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Abstract. This paper considers a compact Finsler manifold (M",F(t),m) evolving un-
der a Finsler-geometric flow and establishes global gradient estimates for positive so-
lutions of the following nonlinear heat equation

oru(x,t) =Apu(x,t), (x,t)e M x[0,T],

where Ay, is the Finsler-Laplacian. By integrating the gradient estimates, we derive the
corresponding Harnack inequalities. Our results generalize and correct the work of S.
Lakzian, who established similar results for the Finsler-Ricci flow. Our results are also
natural extension of similar results on Riemannian-geometric flow, previously studied
by J. Sun. Finally, we give an application to the Finsler-Yamabe flow.
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1 Introduction

The paper studies nonlinear heat equation
oru(x,t) =Ayu(x,t) (1.1)
on a compact Finsler manifold (M",F(t),m) evolving by the Finsler-geometric flow

%g(t) —2h(p), (12)
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where (x,t) € Mx[0,T], g(t) is the symmetric metric tensor associated with F, and h(t)
is a symmetric (0,2)-tensor field on (M",F(t),m). An important example would be the
case where /(t) = —Ric;j(t) and g(t) is a solution of the Finsler-Ricci flow introduced
by Bao [1]. Unlike the usual Laplacian, the Finsler-Laplacian A, is a nonlinear opera-
tor. For the existence, uniqueness and Sobolev regularity of a positive global solution of
the nonlinear heat equation (1.1) (in the sense of distributions), we can see [2]. We will
give some gradient estimates and Harnack inequalities for positive global solutions of
equation (1.1).

The study of gradient estimates for the heat equation originated with the work of
P. Li and S.-T. Yau [3]. They proved a space-time gradient estimate for positive solu-
tions of the heat equation on a complete manifold. By integrating the gradient estimate
along a space-time path, a Harnack inequality was derived. Therefore, Li-Yau inequal-
ity is often called differential Harnack inequality. Li-Yau type gradient estimates have
been obtained for other nonlinear equations on manifolds, see for example [4-13] and
the references therein. Over the past two decades, many authors used similar techniques
to prove gradient estimates and Harnack inequalities for geometric flows. For instance,
in [14], weakening Guenther’s curvature constrains in [15] on the boundedness of the
gradient of scalar curvature in addition to the boundedness of the Ricci curvature, Liu
established first order gradient estimates for positive solutions of the heat equations on
complete noncompact or closed Riemannian manifolds under Ricci flows. As applica-
tions, he derived Harnack type inequalities and second order gradient estimates for pos-
itive solutions. Generalizing Liu’s work to general geometric flow, Sun [16] established
first order and second order gradient estimates for positive solutions of the heat equa-
tions under general Riemannian-geometric flows. The list of relevant references includes
but is not limited to [17-21].

Comparatively, there are less works on Finsler manifolds about gradient estimates of
the nonlinear heat equation (1.1). To the best of our knowledge, in [22], Ohta and Sturm
derived a Li-Yau gradient estimate as well as parabolic Harnack inequalities on compact
Finsler manifolds. In [23], Lakzian derived differential Harnack estimates for positive
global solutions to (1.1) under Finsler-Ricci flow. Later, the author and He [24] general-
ized and corrected Lakzian’s results under some curvature constraints. Compared to the
Riemannian case, it is harder to get the gradient estimate due to some obstructions. First,
the solutions of (1.1) are lack of higher order regularity. Second, A,,u has no definition
at the maximum point of #, and thus we cannot use Finsler-Laplacian to adopt maxi-
mum principle. Last but not least, in view of nonlinear property of gradient operator, it
is difficult to do the calculations. In this paper, we follow the work of Sun [16], and estab-
lish some gradient estimates for positive global solutions of (1.1) under Finsler-geometric
flow (1.2), which are richer than [16,22-24].

The rest of this paper is organized as follows.

In Section 2, we first briefly review some facts and results about Finsler geometry. In
Section 3, we establish space-time gradient estimates for positive global solution of (1.1),
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see Theorem 3.1. We also give the corresponding Harnack inequalities, see Corollary
3.1. Finally, in Section 4, we give two applications to the Finsler-Ricci flow and Finsler-
Yamabe flow.

2 Preliminaries

In this section we briefly recall the fundamentals of Finsler geometry by Bao, Chern and
Shen [25], as well as some results on the analysis of Finsler geometry by Ohta-Sturm
[2,22].

2.1 Finsler metric

We assume that M is an n-dimensional smooth connected manifold. Let TM be the tan-
gent bundle over M with local coordinates (x,y), where x=(x!,---,x") and y=(y*,---,y").
A Finsler metric on M is a function F: TM — [0,00) satisfying the following properties:

(i) F is smooth on TM\{0};
(i) F(x,Ay)=AF(x,y) forall A >0;

(iif) For any nonzero tangent vector y € TM, the approximated symmetric metric tensor,
gy, defined by

1 92
gy(u,0):= EﬁFZ(y%—su—i—tv)‘S:t:O,

is positive definite.

Such a pair (M",F) is called a Finsler manifold. A Finsler structure is said to be re-
versible if, in addition, F is even. Otherwise F is nonreversible. We say a Finsler man-
ifold (M",F) is forward (resp.backward) complete if every geodesic defined on [0,4]
(resp.[—a,0]) can be extended to [0,+00) (resp.(—o0,0]). Compact Finsler manifolds are
both forward and backward complete. By a Finsler measure space we mean a triple (M",F,m)
constituted with a smooth, connected n-dimensional manifold M, a Finsler structure F on
M and a measure m on M.

2.2 Geodesic spray and Chern connection

Itis straightforward to observe that the geodesic spray in the Finsler setting is of the form,
G=y 8x1 —2Gi(x, y) - where,

Agy)jk (gt }yjyl, 2.1)

G'(xy)= 4gy{ ox! axk
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For every nonvanishing vector field V, g;;(V) induces a Riemannian structure gy of
TM via

n
gv(X,Y)=Y _g;(V)X'Y/, forX,Y€ET.M.

L)

In particular, gy (V,V)=F2(V).
The projection 77: TM — M gives rise to the pull-back bundle 7*TM over TM\{0}.

As is well known, on 7t*TM there exists uniquely the Chern connection D. The Chern con-
nection is determined by the following structure equations, which characterize “torsion
freeness”:

DYY-DyX=[X,Y]

and “almost g-compatibility”
Z(gv(X,Y))=gv(DYX,Y)+gv(X,DYY)+Cy(DJV,X,Y) (2.2)
for Ve TM\{0}, X,Y,Z € TM. Here

1 9°F?

Cr(X.Y,2)= 49VigVigVk

(V)X'YIZK

denotes the Cartan tensor and DYY the covariant derivative with respect to reference
vector V€ TM\{0}. We mention here that Cy(V,X,Y) =0 due to the homogeneity of F.
The Chern connection coefficients are given by

i._1 i [981i 98k 0%k 981, , I8k gk
= {axk ol Tow oy Ny N Ty Ny

where N]? =9G'/9y/ and g is in fact g,.

2.3 Covariant derivation of tensor field

Given the coordinates {x',y'} on TM, one can observe that the pair {-%; 57 91 forms a
horizontal and Vert1ca1 frame for TTM, where - —NF.2. Let {dx',6y'} denote the

5 i Bx’ i oyk
local frame dual to 5 =, ay , where 8y =dy' +N; idx/. Then we obtain a decomposition for

T(TM\{0}) and T*(TM\{0}),
T(TM\{0})=HTM®VTM, T (TM\{0})=H*TMa®V*TM,
where
”HTM:span{(;;}, VTM:span{aayi},

H*TM=span{dx'}, V*TM=span{dy'}.
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Let T=T" %@% be an arbitrary smooth local section of T*TM® *T*M. They can

therefore be expanded in terms of the natural basis {dx®, 5—%5 }. The covariant derivative of
T" denotes

VT = T gy 1+ 7 2Y 23
(VT) jsdx +T% R (2.3)
The horizontal covariant derivative Ti{s denotes
o ST s .
Tl =55 +T"T+TT}. (24)

The vertical covariant derivative T'; denotes

oT

e (2.5)

T =F

2.4 Distance function

For x1,x, € M, the distance function from x; to x; is defined by

d(x1,%2) = in /O "E((E)dt,

where the infimum is taken over all C!-curves 7:[0,1] — M such that y(0)=x; and y(1) =
x7. Note that the distance function may not be symmetric unless F is reversible. A C*-
curve 7:[0,1] — M is called a geodesic if F(y) is constant and it is locally minimizing. In
terms of the Chern connection, a geodesic -y satisfies D;y"y =0.

2.5 S-Curvature

Associated to any Finsler structure, there is one canonical measure, called the Busemann-
Hausdorff measure, given by

dVe:=op(x)dxt A---Adx",

where 0f(x) is the volume ratio

or (x) = vol(Br«(1))
T vol((ar) e R E(Lai) < 1)

The S-curvature is then defined as

aG! .0
S(y):= a—yi(x,y) —ylﬁ(lnap(x)). (2.6)
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2.6 Legendre transform, Gradient, Hessian and Finsler-Laplacian

In order to define the gradient of a function, we define the Legendre transform £L:TM —
T*M, as L(y) = FPyidxi, which satisfies £(0) =0 and L(Ay) =AL(y) for all A >0 and
y€TM\{0}. Then £:TM\ {0} — T*M\ {0} is a norm-preserving C* diffeomorphism.
For a smooth function u: M — R, the gradient vector of u at x € M is defined as Vu(x):=
L7 (du(x)) € TyM, which can be written as

y Ju 9
1] - - .
Vu(x):={ S (x, Vu) ox/ dxi’ du(x) 70;
0, du(x)=0.
Set M, :={x € M|du(x) #0}. We define V?u(x) € T M® T M for x € M,, by using the
following covariant derivative
V2u(v):=Dy"Vu(x) € TyM, veTyM.
Set
D?u(X,Y):=gvu(V?u(X),Y)=gvu(DY*(Vu),Y).
Then we have

gvu (DY (Vu),Y)=D*u(X,Y)=D?u(Y,X) =gv.(Dy"(Vu),X),

forany X,Y € TyM.

In order to define a Laplacian on Finsler manifolds, we need a measure m (or a volume
form dm) on M. From now on, we consider the Finsler measure space (M,F,m) equipped
with a fixed smooth measure m. Let V € TM be a smooth vector field on M. In a local
coordinate (xi), expressing dm =e®Pdxldx?-..dx", we can write div,,V as

, nVE L 9d
dlvmV:§<axi —|—Vlaxi).

A Laplacian, which is called the Finsler-Laplacian, can now be defined by
Apu=div,,(Vu).
We remark that the Finsler-Laplacian is better to be viewed in a weak sense that for u €
Wl,Z ( M),
/ PAudm= —/ D§(Vu)dm for $eC(M),
M M

where D¢ is the differential 1-form of ¢.
The relationship between A,,u and V2u is that

Amt=tree, (V) =S(Vu) =Y V?u(e;,e;)—S(Vu),
i=1
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where {e; } is an orthonormal basis of T, M with respect to gv,,.
Given a vector field V, the weighted Laplacian is defined on the weighted Riemannian
manifold (M, gy, m) by
AVu=div,,(V'u),

where

. Ju 9
ij o v .
VW)= § V) g U070
0, du(x)=0.

Similarly, the weighted Laplacian can be viewed in a weak sense for u € W2(M). We
note that Ay “u=A,u.

2.7 Weighted Ricci curvature

The Ricci curvature of Finsler manifolds is defined as the trace of the flag curvature.
Explicitly, given two linearly independent vectors V,W € TM\ {0}, the flag curvature is
defined by

gv(RV(V,W)W,V)
gv(V,V)gv(W,W)—gv(V,W)*’

where RY is the Chern curvature (or Riemannian curvature):

RY(X,Y)Z=DXDyZ—DyD%Z~D} \,Z.

KY(V,W)=

Then the Ricci curvature is defined by
n—1
Ric(V)=Y_K"(V,e),
i=1
where eq,---,e,_1, % form an orthonormal basis of T, M with respect to gy .

We recall the definition of the weighted Ricci curvature on Finsler manifolds, which was
introduced by Ohta in [26].
Given a vector Ve Ty M, let y:(—¢,e) — M be a geodesic with 7(0)=x, 7(0)=V. Define

$(V)=F2(V) 5S040 o,

where S(V) denotes the S-curvature at (x,V'). The weighted Ricci curvature of (M,F,m) is
defined by

Ric(V)+S(V), forS(V)=0,

—00, otherwise,
S(V)?

(N=n)F(V)*

Ric, (V)= {

Ricy (V) :=Ric(V)+S(V)—
Rice (V) :=Ric(V)+S(V).

We note that the curvature Ricy is 0-homogeneous.

V N € (n,00),
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2.8 Akbarzadeh’s Ricci Tensor, Ric;;

Akbarzadeh'’s Ricci tensor Ric;; is defined as follows

, 9% [ F?Ric
RICZ‘]' - — W <2> . (2.7)
We denote second order contravariant tensor of Akbarzadeh’s Ricci tensor by R, that is
J 0
j_—
PR :=Ric pp l®8 7 (2.8)

where Ricl/ = gik gﬂRickl. For further details regarding Akbarzadeh’s Ricci tensor, see [27].
Similarly, we denote second order contravariant tensor of / by b, that is

0 d
. i
he=hs— @2, (2.9)

where hiil = gk gilhy.

2.9 Bochner-Weitzenbodck formula

The following Bochner-Weitzenbock type formula, established by Ohta-Sturm in [22],
plays an important role in this paper.

Theorem B. ([22]) (Bochner-Weitzenbock formula) Given ue leocz (M)NCY(M) with Ayue

W2 (M), we have
o (e (P g

loc
_/ P{D(Anu)(Vu)~+Riceo( Vu)—i—\vzu\Hs v pdm (2.10)

for all nonnegative functions p € W*(M)NL®(M). Given u € C®(M), the pointwise version
of the identity is

2
Ay ( ) = DB (V0)-+ Rico (V) + Py @11)
Here \Vzu\ denotes the Hilbert-Schmidt norm with respect to gv,.

2.10 Global solutions to d;u =A,u

We say that a function u on [0,T]x M, T >0, is a global solution to the nonlinear heat
equation d;u = Ay, u if it satisfies the following;:

(i) u(x,t) € L2([0,T],H*(M))NH([0,T],H 1 (M));

(ii) For any test function ¢ € C*°(M) and for all ¢t € [0, T],

/M(patudm — /M D (Vu)dm. (2.12)
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3 Space-time gradient estimates for positive global solutions

Firstly, we have the following global space-time gradient estimate for the system (1.1)-
(1.2).

Theorem 3.1. Let (M",F(t))cjo,1) be a closed solution to the Finsler-geometric flow (1.2). As-
sume that there are four positive real numbers Ky, Ko, Kz and Kq such that for all t € [0,T],

R>—-K;, —Ka<h<Ks, |Vh| <Ky,

and S-curvature vanishes. Consider a positive global solution u=u(x,t) of the equation (1.1). Let
f =logu. Then for any a« >1, on M x (0,T], we have

F(V(logu))—ad:(logu)

ne® [ (a—1)Kz+Ki+e 1, [(1-2¢) >
S2(1—25){ 2(1—2¢)(a—1) +?+ S(K2+K3+\/;K4>}. (3.1)

Here e € (0,%) is an arbitrary constant.

The precise definition of the Finsler measure space, R, h, |Vh|, gradient vector field
V, Finsler-Laplacian A, and the global solution to the nonlinear heat equation (1.1) have
been given in Section 2 above.

Remark 3.1. (1). When h(t) = —Ric;j(t), (1.2) is the Finsler-Ricci flow equation. In this
case our results reduce to [23,24]. We also see that Theorem 3.1 covers [16, Theorem 6].
(2). The condition S =0 is often required in the study of Finsler-geometric flow. Since
the S-curvature vanishes for Berwald metrics, our results can be applied to any Finsler-
geometric flow of Berwald metrics on closed manifolds (for example, see [23,28-30]).

Throughout the rest of these notes, we consider a positive solution u of the nonlinear
heat equation (1.1) on a compact Finsler manifold (M",F,m). The Laplacian and gradient
are all with respect to V:=Vu and are valid on M, := {x € M|Vu(x) #0}. Although
Chern connection coefficient F;k(V f) is not compatible with respect to gvy, it is torsion
free. Hence, similar to Riemannian case, for a given time ¢, we can choose a normal
coordinate system at a fixed point of M,. We will compute at a fixed point and at this
point we have

WV f)=hij(Vf), |V2f|§s<w)=gﬂ%, iilfii:Amfr [%(VF)=0. (32

Let u(x,t) € L2([0,T],H'(M))NH([0,T],H~}(M)) be a positive global solution (in the
sense of distributions) of the nonlinear heat equation (1.1) under Finsler-geometric flow.
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We consider the function f:=logu which is H? in space and C'* in both space and time,
then u =e/. We have

df=efou, Vi=eSVu, Anf=eAu—F2(Vf). (3.3)
Hence f satisfies the following equation,
of=Auf+F*(VS) (3.4)

for every t in the weak sense that

[ =DV 1)+ 9P (V) }dm= [ gofdm

for each ¢ € H'(M). From (3.3), we have gy s =gvy a.e. on M, and A, f € H' (M) for each
t.

To prove Theorem 3.1, we need the following several lemmas. First, we will use the
following obvious lemma.

Lemma 3.1. ([25]) Let Ric;; be a component of Akbarzadeh’s Ricci tensor and Ric be the Ricci
curvature on (M",F,m). We have

Ric'l (V) fifj=Ric(Vf). (3.5)
Proceedingly, we have the following lemma.

Lemma 3.2. Let h(t) is a symmetric (0,2)-tensor field on (M",F(t),m). We have

AN (V) i fj

o =1 S W (VA (3.6)

where enotes the horizontal covariant derivative of W/ an enotes the vertical covarian
here I, denotes the h tal t derivative of h'/ and h",denotes the vertical t

derivative of h'l. In particular,

(Rlcax(lv_f))f] RZCl]f]—i_RlCZ] f]( f) (37)
a(Ha(Yf))f H‘]f]—kaf](VZf) (3.8)
a( ”(Vf)) ASNV)) ¢ (3.9)

where Ric;j denotes a component of Akbarzadeh’s Ricci tensor and H = g Ricjj denotes the scalar
curvature.
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Proof. We note that

.. (Shl ahij ahz .
1] kj ik _ _ kj ik ]
= o - WML 4k F =4 N; a7 +HNT};+h*T),
. ij
h”,l.:l-"ah..
5 ayz

Simple differentiation gives

A(HI(Vf)) _on'_ oh

oxi  oxl ay F (V)
:hi{i_hk]'r;{i_hikr{d ?}Zk((vf) —f—le)
ij i ik oh'l
=h'l,— 9T} —h*T);+ W (V2f)L.

We can choose a normal coordinate system at a fixed point of M,,. We will compute at a
fixed point and at this point we have

AT b S (V105 =142 (9

Egs. (3.7) and (3.8) are direct consequences of (3.6). Eq. (3.9) is direct consequences of
the fact Cv(V,X,Y) =0, g'|, =0 and g% =2Cy;s. O

Proceedingly, we have the following lemma.

Lemma 3.3. Let (M",F(t),m) be a closed solution to the Finsler-geometric flow (1.2). Then we
have

o (F*(Vf))=—=2h"(V f)fifi+2D(0:f) (V). (3.10)

Proof. Simple differentiation gives

H(F2(Vf))=0:(8" (V) fif;)
=2¢"(Vf)(3ef)ifi+0:(8" (V1)) fif;

:Zgl’fo)<aff>iﬁ+at<gff><w>ﬁﬁ+igy}f<atf’<>fifj
=—2h"7(Vf)fifi+2D0:f)(Vf), (3.11)

where the last equality used 9;¢" = —2h" and Cy(V,X,Y) =0. O
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Let
G(x,t) =F*(Vf)(x,t) —ad: f(x,1), (3.12)

where a > 1 is a constant. 7 (x,t) =ad;f(x,t) lies in H(M) and G(x,t) lies in H'(M) for
each t and is Holder continuous in both space and time.
Proceeding, we have the following lemma.

Lemma 3.4. In the sense of distributions, J (x,t) satisfies the parabolic differential equality

A T -0 T+2DJ (V)

=2ah"l(V f) fifi+2ah" (V f) fij —|—20¢hZ] i —|—2ahl] fi

Z(V2 (3.13)

where hi]"i denotes the horizontal covariant derivative of hil and hi].'k denotes the vertical covariant
derivative of h'l.

Proof. For any non-negative test function ¢ € H} (M x (0,T)) whose support is included
in the domain of the local coordinate, we have

ot (D(a)(Vf))
=0:(8"(Vf)(ag)if;)
Zat(gij(vf))(“¢)iﬁ+8ij(7f)(at(fﬂl’))ifj +87(V £) ()i (0:f);
—0i(g" ><Vf><w4>>ifj+ggy,f(atf"><a4>>ifj +81(V£)(9:(a9))ifi+8" (V) (ad)i(3:f);
= =201 (V £)(ag)ifi+D (3 (aep))(V £) +D(agp) (V¥ (31 f)),
where the last equality used 0; gij =—2h" and Cy(V,X,Y)=0. That is,
—D(a) (V¥ (3:f))

=~ (D(@p) (V1)) +Du(ag)) (V) -2 ) WD O 5y

Multiplying the LHS of (3.13) by ¢, integrating and then substituting (3.14), we get

A= // ~DY(VV T)+Tgp+29DT (V £) } dmdt

= /0 /M{—D(W)(va (3:f)) +0:(p)d: f +2apD(3:f) (V f) } dmdt

= [ [ {(~0Dp)(V )+ D@a)) (V) -2 (v ) 208 O

+01(¢) (Anf +FX(V£))+ 20D (2 f) (Vf) } dmdl.
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Using Lemma 3.3 and the fact that

/OT/Mat(D(w)(Vf))dmdt:o,

we arrive at

A= [ [ (~0(Dp)(V )+ D@i(ag) (V)20 () 20D O

+31(9) (A f+FX(Vf))+20pD (2, f) (Vf) } dmdlt
_// ~2W(V ) a"“f’)gf]w (9a)(FA(V£)) +2a9D(2:f)(V f) } dmat
= [ [ {20000 2D 35 a2V 1) +agin (29 )
+2agh (Vf) fif; } dmdlt

- / / {2ani Vf)ﬁf]+2ah”(Vf)ﬂ]+2aa<hi;(vf))f]}dmdt (3.15)

From (3.6) we have

i fi oo

A= // Zuch”(Vf)flf]+2ah”(Vf)fl]+2th”f]—i—2ah =(V f)i}dmdt. (3.16)

This completes the proof of the lemma. O

Now we can compute a parabolic partial differential equality for G(x,t) which will be
the key to the proof of our Theorem 3.1.

Lemma 3.5. In the sense of distributions, G(x,t) satisfies the parabolic differential equality

A G—3,G+2DG (V) =8, (3.17)

where

B(x,t) =—2(a—1)W(V f)fif;i—2ah" (V f) fij— Zuch”f] Zuch” f](sz)
+2Ric(V f)+2|V2 f [ (Vf):

Proof. For any non-negative test function ¢ € H} (M x (0,T)) , we compute
/ / —~D¢(VVIG)+Gorp+2¢DG(V ) } dmdt

=k [ [ (= Dp(TTI BV ) + PV )+ 26D (Y )(V ) padmat
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[ [ {-Do(V Y (F(V)) -9 (V1)) +24D(F (V) (V) pamat

:‘“/OT/M{—D«;W (FA(V£))) —2¢D(@:f) (V) +20h (Vf) i f;
+2¢D(FA(V£))(Vf)}dmdt

=t [ [ {~Dg(V V(P (V1)) ~26D(8nf) (V) ~29D(E(V ) (V)
2000 (V1) i+ 29D(F(V 1)) (V) pamet

= At [ [ (- Dp(TI (1) ~26D (8 ) (V) 42005 (V) ffy .

By applying the Bochner-Weitzenbock formula (2.10) and noticing that S =0 implies
Riceo(V)=Ric(V), we have

At [ [ (- Dp(TI (B (V1)) 20D (8 (7 )+ 20 ( ) i f s cmet
:—A+/0T/M{2¢Ric(Vf)+2¢\V2f]%{S(vf)+24>hif(Vf)fifj}dmdt.
Now, substituting A from (3.16), we have
B(x,t)=—2(a— 1)h”(Vf)flf] Zahl](Vf)fl] Zah”f] 2ah”f]( f)
+2Ric( ) 42|V f sy 0

Now we have all the ingredients that we need to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. By our assumption and (3.17), we have

A G—3,G+2DG (V)

=—2(a— V)W (Vf)fifi—2ah" (Vf) fi;— Zoch”f] Zﬂchl]f](vzf)z
+2ch(Vf)+2|v2f\Hs
> 2(a—1)KzF?(Vf)— Zsﬁ] (1<2+1<3)2 Zst(Vf)——Kz

—Zef,fi—z—SKﬁ—ZKle(Vf)—FZfij

na® a?
=2(1-2¢) fj=2((a=1)Ks + Ky +€) F*(Vf) = 5 - (Ko +K3)* = K}

2(1—2¢) a® /n

> 22 (A f ) —2((@=DKs +Ki+e) PV f) == (5

1<2+1<3)2+1<§), (3.18)
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where we used

_2¢xhi]~fz-]-2—2€2fl% Zh > 282]2] K2+K3),
L]

.. 2
—2uch”‘ifj2—28FZ(Vf)—282(h \,) > —2eF*(Vf)— Kﬁ,
L]

i,jk

2
2 ..
2 (P22 g E<Zh” f]> > 2335 D ()
ik
Z_ZSZ z%c_iKZ
ik 2

and the Cauchy inequality

1
L]

Noticing that
Mnf=—P(V)+af = (G+a-DF(VS)),

hence (3.18) shows

M! G—3:G+2DG(V f)
2

>2029 (64 (- )P(V ) —2(a=DEa+ K+ (V)= 5 (L (Kat KaP+K3).

Define G =tG. Then

MIG-0,.G=t(An G-3,G)—2

(3.19)

zt{z(l_f 2 (G+a-DP (V) 2= DKs +Ki +) (V)

—”f (g(Kz+K3)2+K§) —2DG(Vf) } —f

2(1na2£)t(g+(“ DF (V) =2((a—1)Ks+Ki +e)tF(V )
a’t

—7( (K2 +K3)? +I<§) —2D§(Vf)—% (3.20)

Let @ =u. Then we have y >0 (otherwise the assertion of the theorem is trivial) and

M G—3,G+2DG(Vf)
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2(1-2
Z(M‘C’)(g+ («—1)F2(V )’ —2((a—1)Ks+ Ky +&)tF*(V f)
W%t (n 2 ?
- Gtk +K) -7
2(1-2
:(WZ:)(1+ 2 [ (2 a—1)Kz+Ky+e)p+— )Q
2
t 2\ ._
—7(2(K2+K3) +1<4) =D. (3.21)

Fix arbitrary t € (0,T] and assume that G achieves its maximum at the point (xg,t) €
Mx[0,t] and G (xo,tp) >0 (otherwise the proof is trivial), which implies ty > 0. We shall
show D(x,tp) <0. Assume the contrary, D(xg,tp) > 0. It would imply D >0 on a neigh-
borhood of (xp,tp). Hence, according to (3.21) on such a neighborhood, the function g
would be a strict sub-solution to the linear parabolic operator

MG —2,G+2DG (V).

Therefore, G(xo,ty) would be strictly less than the supremum of G on the boundary of
any small parabolic cylinder [to—J,to] X Bs(xo), where Bs(xo) :={y € M|d(xo,y) <d}. In
particular, G could not be maximal at (xo,tp), which is a contradiction. Hence, D (xo,to) <
0, that is at (xo,to)

0> 2(1-20)
~  nat

(1+(a—1)u)*G

2
- (Gt KP4 K3). (3.22)

- <2((0¢—1)K3+K1+£)y+1>g

All the following computations are at the point (x,t). Noticing that

M _ 1 fa=bp 1
1+ (a=1)p)? a—1(1+(a—1)p)?2 ~ 4(a—1)’

_ <1
(T (=T =~

Solving the quadratic inequality of G in (3.22) yields

— l’llXZto

1
J §4(1_28)(1_|_([X_1)ﬂ)2 { <2((“—1)K3+K1+g)y+to>

2
+\/<2((zx—l)K3+K1+s)y—i—tlo> —|—8(11;2€)(1+(04—1)y)2 (g(Kz+K3)2+K§> }

not .
§4(1—2S)(1—{—?a—1)‘u>2 {2 (2((R—1)K3+K1+s)y+to>
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+2 M(1+(ch—1);4) <\/§(K2+K3)+K4) }

ne

2(”1"‘_2;08){( )(K3+§<1+S+i]+\/?<1<2+1<3+\/21<4>}
S (e i)} e

Since t > tj, we have

IN

A

g xO/tO

(x—1) 1< +1< +e 1—2¢ 2
3 5 +—+\/ K2+K3+\[K4
1 28 2¢) € n

and for all x € M, it holds that

na? (a—1)K3+Kij+e 1 [1-2¢ \/E
g(x’t)gz(l—Zs){2(0&—1)(1—28) +¥+ — <K2—|—K3—|— EK4 . (3.24)

Since t is arbitrary in f € [0,T|, we obtain (3.1). Hence, we complete the proof. O

Similar to [16, Corollary 8], integrating the gradient estimate in space-time as in [3],
we can derive the following parabolic Harnack type inequality.

Corollary 3.1. Let (M",F(t));c(o,1) be a closed solution to the Finsler-geometric flow (1.2). As-
sume that there are four positive real numbers Ky, Ko, Kz and Ky such that for all t € [0,T],

R>—-K;, —Ko<h<Ks |Vh|<Ky,

and S-curvature vanishes. Consider a positive global solution u=u(x,t) of the equation (1.1). Let
f=logu. Then for (x1,t1) € M" x (0,T) and (xz,t2) € M" x (0,T) such that t; < tp, we have

1
t n« D{F . s 2
aun zuteat () e"p{/ e
0

_ 1
m((“ 1>fjf<1+4+fz<z<z+1<3+ﬁr<4>><tz—t1>}, (3.25)

whenever « > 1. Here 1(s) be a smooth curve connecting x and y with (1) =x and n(0) =y,
and F(71(s) )|+ is the length of the vector 1j(s) at time T(s) = (1—s)t,+st;.
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Proof. Let 11(s) be a smooth curve connecting x and y with 7(1) =x and #(0) =y, and
F(7(s))|- is the length of the vector 7j(s) at time T(s) = (1—s)t,+st;. Choosing e =} in
(3.1) gives

_atfﬁnuc{ (“_1)i<iKl+‘ll +%+\fz <K2+K3+\/EK4> }—iFZ(Vf).
Let I(s)=logu(n(s),t(s))=f(n(s),7(s)). Then

f(X1,f1 X2,f2 /1;11 )dS:/l‘(tz )(Df( ( )) atf)ds
0 0

tr—11
; F(%
/ th—1H { tz—tl —atf}ds
0
1
/ {F a((w—l)K3+K1+i+1
tzftl a—1 T
0
1
+f2<1<2+1<3+ ))—“Fz(Vf)}ds

1
—1)K3+K;+1
O/{ tz(itl F(ta—ty)n “<(a )“ej 1+4+1+\/§<K2+K3+\/EK4>>}ds, (3.26)

where the last inequality used —Ax?+ Bx < %. Using (3.26), we derive

log <u<x1'tl)) = f(x1,t1) — f(x2,t2)

M(Xz,tz)
Fa E((s))? 1)K+ Ky +1
S/“F(U(S))’Tds—knzx (DC ) s 1+4+\ﬁ K2+K3+\/EK4 (tz—tl)
4 4 tz—tl a—1 n
)
+nleog<>.
ty

Therefore, we arrive at

no 1 .
u(xl,tl)gu(xz,t2)<2) exp{ ﬁwds

4 tr—1

Hm((lx 1)5341FK1+4+\[<K2+K3+\/3K4>>(fz—fl)} -
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4 Applications to Finsler-Ricci flow and Finsler-Yamabe flow

In this section, we apply our results to the special cases of the Finsler-Ricci flow and
Finsler-Yamabe flow.

4.1 The Finsler-Ricci flow

When h(t) = —Ric;;(t), (1.2) is the Finsler-Ricci flow equation (see [1,28,31]). In this sit-
uation our results reduced to those in [23,24]. Comparing with the Riemannian case, in
this case our results in Section 3 need the assumption | VR| < Kjy. Since the solutions of

the nonlinear heat equation (1.1) are lack of higher order regularity, we have to compute
9: (A f) in a weak sense, which produces Ricﬁ: and Ricfi. In order to obtain the gradient
estimate, we require | VR| bounded above.

It is worth to notice that the inequality (2) in [23] was not completely correct. In fact,

due to the proof of Lemma 4.1 in [23], Lakzian thought that

(Ric!
(chafx(in))ﬁ:O

by Euler’s theorem. This means that the parabolic differential equality (43) in [23] is lack

of ij- However, we compute

A(Ric(Vf))
ox!

fi= RZCI]\iJIJ+RZCl];kf](V2f)§ 70,

hence our results generalize and correct the work of Lakzian in [23].

4.2 The Finsler-Yamabe flow
When h(t)=—1(Hg)(t), (1.2) is the Finsler-Yamabe flow equation

9 8(6)=—(Hg) (1), @y

where H=g'l Ric;j is called the scalar curvature. For further details regarding the Finsler-
Yamabe flow, see [29,32].
However, to prove our Theorem 4.1, it is enough to consider for all t € [0,T],

MR>-K;, —Ky<H<Kj;, |VH|<Ky,

and S-curvature vanishes to derive the following space-time gradient estimate for the
system (1.1)-(4.1).
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Theorem 4.1. Let (M",F(t));c(o,1] be a closed solution to the Finsler-Yamabe flow (4.1). Assume
that there are four positive real numbers Ky, Ky, K3 and Ky such that for all t € [0,T],

%Z_Kll _K2§H§K3/ |VH‘§K4/

and S-curvature vanishes. Consider a positive global solution u=u(x,t) of the equation (1.1). Let
f=logu. Then for any a« >1, on M x (0,T], we have

F2(V(logu)) —ad;(logu)
na? {(D{—l)K2+K1+€+1+ (1_8)(K2+K3+\/3K4)}- 4.2)

S20—o)) 40-o(a—1) "¢ 2

Here e € (0,1) is an arbitrary constant.

The proof of Theorem 4.1 is similar to the one at Section 3. We only to sketch a very
simple outline of the proof. First of all, we have the following several lemmas.

Lemma 4.1. Let (M",F(t),m) be a closed solution to the Finsler-Yamabe flow (4.1). Then we
have
0i(FA(Vf))=HE(Vf)+2D(3:f) (V). (43)

Lemma 4.2. In the sense of distributions, J (x,t) satisfies the parabolic differential equality

Aij—atJ—I—ZDJ(Vf) =—aHF*(Vf)—aHg! (V) f;;—ag Hf;
f;
F
where H,; denotes the horizontal covariant derivative of H and H denotes the vertical covariant
derivative of H.

—agHy L (V3f)E, (4.4)

Lemma 4.3. In the sense of distributions, G(x,t) satisfies the parabolic differential equality
A G—3:G+2DG(Vf) =B, (45)
where
B(x,t) :(Dé—l)HFZ(Vf) +ocHgiffij+ocg’7Hij‘j—kocgin;ij(_f(sz)f
+2Ric(V f)+2|V f[his v )
Lemma 4.4. In the sense of distributions, G (x,t) satisfies the parabolic differential inequality
M G—3,G+2DG(Vf)

22(1_8)(Amf)z—((uc—l)Kz+K1+€)F2(vf)_gi <g

n
Then, using Lemma 4.4, the quadratic formula and the maximum principle, we can
complete the proof of Theorem 4.1.

(1<2+1<3)2+1<§). (4.6)
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