JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS doi: 10.4208 /jpde.v33.nl.1
J. Part. Diff. Eq., Vol. 33, No. 1, pp. 1-16 March 2020

Nonlinear Degenerate Anisotropic Elliptic
Equations with Variable Exponents and L! Data

KHELIFI Hichem!?2*and MOKHTARI Fares!

! Department of Mathematics and Informatics, University of Algiers, Algiers,
Algeria. 2 Street Didouche Mourad Algiers.

2 Applied Mathematics Laboratory, Badji Mokhtar University-Annaba B.P. 12,
Algeria.

Received 31 March 2019; Accepted 24 January 2020

Abstract. This paper is devoted to the study of a nonlinear anisotropic elliptic e-
quation with degenerate coercivity, lower order term and L' datum in appropriate
anisotropic variable exponents Sobolev spaces. We obtain the existence of distribu-
tional solutions.

AMS Subject Classifications: 35]J70, 35]J60, 35D30
Chinese Library Classifications: 0175.27

Key Words: Sobolev spaces with variable exponents; anisotropic equations; elliptic equations;
L' data.

1 Introduction

In this paper we prove the existence of solutions to the nonlinear anisotropic degenerate
elliptic equations with variable exponents, of the type

N
—Y Diai(x,u,Vu)+g(x,u,Vu)=f, inQ,
i-1 (1.1)

u=0, on d(),

where Q C RN (N >3) is a bounded domain with smooth boundary 9Q) and the right-
hand side f in L'(Q), Dju = %' We suppose that 2;: OxRxRN - R, i=1,...,N are
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Carathéodory functions such that for almost every x in Q and for every (c,¢) e Rx RN
the following assumptions are satisfied for all i=1,.... N

B N S
ja;(x,0,8)| < B (‘k<x>‘+‘U’p(x)"‘Z";j’pj(x)) : (1.2)
=1
N
Y (ai(x,0,8)—ai(x,0,1)) (Gi—1i) >0, VE&#y, (1.3)
i=1
N - N ‘él 4
;ﬂz(xgé Giz “ZW (1.4)

where >0, « >0, and k€ L'(Q), 7;: Q= R™, p;: Q— (1,+00) are continuous functions
and 7 is such that

1 1
W;pz(

‘*3\‘

We introduce the function

Np(x) cr—
pr(x)=4 NP 1ff(x) <N (1.5)
+o0, ifp(x)>N

The nonlinear term ¢: () x R x RN — R is a Carathéodory function such that for a.e. x€ Q)
and all (¢,&) e RxRRN, we have

8(x,0,8)| <b(|o]) ( +Z|Cz|”’ > (1.6)

g(X,cT,C)-azo, (1'7)

where b:R* — R is a continuous and increasing function with finite values, c € L'(Q)
and Jp > 0 such that:

N
lg(x,0,8)|>p (Z ]éi]f”'(")) , Vo such that |o| > p. (1.8)
i=1

In [1], the authors obtain the existence of renormalized and entropy solutions for the
nonlinear elliptic equation with degenerate coercivity of the type

—div]a(x,u)|VulPM2Vu]+g(x,u) = f e L' (Q).

For ¢=0 and f € L") (Q), with m(x) >m_ > 1, equation of the from (1.1) have been
widely studied in [2], where the authors obtain some existence and regularity results for
the solutions. If g=|u[*™) 1y,

| Diu|Pi) iu

a;i(x,u,Vu)= (1+|”’)7’
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and f € L"™(Q)), with m > 1, existence and regularity results of distributional solutions
have been proved in [3].

As far as the existence results for our problem (1.1) there are three difficulties associ-
ated with this kind of problems. Firstly, from hypothesis (1.2), the operator

N
Au=—Y Dia;(x,u,Vu)
i=1

. : 170 : L7O )
is well defined between W,"" "’ (Q)) and its dual space (WO’ (Q)) . However, by as-
sumption (1.4), if we take for example
. [Pi()=2D.
a; (%, un, Vi) = IDith -(xl)un
o (L+[un )7 where pi is defined as in (2.3),
n(py—

() =[x 7 —1, x| <1

the operator A is not coercive. Because, if |[un|yy1,7() ) tends to infinity then

(Auy,uy)

— (0.
(|1 | WL7()(Q)

So, the classical methods used in order to prove the existence of a solution for (1.1) cannot
be applied. The second difficulty is represented in the fact that g(x,u,Vu) can not be
defined from Wl'?(')(Q) into its dual, but from W1'7(')(Q)OL°°(Q) into L'(Q)). The
third difficulty appears when we give a variable exponential growth condition (1.2) for
a;. The operator A possesses more complicated nonlinearities; thus, some techniques
used in the constant exponent case cannot be carried out for the variable exponent case.
For more recent results for elliptic and parabolic case, see the papers [4-8] and references
therein.

The paper is organized as follows. In Section 2, we present results on the Lebesgue
and Sobolev spaces with variable exponents both for the isotropic and the anisotropic cas-
es, and state the main results. The proof of the main result will be presented in Section 3.
We start by giving an existence result for an approximate problem associated with (1.1).
The second part of Section 3 is devoted to proving the main existence result by using a
priori estimates and then passing to the limit in the approximate problem.

2 Preliminaries and statement of the main result

2.1 Preliminaries

In this sub-section, we recall some facts on anisotropic spaces with variable exponents
and we give some of their properties. For further details on the Lebesgue-Sobolev spaces
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with variable exponents, we refer to [9-11] and references therein. Let (2 be a bounded
open subset of RN (N >2), we denote

p"=maxp(x),  p~ =minp(x) (2.1)

xeQ) xeQ)

and
C(Q)={peC(@)|p >1}.
Let p(-) € C4(Q)). We define the space

LI%)(Q):{MQ%RN measurab1e|/ |u(x)|p(X)dx<oo}
@)

p(x)
u(/\) dxgl},

defines a norm in LP(")(Q), called the Luxemburg norm. The space <Lp(') (Q), ||u Hp(_)) is

then the expression

[l pgy = H”Hm(-)(Q) :inf{

a separable Banach space. If 0 <meas(()) <+o0 and p1,p2 € C4 (Q) with p; <p in (), then
the embedding LP2() (Q) < LP1()(Q) is continuous. Moreover, if 1 < p~ < p* < 400, then
LP()(Q)) is uniformly convex, hence reflexive and its dual space is isomorphic to L' () (Q)
where ﬁ + ﬁ =1. Forall u€ LP*)(Q) and v € LV ) (Q)), the Holder type inequality

/ uvdx
Q

holds true. We define the variable exponents Sobolev spaces by

1 1
< —|—> u <2||lu NI4IPTAY
<p P el oy 1oy <20l iy 1ol

W) (Q) = {u eL’O(Q)  ||Vy ELP(‘)(Q)},
which is a Banach space equipped with the following norm
[ll1,pcy = Nl oy + 1Vl oy

Next, we define Wl’p (')(Q) as the closure of C{(Q) in W'P0)(Q). Finally, we in-

troduce a natural generalization of the variable exponents Sobolev ’ spaces Wy 1Pl (Q)) that
will enable us to study with sufficient accuracy problem (1.1). Let 7/ (+)= (pl( )y PN (),
where p;: QQ — (1,400) are continuous functions. We introduce the anisotropic variable
exponents Sobolev spaces

WL O(Q) = {ue LPO(Q) | Due LP)(Q),i=1,..,N},
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with respect to the norm

loll,7¢)=

N
i=1

(HMHLPi(‘)(Q)+ ||Diu|‘LPi(')(Q))' (2.2)

We introduce the following notation pf,p- € R" as
pt=max{p; . ply}, P =min{p; . py} 23)

We denote W;jm Q) =W, (Q) AWLP () (Q)) with respect to the norm (2.2).
According to [10], W&’?(') (Q)) is a reflexive Banach space.

Theorem 2.1 ([10]). Let Q C RN be a bounded domain and 7() = (p1(-),p2(-),-pn(-)) €
(C+(Q))N. Suppose that
pT(x)<p*(x) forall xeQ. (2.4)

Then
3 170
Hu||LP+(')(Q) < CZ; ||Diu||[]7i(')(0)l VueWy (Q),
1=
where p™ is defined as in (2.1), p* as in (1.5), and C is a positive constant independent of u. Thus
—
YN, |\Diu|]Lpi(.>(Q) is an equivalent norm on Wé’ 70 (Q).

Proposition 2.1. Suppose that the hypotheses of Theorem 2.1 are satisfied. Then, for all u €
W(}?(') (Q) we have

1
Npi—l

_ N .
- _ 2 1PiX) gy < P+
>, NS;/\DM dv<N-+[ull . (25)
Q0
Proof. Put

= {iE{l,...,N} | ||Diu||pi(,) Sl} and J= {iE{l,...,N} ‘ HDZ'MHPI,(,) >1}.

Thanks to (Proposition 2.1 in [3]), we have
N
y / DuPPdx =Y / D @dx+ Y / DP9 dx
i:lQ iEZQ iEJQ

" _
i Pi
> Z HDi”Hzi(.) + Z HDi”Hpi(.)
i€ ieJ

N _ _ N _
>Y D} =Y Dl =Y 1Dl —N.
i=1 i€l i=1
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Using the convexity of the application t € R+ tP~,p~ >1, we obtain

N -

;/|Diuypi(x)dx2 el N,

0

. pi i 3 i

Y. [ 1Dl @dx < ¥ Dl + Y Dyl <N+ Y| Dyl

4 h pi() . pi() 4 pi() O
z:lQ i€l icJ i=1

We will use through the paper, the truncation function T at height k (k > 0), that is
T (s) :=max{—k,min{k,s} }.

Lemma 2.1 ([12]). Let g€ LP1)(Q) and g, € LP1) (Q) with gnllpy) <C. If gn(x)—g(x) almost

everywhere in Q), then g, — g in LP0)(Q).

Lemma 2.2 ([13]). Let u e W&’7(')(Q), then Ty (u) € Wg?(')(ﬂ) for all k> 0. Moreover, we
—

have Ty.(u) —u in WS’ P (')(Q) as k— co.

Lemma 2.3 ([13]). Let (1) be a bounded sequence in Wé’m')(ﬂ). Ifu,—uin W&j(')(ﬂ),

then T(ity) — Te(u) in WY P O (Q).

Lemma 2.4 ([13]). Assume that (1.2)-(1.4) hold and let (1), be a sequence in W&j(‘) (Q) such

that u, —u in W3’7(') (Q) and

N
Z/(ai(x,un,Vun) —a;(x,u,,Vu))(Dju, —Dju)dx —0.
=19

Then, u, —u in W&jm (Q)) for a subsequence.

2.2 Statement of main result

We will extend the notion of distributional solution, see [12,13], to problem (1.1) as fol-
lows:

Definition 2.1. Let f € L1(Q) a measurable function u is said to be solution in the sense of
distributions to the problem (1.1), if

weW 7O (Q), ¢(xu,Vu)eL'(Q), and Yoe W' (Q)nL>(Q) (2.6a)
N

Z/ ai(x,u,Vu)Divdx+/g(x,u,Vu)vdx:/fvdx. (2.6b)
i—1/Q Q Q

Our main result is as follows

Theorem 2.2. Let f € L'(Q). Assume (1.2)-(1.8) and (2.4). Then problem (1.1) has at least one
solution in the sense of distributions.
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3 Proof of the main result

3.1 Approximate solution

Let (fu)n be a sequence in L®(Q) such that f, — f in L'(Q) with | f,| <|f] (for example
fn=T,(f)) and we consider the approximate problem

N
— X Diai(x, Ty (un), Vn) +g(x,un, Vun) =T, (f) in Q,

1

-1 (3.1)
1y e WP O ().

Lemma 3.1. Let f € L}Y(Q). Assume (1.2)-(1.8) and (2.4). Then, problem (3.1) has at least one
solution in the sense of distributions.

; L7 () into i L0 )
Proof. Let us define the operator A, from W, (Q) into its dual ( W, (Q)), by

N
N ) _ 8(xsd)
Avit ==} Dini(xTo(u), Vi) and - (x,s,8) =0 Co

Note that ¢¥(x,s,&)s >0, |¢¥(x,5,&)| < |g(x,5,&)| and |g*(x,s,&)| <k for all ke N —{0}.
> > /
We define Gk:WS’ P (')(Q) — (W& F (')(Q)) , by

<Gku,v>:/gk(x,u,Vu)vdx.
0

Consider the following problem
k _ : L7 ()
Aty +8" (X1, Vi, ) =T, (f) in Q, u, €W, (Q). (3.2)

Lemma 3.2. Let f € LY(Q). Assume that (1.2)-(1.8) and (2.4) hold, then the problem (3.2) has
at least one solution uy, in the sense of distributions.

n_ L7 () - L7 () ' -
Lemma 3.3. The operator Bj!=A,+Gy from W, (Q) into (W, (Q) ) is pseudo-monotone,
moreover, B} is coercive in the following sense

(Bj'v,0)
||UH1,7(.)

Proof of the Lemma 3.3. Thanks to the Holder inequality, we have for all u,v € W&’m') (Q)

oo if [[ol]y ) = +oo foroe WL O(Q).

1 1
“@””K<m*wmy

) 18" (2,14, V) |y 1011
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11 y vy
<C <__|_ ~ ) k(pE) meas(Q)+1) " ||o]] :
(5757 ( )" ez
<CGillvlly,7¢)- 3)

Thanks to the Holder inequality and (1.2), we have for all u,v € W3’7(') (Q)

__1
=@

- N
(Ao} <23 ( )+ [T >rp<x>+z|Diu|Pf<x>> Il
i=1 j=1 pi(-

<Colvlly, 5 - (34)

Then by using (3.3) and (3.4) we conclude that B! = A, + Gy is bounded. For the coercivity,
by using (1.4), (1.7), and (2.5), we get

(Biu,u) >Z/ (x, Ty (u),Vu) Dudx>2/ 1—|—n% |Du’iﬂ,

i= 1Q
Cs
> —_
> ull 5, ~CoN,
then (B! > c
u,u -1 3N
HMH H |P () W—>+OO aSHl/l’|1,7()—>+OO
P N L ()

It remains to show that B} is pseudo-monotone. Let (1), be a sequence in W&’?(') (Q)
such that

Uy —1U, in W3’7(')(Q),
!/
Bluw—x!,  in (w§'7( (@), (3.5)
limsup (B}, um) < (X}, u).
m—»00

We will prove that
Xi=Biu and (Bfum,um)— (x3,u) asm— +oo.
Firstly, since Wé’ﬁ(') (Q) is compactly embedded in LP- (Q)), then u,, — u in LP- (Q) and
Uy —u a.e.in (), (3.6)

for a subsequence still denoted (uy,),. The sequence (uy,)y is bounded in Wg’?(')(ﬂ).
Then, by (1.2) we have a;(x, T, (1t,), Vi, ) is bounded in Lrit) (Q). Therefore, there exists
a function ¢ € LP0)(Q) such that

a;(x, Ty (1), Vitw) = @ in LP(Q)  as m— oco. (3.7)
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/

Similarly, since (g(x,um, Vity))m is bounded in L(P-)'(Q) with (p=)
exponent of (p_ ), there exists a function ¢* € L(*~)'(Q) such that

(X1, Vi) =% in LP)(Q)  as m— 0.

Forallve W§’7(') (Q)), we have

(xt,0) Z/gofD vdx+/lp vdx.

11Q

Using (3.5), (3.8), (3.9), and that u,, — u in L~ (Q)), we have

/gk(x,um,Vum)umdx — /kaudx,
o) Q
therefore, thanks to (3.5), (3.9), and (3.10), we write

N N
limsupZ/ai(x,Tn(um),Vum)Diumdx§Z/@?Diudx.
i=1

m—oo j—1

On the other hand, by (1.3), we obtain

N
=15

Z

Z (x, Ty (um),Vily ) Diudx
i=1p)

+; [ i), ) (Dt = Din) v

In view of Lebesgue dominated convergence theorem and (3.6), we have
a;(x, T (), Vr) = ai(x, Ty (1), Ve) in LFiC)(QQ).
By (3.7) and (3.5), we get
lmorng/ %, Ty (th), V ik ) Dithydx > Z/go”D udx,
this implies, thanks to (3.11), that

lim Z/ (x, Ty (thyy), Vidy) Dumdx—Z/q)”Dudx

m—r00

is the conjugate

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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By combining (3.5), (3.10), and (3.12) we deduce that (B}, um) — (X}, u) as m— co. Now,
by (3.12) we obtain

N
lim Z/(ui(x,Tn(um),Vum)—a,-(x,Tn(um),Vu))(Dium—Diu)dxzo.

In view of Lemma 2.4, we get u,, —u in W&’?(') (Q)) and Dju,,— D;u almost everywhere in
O, then a; (x, Ty (t4), Vi) —a;(x, T, (1), Vi) in LPiC) (Q) and ¢¥(x, 1, Vi) —g* (x,u, Vir)
in LG/(')(Q) for all i=1,..., N, where 6'(x) > max{p;(-), i=1,..,N}, so we deduce that
Xt = B{u, which completes the proof of Lemma 3.3. O

Proof of the Lemma 3.2. In view of Lemma 3.3, there exists at least one weak solution u,, €
ng(') (Q)) of problem (3.2) (see [14]). O

Lemma 3.4. Let f € L'(Q), assume that (1.2)-(1.7) and (2.4) hold. Let u,, € WS’7(') (Q) bea
distribution solution of (3.2). Then, there exists a constant C(n) >0 such that

N
Y [ 1Dt [P dx < ()
i:lQ

Proof. The proof uses the same technique as in (Lemma 4.1 of [3]) and is omited here. [

Therefore, by Lemma 3.4 the sequence {uy, }x is bounded in Wg Z0 (Q)). As a conse-
—

quence, there exists a function u, € Wg 70 (Q)) and a subsequence (still denoted by 1, )
such that
Uy, —u, weaklyin W(}?(') (Q) andae.in Qask—oco.

Lemma 3.5. Assume that hypotheses (1.2), (1.7), and (2.4) hold. Let u,, € Wé?(')(()) be a
distribution solution of (3.2). Then, there exist a subsequence of (uy,) denoted by itself, and a

measurable function u, € W&’7(') (Q)), such that
Ty (i) — T(n) i WP O ().

Proof. It is similar to the proof of Theorem 4.2 of [13]. O

3.2 A priori estimates

—
Lemma 3.6. Assume (1.2)-(2.4). Let u, € Wg’ 7o) (Q)) be a distribution solution of (1.1). Then,
there exists a constant C >0 such that

[nlly, 5 () <C.
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Proof. Let h>0. Taking Tj,(u,) as a test function in (3.1), then
2/”1 X, Ty (un), Vi) Di Ty (uy) dx+/g X, U, Vity ) Ty (uy)dx
i= 1

- / T (f) T (it)d (3.13)

By dropping the nonnegative term in (3.13), (1.7), and (1.4) we get

DiTy (11, [P x<h/ dx,
;/ AT Gy T ) i

then

N 49 .

T [Piln(Un = LY(Q)
Y- | iy DTl P d < |
ile

Consequently,

N
Y. [1DTi(ua) P Pdx <G (3.14)
i=1

Taking Tj(uy) as a test function in (3.1), and dropping the first nonnegative term in the
left-hand side, we obtain

9o, Vi) |dx < [[£1] 110, (3.15)
{un|>h}

By combining (1.8), (3.14) and (3.15), for h =p, we deduce that

al 1
Z/]Diun]pf(x)dxgal—l—ﬁ / ]g(x,un,Vun)\dx§C4—|—HfH;1(m:C5.
i=1

{lwn|>h}

By (2.5), we get ||ux]; 7)< Ce- Consequently, there exist a subsequence of u, (denoted
by itself) and a measurable function u € W z0 )(Q), such that

{un ~u, inWrTO(Q),

Uy, —u, in LP-(Q)).

This ends the proof of Lemma 3.6. O
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3.3 The strong convergence of the truncation

Lemma 3.7. Assume that hypotheses (1.2)-(1.8) and (2.4) hold, and let u, € W3’7(')(Q) be
a distribution solution of (1.1). Then, there exist a subsequence of u, denoted by itself, and a

measurable function u € W&’ 7e) (Q) such that
; W70
Ti(un) — Tj(u) strongly in Wy "/ (Q).

Proof. Let h>j>0 and wy = Toj(uy— Ty (un) 4+ Ti(un) — Tj(u)). We set @j(s) =s-exp(ds?),
where 6= (I(j)/ (2a))?, 1(j) =b(j) (1+|j)"*, and

/ I(j 1
(Pj(s)_g)‘(Pj(SH > 5 VseR.

Let M =4j+h. Since D;w, =0 on {|u,| > M} and ¢;(w,) has the same sign as u, on the
set {|u,|>j} (indeed, if u, > j then u, — Ty (u,) >0 and T;(u,) —T;(u) >0, it follows that
wy, >0). Similarly, we show that w, <0 on the set {u, < —j}.

By taking ¢;(wy) as a test function in (3.1), we obtain

N
Z/ai(x,TM(un),VTM(un))(p;-(wn)Diwndx
i=1)

+ / (x,un, Vin) @j(wn) dx</T )@ (wy)dx.

[1n|<j

Taking y, =, — Ty, (1n) + Ty (1n) — Ty (1), we have

Z/ X, Tag (un ),V Tag (1n)) 9 (wy ) Djw, dx

i= 1Q
>21/ %, Te(1tn), V Ty (14) ) @ (w03 ) (D Te(1t) — Di Ty (1) )dx
. N

Z% / (%, Tx(n), VT (un)) @1 (wn ) D; Ty (u)dx

{un]>k)

N

ok GOY [ i Tualen), 9 Tan ) IDIT(0)
THunl >k}

that is equivalent to

N
3 0Ty ) VT ) =3 Ty ) V)
e
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X (DiTj(un) —DiTj(u)) ¢} (wy)dx

N
2/ %, Tt (1), ¥ Toa (1)) 9 (w) Dictdlx + (A) + (B) +(C),
i=1)
where N
(A) —El{‘ |fk}ai(x,Tk(un),VTk(un))go,:(wn)DiTk(u)dx,
(B) +§0}(2]')_g1{ |f }!ﬂi(x/TM(un)/VTM(Mn)H|DiTj(u)|dx/
= uy|>j

(C) —ii(fzﬂi(x/Tj(Mn)/VT}(u))(DiTj(un)—DiTj(u))¢}(wn)dX~
Arguing as in [13], we can prove that
(A)=¢e1(n), (B)=ey(n) and (C)=¢es3(n).

By (3.16) and (3.17) we conclude that
N
Y- @ Ty 1), VT 1)) =T 1), VT (1))
i=1¢

x (D;Tj(un) = DiTj(u)) @} (wy )dx

<y [ (6 Taa(aen), 9 Ta (1)) g 10) Dy -+ 4 ().
i= 1Q

Using (3.18) and arguing as in [13], we get
1(j) &
23 [ 0Ty ), 9T 00)) Ty ), 9T 0)
=0

X (D;Tj(un) —D;Ti(u))|@j(wy)|dx
> / 91, Ty (1), VT (1)) (w0, )dx | +-£5().

{lua|<j}

Thanks to (3.18) and (3.19), we obtain

N —
L=

Tu(f) j(T2j(u— Ty (u)))dx+e6(n).

D\

13

(3.16)

(3.17)

(3.18)

(3.19)

/ (x, Ti(un),VTj(un)) —a;(x,Ti(un),VT;(u))) x (D;Tj(un) —D;Tj(u))dx
0
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Then by letting h tends to infinity in the previous inequality, we get

32 0T 0 T 00)) =60, T )
i(Dﬂ“]’(un)—Dﬂ“j(u))dx%O, as n— oo.
Using Lemma 2.4, we deduce that Tj(u,) — T;(u) in W(}?(') (Q). O
Thanks to Lemma 2.2, we obtain

{un—m, in Wé?(')(ﬂ), (3.20)

Vu, —Vu, a.einQ.

3.4 The equi-integrability of ¢(x,u,, Vu,) and passage to the limit
Thanks to (3.20), we have

a; (x, Ty (tty), V) —a;(x,u,Vu) a.e.in ),
(%, un, Viy)— g(x,u,Vu) a.e.in Q.

USlng that (ai(xlunlvun))n is bounded in LP;() (Q), and Lemma 21, we obtain
a;(x,un, Viy) —a;(x,u,Vu) in LP?(')(Q)‘

Now, let E be a measurable subset of (2. For all m >0, we have by using (1.6)

/[g(x,un,Vun)]dx
Q

N
<h(m) / (c(x)—i—Z]DiTm(un)]’”i(x)> dx+ / lg(x,uy, Vi) |dx.
E{ [ty | <} =1

En{|un|>m}

Since (D; T, (1,))n converges strongly in L¥i(*)(Q)), then for all e >0, there exists >0 such
that meas(E) < ¢ and

N
h(m)i;E/|DiTm(un)|pf(x)dx<§ and h(m)E/c(x)dx< - (3.21)

On the other hand, using T (u, —Ty—1(un)) as a test function in (3.1) for m > 1, we obtain

| st Vuldx< [ fldx,

{ln|>m} {lun[>m—1}
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there exists mg > 0 such that

|g(x,un, Vi) |dx < % for all m > my. (3.22)

{fwn[>m}

Using (3.21) and (3.22), we deduce the equi-integrability of g(x,u,, Vu,). In view of Vi-
tali’s theorem, we obtain

g(x,up, Vuy)—g(x,u,Vu) in Ll(Q).

Finally for, ve W&’p(x) (Q)NL*(Q), we have
N
Z/ai(x,Tn(un),Vun)Divdx+/g(x,un,Vun)vdx: /Tn(f)vdx.
=10 O o

Letting n — 400, we can easily pass to the limit in this equation, to see that this last
integral identity is true for u instead of u,,. This proves Theorem (2.2). O

Example 3.1. As a prototype example, we consider the model problem

P

Cfp, (1 (1 Dyl Dyt | Dy 42D
= (14 |u])7i(x)
N
+u Y |Diu|Pi) = £,in O,
i=1
u=0, inodQ,

where f€L1(Q) and 7;: Q—R™", p;: Q— (1,+0) as in Theorem 2.2.
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