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Abstract. We consider the elliptic system Au=p(|x|)u0?, Av=q(|x|)u‘v? on R" (n>3)
where 4, b, ¢, d are nonnegative constants with max{a,d } <1, and the functions p and
g are nonnegative, continuous, and the support of min{p(r),4(r)} is not compact. We
establish conditions on p and g, along with the exponents a, b, ¢, d, which ensure the
existence of a positive entire solution satisfying limy| e (x) =1limy| e v(x) =00,
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1 Introduction and main results
In this paper we establish the existence of positive solutions (u,v) to the elliptic system
Au=p(|x|)u"o?,
(1.1)
Av=gq(|x|)u‘v?, xeR", (n>3),

that satisfy
u(x)—co and v(x)—o0 as |x|—oo. (1.2)

Such solutions of (1.1) are called entire large solutions. The exponents a,b,c d are nonneg-
ative; the functions p, g are radial (i.e., spherically symmetric), nonnegative, and contin-
uous; and the function m(r) =min{p(r),q(r) } has noncompact support.
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Although the existence of large solutions to semilinear systems began with [1], the
study of large solutions to the more general competitive systems such as (1.1) started
with Garcia-Melidn and Rossi [2] where the authors considered the system on a bounded
domain with min{a,d} >1 and unit weights (i.e., p=g=1). For both the subcritical case
(i.e., (a—1)(d—1) > bc) and the critical case (i.e., (a—1)(d—1) =bc) necessary and sulffi-
cient conditions were given for the existence of boundary blow-up (or large) solutions.
In addition, they established existence for the subcritical case when the weights are non-
constant, nonradial, and possibly blow up on the boundary with a prescribed asymptotic
behavior. Garcia-Melian [3] extended existence of blow-up solutions to the case where
the weights, if unbounded, have prescribed growth rates at the boundary. Mu et al [4] al-
so considered the subcritical case and proved existence when the weights are allowed to
vanish on the boundary. Large solutions of the quasilinear problem where the Laplacian
in (1.1) is replaced with the p—Laplacian have also been studied. (See, e.g., [5, 6]).

All of these results apply only to bounded domains. Here we study the existence of
large solutions on all of R" (n>3). Except for special cases (e.g., [7] and [1] where a=d=0),
the only other results known to the author is his work with Mohammed [8] where (1.1)
is studied with unit weights and exponents that are radial functions of x. When applied
to the present case where the exponents are constant, we proved that with unit weights a
postive entire large solution exists if and only if max{a,d} <1 and (1—a)(1—d) <bc ([8]
Corollary 4.6). One consequence of this is, of course, that (1.1), with unit weights, will
not have an entire large solution if min{a,d} > 1.

Before stating our results, we note some related problems that remain unsolved. For
a nontrivial system (i.e., bc > 0) with nonconstant nonradial weights, there is no known
existence theorem for entire large solutions, even in the case where 1 =d =0. Even with
nonconstant radial weights, as considered here, it remains unknown as to whether an en-
tire large solution exists when min{a,d}>1, regardless of the case: subcritical, critical, or
supercritical (i.e., (a—1)(d—1) >bc). In particular, what are the appropriate conditions on
the radial weights to ensure that such a solution exists? As mentioned above, the weights
must be nonconstant in (1.1) since, otherwise, it will have a solution only if max{u d} < 1

In order to state our main results we define G and H as follows where P(r)= | 05p(s
and Q(r fo sq(s)ds and note some equivalences (See (10) and (11) in [9])

/tl ”/ s)dsdt=r*" /t” 3/ sp(s)dsdt=r? ”/ t"3P(t)dt,
0

/tl ”/ s)dsdt=r2" /t” 3/ sq(s)dsdt =12 "/ £3Q(t)dt
0

Notice also that (See (12) and (13) of [9]).

lim G(r) =00 if and only if li_>m P(r)=oo, (1.3)
r—00

r—00

lim H(r) =00 if and only if le Q(r) =oo. (1.4)

r—r00
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Our first result extends Theorem 4.3 of [8] where p =g =1, and both of the results
below extend Theorem 2 of [9] where a=d =0.

Theorem 1.1. Assume max{a,d} <1and bc<(1—a)(1—d). If p and q satisfy both

/0 " rp(r)HY (r)dr = oo, (1.5)

/ rq(r)G(r)dr=oo, (1.6)
0
then (1.1) has a positive entire large solution.

It remains open as to whether the conditions (1.5) and (1.6) are necessary; i.e., if either
(1.5) or (1.6) fails to hold, then it is unknown as to whether (1.1) has a positive entire large
solution.

Theorem 1.2. Assume max{a,d} <1and bc> (1—a)(1—d). If max{a,d} <1 and if p and q
satisfy either

/ rp(r)H* (r)dr <oo, (1.7)
0
or -
/ rq(r)GP (r)dr < oo, (1.8)
0
where a=b/(1—d) and B=c/(1—a), then (1.1) has a positive entire large solution. On the other
hand, if max{a,d} =1 (and hence either (1.7) or (1.8) is undefined) and if p and q satisfy

/oorp(r)dt<oo and /oorq(r)dt<oo, (1.9)
0 Jo

then (1.1) has a positive entire large solution.

2 Auxiliary results and proofs

Before proving our results, we note first that for ug >0, vp >0, any solution of the system

u(r):uo—i—/ortl”/Ots”1p(s)u”(s)vb(s)dsdt, (2.1)

o(r) :vo—f—/ortl”/Otsnlq(s)uc(s)vd(s)dsdt (2.2)

valid for all r >0 will also be a positive entire solution to (1.1) but not necessarily (1.2).
Proof of Theorem 1.1. We first consider the case max{a,d} =1, and we assume with no
loss of generality that a=1 and d <1. Since, by hypothesis, bc<(1—a)(1—d), we get bc=0.
We assume b =0, and note that if instead c =0 the proof is similar. Thus (1.1) becomes

Au=p(|x|)u, Av=q(|x|)uv”. (2.3)



Entire Large Solutions to Semilinear Elliptic Systems of Competitive Type 55

The first of these equations has a positive entire large radial solution u since p satisfies
(1.5) with b=0 (See Theorem 1 of [10]), and it satisfies, for any ug >0,

u0+/ = ”/ s)dsdt.

Since u is positive, the right side of this equation gives u > 1, and substituting this back
into the equation yields

>u0—|—/ = ”/ (s)updsdt > uoG(r). (2.4)

Now with this solution u used in the second equation in (2.3), we define the sequence
{vi} as follows: let vy to be any constant vp>1 and

—vo+/ = ”/ s)vf ((s)dsdt (k>1). (2.5)

Since 1 <9y < v; and hence 1 <v; <y, it is clear that the sequence {vy} is increasing.
Furthermore, using integration by parts and the monotonicity of {v;}, we get

—vo+/ t- ”/ s)v?_,(s)dsdt
=oot s [ sgo () ()ds— L [ o)) (s)asa

Svo—f—/o sq(s)u (s)vk1(s)dsSvo—i—/orsq(s)uc(s)vk(s)ds

where the last inequality follows from the monotonicity of {v)} so that v/ | <v? and
v¢ <oy since v, > 1 and d <1. Now Gronwall’s inequality provides an upper bound for
the sequence {v;} in terms of u. Hence {v;} converges for all r > 0; let limy o, vx = .
Clearly, v satisfies (2.2), and hence (u,v) satisfies (2.3). We now show that v is large. Since
b =0, equation (1.5) reduces to P(o0) = oo which, by (1.3), is equivalent to G(o0) = co.
Therefore, using (1.6), (2.4), and elementary estimates we get

—Uo—|-/ - ”/ 0% (s)dsdt
>uovo/ t- ”/ s)dsdt

uiv r/2 .
_Z(no 02)/0 tg(t)G(t)dt — o0 asr— oo. (2.6)

The last inequality can be easily obtained using integration by parts (see p. 748 of [10]).
Now suppose max{a,d} < 1. By hypothesis then af = d 1= <1, and consequently,
either « <1 or f <1. We assume without loss of generahty that § <1. We first show that
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system (1.1) has an entire solution and then show that it is large. Define sequences {uy}
and {vx} as follows with 1p=1v9=p and for any p >1

p+/ - / s)ut_(s)ol_, (s)dsdt, 2.7)
p+/ - ”/ s)vf_(s)dsdt. (2.8)

Any solution to this system will also be a solution to the system
Aug=p(|xuf_yop_y  Dog=q(|xuof_;. (2.9)

Note that both sequences are monotonically increasing since obviously 1 <uj and vg<v;
which, in turn, yields 11 <u so that v1 <v,. Continuing in this manner produces the
monotonicity of the two sequences. We will show that both sequences are bounded above
on an arbitary bounded interval [0,R] and hence the limit will be a solution to (2.1) and
(2.2). To do this, let wy, = u,lc’” and z, = v;’d. It is easy to see that (r=|x|)
Awy=—a(1l —a)uk_l_”|Vuk|2 +(1—a)u, "Au < (1—a)u, " Auy

=(1=a)p(ru; "uf_yvp_ <(1—a)p(r)vy_ <p(r)zf ;. (2.10)

Similarly, we can get

Azkgq(r)wf. (2.11)

Integrating these inequalities we obtain

(r)<p'~+ / f / 5)z%_(s)dsdt, (2.12)

ol / plon / 5)dsdt. (2.13)

Clearly the sequences {wy} and {z;}, like {u;} and {v}}, are monotonically increasing
so if we can show that both are bounded above on [0,R], then both converge on [0,00).
Consequently, {u;} and {vx} would converge. From the monotonicity of the sequence
{zx} of monotonically increasing functions, inequality (2.12) yields

Wy ol (/ t= ”/ dsdt) Yr)=p"""+G(r)zk(r). (2.14)

We substitute this into (2.13) and use the well known inequality (A+B)f < AP+ BF which
holds for any nonnegative A and B since $ <1 to get

r) Spl_d-l-/oytl_”/ots”_lq(s) <p1_”+G(s)zi‘(s))ﬁdsdt
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o d+/ - n/ ) (0P +GP(s)z; (s))dsdt

—p! 44 pPl—0) +/ t- ”/ s)zP (s)dsdt.
Recalling that <1 and that zx > 1 since p > 1, we get
z(r) <p' 4 pP1) +/ t- ”/ zi(s)dsdt

§CR+/ sq(s)GP(s)zi(s)dsdt
0

where Cg = p'~?4pP(1= H(R). Gronwall’s inequality may now be used to get {z}
bounded independently of k on [0,R], and hence on any bounded interval. Consequent-
ly, (2.14) gives {wy} bounded also on any bounded interval. Therefore we obtain the
existence of a positive entire solution to (2.1) and (2.2) (and (1.1)) for any p>1.

To show that these solutions are large, we note that as a consequence of (1.5) and (1.6),
we must have either P(co) =00 or Q(o0) =o00. We assume with no loss in generality that
P(00) =co and thus G(c0) =00 so that using 1 >p and v>p in (2.1) (with uy=0v9=p) yields

u(r)>p+0""G(r)—sc0  asr—co.

For v we note that from (2.1), we get

> / - ”/ s)dsdt

which, when substituted into (2.2) and using elementary estimates, yields

>p+p“C/ t- ”/ (/ & ”/ ly(t )vb(r)drd§>cvd(s)dsdt
Zp+pac+bc+d/ tlfn/ g1 </ - n/ 1p(T)de§)cdsdt

_p+pac+bc+d/ t1 n/ dsdt

Applying integration by parts as in (2.6) and using simple estimates along with (1.6) we

get
pac+bc+d
o(r)=p+

r/
/ t(E)GE(t)dt — 00 as 7 — co.
0

This completes the proof. ]

Before proving Theorem 1.2, we need to establish a preliminary result on the existence
of a large solution of (1.1) on a ball of finite radius. Our proof will somewhat parallel
those of [9] (see Theorem 3.1) and [8]. There are, however, important differences since
a=d=0in[9] and p=g=1in[8].
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Lemma 2.1. Assume max{a,d} <1, a and B are defined as in Theorem 1.2, and let R be any
positive number for which m(R) > 0. If bc > (1—a)(1—d), then the system (1.1) has a positive
large solution on the ball |x| <R.

Proof. We show that the system (2.1) and (2.2) has a large solution on |x| < R provided
p>0is chosen appropriately. First we show that the system has a solution valid on |x| <R
and then establish that p can be chosen so that that solution is large. To do this let { be a
positive large solution of

AZ=h(r)z*F

on |x| <R where h(r) =2fq(r)PP(r). Such a solution exists (See Theorem 1 of [11]) since
h(R) >0, and bc> (1—a)(1—d) so that af>1. Now choose p >0 small so that

p' 1 +2PpPII H(R) < 7(0). (2.15)

With this value of p, we define sequences {u;} and {v;} as in (2.7) and (2.8) for r € [0,R].
As noted earlier these sequences are monotonically increasing so if we can show that
they are bounded independently of k, then they must converge to a solution (u,v), not
necessarily large, on the same ball. Letting wy = u,lc_“, Zp= vi_d as in (2.10) and (2.11), and
using (2.12) along with the monotonicity of {z;} and integration by parts, we get

1“4—/1‘1 ”/ s)zk_(s)dsdt

gplfu/o tp(t)zgl(t)dtgpl“+/0rtp(t)z}’é(t)df
<P PEL). 10

Using this inequality in (2.13), we get

r t
r) < 1‘d+/ tl—”/ s"1q(s) 1‘”+P(S)Zi(5))ﬁd5dt
ol™ d+/ f1- n/ (s)2P pﬁ(l ﬂ)_|_Pﬁ( )z 'X'B(s))dsdt
< pl=d 40P pP1-a) +25/ £ ”/ )z, (s)dsdt.

By our choice of p in (2.15), it is clear that z;(r) < {(r) for r small. Letting Ro=sup{ro >
0 | zx(r) < (r) forall r € [0,r9]}, we can use analysis very similar to that in [9] (see p.
327) to prove that Ry =R so that zxy < on [0,R], and hence {z;} (and consequently {vy})
converges on [0,R). Using (2.16) we also get wy (and consequently {u;}) convergent on
[0,R). Hence {u;} and {vy} converge on [0,R) and therefore the system (2.1) and (2.2)
has a positive entire solution (u,v) for p small.

We now show that p can be chosen so that the solution obtained is large. Since the
details of the proof are similar to those of [9] (see proof of the lemma) and [8] (see proof
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of Theorem 3.1), we merely outline the proof here. Define the set T by
T={p>0](2.1),(2.2) has a solutionon [0,R)},
and we show that T is bounded. To do this, define the constant -y by (see (3.3) in [8])

_ (I4+b—-a)(14+c—a)
VO re—a—d "

and let Ry be any number in the open interval (0,R) for which m(R;) > 0. Then let { be a
positive large solution of AG=m(|x|)¢? on |x| < Ry. It then follows (see p. 327 of [9]) that

max{1,§(0)} is an upper bound for T. Likewise it also follows (see [8] p. 1486) that
A=sup(T) €T, and the solution of (2.1) and (2.2) corresponding to p = A is large. This
completes the proof. O

Proof of Theorem 1.2. We first consider the case max{a,d} <1 and will assume that
(1.7) holds; the proof when (1.8) holds is similar and therefore omitted. Let r; be any
increasing sequence of positive numbers diverging to infinity for which m(r;) > 0 for
each k. Let (uy,vx) be a positive large solution to (1.1) on the ball |x| < 7y which was
established by the lemma and satisfies

ug(r) :pk+/0rtl_”/Ots”_lp(s)uZ(s)vi(s)dsdt, (2.17)
v (r) :pk+/0rt1_” /Ots”_lq(s)ui(s)v,”(l(s)dsdt. (2.18)

We show first that this sequence is monotonically decreasing on [0,7¢); i.e.,
U (r) <ug(r) , v (r) <ovg(r) for all r€[0,ry). (2.19)

(For brevity, we write (uy41,0k+1) < (Ux,vx)). In particular, we show that (up,v7) < (11,v1)
on [0,r1); a similar proof, which we omit, gives (uy1,v¢11) < (4,vx) on [0,7%). Obviously
p1 7 P2, otherwise (u2,v2) = (111,v1) on [0,r1), which is impossible since (u1,v1) blows up
at r1 and (up,v2) does not. Thus suppose p; < p2, and let R =sup(S) where S= {7y €
[0,71) : (1 (7),v1(7)) < (u2(r),va2(r)) forall ¥ €[0,77) }. The set S is clearly nonempty since
0€ S and thus 0 < R <r;. If R =7, then we have a contradiction since that would mean
that lim,_,, u>(r) =1lim,_,,, v2(r) = co which cannot occur since (uy,v;) is continuous on
[0,71] €[0,r2). So, suppose R <r;. Then

R t
ul(R):pH—/O tl_”/o s" Lp(s)ul(s)v?(s)dsdt
R t
Spﬁ—/ tl_”/ s"Lp(s)us(s)vh(s)dsdt
0 0

R 1-n ! n—1 a b
<402-|-/O t /Os p(s)us(s)vy(s)dsdt=us(R).
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Thus 11 <uy on [0,R]. Similarly, we can get v; <v; on [0,R]. Thus there exists e >0 so that
(u1,01) < (u2,v2) on [0,R+¢) which contradicts the definition of R. Hence we must have
(u2,v2) < (u1,v1) on [0,r1). A similar proof produces (1. 1,0k+1) < (g, %) on [0,7%) for all
keN.

It is thus clear that the positive decreasing sequence {(u,vx)} has a limit (#,v) on R”
and that (u,v) satisfies (2.1), (2.2). We need to show that (u,v) is both positive and large.
To this end, let © be a positive entire large solution of (v=(1—d)/(1—a))

A®=p(r)(1+H(r))*(©" +@F)",

Such a solution exists (see Theorem 2 of [7]) since a3 >1 and
/ rp(r)(1+H(r))*dr < .
0

As in the proof of Threorem 1.1, we define wy= u}{’” and zk:vi’d so that, similar to (2.10)
and (2.11), we get

Awe<p(r)zt,  Aze<q(r)wf, (2.20)

which yields
(1) <o+ / plon / s)dsdt, (2.21)
ol d-l-/ - n/ 5)dsdt. 2.22)

From (2.22) and the fact that wy is an increasing function, we get

o d+/ - n/ (s)dsdt <w (r)+H(r)wb (r).

Using this in (2.20), we get

taw < p(r) (wp+ HOYwf )" < p(r) (- H) (et wf)* on [0,

This inequality and the maximum principle along with the property wy(r) — co as r —
shows that ® < wy on [0,7;) which yields ® < u'=% on R", and hence u is positive and
u(r)— oo as r— oo.

To show that v is also both positive and large, we first note that since u;(0) =v,(0) for
all k, and u(0) >0, then clearly v(0) > 0 so v is positive. To prove v is large, we consider
two cases: Q(00) <00 and Q(oo)=00. If Q(c0) < oo, then H(o0) < oo by (1.4). Consequently
since (1.7) holds we must have P(o0) < 00, and thus (1.3) gives G(o0) < co. Therefore (1.8)
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holds and an argument very similar to the proof above that u is large will give v large. If,
on the other hand, Q(o0) =00, then (1.4) gives H(oo) =00 so that (2.2) yields

o(r) >/Ort1”/Ots”1q(s)uc(s)vd(s)dsdt2uC(O)vd(O)H(r) —00 asr— 0.

For the case max{a,d} =1, we assume for simplicity that a=1 and d <1 and use
the sequences {u;} and {vx} from (2.7) and (2.8) except that the constant p is merely
positive. Clearly the sequences are monotonically increasing, but we must show that,
for p small, they are bounded above for all » > 0 and therefore converge to an entire
solution of (2.1), (2.2). Then we must prove that there is a value p for which the positive
limit function (u,v) is both entire and large. Let w be an positive entire large solution of
Aw=(p(r)+q(r))(w' P +w+?) (see Theorem 2 of [7]) and choose p <w(0). Then u; <w
since (1y =19 =p)

up(r) :p+/0rt1”/Otsnlp(s)uo(s)vg(s)dsdt
gp+/0rtl_”/Ots”_lp(s)wa(s)dsdt
<w(0)+ [ i / 5 (p(s)+4(s)) (@ (5) + 0"+ (s))dsdlt = w(r).

Similarly, we get v1 < w which, in turn, will yield u; <w and vy <w for all k. Thus the
sequences {uy} and {v;} converge for p sufficiently small.

We now show that there exists pg > 0 for which the corresponding solution is both
entire and large. To do this, we first note that it is easy to prove that for uy=vp=p in (2.1)
and (2.2), the solution (u,,v,) is monotonically increasing in p. To establish the existence
of pg we first prove that there exists 7 > 0 such that the solution (u,,v,) is not entire.
Without loss of generality, we assume that 0 <c¢<d and let §=bc/(1+0b). Then there is a
positive solution z to (see Theorem 1 of [11])

Az=m(r)z}™ on [0,1) with z(r) c0asr—1". (2.23)

Choose 7* >max{1,z(0)}, and we show that (u,,0,) is not entire. It is obvious that
z(0) < v* =u,(0)v,(0), and therefore there exists 17 > 0 for which z(r) < u,(r)v,(r) on
0,77). Let R=sup{y | z(r) <u,(r)v,(r) forall € [0,57)}. If R=1, then we are done since
that shows 1 (r)v,(r) =0 as r — 1, and hence (u,,v,) cannot be entire. Thus assume
R <1. Then (we now drop the subscript y for simplicity)

Z(R):z(O)+/0Rtl_”/Ots”_lm(s)zlJr‘s(s)dsdt

§Z(O)+/0Rt1_”/Ots”_lm(s)(u(s)v(s))H‘sdsdt. (2.24)
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However, since 6/c+1/(1+b)=1,0<c<d,and v>1, we get
1+6 c.c\d o 14by J c 1T 1 1+c,d 1+b
(uv)" 0= (u0")c (v ) Heu < z(uv) —i—mv u<u "v'4uv .
Using this in (2.24), we get

2(R) <z(0)+ | S [ ms) (w74 (5)of 5) u(s)ot () ) st
<72—|—/0Rt1” /Otsnlm(s) (u”c(s)vd(s)—|—u(s)vl+b(s)> dsdt. (2.25)

However, A(uv)=uAv+2Vu-Vo+vAu>uAv+ovAu=puv' 0 +qu'+°v¢ so that integration
gives

u(r)o(r) Zu(O)v(O)—i—/Orifl”/Ots”1 (p(s)u(s)vl+b(s)—i—q(s)u”c(s)vd(s)) dsdt
z’yz—k/ortl”/ots”lm(s) (u(s)v”b(s)+u1+c(s)vd(s)) dsdt.

Using this in (2.25), we get z <uv on [0,R] so there must exist € >0 such that z < uv on
[0,R+¢), contradicting the definition of R. Therefore, it must be that R =1, and hence
u(r)ov(r) — oo as r—1so (u,v) is not entire for this choice of v and hence for any larger
value. Thus the set T={p | (u,,7v,) is entire} is bounded; let A=supT. We show now
that (14,v,4), the solution when p= A, is entire and large.

To prove that (1,v) (We drop the subscript A) is entire, we show for an arbitrary R >0
that (u,v) is finite on [0,R). To do this we define the monotonically increasing sequence
(ug,vg) of entire functions defined by

1 r t
uk(r):A—E—i—/O t1*”/0 s"’lp(s)uk(s)v,é(s)dsdt,

r ot
vk(r):A—}(+/O tl_”/o s""Ip(s)u(s)vt (s)dsdt,

and show that (u,vg) is bounded above [0,R], and therefore its limit (u,v) is bounded
above. To do this let z satisfy the equation in (2.23) on [0,R+1) with z(R+1) =co. From
the work above it is clear that A(ugvx—z) >m(r) ((ugog) 70 —2z179) for all r < R+1, and
since uxv; —z <0 near r = R+1, the maximum principle can be used to show that v, <z
on [0,R+1). Hence uv and therefore (u,v) does not blow up in the interval [0,R]. Since R
was chosen aribrarily, we conclude that (u,v) is entire.

To show that (u,v) is large, we define the sequence (uy,v;) by

uk(r):A+li—I-/Ortl_”/Ots”_lp(s)uk(s)v,lz(s)dsdt, (2.26)
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1 r t
v () :A+E+/ tl’”/ s" Ip(s)uf(s)vt (s)dsdt. (2.27)
0 0
Since (ug,vx) is not entire, at least one of the functions blows up at some Ry < oo; we

assume 1 (r) — o0 as r— Ry. However, it must also be that vy (r) — o0 as r — Ry, since (2.26)
yields the estimate

1 r
we(r) < A+E+/O Ep (1) (1)L (£)dt
so that Gronwall’s inequality applied to this produces

ug(r) §A+Ilc—|—/ortp(t)v,€(t)exp [/jsp(s)vi(s)ds] dt, (2.28)

and therefore v, blows up at Ry since u; does. Furthermore, it is easy to show that
(tk11,9%41) < (ug,vx) and hence Ry < Ry 1. Using (2.27), we get

vr(r) :A—l—llc—i—/ortl”/Otsnlq(s)u,i(s)vf(s)dsdt
<A+ [ Oui) (o)A =)+ [ (o,

where g (r) = A+t + [y tq(t)ut(t)dt so that Gronwall’s inequality gives

v () ggk(r)—I—/Ortq(t)ui(t)gk(t)exp [/jsq(s)u,ﬁ(s)ds} dt. (2.29)

Using (1.9), we get the existence of a constant C; such that g, (r) < Ciuf(r). Substitut-
ing this into (2.29) and using (1.9) once again gives the existence of constants C and K,
independent of k, such that

v (r) < Cexp(Kug(r)).
Substituting this into the first equation of (1.1), we get
Mty < Cp(r)ugexp (bK (1)) = p(r) f (). (230)
Define "
F(s)= . O

and note that F'(s) =—1/f(s) <0 and F” > 0. Using this along with (2.30) gives
AF (1) = F' (i) Buag+ F" (1) | Vuag |2 > F' () A > = p (1),



64 A. V. Lair/ J. Partial Diff. Eq., 32 (2019), pp. 52-65

Integrating this over [0,r] for r < Ry, we get

%F(uk( )) >yl /0 "1t

Noting that uy(Ry) = oo so that F(ui(Ry)) =0, we integrate over [r,Ry] to get

Rk S
r))g/ SH/ =1 p(£)dtds.
r 0
Rk S
-1 (/ sl_"/ t”_lp(t)dtds)
r 0

and letting k — co so that Ry — R < oo and uy — u produces

u(r)>F! (/T.Rsl_"/ost”_lp(t)dtds> :

Letting r— R and using F~!(s) — o0 as s —0, we have

limu(r) > lim F~ </ /t”l dtds)
r—R r—R

However, u is entire so we conclude that R=o00 and lim,_,« 1(7) =00. Using an argument
similar to that which produced (2.28), it can be shown that v also blows up at infinity.
This completes the proof.

However, since F'(s) <0 we get

Acknowledgement

The author thanks the (anonymous) referees for carefully reading the manuscript and
pointing out several needed corrections and helpful clarifications.

References

[1] Lair A. V. and Wood A. W., Existence of entire large positive solutions of semilinear elliptic
systems. . Diff. Equs., 164 (2000), 380-394.

[2] Garcia-Melian J. and Rossi J.D., Boundary blow-up solutions to elliptic systems of competi-
tive type. J. Diff. Eqns., 206 (2004), 156-181.

[3] Garcia-Meliadn J., A remark on uniqueness of large solutions for elliptic systems of competi-
tive type. J. Math. Anal. Appl., 331 (2007), 608-616.

[4] Mu C., Huang S., Tian Q., and Liu L., Large solutions for an elliptic system of competitive
type; Existence, uniqueness and asymptotic behavior. Nonlinear Anal., 71 (2009), 4544-4552.

[5] Garcia-Melian J., Large solutions for an elliptic system of quasilinear equations. J. Diff. Eqns.,
245 (2008), 3735-3752.



Entire Large Solutions to Semilinear Elliptic Systems of Competitive Type 65

[6] Wei L. and Yang Z., Large solutions of quasilinear elliptic system of competitive type: exis-
tence and asymptotic behavior. International |. Diff. Eqns., 2010 (2010), Article ID 104625, 17
pages.

[7] Lair A. V., A necessary and sufficient condition for existence of large solutions to semilinear
elliptic equations. J. Math. Anal. Appl., 240 (1999), 205-218.

[8] Lair A. V. and Mohammed A., Large solutions to semi-linear elliptic systems with variable
exponents. . Math. Anal. Appl., 420 (2014), 1478-1499.

[9] Lair A. V., Entire large solutions to semilinear elliptic systems. J. Math. Anal. Appl., 382 (2011),
324-333.

[10] Lair A. V. and Wood A. W.,, Large solutions of sublinear elliptic equations. Nonlinear Anal.,
39 (2000), 745-753.

[11] Lair A. V. and Wood A. W., Large solutions of semilinear elliptic problems. Nonlinear Anal.,
37 (1999), 805-812.



