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Abstract. We consider the existence and regularity of a weak solution to a class of
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1 Introduction

In this paper, we consider the existence and regularity of a weak solution to a class of
systems containing a p-curl system in a bounded multi-connected domain Q) in IR>.

In a bounded simply connected domain Q) in R? without holes, Yin [1] considered the
existence of a unique solution for the so-called p-curl system

curl[|curlo|P~2curlv] = f in Q,
divo=0 in Q, (1.1)
nxov=0 on T,

where I' denotes the C2** (a € (0,1)) boundary of ), p>1, n the outer normal unit vector
field toI', and f is a given vector field satisfying div f=0in Q). If f is a C*-vector function,
then he showed the optimal C'*F-regularity for some f € (0,1) of a weak solution in
Yin [2], see also Yin et al. [3].
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Eq. (1.1) is a steady-state approximation of Bean’s critical state model for type II
superconductors. For further physical background, see [3], Chapman [4] and Prigozhin
[5].

Aramaki [6] extended the result of [2] on the C!*P regularity of a weak solution to
a more general equation, in a simply connected domain without holes to the following
system.

curl[S;(x, |curlv|?|)curlo] = f in Q,
divo=0 in Q, (1.2)
nxv=0 on dQ),

where the function S(x,t) € C?(Q2x (0,00))NC°(Qx [0,00)) satisfies some structure condi-
tions. Now and from now on, we denote %S(x,t) and %S(x,t) by Si(x,t) and Sy (x,t),
respectively.

However, in a multi-connected domain, the systems (1.1) and (1.2) are not well posed.
In fact, if the second Betti number is positive, for a weak solution v of (1.1) or (1.2), v+z,
where z satisfies curlz=0,divz=0in Q and zxn=0on I, is also a weak solution. Thus
it is necessary to add some conditions to (1.1) and (1.2).

In this paper, we show the unique existence and optimal C!*f-regularity of a weak
solution to the system (1.2) with additive conditions.

The paper is organized as follows. In Section 2, we give some preliminaries and the
main theorem. In Section 3, we give the existence of a weak solution of (2.10) below.
Section 4 is devoted to the regularity of the weak solution obtained in Section 3.

2 Preliminaries and the main theorem

Since we allow that () is a multi-connected domain, we assume that () has the following
conditions as in Amrouche and Seloula [7] (cf. Amrouche and Seloula [8], Dautray and
Lions [9] and Girault and Raviart [10]). Let Q C R? be a bounded domain of class C>*
with the boundary I' and Q) be locally situated on one side of I'.

(1) T has a finite number of connected components F(),FlL ..,I'm with I'g denoting the
boundary of the infinite connected component of R\ Q.

(2) There exist n connected open surfaces Z]-, (j=1,...,n), called cuts, contained in Q)
such that
(a) X;is an open subset of a smooth manifold M;.

(b) 0%, CT (j=1,...,n), where 0%; denotes the boundary of ¥;, and %; is non-
tangential to T'.

() TinZ;=(i#}).
(d) The open set Q=0Q\ (UL, %) is simply connected and pseudo C'"! class.
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The number 7 is called the first Betti number which is equal to the number of handles of
(), and m is called the second Betti number which is equal to the number of holes. We
say that if n=0, () is simply connected, and if m =0, ) has no holes.

From now on we use the notations L?(Q)), W™P(Q)) (m > 0,integer), W?(T') (s € R),
and so on, for the standard Sobolev spaces of functions. For any Banach space B, we
denote B x B x B by the boldface character B. Hereafter, we use this character to denote
vectors and vector-valued functions, and we denote the standard inner product of vectors
uand v in R3 by u-v.

Define two spaces by

K} (Q)={ve L’ (Q);divo=0,curlo=0in Q,uxn=0 on I},
K2(Q)={ve LP(Q);divo=0,curlo=0in Q,v-n=0 on T}.

For any function g € W7 ()), we write an extension of Vg€ L (Q) to LP(Q) by V. Let
q]-T (j=1,...n) be the unique solution in W27 (Q}) of the system

_Aq]’TZO in O,

"'vq]'TZO on T, 2
[q]T] 5, = const., ["'V‘?]'T] 5, =0 k=1,...n :
<"'V¢7]T,1>Zk: ik k=1,...n,

where [q]T] 5, 18 the jump of the function of q]-T across Y. Then according to [7, Corollary
4.1], {@q].T;j: 1,...,n} is a basis of K7.(Q). In fact, ﬁq]T eCHe(Q).
On the other hand, let N (i=1,...m) be the unique solution in W*?(Q}) of the system

—AgN =0 in Q,
qZN‘rO:O, qlN‘rk:const. k=1,...m, (2.2)
(n-VgN,1)r, =6y (k=1,...n) (n-VqN,1)r,=—1.

Then {VqV;i=1,...m} is a basis of K}, (Q) (cf. [7, Corollary 4.2]). In fact, VgN € C'**(Q)).
Thus we can see that dimK/.(Q) =7 and dimKX,(Q) =m.

We assume that a function S(x,t) €C?(Qx (0,00))NC(Qx [0,00)) satisfies the following
structural conditions: There exist a constant 1 < p < co and positive constants 0 <A <A
such that for all x € Q)

S(x,0)=0and AtP~2/2< S, (x,t) <AHP~2/2 for +>0. (2.3)
A P=2/2 <G, (x,8) 42t (x,) < AHP™D/2 for £>0. (2.4)
If1<p<2,Su(x,t)<0,and if p>2,S4(x,t) >0 for +>0. (2.5)
There exists a constant C >0 such that | S, (x,t)| <CtP=2/2 for t>0. (2.6)
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We note that from (2.3), we have

2 2
?AtP/ZSS(x,t)ggAtP/Z for +>0.

When S(x,t) = tr/2, system (1.2) becomes (1.1), and by elementary calculations, we see
that S(x,t) =v(x)tP/2, where v€ C?(Q) and 0 < v, <v(x) <v* <ooand |Vv(x)| < C for all
x € (), satisfies (2.3)-(2.6).

We note from (2.3) that S(x,t) is a strictly increasing function with respect to t €[0,00),
and from (2.3) and (2.4), |S¢(x,t)| < AtP=9/2 for x € Q)+ > 0. Define

[ t(Si(x,t))? for xeQ,t>0,
O(xt)= { 0 for x€Q,t=0. 2.7)
Then ® € C1(Q x (0,00))NCY(Q x [0,00)), and from (2.4), we see that ® satisfies
CDt(x,t):St(x,t)(St(x,t)—f—ZtStt(x,t))>0 for xeO),t>0. (28)

Thus let t =¥ (x,0) € C}(Q x (0,00)) be the implicit function of p=®(x,t) and define

1

f(x,p) :W

. 29
0)) 29)

Then we obtain the following lemma whose proof is given in [6, Lemma 2.1].

Lemma 2.1. Assume that the hypotheses (2.3)-(2.6) hold and let q=p/(p—1) be the conjugate
exponent to p. Then we have the following.

(1) A=0Dpa-2/2 < £(x,0) <A~V pa-2/2 gpd | £, (x,0)| < CpT—2)/2,

(ii) There exist positive constants c and C depending only on A and A such that

o P2 < f(x,0)+20fp(x,0) < Col17D/2,

Since we allow that ) is multi-connected, thus (1.2) is not well posed, we consider
the following system instead of (1.2).

curl [S(x,|curlv|?)curlov] = f in Q,

divo=0 in Q,

ovxn=0 on T, (2.10)
(v-n,1)r,=0 for i=1,...m,

where (-,-)r, denotes the duality bracket of W=1/PP(T;) and W!~1/44(T;).
We are in a position to state the main theorem.
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Theorem 2.1. Assume that Q) is a bounded domain in R3 with C*** boundary satisfying (1) and
(2) for some a € (0,1), and that a function S(x,t) satisfies the conditions (2.3)-(2.6). Moreover,
assume that f € L1(Q)) satisfies

divf=0in Qand (f-n,1)r,=0, i=1,...,m. (2.11)

Then the system (2.10) has a unique weak solution v € WP(Q) in the sense of (3.3) below.
Furthermore, if f € C*(Q) satisfies (2.11), then the weak solution v belongs to C**F(Q) for some
B (0,1), and there exists a constant C> 0 depending only on 0, and || f || ca ) such that

||'U|| C1+ﬂ(6) S C.
This theorem contains [2, Theorem] and [6, Theorem 1.1] as a corollary.

Corollary 2.2. Assume that Q) is a bounded, simply connected domain in R® without holes, and
with C>™* boundary T for some a € (0,1). Assume moreover that f satisfies that f € C*(Q)) and
div f =0 in Q. Then the weak solution v of (1.2) belongs to C*™F(Q) for some B € (0,1). In
addition, there exists a constant C depending only on p,Q) and || f || o) such that

||'UHC]+/3(6) S C

3 Existence of a weak solution

In order to obtain the existence of a weak solution of (2.10), we consider the space
VP(Q)={veLl?(Q);curlvelf(Q)),divo=0in Q, vxn=0onT,(v-n,1)r.=0,i=1,...m}.

Then we have

Lemma 3.1. Let 1< p <oco. Then VP(Q) is a closed subspace of W' (Q), and we can regard
VP (Q) as a separable, reflexive Banach space with the norm

[o]lvr(q):=llcurlo| Ly q)

which is equivalent to ||o[|lyp ).

Proof. By [7, Corollary 3.2], we can easily see that V7 (Q) is a closed subspace of W7 (Q))
and that the norm ||curlo|[yr(q) is equivalent to the norm ||[|yy1, (). Since W (Q) is
separable and reflexive and V¥ (Q) is a closed subspace, V7 () is separable and reflexive
(see, e.g., Brezis [11]). O

We consider the following minimization problem: to find v € V?(Q) such that v is a
minimizer of

inf I[u],
uevr(Q)
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where
I[u]:/ S(x,|curlu|2)dx—2/ f-udx
0 Jo

for some given f. Then we have the following.

Proposition 3.2. Let f € L1(Q)), where q is the conjugate exponent of p. Then the functional 1
on VP (Q) has a unique minimizer v e VP (Q).

Proof. From the Holder inequality, for any u € VP (Q2), we have

2
Iu] > p?\/Q\Curlu\pdx—ZHme(mHullm(o)-

By Lemma 3.1 and the Young inequality, there exists a constant ¢ >0 such that for any
¢ >0, there exists C(¢) >0 such that

I[u] ch”””’\g/p(g) _C(S)HfHZﬂ(Q) _SH”M/P(Q)-

Choosing e=c¢ >0,
I[”]ECHuH"g/p(Q)_C(C>||f|‘1ﬂ(g)- (3.1)

Thus the functional I is coercive, that is,

lim I[u] =oc0.
ueVP(Q),|[ullypq)—roo

Now if we put F(x,t) =S(x,t?), it follows from (2.3) and (2.4) that

Fi(x,t) =2tS;(x,t2) >2AtP1 >0 for x€Q), t>0,
Fi(,8) =2(S: (x,82) +262S4 (x,#2)) >2AP 72 >0 for x€Q, t>0.

Thus [ is a strictly convex functional on VP (Q)). We claim that I is lower semicontinu-
ous. In fact, let w; — w in V?(Q). Then curlw; — curlw in L*(Q2). Thus there exists a
subsequence {w;, } of {w;} such that

lim S(x,|curlek|2)dleiminf/ S(x,|curle]2)dx,
k—o0JO) j—oo JQ

and curlw;j, — curlw a.e. in Q). Since S is continuous, S(x, |curlwj, [*) — S(x, |curlw|?) a.e.
in Q. Since S(x,t) >0, it follows from the Fatou lemma that

2 <Timi 12 Y 12
/QS(x,|curlw\ )dx_h}gglf/QS(x,lcurlw]k\ )dx %L%/()S(x,\curlw]k| )dx

=liminf S(x,]curle|2)dx.
J—00 O
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Therefore
Iw] <liminfI[w}],
]—00

so I is lower semicontinuous. We note that a convex, lower semi-continous functional
on non-empty Banach space is weakly lower semi-continous, so I is weakly lower semi-
continuous. From (3.1), I is lower semi-continuous, coercive and strictly convex on the
reflexive Banach space V¥ (Q). Hence inf,cyr(q)I[u] is attained by a unique ug € V7 (Q)),
that is,

Ilug)= inf I[u].
1=, o1
For example, see Ekeland and Témam [12, Chapter 2, Proposition 1.2]. O

Define a space
HE (Q,curl,div) = {v € LP(Q); curlv € LP (Q)), divo € LP(Q)), v xn=0 on T}.
Then we claim the following lemma.

Lemma 3.3. Assume that f € L1(Q)),divf=0in Qand (f-n,1)r,=0 fori=1,...,m. Then we
have
inf I[u]= inf I[w].
ucvr(Q) weH] (Q,curl,div)
Proof. Since V¥ (Q) C 1} (Q,curl,div), it is trivial that

inf I[u]> inf I[w].
ucvr(Q) weH} (Q,curl,div)

Forany u e ”Hg (Q,curl,div), we consider the following div-curl system.

curlo =curlu in (),
divo=0 in (), (3.2)
ovxXn=0 on I.

Since div (curlu)=01in Q, n-curlu=n-curlur=0 on I', where ur is the tangent component
of u (cf. Monneau [13]), it follows from Aramaki [14, Theorem 3.5] that (3.2) has a solution
ve W' (Q). Define w=0v—Yj"(v-n,1)r, e, where ey =Vql. Since (e;-n,1)r, =, from
(2.2), we have, fori=1,...,m,

m

(w-n1)r,=(v-n1)r,— Y (v-n1)r (en1)r,=0.
k=1

Since divw=0,curlw=curlo=curlu in Q) and w xn=vxn=0o0n T, we see that we V?(Q))
and curlw =curlu. Since f € L1(Q)) satisfies div f=0in Q and (f-n,1)r,=0fori=1,...,m,
it follows from the divergence theorem that

O:/Qdivfdx:/rf-ndS:ii;(f-nJ)n:(f-n,1>r0:0.
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Therefore it follows from [7, Lemma 4.1] that there exists g€ W'(Q) such that f =curlg
in Q). By integration by parts,

/f-wdx:/ curlg-wdx:/(gxn)-w)d5+/g-curlwdx
0 0 r 0
— [ g (nxw)ds+ [ g-curludx— [ g-curlud
/rg (nxw)dS+ | gcurludx= | g-curludx
/chrg udx Qf udx
Hence I[w] = I[u]. So
inf I[w] <I[u] for all u € H}(Q,curl,div).

weVrP(Q)
Thus we have
inf J[w]< inf I[u].
weVP(Q)) ueMf (Q,curl,div)
Therefore we get the conclusion. O

Let v € VP(Q) be the minimizer of

inf I[u]
ucvr(Q)

and w € H} (Q,curl,div). Then by the Euler-Lagrange equation, we have

d
&I[v—i—ew]‘8:022/0(St(x,]curlv]Z)curlv~cur1w—f-w)dx:0.

Hence v is a weak solution in the sense of

Jo, St(x, [curlo|?)curlo- curlwdx = [, f-wdx for all weH} (Q,curl,div),

divo=0 in (),
ovXn=0 on I, (3.3)
(v-n,1)r,=0 for i=1,...,m.
Since C§’(Q) C H} (Q,curl,div), v satisfies (in the distribution sense),
curl[S;(x, |curlv|?)curlo] = f in Q,
divo=0 in Q,
ovxn=0 on T, (3.4)
(v-n,1)r,=0 for i=1,...,m.

If we choose a test function w = v in (3.3), it follows from the Holder inequality that for
any ¢>9,

Mleurtol|?, 0 < | Fllsiey ol < CE I N +ellol -
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Here if we note that ||v|| 1r(q) <C||curlo|[ 1» (), then choosing ¢ >0 small enough, we have

1ollveia) < CIFIITs

where C >0 is a constant depending only on A and p.
Remark 3.4. If () has no holes, the last conditions of (3.3) and (3.4) are unnecessary.
We get the following proposition.

Proposition 3.5. Assume that f€ L(Q) satisfies div f=0in Qand (f-n,1)r,=0 for i=1,...,m.
Then the system (3.4) has a unique weak solution v € VP (Q)), and there exists a constant C >0
depending only on A and p such that

1ollve ) < ClIf Il

To complete the proof, it suffices to prove the uniqueness of the weak solution of (3.4).
In order to do so, we use the following lemma with respect to monotonicity.

Lemma 3.6. There exists a constant ¢ >0 such that for all vectors a,b € R3,

2y, AN cla—bl? if p>2,
(Silwlal)a—Si(x[b])b)-(a b)z{ c(lal+[b))P2la—bP if 1<p<2.

Proof. Put J(x,p) = (Si(x,|al*)a—Si(x,|b|*)b) - (a—b). Then
/ 151 [sa+ (1-5)b2) (sa-+(1-5)b)ds- (a—b)
/ % |sa+(1—s)b[?)ds|a—bl?
+/O 254 (x,|sa+(1—s5)b[2) ((jsa+(1—s)b)- (a—b))2ds.
When p > 2, since Sy (x,t) >0, we have
](x,p)2/Olst(x,|su+(1—s)b|2)ds|a—b|22/\/01]sa+(1—s)b|p2|a—b]2ds.

From DiBenedetto [15, p. 14], we can show that J(x,p) > c|a—b|? for some ¢ > 0.
When 1< p <2, since Sy (x,t) <0, we have

](x,p)z/01St(x,\sa+(1—s)b|2)|a—b|2ds

1
+/ 25, (x, |sa+ (1—s)b|?) |sa+ (1—s)b|?|a—b]?.
0
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From (2.4), we have
1
J(x,p) EA/ |sa+(1—s)b|P~>ds|a—b|*>c(|a| + |b])"?|a—b|*
0

for some ¢ > 0. O

End of the proof of Proposition 3.5
Assume that v1 and v, are weak solutions in V7 (Q) of (3.4). Choosing w =v; —v; as
a test function of the first equation of (3.3), we have

/St(x,lcurlvl\z)curlvl-Curl(vl—vz)dx:/f-(vl—vz)dx,
0 0

/St(x,|curlvz|2)curlv2-curl(vl—vz)dx:/f-(vl—vz)dx.
0 0

Thus
/ (St(x,|curloy 1*)curlv; — S;(x, |curloy \2)curlvz) -curl (vy —v;2)dx=0.
Q

By Lemma 3.6,
/|curl(vl—vz)|pdx=0, if p>2,
0
/(|Cul'lz;1]+|Curlvzl)p*2|curl(vl—vz)|2dx:O, if 1<p<2.
o)

This implies curl (v1 —v2) =0. Since v1 —v, € VP (Q)), we get v1 =0 in Q). This completes
the proof of Proposition 3.5. ]

4 Regularity of the weak solution of (3.4)

In this section, we consider the regularity of the solution of (3.4). Throughout this section,
we assume that

fec*(Q),divf=0inQand (f-n,1)r,=0 for i=1,...,m 4.1)
and g denotes the conjugate exponent of p. We consider the following div-curl system.

curlG=f in Q,
divG=0 in Q, (4.2)
v-G=0 on JQ).

By hypotheses (4.1) and the divergence theorem, it holds that (f-n,1)r,=0 for i=0,1,...,m
as in the preceding arguments. Therefore from Pan [16, Lemma 5.7 (ii)], the system (4.2)
has a solution G € C'™(Q)) and there exists a constant C=C(Q,&) such that

1Glcresy <C (1 ey +1G o) )
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Here G is uniquely determined up to an additive element of K/.(Q). Thus the weak
solution v € WP (Q) of (3.4) satisfies

curl [S;(x,|curlv|*)curlv—G]=0  in Q,

diveo =0 in Q,
vxov=0 on T, (4.3)
(v-n,1)r.=0 i=1,...m.

By hypothesis (2.3), we have
Si(x,|curlv|?)|curlv| < Alcurly|P~1 € LI(Q).

Put h=S5;(x,|curlv|?)curlv— G € L1(Q). Then h satisfies curlh=0 in (). By the Helmholtz
decomposition of h (cf. [7, Theorem 6.1]), we can write

h=z+4+Viyp+curlw,

where z € K1(Q) is unique, ¥ € W1(Q) is unique up to an additive constant and w €
W (Q) satisfies diviw =0 in Q) and wxn=0 on T, and is unique up to an additive
element of IK?\, (Q)). However, since curlh =0 in O, we have curl?w =0 in the distribution
sense in (). Therefore

O:/ curlzw-wdx:/(nxcurlw)-wd5+/ |curlw|*dx
0 r 0

:/(wxn)-curlwd5+/ |cur1w]2dx:/ |curlw|dx,
r 0 0

where dS denotes the surface element of I'. So we have curlw=0 in (). Thus we can write
h=z+4+Vy, (4.4)

and the following estimate holds.

zllzs(y + 19wy m < € (Il ey 16l oy )-
Since I is C>™* class, we note that K7.(Q2) C C'™(Q)). Hence we can write
Si(x,|curlo|*)curlo =G +z+ Vi,
where G,z € C1T*(Q). By (2.7), we have
®(x,|curlv|?) =S (x, |curlo|?)?|curlo | = |G+ z+ V%

Therefore we can write
lcurlo > =¥ (x,|G+z+ Vy|?).



12 J. Aramaki/ J. Partial Diff. Eq., 32 (2019), pp. 1-19

Moreover, we can write

G+z+Vy

lo= 2T VY
cure S¢(x,|curlo|?)

=f(®|G+z+ V") (G+z+Vy).
Since n-curlv=n-curlor=0 on T, p € W(Q)) is a weak solution of the following system.

{ div[f(x,|G+z+Vz/J|2)(G+Z+W)]= in Q, (4.5)

n f(x,|G+z+Vy|?)(G+z+Vy)= on T.

If we show that i € C!T#(Q)) for some B € (0,1), then v is a solution of the following
div-curl system

curlo= f(x,|G+z+Vy|?)(G+z+Vy) in Q,

diveo=0 in Q,
nxo=0 on I, (4.6)
(v-n,1)r,=0 i=1,...,m.

Since f(x,|G+z+V¢|?)(G+z+V)cCP(Q), it follows from the regularity of the div-curl
system (cf. Bolik and Wahl [20]) that v € C'*F(Q)), and

lollcrae <C(ILf (x|G+2+V9P)(G+2+V)ller i +o ey )

If we put F=G+z € C'"*(Q), then we note that

1Gll sy 1zl cren < C (Il ey + 1 Gll oy )

Now we consider the regularity of weak solution ¢ € W (Q) of the equation (4.5). In
order to do so, we define

A(x,p)=f(x,[F(x)+pP)(F(x)+p), (p=(p1,p2.ps) ER’).
Then (4.5) is written by

{ diVA(x,le):O in Q, (4.7)

n-A(x,Vip)=0 on I.
We show the following structure conditions in [15]: There exist positive constants c,C >0
such that
{ A(x,p)-p=c|p|’—Cgi(x),
|A(x,p)| <C(|p|" " +82(x)),
where ¢;>0and g; € L*(Q) for i=1,2. In fact,

A(x,p)-p=f(x,|F(x)+p[)(E(x)+p)-p

(4.8)
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=f (%, |F(x)+p[?) (F(x) +p) - (F(x)+p) = f(x,|F(x) +p|*) (F(x) +p) - F(x)
> f(x, |F(x)+p ) [F(x) +p|> = f (x,|F(x) + p[*) [F(x) + p| | F(x)].

It follows from Lemma 2.1 and the Young inequality that
A(x,p)-p= A~V |F(x)+p|7—e|F(x) +p|?—C(e) [F(x)|f
for any € >0. If we choose &£ >0 small enough, then there exist constants ¢,C >0 such that
A(x,p)-p = c|F(x)+p|"=C[F(x)[".

Since |p|7=|F(x)+p—F(x)|7<297Y(|F(x)+p|7+|F(x)|7), we have

C
A(xp)p2 s |pl = (CHD[E()[".

Since F € C!T#(Q)), we can see |F|1€ L®(Q). Thus the first inequality of (4.8) holds. For
the second inequality of (4.8),

[AGxp) | <A DIF()+pl7 A7 max{1,2972} (|pl" !+ |F(x) 7).
Here we used the inequalities: for 4 >2,
[F(x)+p|T 1 <27 2(|F(x) |7 +[p|T7 1),

and for 1<g<2,
[F(x)+p|7 " <|F(x)[" "+ |p|7".

In order to apply [15, Theorem 1.3, p. 43], we have to show the global boundedness of a
weak solution of (4.7) under the structural conditions.
4.1 Global boundedness of weak solution

Proposition 4.1. Consider the equation (4.7) under structure conditions (4.8) and let pe W1 (Q))
be a weak solution of (4.7). Then p € L®(QY), and there exists a constant C >0 such that

sup ] <C(11llus(y +lig1 114 )-
Q

Proof. For s>1and Z > 1, define a function

0 if +<0.
Then 7 () is a bounded function in t and there exists a constant C,, >0 such that

0<9'()t<Cyy(t) ae.t. (4.10)
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We note that we can take C, =gs. We take ¢ = () as a test function of (4.7), where
¢ =max{0,1}. Since

W:{ (Y (Pyp+r)Vy i >0,
0 if <0,

it follows from (4.8) and (4.10) that
A(x,NVY)- Vo= (v ()p+7(9)) (e[ V|7 Cgi(x))
= cy(P) V|1 =C(1+Cy )7 ()81 (x).

Since

/QA(x,Vl/J) -Vedx=0,

we have

¢ [v@)IVylidr<C1+C,) [ v(p)gi(x)dx. (4.11)

Now define h= x (y~oymin{y, Z}* 1p=min{yp,Z}*1¢p,, where ) (y~0) is the characteris-
tic function of the set {x € (;¢(x) >0}. Then we see that

spIVy  if 0<yp<Z,
Vh=< Z5Vy if p>7,
0 if <0.

Thus |Vh|T=s1y(¢)| V|7 and h7=(¢)y7. From the Gagliardo-Nirenberg inequality (cf.
Lieberman [17, Theorem 5.8]), for N >g>1,N > 3, there exists a constant C=C(Q,N,q)

such that
(N-3)/N
<c([rotax) ([ (Vo)
Q Q

N—q)/N 3/N

(
Q

forany ve W (Q). Putk=N/(N—q)(>1). Since ke W1 (Q)), by applying this inequality,
and using inequality (a+b)? <a?+b? for 0<p<1,a,b>0, (4.11) and the Young inequality,
we have

1/x (N-3)/N
</ |h|de> gc(/ |h|qu> </(|w|q+|h|q)dx>
JO JO Q
- (N—3)/N 3/N
<C /|h[‘7dx+ </ \hyqu> (/ yvmw) }
L/ Q Q

<c[ [atowars ([awwar) " (3 [ 10s@a)

I (N-3)/N
<c| /Q () pidx+g N <s3(¢1+1)/(N3) /Q v(ll))t/zqu) < /Q y(gb)gl(x)dx)

3/N

3/N:|

3/N:|
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<Cs /N [y (g)gideC [ A(p)gidr.
Q 0
Now since min{y,Z} <y for >0, so
R = () g

B , T . P\
=X gm0y min{y, Z} Ty =y, oy min{y, 2} <mm{¢2}q)
1/]‘7

min{y,Z}1

m21 and x > 1, we have

> X y>oymin{y, Z}7

Therefore we have

qu 1/x 1/x

On the other hand, since >1 for ¢ >0, we can write

L)
min{y,Z}

q
/Q’Y(I/J)lpqu:/Qmin{lprz}qs?({w>0}nm;€/]’z}qur (4.13)

q
[y side= [ min{y, 2y g g gzl

Here we define a measure dy = xy~0 %dx Then using the Holder inequality and
the Young inequality, we can write

(qs—q)/qs
[ awgars ([ mintpzirar) ([ san)

< /Q g du+ /Q min{y,Z}%dpu. (4.14)

If we put w=min{y,Z}9, it follows from (4.12) that

1/x 1/x
ks q < /hqkd ) <C 3(q+1)/(N73)/ sd C/ sdu.
(ran)""( [sean) " ccromnon [ awsc i

We choose N so that m:=3(g+1)/(N—3) > 1. Then we see that

1/x .
o <cm/ sd / 5q } 415
([ae) " o] fswone [ gon o

Since s > 1, it follow from (4.15) that

1/x
<‘/()wksdy+||g1”7£io(0/dy)> Scsm{/(_zwsdl’l+||g1||i°°((2,d‘u)}‘

We apply the following proposition due to the Moser iteration method, whose proof
appears in [6, Appendix A] (cf. [17, Lemma 5.30]).

1/s
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Proposition 4.2. Let (X,dv) be a measure space and suppose that 0<w e L (X,dv) for all p>1.
Assume that there exist constants C >0,k >1,K>0,m>1,s0 > 1 such that for all s > s,

1/x
</ w"sdv+K"s) <Cs™ </ wsdv+Ks>. (4.16)
X X

Then we can see that w € L™ (Q),dv), and there exists a constant C1 > 0 such that

@l @) < Cr (@l 0a) +K)-

We apply this proposition with X =0Q,dv=du as above, w=min{y,Z}7,xk=N/(N—
7)(>1),s0=m=3(g+1)/(N-3)(>1) and K= ||g1/|~(0),4)- Hence we can see that w €
L*(Q,dyu) and

ol < C (0l ey + 181 =) )

Here we note
q

! !
/Q gidu= /Qgixw>0}rm{¢,z}qu: ||g1”SL°°<Q>/QX{‘/’>°}rnin{¢,Zde

ERTPNTE U / U

sl g it 5 o itz

<1181 13y 121+ Z 011 )
Thus we have

1/s
([ sidn)  <lgsllemia (91 + 191y

Letting s — 0o, we get [|g1 [~ < 81]l1()- Also, we have w1040 = 9+ 73
From Proposition 4.2, we can see that

. /
min{y, 2} <C(I[9+ s + 1111120 )-

Since Z >1 is arbitrary, letting Z — oo, we get

supy <supip, < C(||¢+||Lq(0) + “31”%?(0))'
0O Q

Since g1 =|F(x)|7, we have
S‘épl/’ Ssgplm <C(lp+ gy + I1E o) -

Since A(x,p) = f(x,|F(x)+p|*)(F(x)+p), if we replace F with —F in (4.7), then — is a
weak solution of (4.7). Therefore from the above arguments, we get

Slép(—sb) Ssupy- < C(lp-lls(o) + 1 Fll=(0)-
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As a result, we get
sup[] < C([¥lla) +IF (o)

Thus we have proved the global boundedness of the weak solution ¢ of the equation
4.7). O

4.2 Holder continuity of weak solution of (4.7)

According to (4.8), the structural conditions (Aj)-(As) in [15] hold. Since the weak so-
lution ¢ of (4.7) is globally bounded, it follows from [15, Theorem 1.3] that ¢ is Holder
continuous in (), and there exists constants C >0 and 7 € (0,1) such that

() =W <Cllglle(oylx—yl", xyeQ.

4.3 Holder continuity of the gradient of weak solution of (4.7)

We follows the idea of Lieberman [18]. When F(x) =k =constant, we put ¢(x) =k-x, and
@ =¢+1. Then we can reduce equation (4.7) into the form

{ divB(x,Vg)= in Q, 417)

n-B(x,Vq)):O on I'

where B(x,p) = (B1(x,p),B2(x,p),Bs(x,p)) :f(x,|p|2)p. We see that

3

I

L= F (PSP +2p (x| ) (p0)2
ij=1 pj

Here f,(x,|p|*) may change the sign. When f,(x,|p|?) >0, from Lemma 2.1,

3

D

op; it > FxlpP)IeP= A~ D pl 2,
ij=1"F]

When f£,(x,p[?) <0

Z

3 Cz€]>f (x [pP)E P +2fo (x, lp ) PP
ij=1 pj

={f(x|pP)+2fp(x.[p*) PP HE

Since f(x,0) +20f,(x,0) > cp12)/2 for some ¢ >0, there exists a constant ¢ >0 such that

ia

oLty el (2P
i,j=1"F]
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On the other hand,
0B;

;
If we use the relations f(x,0) <A1 p(1-2)/2 by Lemma 2.1 and

<flxlplP)+21fo(x )l

D h)|Sulx )] ®(x,1) [ (x,1))|
plfo(xp)l= (510, 8) 2D (x,)  (Se(2,0))25: (2, 1) (S1 (3, 8) + 26851 ()

tp—1p(p—4)/2 2)/2 2)/(2(p—1 2)/2
13(p—2)/24(p-2)/2 <Gyt~ 2 §C2p_(”_ /@) §C3p(‘7_ 2,

we have
0B;

<C|p|T 2.
o, P

Finally, from (2.6), we have

B(x,p)~B(y,p)| <Clx—yllp|"™".

Thus we see that the structural conditions of [18] hold. Therefore, when F(x) =k =
constant, if we apply [18, Theorem 2], there exist € (0,1) and a constant C dependent on
A A, p,supg|¢| and Q) such that ¢ € C11F(Q), and

l¢llcia@) <C. (4.18)

Next we use the perturbation method to verify the regularity of weak solution of (4.7).
Fix xg€Q) and choose a ball Bg, (x) with center xg and radius Ro>0 such that B, (xo) CQ.
For any 0 < R <Ry, we consider the following equation

{ div [f(xo, [F(x0) + V§|*) (F(x0)+ V)] =0 in Bg(xo),

Y=¢ on aBR(xo), (4.19)

where dBg(x¢) denotes the boundary of Br(xp). By [18, Lemma 5], equation (4.19) has a
unique solution ¥ in W (Bg(x¢)). Moreover, i € C'*F(Bg(x¢)) and satisfies

HchHﬁ(m) <C.

Using this fact and the perturbation method, the weak solution ¢ of (4.7) is in C11 otﬁ (Q)

for some B € (0,1) and for any () € (), there exists a constant C depending only on the
known data and dist(Q)/,0Q)) such that

1llcsn ) <C.

Here we use a variant of the perturbation method developed by Choe [19, pp. 36-38] (cf.
[6, Appendix B]). Finally Cl+p regularity near the boundary I follows from [18, Lemma
6] and the perturbation method.



Existence and Regularity of a Weak Solution 19

References

[1] Yin H.-M., On a p-Laplacian type of evolution system and applications to the Bean model in
the type-II superconductivity theory. Quarterly of Appl. Math. LIX (2001), 47-66.

[2] Yin H.-M., Regularity of weak solution to a p —curl-system. Diff. and Integral Equations 19 (4)
(2006), 361-368.

[3] Yin H. M., Li B. Q., Zou J., A degenerate evolution system modeling Bean’s critical state
type-II superconductors. Discrete and Continuous Dynamical Systems 8 (2002), 781-794.

[4] Chapman ]., A hierarchy of models for type-II superconductors. SIAM. Review 42 (2000),
555-598.

[5] Prigozhin L., On the Bean critical-state model in superconductivity. European J. Appl. Math.
7 (1996), 237-247.

[6] Aramaki J., Regularity of weak solutions for degenerate quasilinear elliptic equations in-
volving operator curl. J. Math. Anal. Appl. 426, (2015), 872-892.

[7] Amrouche C., Seloula N. H., LP-theory for vector potentials and Sobolev’s inequality for
vector fields. Application to the Stokes equations with pressure boundary conditions. Math.
Models and Methods in Appl. Sci. 23 (2013), 37-92.

[8] Amrouche C., Seloula N. H., LP-theory for vector potentials and Sobolev’s inequality for
vector fields. C. R. Acad. Sci. Paris, Ser. 1. 349 (2011), 529-534.

[9] Dautray R., Lions J. L., Mathematical Analysis and Numerical Method for Science and Tech-
nology 3, Springer Verlag, New York, 1990.

[10] Girault V., Raviart P. A., Finite Element Methods for Navier-Stokes Equations, Springer-
Verlag, Berlin, Heidelberg, New York, Tokyo, 1979.

[11] Brezis H., Analyse Fonctionnelle, Dunod, Paris, 2005.

[12] EkelandI., Témam R., Convex Analysis and Vatiational Problems, SIAM, Philadelphia, 1999.

[13] Monneau R., Quasilinear elliptic system arising in a three-dimensional type II superconduc-
tor for infinite x. Nonlinear Anal. 52 (2003), 917-930.

[14] Aramaki J., L? theory for the div-curl system. Int. Journal of Math. Analysis 8 (6) (2014), 259-
271.

[15] DiBenedetto E., Degenerate Parabolic Equations, Springer-Verlag, New York, 1993.

[16] Pan X.-B., Nucleation of instability of Meissner state of superconductors and related math-
ematical problems, Trends in Partial Differential Equations. Int. Press, Somervill, MA 2010,
323-372.

[17] Lieberman G. M., Oblique Derivative Problems for Elliptic Equations, World Scientific,
Hackensack, New Jersey, 2003.

[18] Lieberman G. M., Boundary regularity for solutions of degenerate elliptic equations. Non-
linear Analysis 12 (1988), 1203-1219.

[19] Choe H. J., Degenerate Elliptic and Parabolic Equations and Variational Inequality, Lecture
Note Series, Number 16, Seoul National University, Korea, 1993.

[20] Bolik J., Wahl W., Estimating Vu in terms of divu,curly, either (v,u) or v X u and the topol-
ogy. Math. Methods Appl. Sci. 20 (1997), 734-744.



