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Abstract. The aim of the paper is to study properties of solutions to the nonlinear
fractional subLaplace equations on the Heisenberg group. Based on the method of
moving planes to the Heisenberg group, we prove the Liouville property of solutions
on a half space and the symmetry and monotonicity of the solutions on the whole
group respectively.
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1 Introduction

In this paper, we consider the fractional subLaplacian

u(g) —u(n)
—Ap)*u(g)=C PV/ —2—"-d 1.1
(~w)uld)=CaubV [ LT 1
on the Heisenberg group H", where 0 <s <1, Q=2n+2, Cq is a positive constant and
PV is the Cauchy principle value, and study properties of cylindrical solutions to the
equation

(—An)*u(f)=uf () in H}={¢eH"|t>0}, (1.2)
where 1 < p < 0o, and another equation
(—=An)’u()=f(u) in H", (1.3)
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where f is Lipschitz continuous.
Recall that the fractional Laplacian in R" is a nonlocal pseudodifferential operator
defined by

; . u(x) —u(y)

(=) u(x)= Cnolim — Wdy/ (1.4)
where 0 <& <1, C, 4 is a constant, u belongs to the Schwartz space, the limit stands for
the Cauchy principle value. Since the nonlocal property of the operator (—A)" brings
new difficulties to investigate, Caffarelli and Silvestre in [1] put forward the extension
method which can reduce the nonlocal problem relating to (—A)" to a local one in higher
dimensions. This method has been applied to deal with equations involving the fraction-
al Laplacian and fruitful results were obtained, see [2] and the references therein. But the
method has tha limitation that % <a <1. Chen, Li and Li [4] developed a direct method
of moving planes to handle the problem containing (—A)" for 0 <a <1 and this direct
method has been used successfully to deduce symmetry, monotonicity and nonexistence
for many fractional Laplace equations, see [3,4] and references therein. Recently, Wang
and Niu [5] considered (1.2) in H", and showed properties of solutions.

To the elliptic equation
—Au=f(u) in R", (1.5)

Gidas, Ni and Nirenberg [6] proved that the positive solutions are radial symmetric with
the assumptions that the limitation of u is zero at the infinity. In H" we can also give a
similar result of [6] to the equation (1.3).

There are many interesting results about subLaplace equations on the Heisenberg
group (see [7-11]. It appears several different definitions of the fractional power sub-
Laplacian in H" (see [12-14] etc.). The definition of fractional power subLaplacian in
Roncal and Thangavelu [14] is indeed a generalization of Cowling and Haagerup [15]
about the Heat semigroup. The fractional power subLaplace equations can also be s-
tudied by generalizing the extension method in [1] to H", for example, see [13, 16, 17].
Extending the method of moving planes in [3,4,18] to H", we establish the Liouville type
result of the solution to (1.2) on H" = {¢ € H"|t >0}, and the symmetric and monotone
of the solution to (1.3) on H".

Our main results are the following:

Theorem 1.1. Let 0<s<1and 1<p<oo. Ifu€Lys (II—I’}F)OC}(;}: (H".) is a nonnegative cylindrical
solution to

(~Bwyu(@=w  GeHy, ",
u(g)=0 c¢HY,
with
lim u(¢)=0, (1.7)

[E|gg—oe

and lower semi-continuous on ]I:I’i, then u=0.
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Theorem 1.2. Let 0<s <1, and u € Ly;(H") ﬂCll(;i (H"}) be a nonnegative cylindrical solution

to the equation (1.3) and suppose u satisfies (1.7). If f is Lipschitz continuous, then u must be
symmetric and monotone with respect to t about some point in H".

In this paper, we use an assumption (1.7). Under this condition, be different from
[4], we do not need to take advantage of the CR inversion (which is called the Kelvin
transform in [4]), and the range of index p can be extended to (1,00) (p (1, Zf%;] in [4]).
Notice that (1.7) also appeared in [6], and Theorem 1.2 is the generalization of result in [6].

The authors in [14] required that u € C§°(H") in (1.1). We point out that (1.1) is also

well defined for u € Ly, (H")NC-! (H"), where

loc

Lyy(H")=<u:H"—>R &d <00 .
The proof can refer to [5].
The paper is organized as follows. Section 2 collects some well known contents on H"
and three maximum principles which proved in [5]. Based on these principles, the proofs

of Theorems 1.1 and 1.2 are derived by using the method of moving planes in Sections 3
and 4.

2 Preliminaries

The Heisenberg group H" is the Euclidean space R*"*!(n > 1) endowed with the group
law o:

Fof= (x—i—f,y—i—y,t—i—f—i—ZZ(xiyi—yifi)>, (2.1)
=1

where &= (x1,-+,%n,Yy1, - Yn,t) := (x,y,t) ER" x R" x R and & = (,7,f). Denote by J, the
dilations on H", i.e.
6+ () = (xx,xy,°t), k>0, (2.2)

which satisfies 8, (Eo&) =6, (&) 06, ().
The left invariant vector fields corresponding to H" are

9 0 0 o . d
Xi—afxlﬂ'zyi*r Yi—a*%_zxia/ i=1,--n, T=+,

and X; and Y; satisfy
[Xi, Y] =—4Té

ijs [X“X]]:[Yl/ Y]]:OI i,jzll...,n‘

The Heisenberg gradient of a function u is defined as

V]Hl/l:(X1M,"',Xnu,Yll/l,"',YnM) (23)
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and the subLaplacian Ay on H" is

n ) ) n az az aZ 82 ) ) aZ
Ag:=) (Xi"+Y") = 4 —4x; 4(x; )= |- 2.4
H §< YY) ; (axz ay2 T Migrar Mgy TR Y >8t2) 24)
The family {Xi,---,X,,Y1,--- Yy} satisfies Hormander’s rank condition ([19]) which im-
plies that Ay is hypoelliptic and the maximum principle is hold for the solutions to the
equation including A ([20]).

The integer Q =2n+2 is called the homogeneous dimension of IH". Denote by ||
the distance from ¢ to the origin (0,0,0) in H" (see [8])

¢l = <Z X2 +yi?) +t2) : (2.5)

i=1
Authors in [14] used the norm
n i
|(z,w)| = (Z(xi2+yi2)2+16t2> for (x,y,t):=(z,w)eH",

i=1

which is equivalent to (2.5). The distance between two points § and # of H" is defined by

7

(&)= og

H
where 777! denotes the inverse of 17 with respect to o, that is 77! = —7. The open ball of
radius R >0 centered at ¢ is the set
BIH(g,R) = {77 eH" d]H(n,é) <R}.

It finds that { — ||y is homogeneous of degree one with respect to J, and
[Br(C,R)| =By (0,R)| =B (0,1)|R?,

where |-| denotes the Lebesgue measure.
A function u is called the cylindrical function, if

u(x,y,t)=u(rt),
1
where (x,y,t) e H" and r= (|x|*+|y|*)?.

Now we list three maximum principles that have been proved in [5], which will be
used in the moving planes.
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Lemma 2.1. Let Q) be a bounded domain in H" and suppose that u € Lys(Q)) ﬂClléi (Q) is lower
semicontinuous on C) satisfying

{(—Amm(@ >0 geq, 26)
u(¢) =0 CEHNQ,
then

u(@)>0, &eq. 2.7)

Furthermore, if u=0 at some point in Q), then
u(¢) =0, almost everywhere in H".

These conclusions also hold on the unbounded region Q, if we further assume lLm u(¢) > 0.
|Gl —o0

Denote by &= (y,x,2A—t) the H-reflection (see [23]) of { = (x,y,t) about the plane
Th={¢eH"|t=AA€R} andlet H={cH"|t<A}.

Lemma 2.2. Let Q) be a bounded domain in H. If the cylindrical function u € Lys(Q)NC}2L(QY)
is lower semicontinuous on Q) satisfying

(=Am)*u(§)>0  ¢eq,
u(¢)>0 FeH\Q, (2.8)
u()=—u(g) Z€H,

then
u(¢) >0, ceO. (2.9)

Furthermore, if u =0 at some point in (), then
u(&) =0, almost everywhere in H".

These conclusions also hold on the unbounded region Q, if we further assume lim u(¢)>0.
[€|gg—o°

Lemma 2.3. Let Q) be a bounded narrow domain in H and locate in the domain {G|A—1<t<A}
for small 1. Assume that c(x) is bounded from below in Q) the cylindrical function u € Lys(Q)N

Cll(;i (Q) is lower semicontinuous on C) and satisfies

(=Am)u(g)+c(Q)u(g)=0  ce€Q,
u(&)>0 FEH\Q, (2.10)
u(é)=—u(g) f€H,

then
u(@)>0, &eq. (2.11)
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Furthermore, if u=0 at some point in (), then
u(¢) =0, almost everywhere in H".

These conclusions also hold on an unbounded region Q), if we further assume lim u (&) >0.
[E|gg—oe

3 Proof of Theorem 1.1

We will use Lemmas 2.1, 2.2 and 2.3 to prove Theorem 1.1.
Proof. By the condition (1.7), we claim that
u(¢)>0 or u(¢)=0, forany ¢cH.

In fact, suppose that u(¢) >0 is not right, we will show (&) =0. The lower semicontinu-
ousity of u on H". implies that there exists ° €IH" , such that

u(&%) =minu =0,
]I_IVI

then
0
—An)? 0 =Cp P M(g )_”(’7)
( ]H) U(C) Q, H”M_logo‘ O+2s n
u(§%)—u(n)
=C S /n 1 . =0| Q+2s n
HL [~ o gl
—u(n)
=CpsP
Q H" |17_1o¢§0| Q+2s U
=u(¢")=0
Hence

—u(n)
dn =0,
/IHZ ]ﬁ*loCO]HQ+25

and so u(¢) =0 for any { € H",..
In the sequel, we only need to treat the case u >0 on IH',. Let us use the method of
moving planes to u along the ¢ direction and denote

T ={cemy

t:A,Aew},

v ={zem;

O<t</\}.

Letting
ur(§) = (|(xy)| 1) :=u(|(xy)],2A~t)
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and using the H-refection, we have

up (&) =u(y,x2A—t)=u(gh).
Denote
wa (&) =ua(¢)—u(g).

If A >0 is sufficiently small, we use Lemma 2.3 to the narrow region Q=% in ¥, =
XY U(H"\H" ), to have
wa(6) =0, (3.1)

which provides the start point of moving planes. Now we will explain that the plane T;"
can be moved to the infinite such that (3.1) holds. Concretely, letting

Ao=sup{A>0|w, (&) 20, vee X} n<A},

we will prove
Ag = o00. (3.2)

To prove (3.2), let us consider Ay < oo, which implies contradiction. In fact, if Ay suffi-
ciently big, we only to show that

wy(€)>0, ¢exi. (3.3)
Note that (1.7) implies that there exist a point € £} such that

wx(8") :Hzl,inwA <0,
A

ie. 1) (€9) <) (€%) <u(). By (1.6), we have

(=An)'wa(§) =p(Ca(8)) wa(S),

where () () is between 1, (&) and u(¢). For A— o0, by (1.7), u(&) —0 and u, () —0, hence
soisto {)(¢). Then

(—bBm)*wa (%) <0,
which contradict the fact that &° is a negative minimum of w,, hence (3.3) and so (3.2) are
proved, and also |§0 ‘]H must be bounded.

If Ap < o0, then we can derive that T)T can be moved further to the right, that is, we
have claim

there exists 0 >0, such that w, (&) >0 for any A € (Ag,Ag+0).
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This will contradict to the definition of Ay and so (3.2) holds.

In the sequel, we prove the claim. If || (¢ is the negative minimum of w, (&)) suf-
ficiently large, then the above result that |¢|;; must be bounded implies that there exists
some Ry > 0, such that w, (&) >0 on H" \Bg(0,Rg). Next we point out that w, (&) >0
is also true on Byy(0,Rp). To see it, we note Ay < co and get by Lemma 2.2 that on
ce Z;CO NBy (O,Ro),

Wh, (5) >0 (34)
or

Wh, ((: ) =0.
In the case w),({) =0, we observe (&) =0 by the boundary conditions of u. On the other
hand, (3.4) implies that there exists a small § >0, such that

W) (8)>c>0, EEX] ;NBu(0,R). (3.5)

Since w, relies continuously on A, there exists ¢, 0 <& <, such that

Wayte(§) >0, Xy sNBu(0,Ro). (3.6)

Noting (Zy | \Z} _;)NBmr(0,Ro) is a narrow region, we have by Lemma 2.3,

w/\0+€(€> >0, CEZ;'\—O+SOBH(0,R0>.

Therefore the claim is shown.
Using (3.2) and Lemma 2.2 once again, it yields for any £ €.,

w)(¢) >0, (3.7)
or

w) (&) =0. (3.8)
To (3.8), we have u(¢) =0. From (3.7), we know that u({) is strictly increasing, which
contradicts to the boundary condition of u and (1.7). Hence, we also have (&) =0. O

4 Proof of Theorem 1.2

The proof of Theorem 1.2 follows the idea in [4, 6], and the process of proof of Theorem
1.1. We state some notations.
Let T) be a hyperplane in H" defined by

Th={¢ecH"|t=A,A€R}.

Denote the H-reflection of &=(x,y,t) about the plane T by &= (y,x,2A—t), and the region
in the left of the plane T by
Ly={CeH"|t<A}.

The definition of u, and w, can refer to Section 3.
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Proof. First we will check that for A sufficiently negative, it holds
wA(€)>0, FEX,). (4.1)
Indeed, suppose that (4.1) is violated, then by (1.7), there exists a point &’ €% such that

w) (&%) =minw, <0,
Xy

ie. 1) (&%) < (&%) <u(E9). Note by (1.2) that

(=An) ur(§) — (=Amn)u(G) = f(6a(8))war(§) =Cwa(E), (4.2)

where ¢, (¢) is between u, (&) and u(&). For sufficiently negative A, u(¢°) — 0 by (1.7),
so is ¢1(¢%). From (4.2), and Lemma 2.2, a contradiction is obtained and hence (4.1) is
proved.

The above result provides the starting point of moving planes. Let us move the plane
T) to the right as long as (4.1) holds to its limiting position

/\ozsup{)wwﬂ(é)zo, VCEZ;,,VSA}.

We will show that
Wy, (£)=0, FET,,. (4.3)

In fact, by Lemmas 2.2 and 2.3, as in the proof of Theorem 1.1, we can show that
wAO((f)ZO, CEZ)\O (44)

is holds.
Similarly, we can move the plane from +-oco to the left to get

w), (£)<0, EeXy,. (4.5)

Combining (4.4) and (4.5), it derives (4.3).
Hence, we see that u must be symmetric and monotone with respect to t about some
point. O
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