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1 Introduction

In solving many problems of theoretical and mathematical physics, we often need vari-
ous special functions. So, it is important to analyze a special function and to determine
its characteristic properties such as its generating function relations, integral representa-
tions, explicit formula, recurrence relations, and so on. In the present paper we mainly
study on the modified versions of the classical Laguerre polynomials that are famous
ones in the theory of special functions. More precisely, we obtain some new results re-
garding bilateral generating functions of the modified Laguerre polynomials.

In the literature there are various methods of obtaining generating functions, such as
group-theoretic method and analytic method (see, for instance, [3, 4, 7, 18, 29, 31]).

Throughout the paper we need the following definitions and notations.
The modified Laguerre polynomials, denoted by f (β)

n (x), are specified by the series
(see [12])

f (β)
n (x)=

(β)n

n!

n

∑
k=0

(−n)k

(1−n−β)k

xk

k!
, (1.1)
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where, as usual, (λ)ν denotes the Pochhammer symbol given by (for λ, ν∈C and in terms
of Gamma function)

(λ)ν :=
Γ(λ+ν)

Γ(λ)
=

{
1, (ν=0, λ∈C\{0}),
λ(λ+1)···(λ+n−1), (ν=n∈N, λ∈C),

with the convention (0)0 :=1.
These polynomials have the following generating function relations (see [18]):

∞

∑
n=0

f (β)
n (x)tn =(1−t)−β exp(xt), |t|<1, (1.2a)

∞

∑
n=0

(
n+m

m

)
f (β)
n+m(x)tn =(1−t)−β−m exp(xt) f (β)

m (x(1−t)), |t|<1. (1.2b)

Another modified version of the Laguerre polynomials of degree n, denoted by Lα,β,m,n(x),
was defined by Goyal [13] in the form

Lα,β,m,n(x)=
βn(m)n

n! 1
F1

(
−n;m;

αx
β

)
, (m 6=0,−1,−2,··· , β 6=0), (1.3)

where 1F1 is the confluent hypergeometric function (see [10]). We should note that the
polynomials Lα,β,m,n(x) are found in an increasing number of mathematical works since
it is more easier to handle and also more practical in numerical computations (see, for
instance, [17, 19, 26–28]). For the polynomials in (1.3), the following generating function
was obtain in [24]:

∞

∑
n=0

(k+1)n

n!
Lα,β,m,n+k(x)tn =(1−βt)−m−k exp

(
αxt

βt−1

)
Lα,β,m,k

(
x

1−βt

)
, (1.4)

where |βt|<1. In recent years, many researchers have studied multilinear and multilat-
eral generating functions for different type of polynomials, such as Altın et al. [1], Chan
et al. [2], Chen et al. [5,6], Dattoil et al. [8], Erkus et al. [11] and Liu [14], Qureshi et al. [25].
Similarly, in [15] Liu et al. introduced bilateral generating functions for the Chan-Chyan-
Srivastava polynomials and the generalized Lauricella functions, and in [16] bilateral
generating functions for the Erkus-Srivastava polynomials and generalized Lauricella
functions were derived. Recently, we have obtained generating functions for the gener-
alized Lauricella polynomials and the generalized Cesáro functions (see [23]). It is also
possible to find different generating functions by means of a similar method used in [20]
and [22].

With the above information, our strategy in this paper is as follows: in Section 2, we
get an integral representation of the polynomials f (β)

n (x) and provide a new generating
function relation for the polynomials Lα,β,m,n(x). In Section 3, we derive several families
of bilinear and bilateral generating functions for the polynomials Lα,β,m,n(x). In Section
4, we discuss some special cases. In Section 5, we obtain various families of bilateral gen-
erating functions for the modified Laguerre polynomials and the generalized Lauricella
functions defined in [30]. The last section is devoted to the concluding remarks.
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2 Some properties of modified Laguerre polynomials

In this section, we first get an integral representation of the polynomials f (β)
n (x) defined

in (1.1). Later we provide a generating function relation for the modified Laguerre poly-
nomials Lα,β,m,n(x).

Theorem 2.1. The modified Laguerre polynomials f (β)
n (x) have the following integral represen-

tation
f (β)
n (x)=

1
n!Γ(β)

∫ ∞

0
e−uuβ−1(u+x)ndu. (2.1)

Proof. If we use the identity

a−v =
1

Γ(v)

∫ ∞

0
e−attv−1dt(Re(v)>0),

on the left-hand side of the generating function relation (1.2a), then we may write that
∞

∑
n=0

f (β)
n (x)tn =

1
Γ(β)

∫ ∞

0
e−(1−t)uuβ−1extdu

=
1

Γ(β)

∫ ∞

0
e−uuβ−1

∞

∑
n=0

(u+x)n

n!
tndu

=
∞

∑
n=0

(
1

n!Γ(β)

∫ ∞

0
e−uuβ−1(u+x)ndu

)
tn.

Comparing the coefficients of tn, the proof is completed.

We should note that, unfortunately in the preset paper we are not able to derive a
similar integral representation of the polynomials Lα,β,m,n(x) since it is more complicated

than the process for the polynomials f (β)
n (x).

Now we obtain a new generating function for the modified Laguerre polynomials
Lα,β,m,n(x).

Theorem 2.2. The polynomials Lα,β,m,n(x) have the following generating function relation:
∞

∑
n=0

Lα,β,m,n(x)tn =(1−βt)−m exp
(

αxt
βt−1

)
. (2.2)

Proof. Using (1.3) on the left-hand side of (2.2), we get
∞

∑
n=0

Lα,β,m,n(x)tn =
∞

∑
n=0

βn(m)n

n! 1
F1

(
−n;m;

αx
β

)
tn

=
∞

∑
n=0

βn(m)n

n!

n

∑
p=0

(−n)p

(m)p p!

(
αx
β

)p

tn

=(1−βt)−m exp
(

αxt
βt−1

)
,



N. Özmen / Adv. Appl. Math. Mech., 11 (2019), pp. 1398-1414 1401

which completes the proof.

Now differentiating both sides of the relation (2.2) with respect to x and also using
∞

∑
n=0

∞

∑
k=0

A(k,n)=
∞

∑
n=0

n

∑
k=0

A(k,n−k),

we get the next (differential) recurrence relation for the modified Laguerre polynomials:

βL′α,β,m,n−1(x)−L′α,β,m,n(x)−αLα,β,m,n−1(x)=0, (n≥1).

It is also possible find to obtain a different recurrence relation for these polynomials by
differentiating both sides of (2.2) with respect to t as follows:

αx

[
n

∑
k=0

βkLα,β+(n+1)Lα,β,m,n+1(x),m,n−k(x)−
n−1

∑
k=0

(k+1)βk+1Lα,β,m,n−k−1(x)

]

=m
n

∑
k=0

βk+1Lα,β,m,n−k(x).

The next result is an easy consequence of Theorem 2.2, which gives a new addition for-
mula for the modified Laguerre polynomials.

Corollary 2.1. The modified Laguerre polynomials satisfy the following addition formula

Lα,β,m1+m2,n(x1+x2)=
n

∑
k=0

Lα,β,m1,n−k(x1)Lα,β,m2,k(x2). (2.3)

Proof. Replacing m by m1+m2 and x by x1+x2 in (2.2), we observe that
∞

∑
n=0

Lα,β,m1+m2,n(x1+x2)tn =(1−βt)−m1−m2 exp
(

α(x1+x2)t
βt−1

)
=

∞

∑
n=0

Lα,β,m1,n(x1)tn
∞

∑
k=0

Lα,β,m2,k(x2)tk =
∞

∑
n=0

∞

∑
k=0

Lα,β,m1,n(x1)Lα,β,m2,k(x2)tn+k

=
∞

∑
n=0

n

∑
k=0

Lα,β,m1,n−k(x1)Lα,β,m2,k(x2)tn.

Hence, comparing the coefficients of tn, the proof follows, immediately.

3 Bilinear and bilateral generating functions

The main goal of this section is to derive several families of bilinear and bilateral gener-
ating functions for the modified Laguerre polynomials Lα,β,m,n(x) having the generating
function relation (2.2). Note that a similar work has recently been done for other spe-
cial functions, such as the Meixner polynomials and the generalized Cesàro polynomials
(see [20, 23]).

We first get the next result.
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Theorem 3.1. Corresponding to an identically non-vanishing function Ωµ(y1,··· ,yr ) of r com-
plex variables y1,··· ,yr (r∈N) and of complex order µ, let

Λµ,ψ(y1,··· ,yr;ζ) :=
∞

∑
k=0

akΩµ+ψk(y1,··· ,yr)ζ
k, ak 6=0, µ,ψ∈C,

and

Θµ,ψ
n,p (x;y1,··· ,yr;ξ) :=

[n/p]

∑
k=0

akLα,β,m,n−pk(x)Ωµ+ψk(y1,··· ,yr)ξ
k.

Then, for p∈N, we have

∞

∑
n=0

Θµ,ψ
n,p

(
x;y1,··· ,yr;

η

tp

)
tn =(1−βt)−m exp

(
αxt

βt−1

)
Λµ,ψ(y1,··· ,yr;η). (3.1)

Proof. Let Ψ denote the left side of (3.1). Then,

Ψ=
∞

∑
n=0

[n/p]

∑
k=0

akLα,β,m,n−pk(x)Ωµ+ψk(y1,··· ,yr)η
ktn−pk.

Replacing n by n+pk, we get

Ψ=
∞

∑
n=0

∞

∑
k=0

akLα,β,m,n(x) f α
n (x)Ωµ+ψk(y1,··· ,yr)η

ktn

=
∞

∑
n=0

Lα,β,m,n(x)tn
∞

∑
k=0

akΩµ+ψk(y1,··· ,yr)η
k

=(1−βt)−m exp
(

αxt
βt−1

)
Λµ,ψ(y1,··· ,yr;η),

which is the desired result.

We also get the following theorem.

Theorem 3.2. Corresponding to an identically non-vanishing function Ωµ(y1,··· ,yr ) of r com-
plex variables y1,··· ,yr (r∈N) and of complex order µ, let

Λn,p
µ,ψ(x1+x2;y1,··· ,yr;z) :=

[n/p]

∑
k=0

akLα,β,m1+m2,n−pk(x1+x2)Ωµ+ψk(y1,··· ,yr)zk,

where ak 6=0, µ,ψ∈C, n,p∈N. Then, we have

n

∑
k=0

[k/p]

∑
l=0

al Lα,β,m1,n−k(x1)Lα,β,m2,k−pl(x2)Ωµ+ψl(y1,··· ,yr)zl

=Λn,p
µ,ψ(x1+x2;y1,··· ,yr;z). (3.2)
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Proof. Let v denote the left side of the assertion (3.2). Then, it follows from (2.3) that

v=
[n/p]

∑
l=0

n−pl

∑
k=0

al Lα,β,m1,n−k−pl(x1)Lα,β,m2,k(x2)Ωµ+ψl(y1,··· ,yr)zl

=
[n/p]

∑
l=0

al

(
n−pl

∑
k=0

Lα,β,m1,n−k−pl(x1)Lα,β,m2,k(x2)

)
Ωµ+ψl(y1,··· ,yr)zl

=
[n/p]

∑
l=0

al Lα,β,m1+m2,n−pl(x1+x2)Ωµ+ψl(y1,··· ,yr)zl

=Λn,p
µ,ψ(x1+x2;y1,··· ,yr;z).

Hence, the proof is completed.

In a similar manner, we get the next result.

Theorem 3.3. Corresponding to an identically non-vanishing function Ωµ(y1,··· ,yr ) of r com-
plex variables y1,··· ,yr (r∈N) and of complex order µ, let

Λµ,q,ψ (x;y1,··· ,yr;t) :=
∞

∑
k=0

akLα,β,m,p+qk(x)Ωµ+ψk(y1,··· ,yr)tk,

where an 6=0, µ∈C, and

θ
µ,ψ
n,q (y1,··· ,yr;z) :=

[n/q]

∑
k=0

(k+1)n−qk

(n−qk)!
akΩµ+ψk(y1,··· ,yr)zk.

Then, for p∈N, we have
∞

∑
n=0

Lα,β,m,n+p(x)θn,p,q(y1,··· ,yr;z)tn

=(1−βt)−m−p exp
(

αxt
βt−1

)
Λp,q

mµ

(
x

1−βt
;y1,··· ,yr;z

(
t

1−βt

)q)
. (3.3)

Proof. Let κ denote the left side of (3.3). Then, we may write that

κ=
∞

∑
n=0

Lα,β,m,n+p(x)
[n/q]

∑
k=0

(k+1)n−qk

(n−qk)!
akΩµ+ψk(y1,··· ,yr)zktn.

Replacing n by n+qk and then using (1.2b),

κ=
∞

∑
n=0

∞

∑
k=0

(k+1)n

n!
Lα,β,m,n+p+qk(x)ak Ωµ+ψk(y1,··· ,yr)zktn+qk

=
∞

∑
k=0

(
∞

∑
n=0

(k+1)n

n!
Lα,β,m,n+p+qk(x)tn

)
akΩµ+ψk(y1,··· ,yr)(ztq)k
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=
∞

∑
k=0

(1−βt)−m−p−qk exp
(

αxt
βt−1

)
×Lα,β,m,p+qk

(
x

1−βt

)
akΩµ+ψk(y1,··· ,yr)(ztq)k

=(1−βt)−m−p exp
(

αxt
βt−1

)
×

∞

∑
k=0

akLα,β,m,k+qk

(
x

1−βt

)
Ωµ+ψk(y1,··· ,yr)

(
ztq

(1−βt)q

)k

=(1−βt)−m−p exp
(

αxt
βt−1

)
Λp,q

mµ

(
x

1−βt
;y1,··· ,yr;z

(
t

1−βt

)q)
,

which completes the proof.

4 Special cases

If the multivariable function Ωµ+ψk(y1,··· ,yr), k ∈N0, r ∈N, is expressed in terms of
simpler functions of one and more variables, then we can give further applications of the
above theorems. For example, taking

Ωµ+ψk(y1,··· ,yr )=Φ(α)
µ+ψk(y1,··· ,yr)

in Theorem 3.1, where the multivariable polynomials Φ(α)
µ+ψk(x1,··· ,xr) are generated by

(see [21])

(1−x1t)−αe(x2+···+xr)t =
∞

∑
n=0

Φ(α)
n (x1,··· ,xr)tn,

(
α∈C;

∣∣t∣∣<{∣∣x1
∣∣−1}). (4.1)

we obtain the following result, which provides a bilateral generating function for multi-
variate polynomials Φ(α)

µ+ψk(x1,··· ,xr) and the modified Laguerre polynomials.

Corollary 4.1. If

Λµ,ψ(y1,··· ,yr;ζ) :=
∞

∑
k=0

akΦ(α)
µ+ψk(y1,··· ,yr)ζ

k, (ak 6=0, µ,ψ∈C),

then,

∞

∑
n=0

[n/p]

∑
k=0

akLα,β,m,n−pk(x)Φ(ν)
µ+ψk(y1,··· ,yr)

ηk

tpk tn

=(1−βt)−m exp
(

αxt
βt−1

)
Λµ,ψ(y1,··· ,yr;η).
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Remark 4.1. Using the generating relation (4.1) for the multivariable polynomials
Φ(α)

µ+ψk(x1,··· ,xr) and putting ak =1, µ=0, ψ=1 in Corollary 4.1, we observe that

∞

∑
n=0

[n/p]

∑
k=0

Lα,β,m,n−pk(x)Φ(ν)
k (y1,··· ,yr)η

ktn−pk

=(1−βt)−m exp
(

αxt
βt−1

)
(1−y1η)−νe(y2+···+yr)η ,

where |βt|<1, ν∈C, |η|<{|y1|−1}.

If we set
r=1 and Ωµ+ψk(y1)=Lα,β,m3,µ+ψk(x3)

in Theorem 3.2, then we have the following bilinear generating functions for the modified
Laguerre polynomials.

Corollary 4.2. If

Λn,p
µ,ψ(x1+x2;x3;z)

=:
[n/p]

∑
k=0

akLα,β,m1+m2,n(x1+x2) f (α1+α2)
n−pk (x1+x2)Lα,β,m3,µ+ψk(x3)zk,

where ak 6=0, µ,ψ∈C, then

n

∑
k=0

[k/p]

∑
l=0

al Lα,β,m1,n(x1)Lα,β,m2,n(x2)Lα,β,m3,µ+ψk(x3)zl =Λn,p
µ,ψ(x1+x2;x3;z).

Remark 4.2. Using (2.3) and also taking al = z=1, µ=0, ψ=1, p=1 in Corollary 4.2, we
get

n

∑
k=0

k

∑
l=0

Lα,β,m1,n−k(x1)Lα,β,m2,k−l(x2)Lα,β,m3,l(x3)=Lα,β,m1+m2+m3,n(x1+x2+x3).

If we set
r=1 and Ωµ+ψk(y)=P(α,β)

µ+ψk(y)

in Theorem 3.3 and taking into account the classical Jacobi polynomials generated by
(see [10])

∞

∑
n=0

P(α,β)
n (x)tn =

2α+β

ρ
(1−t+ρ)−α(1+t+ρ)−β,

where ρ=(1−2xt+t2)1/2, then we get a family of the bilateral generating functions for
the classical Jacobi polynomials and the modified Laguerre polynomials as follows.
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Corollary 4.3. If

Λm,q (x;y;t)=:
∞

∑
k=0

akLα,β,m,p+qk(x)P(α,β)
µ+ψk(y)t

k, (ak 6=0, m∈N0, k 6=0),

θ
µ,ψ
n,m,q(y;z) :=

[n/q]

∑
k=0

(k+1)n−qk

(n−qk)!
akP(α,β)

µ+ψk(y)z
k,

where n,p∈N, then we have
∞

∑
n=0

Lα,β,m,n+p(x)θµ,ψ
n,m,q(y;z)tn

=(1−βt)−m−p exp
(

αxt
βt−1

)
Λm,q

(
x

1−βt
;y;z

(
t

1−βt

)q)
.

Furthermore, for every suitable choice of the coefficients ak (k∈N0) if the multivari-
able functions Ωµ+ψk(y1,··· ,yr), r∈N, are expressed as an appropriate product of several
simpler functions, the assertions of Theorems 3.1, 3.2 and 3.3 can be applied in order to
derive various families of multilinear and multilateral generating functions for the mod-
ified Laguerre polynomials.

5 Some new bilateral generating functions for modified
Laguerre polynomials

In this section, we derive various families of bilateral generating functions for the modi-
fied Laguerre polynomials and the generalized Lauricella functions defined in [30].

Recall that a generalization of the familiar Kampé de Fériet hypergeometric function
in two variables, which is called the generalized Lauricella function (or, the Srivastava
and Daoust function), was introduced by Srivastava and Daoust as follows (see [30]):

FA:B(1);···;B(n)

C:D(1);···;D(n)


[
(a) : θ(1),··· ,θ(n)

]
:
[
(b(1)) : φ(1)

]
; ··· ;

[
(b(n)) : φ(n)

]
;

z1,··· ,zn[
(c) : ψ(1),··· ,ψ(n)

]
:
[
(d(1)) : δ(1)

]
; ··· ;

[
(d(n)) : δ(n)

]
;


=

∞

∑
m1,···,mn=0

Ω(m1,··· ,mn)
zm1

1
m1!
··· z

mn
n

mn!
,

where

Ω(m1,··· ,mn) :=

A
∏
j=1

(aj)m1θ
(1)
j +···+mnθ

(n)
j

C
∏
j=1

(cj)m1ψ
(1)
j +···+mnψ

(n)
j

B(1)

∏
j=1

(b(1)j )
m1φ

(1)
j

D(1)

∏
j=1

(d(1)j )
m1δ

(1)
j

···

B(n)

∏
j=1

(b(n)j )
mnφ

(n)
j

D(n)

∏
j=1

(d(n)j )
mnδ

(n)
j

.
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Here, the coefficients

θ
(k)
j (j=1,··· ,A; k=1,··· ,n) and φ

(k)
j (j=1,··· ,B(k); k=1,··· ,n),

ψ
(k)
j (j=1,··· ,C; k=1,··· ,n) and δ

(k)
j (j=1,··· ,D(k); k=1,··· ,n),

are real constants and (b(k)
B(k)) abbreviates the array of B(k) parameters

b(k)j , (j=1,··· ,B(k); k=1,··· ,n),

with similar interpretations for other sets of parameters [16].
For a suitable bounded non-vanishing multiple sequence {Ω(m1,··· ,ms)}m1,···,ms∈N0

of real or complex parameters, let φn(u1;u2,··· ,us) be a function of s real or complex
variables defined by

φn(u1;u2,··· ,us)=:
n

∑
m1=0

∞

∑
m2,···,ms=0

(−n)m1(m1+1)n−m1((b))m1φ

((d))m1δ

×Ω( f (m1,··· ,ms),m2,··· ,ms)
um1

1
m1!
··· u

ms
s

ms!
, (5.1)

where, for convenience,

((b))m1φ =
B

∏
j=1

(bj)m1φj and ((d))m1δ =
D

∏
j=1

(dj)m1δj .

Then, we get the next result.

Theorem 5.1. The following generating function relation holds true:
∞

∑
n=0

Lα,β,m,n(x)φn(u1;u2,··· ,us)
tn

n!

=(1−βt)−m exp
(

αxt
βt−1

) ∞

∑
m1,p,m2,···,ms=0

(m)m1+p((b))(m1+p)φ

(1)m1+p((d))(m1+p)δ(m)p

×Ω( f (m1,··· ,ms),m2,··· ,ms)
(−u1βt

1−βt )
m1

m1!

( u1αxt
(1−βt)2 )

p

p!
um2

2
m2!
··· u

ms
s

ms!
,

where φn(u1;u2,··· ,us) is given by (5.1).

Proof. By using (1.2b), it is easy to see that
∞

∑
n=0

Lα,β,m,n(x)φn(u1;u2,··· ,us)
tn

n!

=
∞

∑
n=0

Lα,β,m,n(x)
n

∑
m1=0

∞

∑
m2,···,ms=0

(−n)m1(m1+1)n−m1((b))m1φ

((d))m1δ

×Ω( f (m1,··· ,ms),m2,··· ,ms)
um1

1
m1!
··· u

ms
s

ms!
tn

n!
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=
∞

∑
m1,m2,···,ms=0

(1−βt)−m−m1 exp
(

αxt
βt−1

)
Lα,β,m,m1

(
x

1−βt

)
×
((b))m1φ

((d))m1δ
Ω( f (m1,··· ,ms),m2,··· ,ms)

(−u1t)m1

m1!
um2

2
m2!
··· u

ms
s

ms!

=(1−βt)−m exp
(

αxt
βt−1

) ∞

∑
m1,p,m2,···,ms=0

(m)m1+p((b))(m1+p)φ

(1)m1+p((d))(m1+p)δ(m)p

×Ω( f (m1+p,··· ,ms),m2,··· ,ms)
(−u1βt

1−βt )
m1

m1!

( u1αxt
(1−βt)2 )

p

p!
um2

2
m2!
··· u

ms
s

ms!
,

which completes the proof.

By appropriately choosing the multiple sequence Ω in Theorem 5.1, we can obtain
some interesting results which give bilateral generation functions for modified Laguerre
polynomials Lα,β,m,n(x) and the generalized Lauricella functions.

Upon setting

Ω( f (m1,··· ,ms),m2,··· ,ms)=
(a)m1+···+ms(b2)m2 ···(bs)ms

(m)m1 ···(cs)ms

and
φ=δ=0 (that is, φ1= ···=φB =δ1= ···=δD =0),

in Theorem 5.1, we get the following result.

Corollary 5.1. The following bilateral generating function is satisfied:

∞

∑
n=0

Lα,β,m,n(x)F(s)
A [a,−n,b2,··· ,bs;m,··· ,cs;u1,··· ,us]

tn

n!

=(1−βt)−m exp
(

αxt
βt−1

)
F1:0;0;1;···;1

1:0;1;1;···;1

(
[(a) : 1,··· ,1] : −; −;[

(1) : ϕ(1),··· ,ϕ(s+1)
]

: −; [m : 1];

[b2 : 1];··· ; [bs : 1];
[c2 : 1];··· ; [cs : 1];

(−u1βt
1−βt ),(

u1αxt
(1−βt)2 ),u2,··· ,us

)
,

where F(s)
A is the Lauricella function and the coefficients ϕ(ω) are

ϕ(ω)=

{
1, (1≤ω≤2),
0, (2<ω≤ s+1).

Now, it is also possible to obtain bilateral generating functions for the modified La-
guerre polynomials f (β)

n (x). To see this, for a suitable bounded non-vanishing multiple
sequence

{Ω(m1,m2,··· ,ms)}m1,m2,···,ms∈N0
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of real or complex parameters, let Ξn(u1;u2,··· ,us) be a function of s real or complex
variables u1;u2,··· ,us defined by

Ξn(u1;u2,··· ,us)

=:
n

∑
m1=0

∞

∑
m2,···,ms=0

(−n)m1((b))m1φ

((d))m1δ
Ω( f (m1,··· ,ms),m2,··· ,ms)

um1
1

m1!
··· u

ms
s

ms!
, (5.2)

where ((b))m1φ and ((d))m1δ are as stated before.
The we obtain the next result.

Theorem 5.2. The following bilateral generating function holds:
∞

∑
n=0

f (β)
n (x)Ξn(u1;u2,··· ,us)tn

=(1−t)−β exp(xt)
∞

∑
m1,p,m2,···,ms=0

((b))(m1+p)φ(β)m1

((d))(m1+p)δ

×Ω( f ((m1+p),··· ,ms),m2,··· ,ms)
( u1t

t−1 )
m1

m1!
(−u1xt)p

p!
um2

2
m2!
··· u

ms
s

ms!
,

where Ξn(u1;u2,··· ,us) is given by (5.2).

Proof. By using (1.2b), we observe that
∞

∑
n=0

f (β)
n (x)Ξn(u1;u2,··· ,us)tn

=
∞

∑
n=0

f (β)
n (x)

n

∑
m1=0

∞

∑
m2,···,ms=0

(−n)m1((b))m1φ

((d))m1δ

×Ω( f (m1,··· ,ms),m2,··· ,ms)
um1

1
m1!
··· u

ms
s

ms!
tn

=
∞

∑
m1,m2,···,ms=0

((b))m1φ

((d))m1δ
Ω( f (m1,··· ,ms),m2,··· ,ms)

×(−u1t)m1
um2

2
m2!
··· u

ms
s

ms!
(1−t)−β−m1 exp(xt) f (β)

m1 (x(1−t)),

which gives
∞

∑
n=0

f (β)
n (x)Ξn(u1;u2,··· ,us)tn

=(1−t)−β exp(xt)
∞

∑
m1,m2,···,ms=0

((b))m1φ

((d))m1δ
Ω( f (m1,··· ,ms),m2,··· ,ms)

×(−u1t)m1
um2

2
m2!
··· u

ms
s

ms!
(1−t)−m1

m1

∑
p=0

(β)m1−p

(m1−p)!p!
(x(1−t)))p
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=(1−t)−β exp(xt)
∞

∑
m1,p,m2,···,ms=0

((b))(m1+p)φ(β)m1

((d))(m1+p)δ

×Ω( f ((m1+p),··· ,ms),m2,··· ,ms)
( u1t

t−1 )
m1

m1!
(−u1xt)p

p!
um2

2
m2!
··· u

ms
s

ms!
.

Hence, the proof is completed.

By appropriately choosing the multiple sequence Ω in Theorem 5.2, it is possible to
get some bilateral generation function relations between modified Laguerre polynomi-
als f (β)

n (x) and the generalized Lauricella functions. We should that such results have
recently been obtained for other special polynomials in [1, 7, 11, 14–17, 20–23, 26, 29].
I. Letting

Ω( f (m1,··· ,ms),m2,··· ,ms)=

A
∏
j=1

(aj)m1θ
(1)
j +···+msθ

(s)
j

E
∏
j=1

(cj)m1ψ
(1)
j +···+msψ

(s)
j

B(2)

∏
j=1

(b(2)j )
m2φ

(2)
j

D(2)

∏
j=1

(d(2)j )
m2δ

(2)
j

···

B(s)

∏
j=1

(b(s)j )
msφ

(s)
j

D(s)

∏
j=1

(d(s)j )
msδ

(s)
j

in Theorem 5.2, we obtain the next result.

Corollary 5.2. The following bilateral generating function is satisfied:

∞

∑
n=0

f (β)
n (x)FA:B+1;B(2);···;B(s)

E:D;D(2);···;D(s) [
(a) : θ(1),··· ,θ(s)

]
: [−n : 1], [(b) : φ];[

(c) : ψ(1),··· ,ψ(s)
]

: [(d) : δ];

[(b(2)) : φ(2)]; ··· ; [(b(s)) : φ(s)];
[(d(2)) : δ(2)]; ··· ; [(d(s)) : δ(s)];

u1,u2,··· ,us

)
tn

=(1−t)−β exp(xt)FA+B:1;0;B(2);···;B(s)

E+D:0;0;D(2);···;D(s) [
(e) : ϕ(1),··· ,ϕ(s+1)

]
: [β : 1], −; [(b(2)) : φ(2)];[

( f ) : ξ(1),··· ,ξ(s+1)
]

: − −; [(d(2)) : δ(2)];

··· ; [(b(s)) : φ(s)];
··· ; [(d(s)) : δ(s)];

( u1t
t−1 ),(−u1xt),u2,··· ,us

)
,

where the coefficients ej, f j, ϕ
(k)
j and ξ

(k)
j are respectively given by

ej =

{
aj, (1≤ j≤A),
bj−A, (A< j≤A+B), f j =

{
cj, (1≤ j≤E),
dj−E, (E< j≤E+D),
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ϕ
(r)
j =


θ
(1)
j , (1≤ j≤A; 1≤ r≤2),

θ
(r−1)
j , (1≤ j≤A; 2< r≤ s+1),

φj−A, (A< j≤A+B; 1≤ r≤2),
0, (A< j≤A+B; 2< r≤ s+1),

ξ
(r)
j =


ψ
(1)
j , (1≤ j≤E; 1≤ r≤2),

ψ
(r−1)
j , (1≤ j≤E; 2< r≤ s+1),

δj−E, (E< j≤E+D; 1≤ r≤2),
0, (E< j≤E+D; 2< r≤ s+1).

II. Upon setting

Ω( f (m1,··· ,ms),m2,··· ,ms)=
(a)m1+···+ms(b2)m2 ···(bs)ms

(c1)m1 ···(cs)ms

,

φ=δ=0 (that is, φ1= ···=φB =δ1= ···=δD =0),

in Theorem 5.2, we obtain the following result.

Corollary 5.3. We have

∞

∑
n=0

f (β)
n (x)F(s)

A [a,−n,b2,··· ,bs;c1,··· ,cs;u1,··· ,us]tn

=(1−t)−β exp(xt)F1:1;0;1;···;1
1:0;0;1;···;1(

[(a) : 1,··· ,1] : [β : 1]; −;[
(c1) : ψ(1),··· ,ψ(s+1)

]
: −; −;

[b2 : 1];
[c2 : 1];

··· ; [bs : 1];
··· ; [cs : 1];

( u1t
t−1 ),(−u1xt),u2,··· ,us

)
,

where F(s)
A is the Lauricella function and the coefficients ψ(η) are

ψ(η)=

{
1, (1≤η≤2),
0, (2<η≤ s+1).

III. Taking

Ω( f (m1,··· ,ms),m2,··· ,ms)

=
(a(1)1 )m2 ···(a(s−1)

1 )ms(a(1)2 )m2 ···(a(s−1)
2 )ms

(c)m1+···+ms

,

B=1, b1=b, φ1=1 and δ=0,

in Theorem 5.2, we immediately get the following.

Corollary 5.4. The following bilateral generating function is satisfied:

∞

∑
n=0

f (β)
n (x)F(s)

B

[
−n,a(1)1 ,··· ,a(s−1)

1 ,b,a(1)2 ,··· ,a(s−1)
2 ;c;u1,··· ,us

]
tn
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=(1−t)−β exp(xt)F1:1;0;2;···;2
1:0;0;0;···;0( [

(b) : θ(1),··· ,θ(s+1)
]

: [β : 1]; −;
[

a(1) : 1
]

;
[(c) : 1,··· ,1] : −; −; −;

··· ;
[

a(s−1) : 1
]

;
··· ; −;

( u1t
t−1 ),(−u1xt),u2,··· ,us

)
,

where F(s)
B is the Lauricella function and the coefficients θ(η) are

θ(η)=

{
1, (1≤η≤2),
0, (2<η≤ s+1).

IV. Finally, letting

Ω( f (m1,··· ,ms),m2,··· ,ms)=
(a)m1+···+ms(b2)m2 ···(bs)ms

(c)m1+···+ms

,

φ=δ=0,

in Theorem 5.2, we have the next result.

Corollary 5.5. The following bilateral generating function equality holds:
∞

∑
n=0

f (β)
n (x)F(s)

D [a,−n,b2,··· ,bs;c;u1,··· ,us]tn

=(1−t)−β exp(xt)

×F(s+1)
D

[
a,β,−,b2,··· ,bs;c;

( u1t
t−1

)
,(−u1xt),u2,··· ,us

]
,

where F(s)
D is a Lauricella function of s-variable.

6 Conclusions

In this paper, the modified Laguerre polynomials and their generating function relations
are investigated. Especially, some families of multilinear and multilateral generating
functions and their miscellaneous properties are obtained. We also discuss some appli-
cations and special cases. Using our approach in this paper, we see that it is possible to
obtain bilinear and bilateral generating functions between the modified Laguerre poly-
nomials and other special polynomials.
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