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Abstract. We review some recent results in the literature concerning existence of con-
formal metrics with constant Q-curvature. The problem is rather similar to the classi-
cal Yamabe problem: however it is characterized by a fourth-order operator that might
lack in general a maximum principle. For several years existence of geometrically ad-
missible solutions was known only in particular cases. Recently, there has been instead
progress in this direction for some general classes of conformal metrics.
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1 Introduction

A classical problem in conformal geometry is the Yamabe problem, consisting in deforming
a background metric on a compact manifold (M,g) so that its scalar curvature becomes
constant. This can be considered as an extension of the classical uniformization problem
for two-dimensional surfaces and has received a lot of attention in the literature, see [34]
for a general introduction to the problem.

The scalar curvature of a manifold transforms conformally according to the law

Lou+Rou= Rgun- g:uﬁg, (1.1)

n+2
s

where L, is the conformal laplacian, defined by

4(n—1
Lep= —((nn_z))Ag‘P+Rg4’~

The latter operator transforms covariantly, namely one has

]

Le(ugp) =ui2Lg(9). (1.2)
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The Yamabe problem then amounts to finding a positive solution to (1.1) with Rs equal
to a constant. This constant can be viewed as a Lagrange multiplier when considering
the following minimization problem
uLoud
Y(g)= inf JutLgudis (1.3)
ueWi2(M,g),u#0 2n_ n
(fM |u| ”’zdl/‘g)

It can be proved using (1.1) and (1.2) that the latter quantity is conformally invariant.

Since the Sobolev embedding W'?(M,g) — Li2 (M,g) is not compact, it is a-priori
not clear whether a minimizer exists. In [44] the problem was attacked by lowering the
exponent by a small amount and trying to pass to the limit: however the original proof
of convergence was faulty. In [41] existence of minimizers was shown provided Y(g) is
smaller than a given positive dimensional constant (and in particular when it is negative
or zero). In [1] it was shown via a compactness argument that minimizers exist pro-
vided Y(g) < Y(gs), which was verified in dimension n > 6 if (M, g) is not conformally
equivalent to the standard sphere. Under this latter assumption, in [39] the same strict
inequality was proved in the complementary cases, i.e., for n=3,4,5 or (M, g) locally con-
formally flat. While the argument in [1] exploited a local geometric expansion involving
the Weyl tensor, the one in [39] relied on the Positive Mass Theorem in general relativity.

We next discuss some higher-order analogue of the above problem. In [2] T.Branson
introduced the following fourth-order operator in dimension n > 5:

) . n—4
Py = Azu—divg (a,Rgg+byRicy) du+ Tqu/

where
o (n—2)2+4 b 4
" 2n-1)(n—-2) " n-2
The function

1 n—4n?+16n—16 2
=-—— AR 2 —
Qo= 5 —1) 2R T g2t X~ 2

)2 ’Ricg‘z

is the so-called Q-curvature (see [14,18,29] for more general operators and formulas). As

. . . 4 .
for Lg, the operator P, is conformally covariant: if §=u#-4¢ is a conformal metric to g,
then for all ¢ € C*(M) we have

n+4

Pe(ugp) =ur=Ps(¢). (1.4)
Moreover one has the following conformal transformation law

n+d -

Pyu=Qgqun+, g:uﬁg, (1.5)

analogous to (1.1).



A. Malchiodi / Anal. Theory Appl., 35 (2019), pp. 117-143 119

Formulas (1.4) and (1.5) naturally suggest a higher order version of the Yamabe prob-
lem, i.e., given (M",g) does there exists a conformal metric of constant Q-curvature? Due
to (1.5), this amounts to finding a positive solution of

n+4

Pou=Aun-4, (1.6)

with A €R.
In dimension four the corresponding equation is

Pyw+2Qq =Ae*", (1.7)

with conformal metric written as § = ¢?”g. In this case the conformal factor is always
positive and the progress on this problem was obtained earlier compared to the higher-
dimensional case, see [3,8,10,23,33,36]. For prescribed variable curvature, we also men-
tion the papers [7,15,21,37].

In dimensions n >5, there were some results in particular cases. In [9] some compact-
ness results for solutions of (1.6) were proven, assuming that that P, with constant coeffi-
cients (as it happens for Einstein metrics), which allows to factorize the Paneitz operator
as product of monomials in the Laplacian and to apply the maximum principle iteratively
(see also [42]). In [13], for manifolds of dimension 7 > 8 and non locally-conformally flat
(as a counterpart of [1]), solutions to the following equation were found

Pgu:/\]u|%u.

However the authors were not able to determine the sign of solutions, so these could
have been possibly non geometrically admissible.

In [38] the authors were able to find positive solutions to (1.6) on locally conformally
flat manifolds of positive scalar curvature. This was done using the approach in [40] via
the developing map, under the assumption that the Poincaré exponent of the manifold
is less than (n—4)/2. In [25] the authors proved a compactness result for (1.6) on lo-
cally conformally flat manifolds with positive scalar curvature, assuming positivity of the
Paneitz operator and of its Green function. They also needed a suitable version of the pos-
itive mass theorem for the Green’s function of the Paneitz operator, verified later in [26].
Other results about the prescription of Q-curvature can be found in [4-6,11,12,20,24,31].

In this note we are going to describe some recent progress on (1.6), from papers where
suitable maximum principles were proved for the Paneitz operator. In [19], the following
pointwise conditions were imposed on the Q-curvature and the scalar curvature

>
{ Q>0 and Qg >0 somewhere, (18)

R¢>0.

Under these assumptions it was proved that the Paneitz operator enjoys a maximum
principle, namely that if a smooth function u satisfies Pyu >0, then either >0 or u=0 on
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M". This result was proved by showing, naively, non-negativity of the scalar curvature
and then for the conformal factor (the rigorous proof using a homotopy argument).

As an extension of a result from [22] (concerning the four-dimensional case), under
the same assumptions it was also proved that the Paneitz operator is positive-definite.
As a consequence of this fact one has that the Green’s function with pole at p, denoted
Gp(p,-), exist and it is positive away from p. In fact, something more precise can be
deduced: if n <7 or if (M, g) is locally conformally flat, it can be proved that Gp satisfies

GP(P/')(X):W—FajLOM)(r), (1.9)

with « >0 and a =0 if and only if the manifold is conformally equivalent to the round
sphere, a fourth-order version of the positive mass theorem.
Consider then the quantity

u(Pg,u) du
?go[”]: fM 80 531(1;4'

(fM”% dﬂgo) '

When M is not conformal to the round sphere and either n=5,6,7 or M is locally con-
formally flat, the above property was used to prove that there exist conformal factors for
which Q is non-negative (and not identically zero), the scalar curvature is positive and
such that Jg, [u] <S,, the spherical Sobolev constant (see (4.1)). Exploiting a result in [13],
the same was shown for dimension 7 > 8 still for non locally conformally flat manifolds.
In [19] it was then introduced a parabolic flow that preserves positivity of the confor-
mal factor and of the scalar curvature and that sequentially converges to a (geometrically
admissible) solution of (1.6).

After [19] appeared, in other papers the above results were made progressively con-
formally invariant. In [28] a maximum principle was proved for the Paneitz operator of
manifolds with positive Yamabe invariant and non-negative (and non-zero) Q-curvature.
Under the same assumptions, problem (1.6) was attacked in [27] using a dual formulation
of Fg,. In particular, the authors considered the following quantity

S fGpfdug
7H}4||2 ) (1.10)
L1 (M,

©s(g)=  sup
2n
feLmea(M)\{0} g)
They showed that if (M, g) is not conformally equivalent to the round sphere, then ®4(g)
is strictly larger than @4(gs») and that maximizers exist and lead to solutions of (1.6) (in
relation to a result in [1]). Finally, in [16] the following quantity was introduced:

n—4 inf 7fMdi‘ui.

Yi(¢)=
! (g) 2 ge[g]ng>0 VOlg(M) n
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It was shown via a continuity argument that if n>6, Y(g) >0 and Y; (g) >0, then it is
possible to find a metric conformal to ¢ with positive scalar curvature and positive Q-
curvature. By the results in [19], this implies the existence of a conformal metric with
constant and positive Q-curvature.

The restriction on dimension is believed to be just of technical nature and it is expected
that it could be removed. It would also be interesting to find such kinds of uniformiza-
tion results in cases when either the Yamabe quotient or the Q-curvature (or both) are
negative. Another interesting aspect is to analyse the compactness of solutions of (1.6):
apart from those in [25], some results in this direction are available in [43] and [35].

The plan of the paper is the following. In Section 2 we describe the maximum prin-
ciple proved in [19], as well as the extension of the positive mass theorem in [26] to ar-
bitrary manifolds not globally conformal to the round sphere. In Section 3 we describe
a conformal flow introduced in [19] that preserves the positivity of the conformal factor
and satisfies suitable monotonicity properties. In Section 4 we prove sequential sequence
of this flow, once we choose suitable initial data with low Sobolev quotient. Finally in
Section 5 we describe some conformally (or partially-conformally) invariant extensions
that provide existence of metrics with positive and constant Q-curvature.

2 Maximum principle for the Paneitz operator and its Green’s
function

In this section we discuss a maximum principle for the Paneitz operator and study some
relevant properties of its Green’s function.

Before discussing the maximum principle, we state a preliminary lemma relating the
Q-curvature and the scalar curvature via an iteration of the classical maximum principle.

Lemma 2.1. Suppose (M",g) is a compact manifold, with n>5. Assume that Q¢ >0 with Qg >0
somewhere and that Rg > 0. Then we have the strict inequality Rg > 0.

Proof. By definition of Q,, the Q-curvature can be written as

1 .
Qg= —mAgRngcl(n)R;—cz(n)|chg|2, 2.1)
with c1(n),c2(n) >0. Since Q, is non-negative, we have that
1

By the strong maximum principle, it follows that either R¢>0o0r Rg=0. In the latter case,
(2.1) would imply

Qg =—c2(n)|Ricg|* <0, (2.3)

a contradiction. O
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We have next the main result of this section.

Theorem 2.1. Suppose (M",g) is a compact manifold, with n>5. Assume also that Q¢ >0 with
Qg > 0 and that moreover Ry > 0. If u € C* satisfies

Pgu >0, (2.4)
then either u>0 or u=0 on M". Moreover, if u>0 and if h= uﬁg, then Qy, > 0and R;, > 0.
Proof. For A€(0,1] set
uy=(1—A)+Au. (2.5)

Then up=1 and u; =u. Suppose that miny» u <0, and define A € (0,1] by
)L()Zmln{)\E(O,l] : rrA}IlnnuA:O}. (2.6)

Then if 0 <A <Ay we must have u, > 0. Define also the metrics

gA—ui/(n 4)g, (2.7)

and let Q) be the Q-curvature of g,. Note also that for 0 <A <A, we have Q) >0 and
Q) >0 somewhere. This is a consequence of the following formula

2 nir4 2 Z+4
Q/\:n_4 4Pgu/\—ﬂ /\ 4{Pg( 1 /\ +/\1/l)}
2 _nt4 2 nid n—4
n_4uA”’4{(1—A)Pg(1)+/\Pgu} ﬂ”)\ 4{(1—)&) Qg—l—/\Pgu}
_ntd
>(1 _/\)Qg”)\ e (2.8)

Since A <Ag <1, by the assumptions on Qg, we have that Q) >0 and it is not identically
zero.

Let now R, denote the scalar curvature of gy. We will show that if 0 <A < Ay, then
R, > 0. This is indeed true if A =0. Assume now by contradiction that there exists A; €
(0,Ap) with minR,, =0: this would however contradict Lemma 2.1.

By (1.1) it follows that

. B B 2
_7{_4(71 1) 8(n—1) [Vgup| +Rgm}. (2.9)

(n—4) " m—22  u,
Since R) >0, the conformal factor u, satisfies the differential inequality

(n—4)

<~ 7
Agr < 4(n—1)

Rqii). (2.10)
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By continuity, this must also hold when A = Ag. By the strong maximum principle, (2.6)
and (2.10), it follows that u,, =0. If Ag =1, the proof is over. Assuming instead that

Ao €(0,1), it follows from (2.5) that u = — (1%\0) , and therefore
. n—4 (1 — }\0)
Fou=— ( 2 ) Ao

Since Q, is somewhere positive, this contradicts the fact that P,u > 0. We conclude that
either u=0 or u>0.

If u >0, the tensor field h = uw's g is a Riemannian metric with non-negative Q-
curvature. Once more, consider the functions {u,} as in (2.5) and the metrics g, as in
(2.7). Then Ry, satisfies (2.9) and by the strong maximum principle we must have that
either R) >0 or Ry =0. Recall by the previous lemma one has R > 0. Therefore, it cannot
be R, =0 since we are in positive conformal class. It then follows R, >0 for all A €[0,1],
as desired. O]

Qg

We next state a result on the positivity of the Paneitz operator, proved in [19]. We only
report the proof of the last statement, for brevity reasons and limit ourselves to mention
that the arguments missing here rely on a Bochner formula and a subtle integration by
parts.

Proposition 2.1. Under the assumptions of Theorem 2.1 the first eigenvalue of the Paneitz
operator is positive and hence P, is invertible. As a consequence, we also have the fol-
lowing inequality for a Sobolev-type quotient

qo(g):: inf fM¢Pg¢ d]/lg

- > 0. (2.11)
PpeW2(M,g)\{0} (il duyg)

n—4
n

Moreover, if Gp denotes the Green’s function of the Paneitz operator with pole at p € M",
then Gp>0on M"\ {p}.

Proof. We just prove the latter assertion. Let (f;) be a sequence of non-negative functions,
whose supports shrink to {p}, p€ M and such that [}, fidpu,=1for all j. Then f;—J, in the
sense of distributions. By the property on eigenvalues of P, we have a unique solution
G;j to PyG;j= f;. By standard regularity theory one has that

Gi—Gp in ChL.(M"\{p}).

loc
By Theorem 2.1 it follows that G; is positive on M, and hence Gp(p,-) >0 on M"\ {p}.

4
Suppose by contradiction there exists xo 7 p such that Gp(xo) =0 and let ;= G;*g.
By construction, P;G; >0, hence by Theorem 2.1 the metrics g; satisfy Rg], >0, ng >0and
not identically zero. Hence the scalar curvature of g; satisfies
1

—— A, R, <cq(n)R>

21y oRe < 2. (2.12)
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From the proof of Lemma 2.1 (see (2.10)), it follows that G; satisfies

(n—4)

Therefore we have that
(7’1 _4) n
< .
Ang_4(n_1)Rng on M"\{p}
By the strong maximum principle, Gp(p,x9) =0 implies Gp =0, a contradiction. O

We next study in more detail the regularity of the Green’s function Gp with pole at p.
Recall the construction of conformal normal coordinates constructed in [34]: first, a suitable
choice of conformal factor is made and then standard normal coordinates are used for this
deformed metric. The following result is proved via the classical method of parametrix,
with a careful expansion of the lower-order terms in the Paneitz operator.

Proposition 2.2. Let (M",g) be as in Theorem 2.1. Suppose also that either n =5,6, or
7, or that n>5 and that (M",g) is locally conformally flat. For p € M, consider the with
conformal metric ¢ as in the construction of conformal normal coordinates. Then there
exists a constant « such that in those coordinates one has

—_ Cn )
Gp(x) dg(x,p)”*4+a+o (1), (2.14)

where ¢, = ¢ L wy_1=]5""1 and f=0O® (r™) denotes quantities that satisfy

nfz) (1’!*4)(4),171 /
Vif(@)] <G
for 1<j <k, withr=|x|=dg(x,p).

We next prove a positive-mass theorem for the Paneitz operator, which will be useful
for finding conformal metrics with constant Q-curvature. The proof is an adaptation of
the argument in [26], where the result is obtained in the locally conformally flat case.

Theorem 2.2. Suppose the conditions of Theorem 2.1 hold true and let « be the constant given
in Proposition 2.2. Then one has o >0, with « =0 if and only if (M",g) is (globally) conformally
equivalent to the round sphere.

Proof. Denote by G, the Green’s function of the conformal laplacian L= —A+ MRg

4(n—-1)
with pole at p. Similarly to [26], consider the conformal metric

A

4
§=G[, 8- (2.15)
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A

The open manifold (X",¢), X" = M"\{p}, is asymptotically flat and scalar-flat. Define
also

_n4
o= GL,;*2 Gp. (2.16)
By (1.4) we have
_n-d _ntd
qu) =P 4 (GL,;J Gp) = GL,;Q Pg(Gp) =0.
GL/p 8
As Ry =0, we have that
Qs=—2|4¢/%, (2.17)

where
1

Ag=——(Ri Rs
T2\ M T -8
is the Schouten tensor. Recalling the definition of the Paneitz operator, we also have

0=Py®=A3P+divg{ (4A5(VD,) } — (n—4)| Ag . (2.18)

For a small 6 >0, let Bs be the geodesic ball centered at p of radius § >0, with respect
to the metric g. Integrating (2.18) on M"\ B; and applying the Green'’s formula we get

M™\B;

:/MH\B_{A§q>+dng{(4Ag(vq>,.)}_(n_4)mg|zq)} ”

:§£ {a(qu’)+4A£(V¢IV)}d5§—(n—4)/ | Agl?® dpg, (2.19)
3B, L OV .

where v is the outer unit normal to dBs with respect to the metric §.
Since ¢ is scalar-flat, we find

0 0
3, (Ag®@) = ~3, (Lg®). (2.20)
Using (1.2) we find also
Li®=G, Lg(Gf,p Gp). (2.21)

Let r(x) =d¢(x,p) denote the distance from p with respect to the metric g. By Lemma 6.4
of [34], one has the expansion

N { r=240(r), if n=5,

G} =4 r2+0(r’logr), if n=6, (2.22)
r24+0(r?), if n=7.
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Together with Proposition 2.2, we then have

G, ZGp_cn 2 ar 24 0(r ). (2.23)

From the asymptotics of the Green’s functions and the fact that, in conformal normal
coordinates, R, =0(r?) we find

n— 2 n— 2 (7’1 2) n— 2
——~Rq
(G Gp) = (G Gp)+ 2(n=1) %8 Gi, Gp
=2(n—4)ar *4+0(r* ")
=2(n—4)ar *40(r %), if 5<n<7. (2.24)
By (2.22),
_n+2
Gyt =r"2o(rm), (2.25)
and therefore
n+2
Le®=G, 2 Ly(GF 2 Gp) =2(n—4)ar"24+0(r" ). (2.26)
It is easy to check that
d --2.9
EZ_GLP 25, (2.27)
hence from (2.23) and (2.26) we deduce
d _
afv(Lg«b)\335:—2(74—2)(;1—4)0{5" Lro(sm). (2.28)

Concerning the surface measure, we have the transformation law

2(n 1)
05 = yﬁ G dSy =, 18" "+ (52, (2.29)
B; B;
Therefore, the first boundary term in formula (2.19) becomes
55 9 (8g®) dSg=2(n—2)(n—&)wy10+o(1), (2.30)
9B 81/
while the second one satisfies
55 4A4(VO,v)dSg=0(1). (2.31)
9B,
These imply
2(n—2)(n—4)w, 10— (n—4)/ | Agl?® dpg+o(1). (2.32)
M™\B;

As a consequence, we have « > 0. If x =0, then ¢ has vanishing Ricci curvature and
hence (X",§) is isometric to the Euclidean space (see [39], page 492). The proof is thereby
concluded. O
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3 A conformal flow

Throughout this section we will always assume that (M, go) is a compact manifold sat-
isfying the assumptions of Theorem 2.1. By Proposition 2.1, the Paneitz operator Py, is
invertible and hence it makes sense to consider the initial value problem

Ju _ n+4

g:_u_FyPgol(’u ”ti>/ _fMngOu d]lgo 3.1)
e .

u(-,0)=1, fM’“‘""*dﬂgo

It is rather standard, via a fixed point argument, to show the following result.
Lemma 3.1. There exists T € (0,+00] such that the flow (3.1) has a smooth solution for 0<t<T.
We first show that the positivity of the conformal factor is preserved.

Proposition 3.1. For every 0 <t <T one has the inequality

u(t,x)>0. (3.2)
Proof. Formula (3.1) implies
) 0 14
= Pott =P <at ) — Py u+p|u| 5, (3.3)
which in turn leads to
0
ngou > —Pg,u. (34)
Integrating this inequality we obtain
- _ n—4 _
Pooti(t,x) > e~ Peyu(0,x) =¢™' Py (1) = 5 ¢ "Qg, (). 3.5)
This implies Py u >0 with Pg u >0 somewhere. The strong maximum principle in Theo-
rem 2.1 implies u >0 for t € [0,T), giving us the desired assertion. O

Remark 3.1. As a consequence of the latter proof one has that Q, >0 for all t € (0,T).
Since u is positive, (3.3) implies that

n+4
ngOu > —Pgu+puns,
from which we deduce that Py u >0 for every t € (0,T).

Since u >0 for all existence times, (3.1) can also be rewritten as

n d
T e e 0y 6)

ot fM”” T dug,

We show next that along the flow we have a conserved and a monotonic quantity.
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Lemma 3.2. If u solves (3.6), then for 0 <t <T we have that

d
dt/Mng”u dng:O,

and for the total volume the inequality

d d 2n 2n 1
—VV=— n— - >
dtv dt/]\/lu 4 d‘ugﬂ 7’1—4]1/]\/prg0fdygo_0,

where

In particular, we have that

d JaattPgott dpigy d Jaa 4Pyt g,
< — .
ath'= dt( ) S0 g Taln= dt( e )<0
Finally, we have the following upper bound
V < Co(o)-

Proof. (3.6) and the definition of y imply that

o;lt/ uPgyu dptg,
= J (G rreuma (5 ) =2 f e (5

_ n+d _ n+d
ZZ/I\/Ingo(—u+yPgol(un4)> d.”gozz/M<_ng0”+V”PgOPgol(u”4)) dVgo

(3.10)

(3.11)

. Py ud n
:/ {—ZngoquZyunzﬁ} d,ugo:_z/ uPgyu dVgo—f-Z(W)/ uis dpg, =0,
M M M

i

which yields the first statement. To prove the second we notice that

d 2n 2n n+4 OU 2n n+d 1, nt4
dt/NIun4 d‘ugO:H/NIunztatdng:H/ un—4{_u+‘ng0 (un—4)}dygo

27’1 2n n+4 n+
:n_4/]\4{_un4_|_‘uun4pgo (un 4)}d]/[g0

We also have

[ SPaf dtg= [ L= () =Py i

:A{”Pgo”—ﬂ”m—ﬂpg_o (W) Pgyu+iu 4P ) (u i4)}‘71P‘go

n+4

:/M{—‘uunz’14 —i—yzu%in_ol(uﬂ)} dig,.

(3.12)

(3.13)
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From (3.12) and (3.13), we deduce (3.8).
The upper bound on the conformal volume follows from the fact that the Paneitz-
Sobolev constant is positive:

n—4
O<qo§3'“g0[u]:Vn/MngOu dpg,

_n—4
M

n—4

_n—4
V' /ng dygo,
M

so V <(C(go). This concludes the proof. O

Corollary 3.1. One has the estimate

n—4
/Hfllwzzdt<C1 20), / /|f\n4dygo " dt<Cy(go). (3.14)

Proof. From the upper bound on volume it follows that

/OT ( /Mnf Py, f d]/‘gg) dt<C1(g0). (3.15)

On the other hand, from the positivity of P, one finds

| pllyaz /M PPo dit,,

so the first inequality in (3.14) follows. The second one is a consequence of the lower
bound on the Paneitz-Sobolev quotient. O

We next check the long-time existence of the above flow.

Proposition 3.2. The flow (3.1) admits a global in time solution. Moreover, given an
initial datum g there exist positive constants C, C’ such that

u<Cle. (3.16)

Proof. Fix a number s> 1: since u >0 and Py u >0 for t € [0,T), by (3.3) one has
d s s—1 J
E M(Pgou) d,ugo =S M(Pgou) E(Pgo”) dﬂgo
= [ (B = Pegut o}
M

— s /M (Pyyit)*djig, +51 /M Pou) i duy.  (3.17)
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For the second integral in the last line, by Ho6lder’s inequality

s=1 1
/ (Pgou)sfll,[z%4 d]/lgo S (/ (Pgo“)s d‘ugo) s (/ uniiris d‘ug0> s .
M M M

Choose now s such that
n+4 4
One can apply Holder’s inequality once more to find

n—4s 4

(/Mums sto)l < (/M”4 dﬂgo> (/1\4u24 d”g°> -

By the Sobolev embedding theorem and by the fact that Py, >0 we have
oty {1 P ]

It follows that

n—4s

</I\/I7’”’m4s dﬂg()) " SCS(/M(P@“)S d.“go)1

(3.18)

(3.19)

(3.20)

(3.21)

for s as in (3.19). Substituting this into (3.20) and using the conformal volume bound of

Lemma 3.2 we have
_q n+d
/ (Pgou)® Lya dpig, < Cs/ (Pgout)® dptg,.
M M
Inserting this estimate into (3.17) gives
d 2n
dt/M(Pgo”)s dpig, SCs/M(Pgo”)s dpigo, PRI
Integrating in time one finds
/ (Pgyu)® dpigy < Coe™', 0<t<T.
M
By the Sobolev embedding, one has also

Jull | s <Cpe&',

If then s is sufficiently close to 11/4, we deduce that
HM”LP < C3€C”t,

for any p>1.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Take now s =n/4+1. Returning to (3.18), we have that

_ n+4
/M(Pgou)s Ly dVgo

s—1 s—1

s\ 5 il § . : :
S(/M(Pgou dygo)) (/Mu“ dyg0> g(/M(ngu) dyg0> (C3eSrt)
s—1
M M

Inserting this inequality into (3.17) gives

d n
dt/M(PgOu)s dpg, <C'e“, s=7FL

Integrating in time and using Sobolev’s embeddings we conclude that
[u]|ce <C'e, (3.28)

for some « € (0,1). This implies (3.16). By (3.3), one has also that the C*-norm of Py, u
grows at most exponentially fast. Therefore the C**-norm of u also grows at most expo-
nentially fast, so we must have global existence in time. O

4 Convergence of the flow

In this section we describe the converge of the above flow once suitable initial data are
chosen. We want in particular to obtain initial conformal data so that they satisfy the
assumptions of Theorem 2.1 and so that the Paneitz-Sobolev quotient is low enough. The
estimate of the latter one depends on the dimension and on the local conformal flatness
and is stated separately in the next two propositions.

Proposition 4.1. Let (M",g) be a compact manifold of dimension n > 8. Suppose that
Qg >0, Qg #0, that Rg >0 and that (M",g) is not locally conformally flat.

If the Weyl tensor W(xg) at xo € M does not vanish, then for e >0 small there exists a
positive function 1, € C* such that

Fz(¢e) < Sn—cne*|loge||[W(xo)|?, if n=8,

and

where ¢, is a dimensional constant and where S, is defined by

2
5= inf _ Jw(89) dxﬂ. @.1)

T gl )"
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_4
Moreover, the conformal metric h = * § satisfies: Q;, >0, Q, #0, R;, >0 and
Fu(1) < S, —cnet|loge||W(xo)|?, if n=8, (4.2a)
Fn(1) < Sy —cne*|[W(xo)|?, if n>9. (4.2b)

We give next some ideas of the proof. Esposito and Robert considered in [13] the
following test function,

- x
() = 7(x) _
(24dg(x,x0)?) 2
where #(x) is a cut-off supported in Bys(xo) and identically equal to 1 in Bs(xp). In the
same paper it was shown that for £ >0 small one has the inequalities

Fe(iie) < Sn—C(n)s4|loge| |W(x0)|2, if n=8§,

and
Fe(ile) <Su—C(n)e*|W(x)|?, if n>9.

These allowed to show that the infimum of J is achieved if n > 8 and M is not locally
conformally flat. However the positivity of a minimizing conformal factor was not guar-
anteed and therefore it could give rise to a solution not geometrically admissible.

In [19] the latter test function was modified in order to achieve some sign condition
on the conformal factor, the scalar curvature and the Q-curvature. Recalling the invert-
ibility of Py from Proposition 2.1 (and its conformal covariance), the function 7. was then
defined by

. b,e*
Pgite =1(x) ——37- (4.3)

n+4
(e |x2) T
By Theorem 2.1, the conformal metric induced by #, has the desired sign properties,
including the curvatures. In [19] the difference between 7 and 7i; was also estimated and
it was shown that

Fe(ue)+o(etloge|) for n=S8,
Fe(ue)+o(e*) for n>9,

1]
=
Il

Fe(ie)
f%(ﬁS)

giving the desired result.
We have then a related result for low dimensions or in the locally conformally flat
case.

Proposition 4.2. Let (M",g) be a compact manifold of dimension n, with n=5,6, or 7; or
let (M",3) be locally conformally flat of dimension n>5. Suppose that Q; >0, Q; #Z0 and
that R; > 0. If (M",g) is not conformally equivalent to the round sphere, then for e >0
small and x¢ € M, there exists a positive ¢ € C* and a constant cy, >0 such that

F(he) < Sp—cxpe" (4.4)
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Moreover, the conformal metric h= 1,08 g satisfies Q;, >0,Q;, #0, Ry, >0 and the inequality
Fn(1)<S, —cxos”_4.

To prove the result, consider a cut-off function ¥ equal to 1 in By and equal to zero
outside B,. Define then §;(x) = %(x/¢) and the function 7, defined by

tle:= X5 (ue+B) +(1—X5) G
Here ﬁ Bxy= (xxo >0, ay, is the zero-th order term in the expansion of Gy, in (2.14) and

Gy = i LGy, w1th 5< 6. By the positivity of the Green’s function, the function i, is positive
on M. This test function is a modification of a similar one constructed in [39]: notice that
adding the constant S to the first term makes the Green’s function for the Paneitz operator
fit with the bubble u.. The function i, represents a good approximation for the function
ile, which is defined implicitly, in the sense specified by the next lemma.

Lemma 4.1. The following estimate holds, for some constant C >0:
|0 — it | <0(1) +c5”*3min{ \x|4’”,z54’”} =o(1), §—0.

The functional J can be well estimated on i, via an integration by parts, since the
Paneitz operator vanishes identically on the Green’s function, away from the point x.
Using this fact and Lemma 4.1 one can show the following estimate.

n+4

rtd
?g(ﬁg) = Sn 1 _IB( fM 2;14 ‘ug
fM dpg
This one, with a scaling argument used to estimate the latter integrals, leads to the in-

equality (4.4).
We next show convergence of the flow, under the assumptions of Proposition 4.1 or
4.2, to a solution of the constant Q-curvature equation.

Theorem 4.1. Let (M",3) be a compact manifold of dimension n > 5 not conformally equivalent
to the standard sphere. Suppose also that Qz >0, Qg0 and that Rg > 0.

Let go = h, where h is the metric constructed in Proposition 4.2 or Proposition 4.1. Then the
flow (3.1) has a solution for all time and satisfies

/ u? dug, > Co (4.5)
M

for some constant Co > 0. Moreover, there exists t; /" oo such that uj=u;(t;,) weakly converges
in W22(M",g) to a solution u >0 of

go”:ﬁ“m, (46)

L
Y

with ji>0. Hence, goo =
positive Q-curvature.

Qo gives rise to a metric with positive scalar curvature and constant
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Proof. Take as initial metric gy be the one given by Proposition 4.1 or 4.2. Proposition 3.2
then implies that (3.1) is defined for all times. Moreover, we have that

Stgo [uo] S Sn — €0, (4.7)

with ug=1 and where € is some positive constant. Lemma 3.2 then implies

u(Po,u) d
‘rfgo[ ] fM gﬂ V%104 _S —€0 (48)
(fMum d:”So)

for all times.
Recalling (4.1), on (M,g0), given § >0, we can use a standard localization argument
to prove

/!@\Hdﬂgo B <(S. +5)/M<Ago¢)2 dﬂgo+Ca/A4¢2dﬂgo,
which in turn implies
/’¢|”4dﬂgo B < (8y"'+24) / ¢ (P ) dﬂgﬁCs/fP dpg- (4.9)
Inserting (4.8) into (4.9) gives
2 .
(/ Yn—ia d],[g0> S(Sn1+25)/ M(Pgou) d]/lg0+C‘/§/ u2 d]/lgo
M M M

n—4

g(s;1+25)(sn—eo)(/Muf"4 dygo> ' +cg/Mu2 dug,.  (4.10)

Taking 6 = €¢/10, the first term on the right-hand side can be brought to the left-hand
side, so we deduce
n—4

(/ uits dyg0> ! §C(eo)/ u? dpig,. (4.11)
M M

Notice that the left-hand side is a power of the conformal volume, so we conclude

/ u? dpgy > Co>0
M

for all times, as desired.
By Lemma 3.2 and Corollary 3.1 there exist t; /" co such that u;=u(t;,-) and p;=pu(t;)
satisfy

s (4.12a)
uj—u weakly in W22(M™), (4.12b)
uj— u strongly in L*(M"), (4.12¢)

n+4

= —u;+u;iP, H(ur*) — 0 strongly in W22 (M™). (4.12d)
j jTHig (H; gly
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Therefore u > 0 satisfies
u= P, (ur1), (4.13)
hence u is a strong solution of
Pou= ﬁu%t .

By Theorem 2.1, it follows that u > 0, concluding the proof. O

5 Conformally invariant extensions

We next mention some results from [27,28] and [17], where some conformally-invariant
extensions of the above results were found.

We start with some results in [28] (discussed here only for n>5), where the pointwise
positivity of the scalar curvature is replaced by the one of the Yamabe invariant.

Proposition 5.1 (see [28]). Let (M",g) be compact, with n>5and Y(g) >0 Let pEM and

let Gy, denote the Green'’s function of L, with singularity at p. Then G ]ch 4 > e
G2
L'(M,g) and in distributional sense one has

2

—4  n=s
" , (5.1)

n—d
P(GLnjz ) - Cn&p - 7G£72

(n—2)2 Ric 4

n—2
GL,p 8

ne ne 2
where ¢, =2 -2z (n—l)_ﬁ (n—2)(n—4)w;*.
The proof of this result relies on (1.4), which implies

P(Gi =GP . 1=""%c}}
g\, L n4 = L, ity
p P G g 2 p GL,ng
4 2
== G” = ‘ on M\{p}.

Ri
(n—2)2 € ot

Gy’

In the latter equality the fact that R s =0on M \{p} was used. The distributional
GLp-8

equality in the proposition, including the point p, follows from a careful asymptotic anal-

ysis of the singular metrics (dilated by the two Green’s functions) and the use of confor-

mal normal coordinates. The next lemma relaxes the pointwise conditions in Theorem

2.1.

Lemma 5.1 (see [28]). Let (M",g) be as in Proposition 5.1 and let u: M— R be a smooth function
such that u>0 and Pou >0. If u vanishes somewhere on M, then u=0.
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Proof. By (5.1) we have that

2
Ric 4 ‘ udpg.
G b8

GI2 Poudy — — 2 /Gg
L s He= (n—2)2 Jy Lp

By the sign conditions on u and Pyu it follows that Pyu =0 and that |Ric a [Pu=o0.
CLy'8
If u is not identically zero, then by unique continuation {u # 0} is dense, so it must be

4
[Ric_+ |>=0. By asymptotic flatness of (M {r},G[ , ¢) and by volume comparison it
G, 8 ’
follows that the latter manifold must be isometric to the flat R". Therefore (M,g), which
is locally conformally flat and simply connected, must be globally conformally equivalent
to S", by aresult in [30]. However this implies that the kernel of P, is trivial and therefore
u=0.
The same argument gives the conclusion assuming only that u is of class L!, smooth
near p and that the inequality Pyu >0 is satisfied in the distributional sense. O

The above result yields global positivity of the conformal factor.

Proposition 5.2 (see [28]). Let (M",g) be compact, with n>5, Y (g)>0and Q¢ >0. Suppose
that u: M — IR is smooth, satisfies P;u >0 and it is not identically constant. Then u >0 on
M.

Proof. Arguing by contradiction, suppose that —A =u(p) =minpsu <0. This implies that
u+A>0, u(p)+A=0and that P, (u+A)>AQ, >0. Lemma 5.1 implies that u=—A, which
is impossible. O

An easy consequence of this fact is that if Y(g) >0 and Q >0, then the kernel of the
Paneitz operator only consists of constant functions and that this kernel is identically zero
if Q is also not identically zero.

Lemma 5.2. Suppose (M",g) is such that n>5, Y (g) >0, Qg >0 and it is not identically zero.
Then ker P, =0 and Gp(p,q) >0 for all g # p.

Proof. We only need to prove the latter property. Given a smooth function f on M, there
exists a unique solution u of Pou = f, which can be written as

u(p) = /M F(a)Gr(p,q)dps.

If f is non-negative, from Proposition 5.2 it follows that # >0 and therefore Gp(p,q) >0.
If Gp(p,q) vanishes at some point g, the observation at the end of the proof of Lemma 5.1
implies Gp(p,-) =0, which is a contradiction. O

We can now state one of the main results in [28].
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Theorem 5.1 (see [28]). Suppose (M",g) satisfies n>5 and Y(g) > 0. Then the following are
equivalent

(a) there exists a smooth positive function p on M such that Q2. >0,
(b) kerPy=0and Gp(p,q) >0 forall p#q,
(c) kerPy =0 and there exists p € M such that Gp(p,q) >0 for all q # p.

Proof. The first property implies the second by Lemma 5.2, the conformal invariance of
kerPy and the fact that

Gr , (pa)=p(p)'o(q)"'Gp,(p.g)-

pn—4g

The second property implies the first by the Krein-Rutman theorem.
Clearly, the second property implies the third one. For the opposite implication, sup-
pose there exists pg such that Gp(po,q) >0 for all g # py. Setting

O(p) =minGp(p,q),
q#p

we have O(pg) >0. We must also have ©(p) #0 for all p € M, from the latter comments
in the proof of Lemma 5.2. By connectedness of M, it must be ®(p) >0 for all p € M,
concluding the proof. O

The above results allow to prove a conformally-invariant counterpart of the existence
result in Theorem 4.1. In [27] the following quantity was introduced, motivated by a

duality approach.
JnfGrfdug

L N T
f€L”+4 Mg {0} g)

(5.2)

where Gpf stands for the convolution

(Gpf)(p / Gr(p.q)f(q)dug(q).

With arguments somehow related to those for the proof of Proposition 4.1, the following
result was proved.

Proposition 5.3. Suppose (M",g) is a compact manifold with n>5, Y(g) >0 and Q >0,
Q#0. Then O4(g) > ©4(gsn ), with equality satisfied if and only if (M",g) is conformally
equivalent to the round S5".

We do not report the proof here for reasons of brevity. The latter result allows to prove
convergence of maximizing sequences, by showing that these cannot develop blow-up
points.



138 A. Malchiodi / Anal. Theory Appl., 35 (2019), pp. 117-143

Proposition 5.4. Suppose (M",g) is a compact manifold with n > 5 and kerP, = {0}.

If ©4(g) > O4(gs) and a sequence (fi); C Ln%(M,g) satisfies HfiHLn%(Mg) =1 for all 4,

JifiGp fidvg — ©4(g), then there exists f € Lits (M,g) with, up to a subsequence, f; — f

in Ln%(M,g). Moreover HfHL%(M ):1 and f attains ©4(g).
" 8

Proof. One has clearly f; — f weakly in Lits (M,g) for some f. Define u; and u as the
unique solutions to Pyu; = f; and Pou = f. Then one has the convergences

1;— 1 in Wt (M,g), uj—u in Wt (M,g), uj—u in WY (M,g).
The following weak convergences also hold true
|f,-\n%dygéda, (Aup)*dug—dv in M(M,g).

It is possible to show that
o> |flFdut o ({pi)oy, v=(Buldu+ Y v({pi})d
with v({p;}) <O4(S")r({p;})"" . This implies that c(M) =1 and that
/ flefldy:/ uinuidy:E(ui)
M M
::/ ((Agui)z—élAg(Vui,Vui) (n— 2)]g|Vul\2+—qu >dy—>E —1—21/ {ri})
M

where

Therefore we obtain

O4(g)=E(u)+)_v({pi}) <Os(g )HfH2 s Mg) +@4 (") ZU {pi})

n+4
n

<@4(8) [IfIP 2, +Za (P

L+4

<oug ><r|fu"+4 g)+za<{pi}>>
1
<04(g)-
This then implies 0 ({p;}) =0 and v({p;}) =0 for all i and HfH 2 g) 1. Therefore we
Mg

obtain strong convergence of f; to f in L and E(u)= [,,fGpfd yg =04(g), concluding
the proof. O
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We have now the following result.

Theorem 5.2. Suppose (M",g) is a compact manifold with n>5, Y(g) >0 and Q >0, Q#0.
Then one has the following properties.

(a) O4(g)>0O4(S"), with equality if and only if (M",g) is conformally equivalent to the round
sphere S".

(b) ©4(g) is achieved. Maximizers are smooth and have non-negative sign. If they are positive,
they satisfy Gpf = -2, fn1, ie., ani“g =1.

Proof. If (M,g) is conformally equivalent to the round sphere, maximizers are completely
classified, see [32]: we can then assume from now on the contrary. By Proposition 5.3 we
have that @4(g) > ©4(S") and by Theorem 5.1 we have that kerP, = {0} and that Gp >0.
By Proposition 5.4 the set of functions f that are normalized in Lits (M,g) and satisfy
S fGpfdp = 04(g) are non-empty and compact in Ln%(M,g). If f is such a function
with non-zero positive part, we claim that its negative part f~ must be identically zero.
In fact, it must be

Ou()= | fGofdu= [ (F*Gof*=2f"Gof +f Gof )dn
< /M £IGp|fldu < ©4(g).

This implies that [,,f~Gpf*dpu=0. Since Gp >0, this implies that f~ =0. It is easy then
to show that f is of class C* and that f >0. O

It is also possible to prove that if (M",g) is not conformally equivalent to the round
S" the set of maximizers for ®4(g), normalized in Liti (M, ¢) is compact in any CF sense.

We next describe some results from [17], in which the sign assumption on the Q-
curvature is replaced by a conformally covariant condition. We introduce the following
three quantities

) uPyudy
Y4(g):uew2f21(rzc4f )\ {0} b z”g =L
¢ (fM|”|deg) '
P,ud — ~dus
Yi(g)=  inf Jua P e :n24~inf JuuQs e
ueC=(M,g)u>0 (fM\”|”ZTn4dVg> " g<lgl Volg(M)
. n—4 . Qodus
Y ()= inf fi\/figé‘

2 ge[gLR§>0 VOlg(M) n
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We clearly have the inequalities

Ya(g) <Y (8) <Yi(g)-

The following result was proved in [17].

Theorem 5.3. Let (M",g) be a compact Riemannian manifold withn>6,Y (g)>0and Y; (g)>0.
Then there exists a metric § € [g] such that Rg~o and Qg~o.

Here are two consequences of the above result.

Corollary 5.1. Let (M",g) be a compact Riemannian manifold with n > 6. Then the fol-
lowing are equivalent.

i) Y(g)>0and P, >0,
ii) Y(g)>0and Y;(g) >0,
iii) there exists § € [g] with R¢ >0 and Qg-o0.

Corollary 5.2. Let (M",g) be a compact Riemannian manifold with n>6. If Y(g) >0 and
Y; (g)>0then P, >0 and Gp is positive. Moreover Y,(g) is achieved by some positive con-
formal factor for which the scalar curvature is positive and the Q-curvature is a positive
constant. Moreover one has the relations

Yi(g) =Y (9)=Yi(g)-

We do not give a complete proof of Theorem 5.3 here for reasons of brevity: we just
limit ourselves to describe the main strategy used in [17], which relies on a homotopy
argument.

Recall that the Schouten tensor is defined as

A, — 1 Ric, — L
T2\ 2(n—1)% )’
and its o»-curvature as
o (A)_l Ri;_|A|2
V7o a(m—1)2 '
The relation to Q-curvature is expressed via the integral formula, where Jo =5 (ff 0

n—4
/diyg:2 /]édyg—i—él/ oadpig.
M M M

Given t > 1, the authors in [17] considered the following functional:

—4
”t/ jgdyg+4/ o2 (A)dpy.
2 Jm M




A. Malchiodi / Anal. Theory Appl., 35 (2019), pp. 117-143 141

Critical points of this functional, restricted to metrics with unit volume, are solutions of
the problem:

—4
t <—A]g+ nz]g%> +40y(A) =constant.

4
It is possible to show that for o> 1 there exists a conformal metric go =1 * g € [g] such
that

n—4
to <—Agojg0 + 2]§0> +402(Ag) >0, Rg,>0.
Define then the function f by

n+

n—4 _n+d
t() <—Ag0]g0+2]§0> +4(72<A0) :fuo n—4‘

Fixing this function f, one can then consider the following problem

n—4 i
t<—Ag]g+2 ]5) —|—40'2(Ag):fu 4, g=unig. (53)
Define then the set
S={te[1,ty]: there exists a solution u to (5.3) with Rg>0}.

Clearly ty € S: it is then proved via an implicit function theorem that S is relatively open
in [1,£] and via some a-priori estimates that it is also relatively closed, showing that also
1€ S and giving the desired conclusion.
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