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Abstract. This paper is concerned with the global well-posedness and regularity of
weak solutions for the 2D non-autonomous incompressible Navier-Stokes equation
with a inhomogeneous boundary condition in Lipschitz-like domain. Using the es-
timate for governing steady state equation and Hardy’s inequality, the existence and
regularity of global unique weak solution can be proved. Moreover, these results also
hold for 2D Navier-Stokes equation with Rayleigh’s friction and Navier-Stokes-Voigt
flow, but invalid for three dimension.
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1 Introduction

The incompressible Navier-Stokes equation is a well-known hydrodynamical model which
plays a important role in understanding continuous medium mechanics. Our objective
in this paper is to study the global well-posedness and its regularity for a 2D incom-
pressible non-autonomous fluid flow with non-homogeneous boundary condition in a
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Lipschitz-like domain:

a—u—vAu+(u-V)u+Vp:f(t,x), xeO,t>1,

ot

divu=0, xeO,t>T, (1.1)
u=¢, ¢-n=0, x€d),t>T,

u(t,x) =u-(x), xeQ),

wxhere QCIR? is a bounded set which is said to be a Lipschitz-like domain if its boundary
dQ) can be covered by finitely many balls B;=B(Q;, o) centered at the point Q; € 9Q2 such
that for each ball B;, there exists a rectangular coordinate system and a Lipschitz function
¥:R! = R with

B(Q;,3r0)NQ= {(xl,xz,- o, xg) | xg >Fi(x1,x0, 0, X4-1) } nQ,

T € R is an initial time. The variables u represents the fluid velocity field, p denotes
the pressure, and v is the kinematic viscosity. In addition, n represents the exterior unit
normal vector to (2, ¢ = ¢(x) is a prescribed tangential boundary velocity, and f(¢,x) is
a time-dependent forcing term.

The 2D incompressible Navier-Stokes equations with homogeneous Dirichlet or pe-
riodic boundary in smooth domain, we can refer to literature [3-7,11]. And the 2D au-
tonomous system with non-homogenous boundary on smooth domain can be found-
ed in [8,9]. For this problem extended to non-smooth, by an appropriate background
flow, [1] investigated the well-posedness in less regular space and its dynamics. In this
paper, we want to investigate the non-autonomous case. Firstly, we introduce the back-
ground function i, which is the solution to following problem that shares the same
boundary condition ¢ as (1.1):

div ¢ =0, in Q,
Yp=¢, ¢-n=0 on 0Q).

and 1 is a solution for the Stokes problem

- Ai1+Vg=0, in (),
div 1=0, in Q, (1.3)
i1=¢, a.e. on d) in the sense of nontangential convergence.

The idea comes from [8] and [9], then [1] extended to non-smooth domains of 2D Navier-
Stokes equation by critically invoking estimates of the Stokes problem. Then, writing
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v=u—1, problem (1.1) becomes its equivalent form:

% A0+ (09 )0+ (0 V) (9T )0+ T
=fHvAyp—(p-V)p, xeQt>T,

divo =0, xeO,t>r, (1.4)
v=0, x€9dQ),
v(T,x) =0v.(x), xeQ),

which is a homogeneous problem. If v is a solution of problem (1.4) with initial data
vr=1u,—1, then u=1+vis a solution of problem (1.1) with initial data 1. The Hadamard
well-posedness of problem based on stationary system (see [2,10]) and the existence of
a global attractor of finite fractal dimension of problem (1.4) were proved in [1], with
respect to weak solutions and f = f(x).

In this presented work, we consider the global well-posedness for problem (1.4) which
has the features and properties:

(1) Estimates of i on a Lipschitz-like domain established in [1] have to be critically
invoked, which is necessary for well-posedness of our non-autonomous problem.

(2) The Lipschitz-like boundary requires more delicate estimates which is dependent
on ().

(3) For the non-autonomous case, we need some new inequalities to deal the external
force.

(4) The regularity of global weak solution need some new delicate estimate for the
fractional power operator.

The paper is arranged as: some inequalities and main results has been show in Section
2, which has the proof in Section 3.

2 Main results

2.1 Preliminaries

In this paper, we denote E:={u|u € (C5°(Q))? divu=0}, H is the closure of E in (L?(Q2))?,
(+,-) and |-| denote the inner product and norm in H respectively, i.e.,

2
(u,v):Z/ uj(x)v;(x)dx, Yu,0e (L*(Q))?* and |ul*= (u,u).
=/
V is the closure of E in (H'(Q))? topology, ((+,-)) and ||-|| denote the inner product and
norm in V respectively, i.e.,
ou; av]

D=1 [ G Vuoc (@) and = ()
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H' and V' are dual spaces of H and V respectively, where the injections V—H=H'<—V’
are dense and continuous. The norm ||-||« and (-) denote the norm in V' and the dual
product between V and V' respectively.

Let P be the Helmholz-Leray orthogonal projection operator from (L2(Q))? onto H.
We define A:=—PA to be the Stokes operator with domain D(A)=(H?(Q))*N(HL(Q))3,
then the operator A:V — V' has the property (Au,v) = ((u,v)) for all u, v €V which is an
isomorphism from V into V. {4;}%2; (0<A; <Az <) are eigenvalues of operator A for
the eigenvalue problem Au = Au, ulyq =0 in L2(Q)). {w;}32, is an orthonormal basis of
operator A corresponding to {A;}%;, i.e, Awj=Ajwj.

We define the bilinear and trilinear operators as (see [11])

B(u,v):=P((u-V)v), VYuuvekE, (2.1)
2 v
b(u,0,w)=(B(u,v),w)= Z / uiﬁwjdx (2.2)
ij=1 O axi
respectively. The operators B(u,v) and b(u,v,w) satisfies
b(u,v,0)=0, VueV, ve (H}(Q))?
b(u,v,w)=—b(u,w,v), YuowecV, (2.3)
[b(u,0,w)] < Clul>[u]|2 o] [wl2[w]2,  YuoweV.

We also present Hardy’s inequality

|u(x)[?
‘/()degcg/ﬂwu(x)zdx, Vuev (2.4)

which will be used in sequel.

2.2 Some useful spaces

We define the fractal operator A° (s €R) as

Af=) M(fw)wj, sER,ER, (2.5)
j
+o00
Vi=D(A%)=qg€H:A°g€H, Y A2*|(u,w;)|* <+oo ¢, (2.6)
i=1
4o 1/2
HA"MH=<ZA?"!(M,M)|2> : 2.7)
i=1

Here D(A®) denotes the domain of A® with the inner product and the norm || - ||s as

(u,v)vs:(A%u,A%v), HuH%/s:(u,u)Vs (2.8)
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s+1

and V' =D(A"? ) with the norm |- ||V% . Especially,

V=V, VZ=W:=(H*(Q))*(H)(Q))>.

Moreover, A’ satisfies (see [1])

ST

|ul|« <Ci|A%u|,  VueD(A3). (2.9)

The Gagliardo-Nirenberg interpolation inequality

|AY2u 2 <G| AV 4u|| A3 *u|, Y ueD(AYY). (2.10)

2.3 Estimate of background function for (1.3)

The background function for the Stokes problem in Lipschitz-like domain satisfies the
following estimate:

(1) The background function ¥ which is a solution of Stokes problem satisfies the
following estimates in a Lipschitz-like domain

sup [ (x)[+sup|Vyp(x)|dist(x,002) < Ca||@||1=(a02), (2.11)
xeQ) xeQ)

1
[V pldist(-00)" 7 [|ri) <Csll@llrpay, — 2<p<oo, (2.12)
¥l =) < Call@ll = 202)- (2.13)

(2) If ¢ satisfies the problem

div =0, x€Q,
Y=, if x e {x € Q); dist(x,0Q) <Cle}, (2.14)

= ¢, on d() in sense of nontangential convergence.

Then we have

Ap=V(qne)+F, (2.15)
where
Supp ¢ C {x€Q); dist(x,000) < Che}, (2.16)
1Pl < 5 Ielizpny, Va=20, 217)
F=0, xe{x|dist(x,0Q) <Cje or dist(x,0Q0) > Cje}, (2.18)

here ¢ is an arbitrary fixed positive constant.
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24 The equivalent problem

Based on the above notations, since the Stokes operator is compact, then (1.4) is equiva-
lent to the following homogeneous boundary value problem

v —vAv+ (0(t)-V)o+ (v(t)-V)p+ (- V)o+ V(p—vape) = f— (- V)¢,

divo=0
, 2.19
v)o0 =0, 219)

v(T,x) = (x) = uc(x) +p(x),

where f= f(x,t)+VF(x).
Let v:€H or V, applying the Leray projector P to problem (2.19), using the divergence
free condition, we derive the following equivalent abstract weak form

{ vt +vAv+B(v,0)+B(v,9)+B(p,0) =Pf—B(i,1),

2.20
div o=0. ( )

2.5 Existence of global weak solution

Let ¢ be a background flow function which satisfies the Stokes problem (1.3) and v(t,x) =
u(t,x)—4(x), and its global weak solution can be defined as following.

Definition 2.1. Let Q) be a Lipschitz-like domain, uz €H, f(x,t)€L? (R;V’), € L®(9Q)) and

loc

@-n=0o0n 0Q, u is called a weak solution of problem (1.1) provided that
(i) ueC([t,T);H), u(-,t) =ur, and du/dt € L (1, T;V');
(ii) forall ve C§(Q)) with div v=0, we get

d 2 .90
—<u,v>—v<u,Av>—/ Zuu]—dx:<f,v>
dt 'Qijzl x]'

in the distributional sense on [T, T|;

(iii) there exists functions P € C>(Q)NL®(9Q), g€ C(Q) and g € L*>(QY) such that

le 110:0, ln Q/
Y=o, on 0},

where 1 can reach its boundary values in the sense of non-tangential convergence and u—
peL?(t,T;V).

The existence of global weak solutions of problem (2.20) (which is equivalent to (2.19))
can be stated as the following theorem.
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Theorem 2.1. Let v-(x) € H, f(x,t) € L? (R;V’), then there exists a unique solution v(t,x) of

loc
non-autonomous problem (2.20) satisfying

o(t,x) €L®(t, T;H)(L* (7, T;V),
and dv/dt is uniformly bounded in L(t,T;V').

Proof. Applying the Galerkin approximated method and compact argument as in [1] to
our non-autonomous problem, this result could be established, see Section 3.1. O

The continuous dependence of global solutions on initial data will be presented in
following theorem.

Theorem 2.2. Let ur € H, f € L%OC(IR;V’),q) € L*(0Q)), and ¢-n=0 on 0Q). Then, we obtain
that the weak solution satisfies u(t,x) € L*([t,T] x QQ).
Moreover, the problem (1.1) possesses a unique weak solution u(t,x)€L>® (t,T;H)NL?*(t,T;V)

which is continuously dependent on the initial data, i.e., u(t,x) € C(t,T;H).
Proof. See Section 3.1. O

Remark 2.1. For the above theorem, if we consider the inhomogeneous boundary condi-
tion for 2D incompressible Navier-Stokes equation with Rayleigh’s friction (See [13]) in
Lipschitz-like domain

ot (2.21)

a—u—vAu+(u-V)u+o¢u+Vp:f(t,x),
divu =0,

then the system (2.21) possesses a global weak solution u(t,x) satisfying
u(t,x) €L®(t,T;H)NL*(1,T;V),

which means the Rayleigu’s friction does not change the structure of classical Navier-
Stokes equation (1.1). Moreover, the regularity also holds.

Remark 2.2. Consider the 3D Navier-Stokes-Voight equation just as [14] with same bound-
ary condition in Lipschitz-like domain

EE)TLtI—DéZAut—vAu—I-(u-V)“+Vp:f<t’x)’ (2.22)
divu - o/

then we can not derive the well-posedness for (2.22), since the estimate of background
function for the steady state Stokes problem (1.3) is open in three dimension. However,
if we consider (2.22) in two dimension Lipschitz domain, then the equation (2.22) has a
unique solution u(t,x) satisfying u(t,x) € L*(t,T;V)NL?(t,T; V).
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2.6 The regularity of global weak solution

By the similar technique in Theorem 2.1 and uniform estimates in D(A?%) and V, the
regularity of global weak solution above can be stated in the following theorem.

Theorem 2.3. (1) Assume f€L? (R;H), let v(t,x) be the solution of (2.20) with the initial data
v €D(A?), then the global weak solution v(t,x) becomes reqular as v(t,x) € L®(t,T;D(A%))N
LZ(T,T;D(AJTH))for c€[0,1] and v(t,x) € Co ([T, T|;D(A?)) from the continuous dependence
on initial data.

(2) Let ur € D(A?), f(x,t) € L2 (R;H), ¢ € L*(9Q). Then, the problem (1.1) possesses

loc

3
regular solution u(t,x) € Cyp ([T, T];D(A?).
Proof. See Section 3.2. O

Remark 2.3. The recent literature from [15] considered the 3D Navier-Stokes equation
with variable viscosity

ot (2.23)

0
oau_ (v+u |Ju||*)Au+(u-V)u+Vp=f(t,x),
divu=0.

If we consider (2.23) with the same condition as (1.1), then the well-posedness and regu-
larity are not easy to achieve, even the two dimension case.

Remark 2.4. In conclusion, from the comparing with some other fluid flow models, we
has show that the well-posedness and regularity hold for 2D system since the estimate of
background function, even some complex models such as MHD and micropolar flows.

3 Proof of main results

In this section, we will prove our main results by some delicate estimates.

3.1 Proof of Theorems 2.1 and 2.2

In this section, we shall first prove the global existence of solutions for the equivalent
abstract equation of problem (1.1) in H. Then the proof of continuous dependence on the
initial data and the solution processes will be presented.

e Proof of Theorem 2.1:

Step 1: We shall use the standard Faedo-Galerkin method to establish the existence of
approximate solution to problem (2.20).
Fix n>1, w; (j > 1) be the normalized eigenfunctions basis for the Stokes operators

in the space H with its increasing eigenvalues satisfying 0 <A; <Ay <--- and limA; = co.
]—o0o
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Let V,, =span{w;,wy,---,w, }, we define an approximate solution v, to problem (2.20) as
n(t) = Lj_1anj(t)w;j € Vi, which satisfies the following initial value problem of ordinary

differential equation with respect to unknown variables {anj}}“:l,

d
— (v, w;) +v(Avy, W) +b(Vy,0n,w;)) +b(Vn,P,w;) +b(h,04,w;)

dt -
= (Puf,w0)) =b(g,,w)), (3.1)

On (T) =Ont-

By the local existence theory of solutions for ordinary differential equations, there
exists a solution in local interval (7, T) for problem (3.1).

Step 2: A priori L™-estimate.
Multiplying (3.1) by 4,;, summing the resulting equations from j=1 to n, noting
b(vn,vn,0,) =0 and b(,v,,v,) =0 from (2.3), we have

1d

5 gl Pl < b g o0 |+ [(Bafon) |+ (g0 (B2)

Next, we shall estimate every term on the right-hand side in (3.2).
(a) Using Hardy’s inequality (2.4), (2.3) and (2.11), choosing suitable ¢ >0 such that

v
C2C3C4€H(PHL°°(BQ) S Z , (33)
we obtain
(v, 1,00)| <Cal|9| / dist(x,90) ——2 4y
I’l/tzbl n)| >4 go Lm(aQ) dist(x,aQ)SCZg ’ [dlSt(x,aQ)]z

v
<C2C3Celll ooy omll* < 7 llon > (3.4)

Similarly, we have

.y

b(p 00| < S llonl P+ (3.5)

\f!zf

| <Pufon> | < Slonl+S [ L €2, m] (36)

Combining (3.2)-(3.6), by ||¢||? 12(20) <CloQ|]| quzw(aQ) and the Poincaré inequality, we get

1/)\1

| Oul?+ = [on?

!f!z/
" +7|aQ‘H(PHL°" a0) TCe 10|17 30 | =K3- (3.7)
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By the Gronwall inequality, we derive
(002 < |one 26 20T +/ -9 K2ds. (3.8)

Moreover, since HgoHLz a0) < CloQ]]|¢||? (a) and f € L? (t,T;V’), then we have, for an

arbitrary te€ (7,T),

/te_vgl(t_s)Kst
T

loc

g \f!z/
=[S B g o e 0l o
e ClflS . C ) 2 f (i)
—/Te y /\ —Yds +— |:£‘aQ|H(P|| w(aQ)+8 |aQ|||(P|| w(aQ):| '/re 2 ds
and
Clv? toway .
=100 910+ (0011 gli~n | [[e#as<C, 63)
_71
m/ 29| £(s) ]V,ds<—/ £(s)[ds<C. (3.10)

This implies that v(t,x) € L*(t,T;H).

Step 3: The priori L2-estimate.
Integrating (3.2) over (s,t), and using (3.3)—(3.6), we have

v rt
[oulP+5 [ llow(r)|Pdr (3.11)
S
2 C[v? 2 2
<|oa()"+Cllf 2y + - | 71U llie@0) +€ [0 @llEx @0y | (E=5),

and using the Poincaré inequality and Gronwall’s inequality, we derive that

UM -~
02 <o) Pe™ I CI £l 3 e 0

C

[0l ey +e 2l ]2 s
oyl PllL=(00) Plir=(00)

A 7
evzl (t=s)

(3.12)

which shows that v, (t,x) € L*(7,T;H)NL?(7,T;V) if let s=T in (3.12).

Step 4: The priori L2-estimate of dv,, /dt.
Using the estimate of trilinear operator |b(u,v,w)| < C|u\% |2 || 0|l || /2| w|*/* and
the Poincaré inequality, we have

1 1
1B(0n,0n) v = sup |[b(vn,vn,w)| < Clon|?[|oa]|2[|onl],
[[w]|=1
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T 2 T 2 T 2
/||B(vn,vn)||v,ds§C(/ (o] ds+/ [on]ds), (3.13)
T T T

which implies B(v,,,v,) € L(T,T;V').

Considering (%#,w) with w € V in the equation

(ciivtn,w) + (vAv,,w)+ (B(vy,vy),w)+ (B(vn, ), w)+ (B(,v,),w)

=(Pf,w)=(B(g.y),w), (3.14)
and using the Hardy inequality, Holder’s inequality and the same technique as in (3.4),
we deduce

(Y .
(0w 0] <Calplimany [ ol 2 dist(x,00)dx

dist(x,000) <Cye m
<Cll@ll =@ llvallllw]l, (3.15)

T
[ 1B@w)ds <Cllole oy llonlBeger) (3.16)

which means that B(v,,9) € L*(t,T;V’). Similarly, we have B(y,v,) € L*(7,T;V') and
B(y,) € L?(t,T;V'). Since f € LZZOC(T,T}V/) and v, € L2(t,T;V), then Pf € L?(7,T;V') and
vAv, € L?(7,T;V’). From the equation (3.14) in the weak sense, we have % €L(T,T;V")

and {d;t" } is bounded.

Step 5: Passing to limit and compact argument to achieve the existence of weak solu-
tions.

From Steps 3 and 4, using the Lions-Aubin compact argument and the dominated
convergence theorem, we can extract a subsequence (relabeled as v,) and derive the ex-
istence of function v € L?(t,T;V)NL® (7, T;H) with % € L?(t,T;V’) such that

Uy —0 strongly in LZ(T, T;H), (3.17)
Uy —0 weakly in L?(7,T;V), (3.18)
Up—0 weakly * in L®(7,T;H), (3.19)
dvn R dov . 2 7/

T @ weakly in L*(7,T; V). (3.20)

Next, we shall deal with the convergence of trilinear operators. Using the Holder in-
equality and the property of trilinear operators, we obtain

T
/T\b(vn,vn,wj)—b(v,v,wj)]dt

T T
:/ \b(vn,vn—v,wj)|dt§C/ o]l |00 —0|dt
T T



88 X. G. Yang and S. B. Wang/ J. Partial Diff. Eq., 32 (2019), pp. 77-92

<Cllonllt2(x, ;v lon =l 22,730y — O (3.21)
Similarly, we have
T C
/T b(vn—0,0,w;)|dt < Vo 19l 22,7 [lon =2l 122, 7:1) — O, (3.22)
T
/T b(on, P, w;i) —b(u,,w;) |[dt <Cl @]l 1= a0y [0n =0/l 22, 161) = O, (3.23)
T
/T b(¢,vn,w;i) = b(Y,u,w;)|dt <C||@|| L= @0r) l[vn — 0| L2(2, ;1) = O (3.24)

Combining (3.17)—(3.24), passing to the limit of (3.14), we conclude that v(t,x) is a
weak solution to problem (2.19) in the interval (7,T), i.e., there exist at least one global in
time Hadamard weak solution to problem (2.19). From the property of background flows
class . =1p € C*(Q) satisfying (1.3) and v=u —1p and the solution v for problem (2.19) is
obtained in Theorem 2.1 with initial data v =u,—1, it is easy to check that u satisfies the
conditions (i), (ii) and (iii) in Definition 3.1 and u(t,x) € L*(0,T;H)NL?(0,T;V). We then
complete the existence result in Theorem 2.1. O

¢ Proof of uniqueness in Theorem 2.1 and Theorem 2.2

Let u1(+) and u3(-) be two solutions to problem (1.1) with corresponding initial data u!
and u2 respectively and background flow functions 1; and i, if we take w=u; —u,, then
w satisfies the problem:

Cgf—vAw%—(ul V)up—(u2-V)upy =0,

divw=0, (x,t) €Qy, (3.25)
w(t,x)|m:0, ( ,t) Eaﬂr,
u

(),

w(T,x)=wr=ul(x)—

which can be written as

dw
—vAw B(uq,u B(up,uy)=0,
a7 + +B(u1,u1) —B(uz,uz) (3.26)
div w=0.
Let w € C{(Q), div w =0, from the condition (ii) in Definition 2.1, we can derive
d dwt
Ot <up—up,w>—v<uUp—Uy,Aw >= / Z —uzujz) Z dx. (3.27)
ij=1

Obviously, (3.27) holds for any w € V. In fact, from the condition (ii) and <u; —up, Aw>=
—((u1 —up,w)), we have

up—up = (ur — 1) — (2 — 2) + (Y1 — ¢2) € L*([0, T); V),
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d 2 /

a(ul—uz)eL ([0,T); V"), forweV.

Let w=u1—uy in (3.27), we have

S Syl
<C [ Juallel[Veoldx < a3 Vo] 2] 2 Vi)

<vl|w|?+Cylluz || w]*. (3.28)
Since

12| sy Sllu2 =9l L) + 19l 2 (0)

1 1
<CIIV (2= )12 gy 12— 9 s )+ 150 (3:29)

we have u € L*(Qx (0,T)) and w(+,0) =0, hence w =0, i.e., the solution is unique. More-
over, we have the continuous dependence on the initial data

Co L s s)1Ey g s

11 (5) —u2(s) 2 < g — u || < e (3.30)
Note that (3.28) can be written as
d
gl vl < Clluazs|w]. (3.31)
Integrating from 7 to ¢, we have
t t
WO+ [ w(s)ds <[wrP+C, [ lua(s) [i]co(s) P (632)
Neglecting the first term on the left-hand side of (3.32), and using (3.30), we derive
! 2
[l (s) = a(s) i
T
1 t . t 4
< = lur—uf?x (CL/T lua(5) |24 dse” fT”“Z(S)”L4<0>dS+1). (3.33)

Hence, (3.30) and (3.33) imply the continuous dependent on the initial data for the
global weak solutions, and hence u(t,x) € C(0,T;H)NL?(0,T;V), which completes the
proof. l
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3.2 Proof of Theorem 2.3

Firstly, we shall present a lemma for the following proof.

Lemma 3.1. For u € D(AY*#), there exists a constant C such that

sy < ClLA 30 N
()P .
-~ < .
/Qdist(x,aa)dx—c”A w2 q) (3.35)

hold, here C is independent on the domain (). Moreover, the following extended estimate

| A*u(x)]” a+1/4, 112
/lest(x BQ)d =Clla llzaq (3:36)

is also true.
Proof. See [1]. O

e Proof of Theorem 2.3: Regularity of global weak solution
Using the Galerkin approximated technique and compact argument again, noting that
v=u—1, we need to estimate the norms of v in some more regular norm for the non-
autonomous problem, i.e., the asymptotic regularity of v, the key point of difficulty is the
estimate of trilinear operator.
Multiplying the limiting equation with A’ for (2.20), we have
0/2)2 o2
e R e
<|b(v,v,A%u)|+|b(v,v,A%u)|+|b(p,v, A%u)|
+|b(v,, A%u) |+ |b(p,p,A%u) |+ | < f,A%D > |. (3.37)

Using the same technique in Section 3.1 and Lemma 3.1, we derive that
b(v,0,A%0)| < C|AV40||AV2|| A" Tiv| < = yA”“v|2+cyA1/4v\2|A1/2z;|2, (3.38)

<7+1
b(,0,A%70)| <Cll @]~ (30) Iz‘l”zllz‘l"v|< 514 P +Cllele o)AV 02, (3.39)

0
b0, A7) <Cllgllmo | O%mwdx

QO
v o+1
< gl 0P 4Cllg|Re | AV 0P, (3.40)
A%v(x
60p.,4°0)| <Clllwonn lol260) |, o gards
1% o+l
< AT P +Clloll e aa) 19112 00) - (3.41)

8
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In addition, by the similar technique in Section 3.1, it yields
|<f,A%>|<|< f,A%> |+|F,A%]| < %|A%“v\2+c [|f|2+u\/£\P|2} . (3.42)

Combining (3.37)-(3.42), noting that f € L? (t,T;H), by the Gronwall inequality, we can
conclude the uniformly boundedness of v in D(A?), and hence also u, which complete

the proof. O

4 Further research

In this paper, we have given a proof of well-posedness for 2D non-autonomous NS e-
quation in Lipschitz-like domain, our objective next is to study the pullback dynamic
systems for our problem, and moreover for the system with delay terms.
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