be found, moreover, the resulting linearized
system is slightly different from that for « =1. This leads to somewhat different proof
of Theorem 1.2 from the main result in [19]. Here we emphasize that although the proof
of Theorem 1.2 is strongly motivated by [19], we still give out all the details for reader’s
convenience.

The paper is arranged as follows. In Section 2, we reformulate problem (1.1a)-(1.1b)
with (1.2) and cite an analogous local existence result in [19]. Moreover, some uniform
weighted inequalities are derived by involved analysis. Based on the analysis in Section
2, the uniform energy estimate will be given in Section 3 and then the proof of Theorem
1.2 is completed in Section 4.

The following notations will be used throughout this paper:

I£=( [, 1£Pdy)",

t t
/ HV(T)HdT:/ |V(t,-)||dT, and Dg represents og,
0 0

N|—

for any k=1,2,3.

2 Reformulation of (1.1a)-(1.1b) with (1.2) and some uniform
weighted energy inequalities

At first, as in [19], we take a transformation of the variables (¢,x) as follows

T=1t,
- (2.1)
YR

In this case, Q) is changed into the domain [0,00) x Sy, and (1.1a)-(1.1b) have such new
forms in the coordinates (7,y) € [0,00) x Sp

R -V +ldiv( u)=0
Pt Ry Y R Y Y
R’ 1

(2.2)
. 1 1 .
(pu)e =2 y-Vipu) + pdiv(pu@u) + £ VP(p) = o7 (udu+(p+A)Vdivu),
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where and below all the derivatives V and div are about the variable y. Let ¢ = R3p and
v=u—R'(t)y. Then (2.2) is changed as

P+ %div(cPv) =0, (2.3a)
por+ PR y+po- %vm %¢R’U+R2VP(p) =R(pAu+(pu+A)Vdiou). (2.3b)
Meanwhile, the initial-boundary condition (1.2) becomes
{ ¢0.y)=po(y), v(Oy)=uo(y), yeSo, (2.4)
v(t,y)=0 on [0,00) x dS.

By completely analogous proof of Theorem 2.1 in [19], one can obtain Theorem 1.1 (here
we omit the details). Next, we start to establish some global a priori energy estimates on
the solutions of (2.3a)-(2.3b) with (2.4). Let s=3(y—1) and w=¢—1. Then (2.3a)-(2.3b)
can be written as

1.. =
we+ ﬁdwv =f,

/

R 107 ~
UT+§U+ Ros T Vw—RLv=g,
where
o 1 ..
f= —Edw(wv),
Lv=uAv+(u+A)Vdivo,
~ 1 1! 1 w
g= —EZ)-VU—R (H)y— val(w) - mRva
and

1
Py (w) = w? /0 (7 —2)(1+6w) 7346

On the other hand, setting

. 2u Ba(y—1)

_ 14+« _ I __

T=(1+ht)" ™", m= s and 5_72(14—04) ,

we then have that for ¥> %)= (1+h)'**,
(14+a)hozw+T "divo=f, (2.5a)

ah

(1+oc)h8fv+?v—Lv+f25%Vw:g, (2.5b)
w(Ty)le=n=wo(y) =¢(Toy) =1, o(Ty)|z=5=00(y) =v(T0Y), (2.5¢)

v=0 on [Tp,+o0) x9Sy, (2.5d)
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where

1 ..
f= —f—mdzv(vw),

Lo=uAv+ (}H—/\)Vdivv

1 2

8= 270 Vo Ze VP () +a(1—a)lPe iy — L.

w
1+w
We now derive a series of basic energy estimates on (w,v). Set

W, dop 1
fo= T—mdwv and ﬁ_(l+“)h§”f+fmv V.

Then we have

Lemma 2.1 (Weight L2-estimate of (w,v)). For small h>0 and t > T, one has
2, a8 02 e 2 (as4m AW o
h(l[wllz+T UHzH[ 175 Volz+ [z 2 |dT
<c(Mwom)B+ [ (L)l 4| gl +I D). @
Proof. By f50(2.5a)x'ywdy and fSOfZS’(Z.Sb)-Udy, we have

;(H—(x)’yha ||w||2+ —(divo,w) = (v f,w) (2.7)

and
(14a) 7% 9:0,0) +aht? ' (v,0) — % (Lv,v) + flm (Vw,v) = (t%0,g). (2.8)

Note that

(U a)de 703+ (2 — (1 a)s) il T~ Fo

(14a)hT> 9:0,0) + (¢ht? ~lo,0) = 5

and
— (7% Lv,v) = u||T° Vo 3+ (u+A) || 7 divo] 3.

Then substituting the above two equalities into (2.8) and subsequently adding (2.8) to

(2.7), we have
1 d 2 ~s 2 ~s' 7. 2
5 (1) = { hylfwl3+7] o3 ) +ull T Vol3+ (u+A) | 7 divo| 3
(

—(14a)s | 7 20|+ (v f,w) +(7%'g,0). (2.9)
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By Poincare inequality for v, we see that
|=2ol3 <cll#Vol. (210)

Combining (2.10) with (2.9) yields that for small 7 >0,

d ~a ~a ~0q
" (hv!le%MHTS vH%) +CF VolE < (vf,w) + (T g,0). (211)

Integrating (2.11) with respect to the variable T over (7,t) derives
/ t ~al -
h([[w]l3+1|7° ?J!I%)Jr/f 17 Vol 3dz
0
t /
<Chll(wo,00)[B+C [ (|(afw)]+](#'g,0))de. 212
T

In addition, one has that from (2.5a)

dw 1 .
E == —i_—mdlm)—i-fo,
which easily implies
~s'+m dw 2 ~s' 7. 2 ~s'+m £ |12
1T %HzﬁzuT divo||3+2[ 77" foll2- (2.13)
From (2.12)-(2.13), we can obtain (2.6). O]

Lemma 2.2 (Weighted L2-estimate of Vo). For t > Ty, we have

/ £ ~g/ ~
hl[T® WII%Jr/f ([hwe|[3+1nT* vz |3)d
0

t
Sﬂth/
T

where 0 <11 <1 is a small fixed constant, Ay = |(vf,w)|+|(t% g,0)|, and Ay =| (7 f,hwz)|+
|(2%'ghoz) .

Proof. Computing |, 5,(2.52) X Yhwzdy and J 5 #(2.5b) - hvzdy yields

Vw

2
s’ +14+m HZdT+

Ch c ot ot
EH (wo,v0) || 7 +m/ Aldr+[ Aydt, (2.14)
0 T

(1+oc)'thawa§+ <flmdivv,hwf> =(vf, hwz) (2.15)
and

(14a) |5 90 |3 +ah (T2~ 0,hvg) — (72 Lo, hvo: )+ (%Vw,hw) = (% g,hvz).  (2.16)
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Next we treat the terms in the left hand sides of (2.15)-(2.16) separately. For the term
— (%' Lv,hvz), we have

— (% Lo, hv)

=nbae 7 volg+nt 2 A oe 17 divo] 2

—hs'y|| T 2Vv||2—hs (4|7~ 2divo| 2 (2.17)
For the terms ah(T 725’1y ,hvz) and (l,,,divv,hwf), one has

ah(7% 1o, hvz) < f||hr ZJH2+—||TS “hoz||3, (2.18a)

(%dl’vv,hwa < ther-F’YH dzvaZ (2.18b)

For the term (2; Vw,hvz), we have

Tm

(i_—me,hvf> =0z (h i w dzvv) +m (Vw,hv)+ ( :Lhafw,divv)

~1+m

This, together with Holder’s inequality, yields for small #; >0,

(%Vw,vf)
Z—i(mwdwv) mh? Tsif‘imHz_m\|fsvy|2_4|\hwf||§— ;mdz'sz. (2.19)

Substituting (2.17)-(2.19) into (2.15)-(2.16), we arrive at

v||hafw||%+||hfs’afv||%+haf(;‘Hfs

' divo|)3— (gnw,divv)>

<2 H +—|| 'Vo|3+C((1f hrwe) + (72 g hor)). (2.20)

s s +1+m

Note that
([ F‘ L
(—T wdwv) = dwvllz+ i ||w||2

Together with f ( X (2.11)+(2.20))d7, this yields
/ t /
e Vol [ (e B+ (e or Bz

<[

+ [ (f o)+ (2 Sg,hva)dﬂ; () (@ gt

el dr+—u<wo,vo>qu

which completes the proof of Lemma 2.2. O
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Lemma 2.3 (Weighted L2-estimate of (wz,vz)). For t > %, we have
! t !
h{|hwe |5 +1 || T fo§+/~ |h* Vo |57
T

t Vw 3 t )
SC(’?Z)PIH(wozvo)H?qzﬂLcﬂzhz/f HWH%‘ZTJFC(WZ)X(A1+A2+As)dT, (2.21)
0

T
where Az =|(vhfz,hwz)|+] (%Zs,hgf,hvf) |.

Proof. Computing [, 5,97(2.5a) x Yh?wzdy, we have

1 d 2 Y .
5(1+o¢)h7%thTH2+ (T—mhdwvr,th) —m(THm hdivv th) (Yhfz hws). (2.22)

Computing f 5 7' 1197(2.5b)- hvzdy yields

%(1+a)haf|\hf5’vfy|§+(a—s’(1+a))hy|hf5’*%vfu§—a( ht*' =20, hvz) — (hLoz, 72 hoz)
+ (i_lthwf,hvf) — (2s/+m)( &m hVw, hvr> =( 25’hgf,hvf). (2.23)
Noting that for small 77, >0,
— (hLve, T hve) = u||hT° Vo |3+ (u+A) || T° dwvf||2, (2.24a)
(25'+m) (it ) <mah?| s+1+mH B Ll (2.24b)
and
(s () < hewe 3+ L1 oo .

Then substituting this and (2.24a)-(2.24b) into (2.23), and subsequently combining with
(2.22), we arrive at

d o !
7z (|| 3+ 1| AT 0¢][3) + (| 2 hV oz 3

<mph? ‘

HMH+ 12 o3+ oz 3)
+CT WUIIerC(I(’rhff,hwf)l+|(h’f25’gf/hvf)!), (225)
here we have applied such a fact

|h(hT%' =20, hv: )| < ||k vz |3+ Ch|| 25 h V3.
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Integrating (2.25) over (7o,f) with respect to the variable T, one has
/ t !/
e -+t oel -+ | |7 Toe Baz

<ChH (wo,vo) ||H2 +772h2/ }

i | g7 o (ol o e
+C / (175 hV0 3+ (| (v fe ws) |+ | (2 hge hos) ) )dT. (2.26)

Computing 17% X (2.14)+C x (2.6)+(2.26), we see that

/ t /
hlloc 31 ve 3+ [ |14 Vor a2
T

Ch
<Ch]| (wo,v0) ||§2+WII (wo, o[

C C 2 s
to ], mart € = AszJr (17 M) / [ H dt
+C / vhfr,hwr>|+|<~2s hge,hvs)|)dt.
Set 171 =175, we then complete the proof of Lemma 2.3. O

Lemma 2.4 (Weighted L2-estimate of Vvz). For t > %y and 0 < 3 <1, we have
/ t / -
WIEhvel3+ | (e |+ 1122 vcc Bz
W0

t
SChHU%(To)qul+C('73)h||(wo,vo)HierC’?ahz/~ ‘
)

e

=s'+m+1 ‘

t
+C(13) / (A1+Ar+Az+Ay)dT, (2.27)
0

where Ay=|(Yhfz,W2wzz)|+| (75 hge, h?vzz).

Proof. Computing [ 97(2.5a) x yh’wezdy and [ 725 119:(2.5b)-h2vz:dy yields respectively,

hoy . hey
(1+a)y|[Hwz: |3+ (f%dzvvf,hzwﬁ) —m( i divv hzwn) (Yhfe,WPwe:)  (2.28)

and
(14a) |7 vez |34+ hT% " (hoe, B20zz ) —h T2 2 (ho,hPvze) — (2 hLog, hPvzz)

+ (;’Zwa,hzvﬁ) — (28" +m) (Tﬁl+m

Vuw hzvﬁ) = (2% hgz Pv2z). (2.29)
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We now treat the terms in (2.29) separately. For the term — (%ZS/hLU-f,hz’Uff),

(“25 hLvz, hvzz)

ptA
2

—s'h|| ¥~ 2hV oz |3 —s'h(u+A) || T 2 hdivos || (2.30)

:haf<§]| hVUTIIQ—F |h T dzva||2)

For the term (%wa,h%ﬁ), one has

<ZZwa,hzvﬁ>

d /h . .
- dT( ,wa’hzdva> m,ﬂ%(hwﬁhzdwvf)+flm(h2wﬁ,hdzvvf)

d (hy 5. h 2\ 4o
>_ 2 (=25 _r .
> dT( wsz,h dwvr> Ch(thTH2+ ~1+mdzva 2) 2||h wez||5
h . 2
5 f—mdlvvf (2.31)
For the term —( f]f;’m Vw,h*vz:), we can obtain that for 73 >0,
hy
( 1+me hszf)
d ( hy 2, 2vh 2 hy 2
—— == (s Ve tor ) = (L+m) (S Ve itor ) + (s Vevr o )
d s hy i
— = (5 Vehior ) - 7Ts+m+2H —f|| V0|3 hwe 3. (2.32)

Substituting (2.30)-(2.32) into (2.29) and then combining with (2.28) yield
o ! +)\ ol .
IRewne B 128 e 410 (5 12 h0e B+ 2 e divoe

&)

—(gwf,hdivvr) (2 +m)( hy

|| +thT Vor [+ C 1 Voli+Cllhewel -+ C(yhfe hawse)

+C(7% hgf,h%ﬁ). (2.33)
In addition,

H ‘ 2 (hy ‘ hey

EH "hVo er"’ Hh dwfoz—(f—wf,hdzvvf>—(25’+m)(WVw,hvf>

TP 2 2(25' 1)

>C 15— ( == ||hw= == L )

> L hvoe 3 (y e -+ == == [l 3) (234
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Thus. i t ~ 297 2(25'+1)%92 :
us, it follows from |. o (2.33)dt+ =X (2.21)+ TR (2.12) together with (2.34) that
! t !
WEh0el3+ [ (e |+ 1122 vee Bz
To

<Chllv(%0) || 31 +C (112) k|| (wo, o) H%{2+C'72h2

2

H ATt — /Hhr Vos|2dT

t
+C(772>/fO(A1+A2+A3)df+’73h2 A s+m+2

t /
—|—C/~ (Hhi’s VUH%—Fth-fH%-i—(’)/hff,hZZUff)—F(f’ss hg-[—,h Uf—f))d’f. (2.35)
T
Utilizing the estimates of . ;O |he* Vs |3dE, . ;O(ths,vvng—i—HhZUf—H%)df' in Lemmas 2.1-

2.3, and setting 17, =173, we then complete the proof of (2.27) from (2.35). O

To derive the higher order energy estimates of (w,v), as in [19], we will treat the
interior energy estimates and the boundary energy estimates of (w,v) separately.

Lemma 2.5 (Weighted interior energy estimates of (w,v)). For § € (0,1), define Bs={y:
ly| <0}. Choosing the function xo(y) € C5°(Bs), then we have thatfor t> 7, and k=1,2,3,

>dT

t !/ / /
<C [ (11 D4 o+ |GGDF, D) 12 D g B+ [ D Yo )
T

s+m

, t
nlxoD*wlB-+h]1# xoD0l3+ | (I#x0VD*ol3+]
0

+C|| (wo,v0) |3 (2.36)

Proof. Computing ¢ x3(y)yD¥(2.5a) x D*wdy and | 5 X372 D¥(2.5b)- DFody yield respec-
tively

(1+vc)h7;HxOD"WHz+ (xgdivD*v,D¥w) = (yx5D" f,D*w) (2.37)
and
;(1”‘)’1;;Hf's/?coDkUH%Jr(“—S’(1+“))h||fs,%XoDkUH%—( 77> LD"0,D*v)
(D) i Dignto s
Note that

— (x3t* LD*v,D"v)
=u(T%' VD0,V (}3D"0)) + (u+A) (% div(D*v), div(x3D*v))
>Ellxot VD*|3—C|[# Do}, (2:39)
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and for small 4 >0,

lm(xodekv DFw) + < XOVDkw Dk>

:—Tl(Dkw,V)(%-Dkv)

H " D¥ol3. (2.40)

<174‘

s+m

Adding (2.37) to (2.38) and then applying (2.39)-(2.40), we arrive at

L Gy oDt ]+ xoD ol B) + 12 xo v Dol
<1y f;fi,j"H 7 Dol (radDtf, Dhw) + (7% Dig, Do) 2.41)
Since
(x47* D, Drv) =~ (D¥1g, D (x§D"v)
=2 (D"1g, D(x§) Do) — (D g xf D" 1),
we have

|(x57* D¥g,D*v)| < %HfS’xODk“vH%+CHfs/D"*lgH%- (2.42)

Then substituting (2.42) into (2.41) yields

1—’-0( d !
el (hllxoD*w|3+h]1 ¥ xoD* 0 3)+ £ 17 X0V Dol
C ! ~a! _
<[ ||, 17 DVel+ (0D D)+l D gl 4y

In addition, it follows from = x {(2p+A)#" x V(3.1)+(3.2) } and direct computation that

yVw

(1 +DC) (ZV +)\)haf'(vw) + f25/+2m

=— fﬁm(Vdivu—AuH—(Zy%—)\)Vf

1 h 1
—q<(1+zx)haf0+%v) +f—mg. (2.44)
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And computing [s X 2D¥(2.44)- VD*w yields

1—1—1x

VD"wH2

s'+m

(gt AV 2oV D oo -4 A2
Sfﬁm |(x3D*(Vdivo—Av), VD w)|

hDk

+c( ( (2u+A)x0VD f - {LO (hD%ﬁJ —Dkg>,)(0VDkw) ‘

S

o +me +C(IEDFf, DM |+ |12 Dror |3+ | 7 Dol s

+]17 D¥gl3), (2.45)
here we have used the following fact
(x3D*Av,VDFw) = —Z(ajDkvi,aj (x30;D*w))
ij
—Z(E)-Dkvz,a (x3)0:D*w) Z {(X6)9;D"0;,9;D"w)) +)_(x60:9;D"v;,0;D"w))
ij
:—Z (9; D* 0;,0;(x5)0i DFw) Z (X5)9 DF v;,0;D k) + (x3VdivD v,V D*w))

to derive
1 . ’)’ X()VD w o
= | (ED*(Vdivo—0), VD*w)) §HWH +C||7 D 0|12,
From (2.45), we have that for k=1,2,3,
d X()D w
oD+ |
<C(|(x3D* f,D*w)|+ ||ht" D oc |3+ |75 D" 1o||2,, +]| 75 D g 3). (2.46)

Adding (2.43) to (2.46) and choosing 7, = 3 yield

d L xoDFw

h——(llxoD*w[3+ |1 * x0D"0l3) + 17 %0V D o3+ || S o |12

<C(||#¥ D 10|l + | (x§D*f, D w) | + (|7 D* g |l5+ | hE°D* o [3). (2.47)
Integrating (2.47) with respect to the variable T over (1,t) derives (2.36). O

Next we treat the weighted energy estimates of (w,v) near the boundary [0,T] x 9S.
To this end, it is convenient to use the following spherical coordinate transformation

y1=rcosb,
Y2 =rsinfcos g,

y3=rsinfsing,
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and decompose v=(v1,v2,7v3) as

v, = cosfvy +sinfcos ¢uvy +sinfsingus,
Vg = —sinfv; +cosf cos pvy +cosfsin ¢us,
Uy = —8in¢uvy+Ccos¢us,

where ¢ € [0,27t] and 0 € [0,7]. Set V = (vr,vg,vq,)T and Vr= (09,U¢)T, and denote

- 1 1
dioV =0,v,+ ;8909 + ma(pv(p,
I »
r2sin?@ ¢’
= (1 1 T T
V= (;ae'rsirwa“”) - gr=(8e:8¢)
Vdiv as the form of Vdiv in the spherical coordinates.

— 1
A:¥+ﬁ%+

In addition, we denote L(V,k) and L(9%V) by the linear combinations of DLV (I <k) and
LV (I <k) with the smooth function coefficients respectively, where dr (=09, or dp) is the

vector field tangent to 0Sp. Then it follows from direct computation that the Egs. (2.5a)-
(2.5b) have such forms:

1 — 1
(1+a>th+%7dZUV:f+ f—mL(V,O), (2.48a)

(1+wa)hdzv,+ DZZU, —uNv, — (u+A)9,divV + ﬁ%arw =g +L(V,1), (2.48b)

h —_ ! 7. jp—
(1+(x)h8er+%Vr—yAVr— (‘u+/\)V,dZUV+%%%V,w:gr%—L(V,l). (2.48¢)

Set O={y:3<r<1, 90,27, 6 € [/4,37/4]}. We choose a function x1(y) € C{ such
that suppx1(y) CO and x1(y) =1 on 0Sp. Here we point out that the other left domain in
{y:3<r<1, 9€[0,27],6 € [0,7]} can be successively changed into O by the coordinate
rotations. Thus, it does not lose the generality, we only consider the partial boundary
domain O instead of the whole boundary domain for (2.48a)-(2.48c) (one can also see
some details in (4.39)-(4.42) of [13]).

Let ok = 8]51 8’;,2 with k1 +k, =k. Then one can easily verify that

[0k, div]V =L(akV,0), [0k,A]V=L(aL"1V,0),
[0F 0,div]V = L(3f V1), [0k, div]V = L(a5+1V,0), (2.49)
[0%, V' w=L(d%w,0).

Based on the preparations above, we now establish the tangent energy estimates of (w,v).



H. C.Yin and L. Zhang / Anal. Theory Appl., 35 (2019), pp. 28-65 43

Lemma 2.6 (Weighted tangent energy estimates of (w,v)). For t>1, 0<y <1, and k=1,2,3,
we have

/ t = -
hxiofwlz+h] e XlalfVH%"f"/f 1TV (0 V) 1347
0

t / ~al _ ~
<Cln) [ (17 L@EV,0) B+ fGokw) |+ 29 g B

T

t
—i—Ciy/~
0

Proof. Acting ok on two hand sides of (2.48a)-(2.48¢c) and applying (2.49), we have
& Jr pplying

alfw 2 )
Zom szHC 1 (@o,v0) [ e (2.50)

(1+a)h(a’fw)f+%im%a§v:a§ f+ %imL(a’fv,O), (2.51a)

h A -
(1+0¢)h8f(8’fvr)+%8’fvr—yA(a’fvr) - (y+A)ardzv(a§V)+w%a,(a§w)

— kg, +L(2kV,1), (2.51b)
wh — —— =

(1+0¢)haf(87fvr)—|—?alfvr—yA(a’er) — (y+/\)V/dzv(8’fV)+fZS%V/(a’fw)

=dfgr+L(d}V,1). (2.51¢)

It follows from |, 5, Yx3(2.51a) x ok wdy that

1+a, d ko112 Y Gk 20k
——h= (vl adfwB)+ (L divdfo, dofw)

1
= (yakfxdofw) + (L, 0),0fw). (2.52)
In addition, computing f 5 72 X%(2.51b) X a’fvrdy yields

14w, d , o =s'—3
= (17 a0 |3) + (a— (1+a)s ka7 20w

— (B (uB@F0r) + (u+ A2, div (3 V), 30, + (13 2500 (8 w) oy
= (7% )3 (kg +L(3kV,1)),0k0,), (2.53)

and computin 72 22(2.51¢)- ok Vrdy yields
putng js 1 rvray’y

1—|—lX d o o1
—h= (17 a3 VEIB) + (a— (1a)s )l 2 2o v
— (A7 (B VD) + (u+ MV @0 (3 V), 0k Vi) + (1 25 V' (0hw) 95 Vi)

=(t¥ x3(0kgr+L(kV,1)), 0k Vp). (2.54)
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Notice that

— (3T (A (OF0r) + (u+7)0,div (3t V) 0t or)
=l le(arvr Hz‘H‘(TZS V(arvr) V(Xl)arvr)
+(p+A) (T div(9EV), 9, (x70kor )

and

— (G (uB@EFVE) + (u+A)V div(3EV)), 9 Vr)
=pl[ TV EFVE) 3+ p(F
+(u+A) (TF div(3FV),

(0 rvr) V(Xl)alf"vr)
(x

'Y
V),V (325 V).

Adding (2.55) and (2.56) yields
(F0r) +(+A)9,div (31 V), dfvr)

(3F0r) + (u+A)d,div(9FV)),0t0r)

T (uA
A
2§WxﬁﬂrWM—QﬁWﬁW%

Zs’(y
T (u

Additionally, for small 7 >0, one has

( 7 divoko, x2okw ) (Xl 75, (okw), arvr) (X%lv

=—lwwvuﬂ%>

<7l S+mH +C()| 7 f VI3

and

(fm L(3kV,0),0 w>+f25/<(X1L(8kV 1),0k0,)+ (2L(3kV, 1), arvr)>

e = akw ol
S%HTS x1V (V) 3+l fsﬂm 13+C(n) |1 T L(3FV,0) 13-
Note that for small 15 >0,

|(7€1T25 Brg,ak V)l
<|(#F o1, 0r (xD)of V) |+ (G ¥ 0k g,k V)
<Cl|# g3 +n5 1T V(OFV) |3+ Cys) |17 (9FV

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)
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Adding (2.52), (2.53) and (2.54), we have that by (2.57)-(2.59) and (2.60) with small 77 >0,

d ~s/ ~s/ —
72 (mldkelB b 0k VIE) + 1P T G5V

k
- B+COnl1# LKV, 0) 3+Cl G f.a0kw) |+ Cl 1ok g 3

<11l =

Integrating this on the variable T over (%,t), we can complete the proof of (2.50). O

Next we deal with the normal derivative estimates of w.

Lemma 2.7 (The first order normal derivative estimate of alfw). Fort>%, 0<n <1, and
k=0,1,2, then

t T — 9,0kw 12\
bl [ (10 VaREEy) B+ |n Zr |, )4

s'+m

ety ;
<cy|(w0,vo)|\HkH+c;7/ H L e |

L)

(||fs’le<a¥“v,1>||%

+ (11 F V)l 3+ 11T X L@V, 1) 3+

(x30EDf,okDw) |+ |59 g||2> . (2.61)
Proof. At first, we rewrite 0,(2.51a) and (2.51b) as

(14a)h(9,0%w)+ + azar r_f (ak+1v 1)+0,0 f+ L(3kV,1), (2.62a)

14a)hd:(050,) — (2u+A)o%0kv, +
r H T
th

22 O (O )

~25 +m

=g +L(%V,1)— arv,+L(a’;+2v,o). (2.62b)

Computing (2(2 fibrm +(2.62a) yields

v 90kw
2]""’)\ F28'+2m
—L(9FV,1)49,0f f+ L(3V,1)

1
RPTESNET

(1+a)h(ara§w)f+

ah

( (14a)hoz (0%, ) + kg, +L(5V,1)— arvr+L(a§+2V,0)>. (2.63)
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It follows from |, 5, X3(2.63) x 9,0k wdy and direct computation that

hddeXlara sz+HXla~sa£nszz

(Hm @V, )3+ 1T 31 05V 2
I L@V )R+ | (Ra,akf a0 >|+||~fs’alk~g||%). (2.64

Integrating (2.64) over (1p,t), we have

ndatola+ [ oo o

<Cll o) +C [ (17l @ V) -+ 10 0 @HV)elB
T

+[1 2 L @EFV, 1) |3+ (x70:9F£,9,9Fw) |+ HfS/a]l("gH%) az. (2.65)
By (2.65), one has that
— (2u+A)0%0kv, = — (1+a)hd+(95o,) — %21 3, (kw) +akg, +L(2kV,1)
_ah = o, +L(AF2V,0). (2.66)

Then computing |, 5, X1 2225'(2.66) x 020kv,dy yields

s - 0,0 w
I oo 3 < (It e (3fon) |3+ 1723+ | 2ot |
X RLEFV, D) 3+ [ x1R°L(9FV,0) ). (2.67)

On the other hand, by Lemma 2.6, (2.67) and the expression of VdivV, we have that for
k=0,1,2, and small # >0,

L,
| I aViio@kv) e
T

t / S ~
<cn [ (In®LEEV,DIB+1GE a0 )l +10673 5,04 1V)] e
0

0 arw
TS '+m

() [ (i ee@fol3+1# kg 1

allngszi'
2

o (2.68)

+||X L(ak+2V 0)||2>dT+C||(ZUQ,UQ)
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This, together with (2.65), yields

Hrdatold+ || (1 n VAR 3+ ot e

s'+m

k+1
<cu(w0,vo)|\Hk+l+c;7/ H T 2 H dt+C( )/f (Hfsle(af;ﬂv,an
0

+ BT (BF V)< 5+ 17 XlL(a’fol)||§+|(X%3§Df/3’fDW)I+||fs'3§g||§>df

Then the proof of Lemma 2.7 is completed. O

As in [19], we now state the following result which can be easily shown by the stan-
dard regularity theory on the second order elliptic equation.

Lemma 2.8. For the Stokes equation
divu=f,
—Au+VP=g,
u=0 on 98,

we have
ID?ul|5+[|DP|j5 < C([|f I3+ lIg115)-

3 The global energy estimates for problem (1.1a)-(1.1b) with (1.2)

In this section, based on the results in Section 2, we will establish the global energy esti-
mates of the solution (w,v) to (3.1)-(3.2). For this purpose, we define for t; > t; > 7 and
k=2,3,

Nk<t1/t2)
— sup (hlwl+ 7ol e B b )
1STSI
g Dw d o e B
() [ Mo+ 1 D 2 Dl 200 ) 2
1

To prove Theorem 1.2, we need to obtain the uniform H?® estimates of (w,v), i.e., the
uniform estimates of N3(7,t) for any t > 7. As the starting point, we will show

t
N3(7o,t) <C sup h|T°g(T )II%p+CH(wo,vo)||ip+C/~ M(T)dT, (3.1)
o

F<E<t
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where
M(T)

3
= (7% g lroe) | +| (T hge, Wore) |+ (T hge hor) |+ ) | (D* £, Dfw) |
k=0

~ k k ~al ~al ~a!
+Z| ' Drg, Do) [+ 17 foll3 + I F I3+ 125 g e+ 2 hgel 3+ IR f2 13, (3:2)

and the definitions of f,g, fo and the number s’ have been given in Section 2. We will
divide the proof procedure of (3.1) into the following four steps.

Step 1. The basic L?-energy inequality of (w,v).
By Lemmas 2.1-2.3, we have that for small 7 >0 and ¢ > 1,
hl[w||3+h[|T 0|3+ ] Ns'VvHﬁJthhwfH%JrhllhfS'Uf\E

t
+ (1 volid+ e

34 |7 oc |+ |17 Vor |3)

t
<Cll(w0,00) e+ Cpi? / H sﬂuzdr+c<n> | My, 63)
0

where M(7) is defined in (3.2).
Step 2. The H'-energy inequality of (w,v).
By Lemma 2.5 with k=1 and Lemma 2.1-Lemma 2.3, we have that for small # >0,

s'+m

HlxoDwl3+Hl1# xoDol+ [ (117 X000 ae
T

t ! /! /
SC[ (I Vol3+/lnT* vf\|%+||f5vH%+M(f))df+C||(wo,vo)H%ﬁ
0

S-H’VZ

SCII(Wozvo)HipﬂLcﬁhZ )
T0

H dT+C(y / M(% (3.4)
From Lemma 2.6 with k=1, we see that

o3+l T arvnz+ [ 1#averviar

<C||(wo,v0)|I7

t !
|| 2 Carrcon [ L@v.o M@ 65)
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In addition, by Lemma 2.7 with k=0, we arrive at

r~]1

h\\xlarw\]2+/ X1 T dev||2+HX1~s+mH>

<Cllwoolia+cr [ || S

I Vel [ L (V1) () )
Collecting (3.5)-(3.6) and (3.3) yields
t , ) .
nlhaDwl+ [ |t Vdioo|jaz
T

t
<Cll(woo0)|2a+Cr | |
L)

This, together with (3.4), yields

t !
hHDw||§+/ |75 Vdivo|3dt

<Cllwnon) i+ [ | [ +cn) [ Mz
Next, we rewrite (2.5a)-(2.5b) as
div(¥v) =—1° " 'fff’ +THm S
and
_ny'Av+gzjz = —(14a)ht¥ v — 7 " ahv+ (u+A) Vdivo+1° g.

Then by Lemma 2.8 with =790 and P= 2%, we obtain

sl +m’

17 Dol + | e
<C||% ~s+mdw C ~s'+m ¢ |12 C h~s/ 112
0 ° il + e o

+Cll 1v||z+C||fs Vdivo|3+C|| 7 g 3.

From (2.5a), we see that
dw 1 .
D (E> = —_T_—dezvv+Dfo.
Together with (3.7), this yields

t
/To

25 +mD( ) H dt < C||(wp,v0)]?

X ez e [ (1= meerviB
s+m %

Vw |12 N
f_s,_i_mHZ"‘C(ﬂ)/?oM(T)dT

THMH +C(y /M

49

(3.6)

(3.7)

(3.8)

(3.9)
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By applying Lemma 2.1 and (3.9), we arrive at

~S' +m

/r
T

Substituting (3.3), (3.7), (3.10) into (3.8), we obtain

IRGatat e B +mH )it
<Cll(wo,00)1% e [ M
T

This, together with (3.7), yields for small # >0

t
d%g C|| (wo,v0) ||§{1 +C17/~ )
T

Vw |2 b s
T ||, +C) /fOM(T)dT. (3.10)

IDwl+ [ (17 D20l + 5o 13 ) 2 <Cllanon) € [ Mz, @

Step 3. The H?-energy inequality of (w,?).
At first, we have that from (2.5b)

—uAv—(u+A)Vdivo=—(1+a)hvs— (XThv— T#Vw—kg.

By the regularity theory on the second order elliptic equation system, we obtain

wh
_hUT_ ?U_ -LN—ZS +m

<C(|IhT*ve |3+ |17 0ll3+ || Vel 3+ || 7 gH%)-

|7 D?0|)3 <C?*

This, together with (3.3) and (3.11), yields

sup 1|7 D0|[2 < C|| (wo,00) |2 1+c/ M(%)dt+C sup h|| % g(%)|2. (3.12)

Ty<T<L 1<t<t

By Lemma 2.5 with k=2, (3.11) and (3.3), we get for t > %

t D?*w
hHXoDzsz%—k/l (H X0D3UHZ+HXOS T H )dT<CH w0,V || +C/ M(t)dt. (3.13)

By Lemma 2.6 with k=2 and Lemma 2.7 with k=1, one has respectively

itk [ 1+ 0V @) 30

<C||(wo,v0)|I7

H d%+C(y /M (3.14)

s+m
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and

2 e

s'+m

Hl|x19r arw||2+/ |2 5 Vdio(@rv) |3+ x

<l wo,v0) o+ [ |
0

ofw - =/ 2 2 -\ 7~
Lo [ (17 aL@ v B+ me)de
Combining (3.14) and (3.15), we see that

t !/ — ~
h|\X1aer||§+[ 12 Vo (ar V) |2d
To

2 lz_w 2 5 t N
<Cll(awo,00) 3, | az+con [ M@z
o

f—s’+m

And combining (3.16) with (3.13), we obtain
t !/
h\\aeryy§+/ 12 Vdio(3ro) 347
T

<C||(wo,v0) I3

T de%-l—C(iy)/;M(f)df

zs'+m

In addition, we can rewrite dr(2.5a) and dr(2.5b) as

dw
dat

=~ u[A,Br)o+ [V, 9] 22— (1+a)hdros

S+H’l

div(#9r0) = ~s+mar( ) + 7y fo+ [div,ar] T 0,

o Vorw
—FSs yAarU_‘_,y_z_S/_i_r

— 7 ahoro+1° (u+A)dr Vdivo+7° org.

51

(3.15)

(3.16)

(3.17)

(3.18a)

(3.18b)

In order to apply Lemma 2.8 to estimate 7% D29rv and 7° Ddrv, we require to analyze
each term in the right hand sides of (3.18a)-(3.18b). Ar first, from (2.5a) we see that

arD (ZZ:) - —fimadeivv—i—arD fo,
and then by (3.17) we have
/ 7y D( )H 4% < C||(wo,v0) |2 WH dt+C(y /M

This, together with (3.10)-(3.11), yields

t
/fo

dw
dt

~s+ma< >H dt < C||(wo,vo) ||?

s+m‘

‘dr—kC /M 7)dt.

(3.19)
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On the other hand, it is noted that

ldiv,ar] 2 v]3 < C|| 2 Vol[3,
17 [A0r]ol3 < Cl|# D03,

(3.20)
H [V,ar] :[‘-S’+1 HZ = ;E_S/Jrl 2/
|75 0r Vdivo||3 < C(||7° Vdivaro||3+ || 25 D?v||3)
Then by applying Lemma 2.8 for (3.18a)-(3.18b) and using (3.19)-(3.20), we obtain
aer _
NG T e
2 oFw |12 N
<C||(wo,00) I3 I farrcm) / M(z)ar
which means that for small 7 >0,
a Dw
/ (1= a H )z <C|l(wo,v0) HH2+C/ M(z (321)

Next, we estimate ||[D?w||3 and | || Tt H%dr It follows 9,(2.63) with k=0 and direct

TS ! +m
computation that

2 Y 2
(14+a)h(oiw)z+ (2y+A)TZS +2ma,w

——L(E)%V,Z)Jraff—kf—mL(V,Z)—kf—m <—2haf(arvr)+arg,

+L(V,2)— Dilarvy+L(a%V,1)). (3.22)

Computing [ x7(3.22) x 97wdy yields for small 7 >0,

1—|—uc d X18w
e S Ll
<cl|# L<arv,z>r|2+\< %) O LY.
~s g F
+CI 32(3y00) B+l argr I+ CIlE a0 3| B 329

Integrating (3.23) with respect to the variable T over (%,t) and using the results in Lemma
2.6-Lemma 2.7, then we arrive at

a w
h| x107 A

H 4% < Ch| (wo,v0) HH2+C/ M(z (3.24)
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Combining (3.13), (3.17), (3.21) and (3.24) yields

t
mip?wl3+ | (|1#D%orol3+|
]

HmH ) < Chll(wo,00) 2+c/ M(£)d%.  (3.25)

Noting that v satisfies the following second order elliptic equation system

. ah 0%
—uAv—(pu+A)Vdivo=— (1—|—zx)hv~—?v—WVw+g, (3.26)
v=0 on Sy,
we then have
wh 0%
||vHH3<CH— 1+zx)hv~—?v—me+g’ - (3.27)
which implies
! ! ol vw
12002 <C (It oel 4175 Yol + 18+ g ) @29
Combining (3.12), (3.25) and (3.28), we arrive at
=5’ 192,112 22 [ 3
D0l +hl Dwl3+ [ (17 D%l3+] D )a
t
<Cll(wo,00)[F+C | M(2)dz+C sup h]7g(2)]3 (329)
L) To<Tt<t
Thus, by (3.3), (3.11) and (3.29), we have obtained
t /
NQ(fo,t)SCH(WO,UO)H%{z‘f—C[ M(%)dz+C sup h||T°g(?)|)5. (3.30)
% T<T<t
Step 4. The H>-energy inequality of (w,v).
By Lemma 2.4 and (3.30), we have
, t
Hlne oc B+ [ (Iwee |3+ vec |)az
]
t /!
<Cll(wo00) s +C [ M()aT+C sup 1 g(7) 3 (3.31)
% fH<T<t
Due to (3.28) and (3.30), one has
) t
H# )3 <Cll(w0,00) 35+C [ MD)THC sup hIF gD (332
w0 To<t<t

On the other hand, it follows from (3.26) that

. wh
—ulve— (p+A)Vdivoy = —(14+a)hvezr — <?U> - (%Vw) l~r+g1~—. (3.33)
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Noting that we can obtain for

|- aphore = (%F0) - (sl Vo) +e

T

2
) o +HWH +ng||2>- (3.34)

<C(llhorela+ 12 orll2+ 117202+ | 2

Then it follows from (3.33)-(3.34) and a direct computation that
Int Doz 3
<C (I ore 3+ 17 e -+ 2203

V'Z/Uf-
Ts’+m

7 ge B+ D203+ ]|+

2) . (3.35)

S+ﬂ’l‘

This, together with (3.30)-(3.31), yields

t / t !
[ |he° D201~—||%dT§CH(wo,vo)H%{H—C/~ M(%)dt+C sup h||7° g(7)|5. (3.36)
T T

T <E<t

We now focus on the estimates on D3w. At first, by Lemma 2.5 with k=3, we have such
an interior estimate

s+m

t

s/ XoD3w L

HxoD%wl+ [ (17 xoD*ol3+ | X5 Y ae
0

t !
§C||(w0,vo)||f{3+C[ M(t)dt+C sup thsg(%)H%. (3.37)
0

Ty<T<t

In addition, by Lemma 2.6 with k=3 and Lemma 2.7 with k=2, we have

by L . 9,02 -
HlxdtDwl+ [ Hrsxlv<a%v>|\%+r|r5xlww<a I+ 2T | Y ar

=s'+m

t !/ !
<C|(wo,00) |2 H dt+C( )/ (17 Do |2 + |1 D20r |3+ M(2) )d7

<Cllawo,0) 3 +C / )

+mH dt+C(1 /M T)dt+C(n) sup h|F ()3 (3.38)

To<t<t

Combining (3.37) and (3.38) yields

t ' g . a 8 w -
hy|a%Dw||§+/ Ik V(a%v)||§+|yr Vdio(3o L H )at

s+m

<Clwn )l +Cn [ [ 2

o ‘d T+C(y /M T)dt+C(n) sup T ()3 (3.39)

To<T<t
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In addition, we rewrite 8%(2.5&1) and 8% (2.5b) as

div(7° 9%v) = s+maz(”;i’) M2 o+ (div, 93] v
L V2w w 3.40
— 75 uAZv+ fs,gn =75 u[A, )0+ [V, 7] Z+m (1+a)ht* 9}v: (3.40)

. ah820+(y+)\)r 02V divo+ 1% 9%g.

As in (iii), in order to apply Lemma 2.8 to estimate ¥ D23%0 and 7 D( i =), we require
to analyze the terms in the right hand sides of (3.40). At f1rst from (2.5a) we see that

dw
2 2
orD (dr) 8 2Ddivo+02D f.

Together with (3.39), this yields

f Lo () ot

t
<Cll(awoo0) s+ | |
T

D3w 2, _ t 2
| az e [ M@azcin sup HiF g @4
0

Ty<t<t

Collecting (3.19) and (3.41), we have

f 25/ d
/%O "+ 82< w)

77 dT
<Cllo2)lzs+Cr [ |
T

D3w |2 ~ f ~\ g~ ~s' ~\12
7fsl+mH2dT+C(17)/fM(T)dT—i—C(ﬂ) sup H||Tg(F)3 (3.42)
0

H<E<t
It follows from direct computation that

|[dio,83)7 0[3 < C|| 7 D2,
I#/[8,33]0]3 < Clle Dl

2]
v 55 <] s
|78 82dev|\2<C(||fs Vdivoto||3+ ||t D30||3).

(3.43)

By Lemma 2.8 for (3.40) and the results in Lemma 2.6-Lemma 2.10, we arrive at

[ 1wtz 222 )

w 2 B t ~ _
D [Parscon [ Mz sup e @) Gab
o

To<Tt<t

<Cll(wo00) B+Co [ |
0
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On the other hand, we rewrite 9,(2.48a), (2.48b) and (2.48c¢) as

1 1 1 1
(1+a)h(arw)f+%—ma$vr:arf—k%—mL(V,l)vL ( 700 v+ 98,4, (,)) (3.45a)
—(2y+A)azv,+%2%arw

(1+a)harvr+L(arv,, )+L(9,0rVr,0)+g-+L(V,1), (3.45b)

'wa

—0*Vr = —(14-a)ho: Ve +L(8%Vr,0)+L(3,0r V,0) — S

+er+L(V,1).  (3.450)
By 02[(3.45a) + m(?) 45b)] and direct computation, we have

Y
(1+a)h(@w); ZJM SO

_a3f+—L(V 3)+—-L(279r V1,0)
1 2 22 3 2
- T r rYrs ¥ 7 ar r L V, . .4
+f’“(2y+)\)< (1+a)hoz0;v,+L(0:0;0r,0) +L(370r Vr,0) +0;8,+L(V,3) |. (3.46)

Computing [ x7(3.46) x 9jwdy yields that for small 17 >0,

Xla wH

P e

SCHT 'Dol3e+ (X337, 07w))|

xi9;w H (3.47)

=s'+m

+C||7F L(3%0r Vi, 0) |3+ C|| 2 1. D?0| 2+ CM(%) + 111 H

Integrating (3.47) over (fg,t) and applying the results in Lemma 2.6-Lemma 2.10, we have

Fw
zs'+m

h||x19;

H dt

SCH(Wo/vo)HHerC/~ Hfs’L(af’arVrIO)H§+M(f))dT+C sup h[|Tg(7)[3.  (348)
T

T<T<t
From the equation 9,9r(3.45¢c), we see that
—330rVr = — (14+a)hd.0,0r Vr + L(339,Vr,0) + L(0202V,0)

B v0,0rV'w

—Z—ZS/—Fm +ai’argr+L(V/3>/

which means

|25 930r Vr||3

(3.49)

=s'+m

s/ s o a Dw
<C (17 DPorl3+ B D2l + 17 Dgoll3+ 77 Do+ | T ).
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Substituting (3.49) into (3.48) and using (3.28), we have

hHX’la’?,) "'S/-H’H
<CH(w0,vo)||H3+C /M dT+C17/ = ) dt+C(y) sup h||T°¢(%)|3. (3.50)
fy<t<t
Combining (3.39), (3.44) with (3.48)-(3.50), we arrive at
hHD3w||2+/ [E385% S+mH )
SCII(wO,vo)IIHmLC/~ M(%)dt+C sup h|#°g(%)|3,
7 f<t<t
which derives together with (3.30)
N3 (o, t )<CH(w0,vo)HH3+C/ M(2)dz+C sup h||7g(%)]. (3.51)
T0<T<t

Based on the above results in Step 1-Step 4, we now establish the following conclusion:

Proposition 3.1. Assuming y < %—l—% and N3(7,t) <1, then for t > %), we have
3
N3 (o,t) < Ch||(wo,v0) || 3+ Ch*+C (h;Nf (folf)ﬂthst(fo,f))- (3.52)

Proof. To prove (3.52), we require to estimate all the terms in right hand side of (3 51). By

the expression of M(%), we only need to treat the terms such as | (D?f,D%w)|, |25 " fo||? 130

17813, 17 g2 13 and || fz 3.

For (D3f,D3w), we see that
(D, D)= [
So

:_/50
:_/SO

Next we analyze each term in the right hand side of (3.53). Note that

(D*(wdive) D3>w+ D3 (v-Vw)D3w)dy

(D*(wdivo) D3>w+[D3?,0- V]wD3w+v-VD3wD3w)dy

_ ""‘S"H "*“

<D3(wdwv) D3w+[D3,0-V]wD3w— %diUU(D3w)2> dy.  (3.53)

/5 L (D3(wdwv)D3 )dy

1
=zm (D3*wdivoD3w+3D*wDdivoD*w+3DwD?divoD3w+wD3divoD3w)dy.  (3.54)
So
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In addition, since

(D3wdiva3w)dy‘ <C||# divo|

= o | 1wl
So

[D*w]l

D3w
<C||#* divo|| 2 S+mH |

<c(||zai +mH )ID%w]l,
we have
at
m/ (D3wdivoD3w) dy‘d’f
So
<c/ |2 divol |2 WH ) sup [[D%w(7)]l2
Ty<E<t
SCh_sti(fo,i’).
Similarly,
2 ; 3
~m‘ S, (D wDdivoD w)dy’
<C||# Ddivo|| || = +mH |ID%w]|»

<C<HT divo||?

D2 Py ipal,

which concludes

/t
T

1m/ (D*>wDdivoD3w) dy’dT<Ch 2Nz(l t).
So

We also have

t
/fo

gc/ |2 D2divo|| 2| 2
1

1m/ (Dtzdva3 dy‘dr
Sp

H IDw||~d?

~s+m

s+mH )dT sup || Dw| g2

T<T<t

gc/f:(HfS’de 2ot |

3
<Ch™2NZ (o, t)

(3.55)

(3.56)

(3.57)
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and

~1m/s (wD3diva3w)dy‘d‘['
0

/t
2l T

gc/f||f5’D3diwuLz +mH ]| d
<c/ 17 divo]|2 S+mH )dTT0s<qu<tHwHH2<Ch INZ (L), (3.58)
Substituting (3.55)-(3.58) into (3.54) yields
t - L (D3(wdwv)D3 dy‘dT<Ch ZNZ(TQ,) (3.59)

Analogously, we can arrive at

im / ([D3,U-V]wD3w— %divv(D3w)2> dy‘d% < Ch_%NE (To,t). (3.60)
So

/t
I T

Inserting (3.59)-(3.60) into (3.53), we have

3
2

N2 (To,t). (3.61)

N—

t ]. 3 3 ~ -
I <
/fo =" |(D°f,D’w)|dT <Ch

For the term || 75+ fo||2 5, it suffices to treat || 25+ D3 fy|[3 since the other left terms in
125+ fo |25 can be more easily estimated. It follows from direct computation that

||”L~'S +mD3f ||2
~25/ ]D3wdzvv]2dy—|—3~zs/ |D*wDdivo|*dy
~25/ |DwD2dwv|2dy+"ZS/ |wD3divo|*dy
So

C (|2 divo|[3+ | T Ddivo|[3..) | w2,
+ [ D2divv|y ([|w][2 + | Dew]ff)
<Cl1#* DolawllZp,

which derives t
[ 17D o BaT < O N (1), (3.62)

For the treatment on the term || g||2 <1, it is only enough to estimate | 7' D?g||3. Note that

1 .
§=—zu0 Vo= m+2/VP1( w)+a(l—a)hPE Ty —

w
Tl (3.63)
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To estimate ||7* D?g||3, we need to deal with each term in the expression of 7' D?g. It
follows from Holder inequality, Sobolev’s imbedding inequality, and direct computation

that
¥ D2 <f_imv-w) de%g Ch™IN2(%,1).

/t
T

In addition,

~s' 2
[0 (v,
Dw
< \Tm (Ilff+ | Dew]ff-)
Dw
<c|| ||’ Mol

which derives

fS’D2(T25+mvp1 )H d7 <Ch™'N3(%,t)).

t
/fo

For the term ||7* 7% Lo|3,,, we have

e (o),

14w
<C(||w||}~+||Dwl|}) || 2 D[} +C|| 2 D*wD?o|3
<Cllwl3sll7* Do|[fa+C|| D*w] 3] 7 D0l |7
<Cllwlzpll T Doll3s,

which derives

/T |
To
2

For the term a(1—a)h?% ™~ Ty, we see that

&5 DZ(
1+w Tt

t t
/||f5a(1—o¢)h2f—1+%y||§pdfg(:h2/ #2'~Ta %,
k) T

0

Note that the integrand function 72—t e [ (0,40) is required, one then has
4 Ba(y—1)—3+u
28— 4+1= 0,
e T+a <
which means )
< — —

t !
)H 4 <C sup ||wl?, /OHfS Do|[22d% < Ch™IN2(%, ).

(3.64)

(3.65)

(3.66)
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In this case,

i HT ‘w(1—a)h?t Fay||2,de < CH2. (3.67)
0
Thus, by (3.64)-(3.67) and (3.63), we arrive at
o 3
/f 175 g|20dT < Ch*+C <h%N32 (To,t) +h1N32(%0,t)>. (3.68)
0

Next, we treat || 17% gz 3. By the expression of g in (3.63), we require to deal with the terms

#'(4v-Vo)z, and ¥° (vfs l(ffi) )z, T (1% L)%, separately. It follows from direct computa-
tion that

# (L ovo) | <& 1o-Vo3+ /& "0 - Vo 3+ | & "0 Vor |3
" zll2 ™ 2 ' 2 o2

! o !
<(l[vlli=+ Do) (17 0ll3+ 17 vz |3+ || 7 Do-|13)
<Cl| 03 (17 015+ 1702 |5+ || 7 Doz 13),

which means

t 1 2
S 2 < [ [,
/fo ht (va Vv)f sz_Ch N3 (To,t). (3.69)
And
o VP1(w)
() =l +1VP1 H +0] m (VR )
Dw 2 Dwz
<C<||w||L°° Ts+m fs’+mw~ )Term H )
<c(Jlwli3-| HmH + | el e |3+ | Deve B ]2+ ),

which derives

g as ( VPLw) Y 2 —1n2( %
/fa ne () [ AT e INB (o). (3.70)
In addition, we have
, 2
s Lo
‘T <1+w )f 2
<C([Jwe]|% +lwll%) (17° D*0[3+ |7 Doz [3), (3.71)

which implies

2
at
2

/T ht® <1+ZULU>T

t / ~al ~
SC(HWHHﬁIIhwfII?{z)/T_ (Il D?0|3+||ht* D?v||3)d 1
0

<Ch™INZ(%,t). (3.72)
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Collecting (3.69)-(3.72) yields
t !
[ W 22T < CR2+Ch™ N2 (o, t). (3.73)
To

Next, we estimate the term ||/ fz|3. It follows from the expression of f and direct compu-
tation that

1 .. 2

FLN_—m(dw(vw))fr ,

1 . 1 ) 2 1 2 1 2
§Hf—mwfdwvH2+ %—mwdzvvf 2+ %—mef-vH[F T—me-vf )

<C([[divo|7s +|vllf + [[w] e+ V]| =) (J|we |15+ | divoe |3+ Vw5 + [0z]13)
<C(lollfe+lwllie) (lwellFn + ozl F),
which derives ,
| InfelBar < N3 (). 6.74)

Finally, we estimate the term sup; _;. |7 gll3;. As in the above, we require to treat
each term in the expression of 7° Dg. It follows from direct computation that

sup h||# "D (v-Vo)|3

T<T<t
<Ch(||#' Dv-Vol[3+|T¥0- VDo}3)
<Ch sup (||#° Do|j~||#° Do|3+|7° Do|i~ | T° D*0])3)

To<Tt<t
<Ch sup (|75 Dvl2.]7* Do)
To<Tt<t
<Ch N3 (%o,t) (3.75)
and
Y 2 _ -
n||# mp(vpl(w))uzgcmwugggczq IN2(, 1), (3.76a)
’ w 2 ’ w 2
~5 < ~5 2
Wl p ()|, =c# P (i P,

< Ch<\|fS’DwD2zJ|y§+ |7 wD%v) H%) < Chljw]|%s |17 0|25

< Ch INZ(1,t). (3.76b)
Collecting (3.75)-(3.76b) together with the expression of g in (3.63), we get
sup h||T° g|[24 <CH?+Ch N3 (%o,t). (3.77)
T <<t

Combining (3.61)-(3.62), (3.68), (3.73)-(3.74) and (3.77), we complete the proof of (3.52),
i.e., Proposition 3.1 is proved. [
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4 The proof of Theorem 1.2

In this section, we will complete the proof of Theorem 1.2 based on the results in Section
2-Section 3. Denote by ' =} (t7% —1) and define Nj(1,#) =h~!Ni(,t). Then we see that

hNi(1,t') = Ni(o,t)
2
kaz)

1 2
+\1RSDU\\§k+\\WRstT s

2
s

1
— 2 s
= Sup <h||wHHk+h||R 'UH k+hH ]_—|—D( Rw Hk1+hH(1—|—0¢)I{R Ut

1<t<t’

/1 Dw |2 1
+ (| =)

per T H 1+a)R""

2

Hk-1

RS

2
+Hm Or 2) (1+D€)th’f

R 1o

= sup_ (||w]Z+ IR0+ || v
1<T<t/ Hk , 1+lx R

+(1+a) h/ (HRsﬂ

— RS 2Doy,
H

2
T Hk—z)

2

1
e
Hk-1 Hk

Hk- 1+H (14a)

T
2
)dT.
2

ol

R”
Hk-1 H 14+«

1
s_1
R 2o,

i
-2

+H 1+« 1+«
Thus
Ni(1,¢)

R 1o

2
T Hk—z)

+|[RF2 Do,

= sup (Jwlfy IR+ | e

1<t<t

+(1+a) / <HR5+2

71{5
+H1+u¢

-1 (T+a)

R 2w,

Hk-1 + H 14+« Hk-1

S—
R ZvT

. 2+H - )dr. 4.1)

By the same proof of Proposition 3.1, we can obtain

Proposition 4.1. If N3(1,t') <1,y < %—i—% and ' >1, then we have

_ _3
N3(1,#') <C||(wo,v0) |7 +Ch+CNZ (1,t'). (4.2)
Based on Proposition 4.1, we start to prove Theorem 1.2.

Proof of Theorem 1.2. By Theorem 1.1, we know that problem (2.5a)-(2.5b) has a local
solution (w,v) such that w e C([0,T],H3(So))NC([0,T],H?(Sp)) and v € C([0,T],H} (So)N
H3(S0))NC([0,T),H} (So))NL?([0,T], H*(So)). From Proposition 4.1, the uniform energy
estimates for t'>1 are obtained when the initial norm || (wo,v) || gz <€o is small. Therefore,
it follows the continuity argument that problem (2.5a)-(2.5b) has a global small solution
and further (1.3a)-(1.3c) in Theorem 1.2 hold. [



64 H. C.Yin and L. Zhang / Anal. Theory Appl., 35 (2019), pp. 28-65

Acknowledgements

The authors were supported by the NSFC (No. 11571177 and No. 11731007) and a Project
Funded by the Priority Academic Program Development of Jiangsu Higher Education
Institutions.

References

[1] Cho Yonggeun, Choe Hi Jun and Kim Hyunseok, Unique solvability of the initial boundary
value problems for compressible viscous fluids, ]. Math. Pures Appl., 83 (2004), 243-275.

[2] Cho Yonggeun and Kim Hyunseok, On classical solutions of the compressible Navier-Stokes
equations with nonnegative initial densities, Manuscript Math., 120 (2006), 91-129.

[3] R. Danchin, Global existence in critical spaces for compressible Navier-Stokes equations,
Invent. Math., 141 (2000), 579-614.

[4] E. Feireisl, Dynamics of Viscous Compressible Fluids, Oxford University Press, New York,
2004.

[5] E.Feireisl, O. Kreml, S. Necasova, J. Neustupa and J. Stebel, Weak solutions to the barotropic
Navier-Stokes system with slip boundary conditions in time dependent domains, ]. Differ-
ential Equations, 254(1) (2013), 125-140.

[6] D. Hoff, Discontinuous solution of the Navier-Stokes equations for multi-dimensional heat-
conducting fluids, Arch. Ration. Mech. Anal., 193 (1997), 303-354.

[7] Huang Xiangdi, Li Jing and Xin Zhouping, Global well-posedness of classical solutions
with large oscillations and vacuum to the three-dimensional isentropic compressible Navier-
Stokes equations, Commun. Pure Appl. Math., 65 (2012), 549-585.

[8] Jiang Song, Global spherically symmetric solutions to the equations of a viscous polytropic
ideal gas in an exterior domain, Commun. Math. Phys., 178 (1996), 339-374.

[9] Jiang Song and Zhang Ping, Global spherically symmetric solutions of the compressible
isentropic Navier-Stokes equations, Commun. Math. Phys., 215 (2001), 559-581.

[10] Y. Kagei and S. Kawashima, Stability of planar stationary solutions to the compressible
Navier-Stokes equation on the half space, Commun. Math. Phys., 266 (2006), 401-430.

[11] P. L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 2. Compressible Models, Oxford
University Press, New York, 1998.

[12] A. Matsumura and T. Nishida, The initial value problem for the equations of motion of
viscous and heat-conductive gases, ]. Math. Kyoto Univ., 20(1) (1980), 67-104.

[13] A.Matsumura and T. Nishida, Initial boundary value problems for the equations of motion
of compressible viscous and heat conductive fluids, Commun. Math. Phys., 89 (1983), 445-
464.

[14] J. Nash, Le probleme de Cauchy pour les equations differentielles d'un fluide general, Bull.
Soc. Math. France, 90 (1962), 487—-497.

[15] D.Serre, Solutions faibles globales des équations de Navier-Stokes pour un fluide compress-
ible, C. R. Acad. Sci. Paris Sér. I Math., 303 (1986), 639-642.

[16] V. A. Vaigant and A. V. Kazhikhov, On the existence of global solutions of two-dimensional
Navier-Stokes equations of a compressible viscous fluid, (Russian) Sibirsk. Mat. Zh., 36
(1995), 1283-1316, ii; translation in Siberian Math. J., 36 (1995), 1108-1141.

[17] Xu Gang and Yin Huicheng, The global existence and large time behavior of smooth com-
pressible fluid in an infinitely expanding ball, I: 3D Euler equations, Phys. Scr., 93(10) (2018),



H. C.Yin and L. Zhang / Anal. Theory Appl., 35 (2019), pp. 28-65 65

105001.

[18] Yang Tong, Yao Zhengan and Zhu Changjiang, Compressible Navier-Stokes equations with
density dependent viscosity and vacuum, Commun. Partial Differential Equations, 26(5-6)
(2001), 965-981.

[19] Yin Huicheng and Zhang Lin, The global existence and large time behavior of smooth com-
pressible fluid in an infinitely expanding ball, II: 3D Navier-Stokes equations, Discrete and
Continuous Dynamical System-A, 38(3) (2018), 1063-1102.

[20] Yin Huicheng and Zhao Wenbin, The global existence and large time behavior of smooth
compressible fluid in an infinitely expanding ball, III: 3D Boltzmann equations, J. Differen-
tial Equations, 264 (2018), 30-81.



