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Abstract. In this paper we consider the Lamé system on a polygonal convex domain
with mixed boundary conditions of Dirichlet-Neumann type. An explicit L? norm
estimate for the gradient of the solution of this problem is established. This leads to an
explicit bound of the H!' norm of this solution. Note that the obtained upper-bound is
not optimal.
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1 Introduction

Let () be a bounded open connected subset of R?. The static equilibrium of a deformable
structure occupying () is governed by the Lamé linear elasto-static system, see [1]. In
this paper, we restrict the study to a convex domain () whose boundary has a polygonal
shape that posses m+1 edges with m>2. We denote I'=U" ,T'; its boundary and d(Q)) its
diameter. Moreover, we assume that all the edges I'; have strictly positive measure. The
system under consideration is given by

Lu=f a.ein (),
U(u)-ﬁ?:gi on (I'=Ty)NT;, 1<i<m, (1.1)
u=0 on Y.
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We need to assume that the edges I'; which form the boundary I fulfill a condition
similar to assumption (H>) in ([2], Theorem 2.3). Actually, for our purpose, a stronger
condition is needed and it is formulated in (1.5) below. The vector function u = (u!,u?)
satisfying the system (1.8) describes a displacement in the plane. In this model we impose
a homogeneous Dirichlet condition on I'y and a Neumann condition on the remaining
part of the boundary. The equality on the boundary is understood in the sense of the
trace. We denote L the Lamé operator defined by

Lu:=—divo(u)=—div[2ue(u) +ATre(u)Id]. (1.2)

We assume the data functions f and g at the right hand sides to satisfy f € [L2(Q)]? and
g €[H?(I—Tg)]2 The vector 7] represents the outside normal to T;. We write # and A
the Lamé’s coefficients. We place ourselves in the isotropic framework, the deformation
tensor ¢ is defined by

e(u)= %(Vu%—vtu). (1.3)
The weak form of problem (1.1) is (see [1,3]): Find u € V such that Voe V
/ 2ue(u)e(v)+Adivu divvdx:/ fodx+ gudo(x), (1.4)
9 o) I—T,

where
V= {ve [H'(Q)]% v=0 on ro}.

The existence and uniqueness issue of the solution of (1.4) in V is classic, (see [3]).

If we denote 6 the interior angle between the edges I'; and Ty, 0<j, k<m such that f]ﬂ
Ty #@ and if we denote vy the interior angle between the Neumann part of the boundary
I'y:=I'—T and the Dirichlet part of the boundary I'p :=T, then we impose

0<b<m, O<y<m. (1.5)

The reason behind this assumption on the boundary is to get a better regularity of the
solution of the weak problem (1.4). Precisely in that case we have, following ([2], Theorem
2.3) stated at the bottom of page 330, 1€ [H?(Q2)]? for some positive >0, which implies
in particular, using the appropriate Sobolev embedding and since () is a locally Lipschitz
domain, see part II of ([4], Theorem 4.12, page 85), that u € [C()'%H(ﬁ)]2 ie. uis (%—I—
1)—holder continuous. One should notice that condition (1.5) are met since the domain
considered in our case is convex. Let us denote

1

2

()| loq:= </Q£(u)s(u)dx>%; HVMH(),Q::</Q‘Vu1‘2+‘Vu2‘2dx> .

By using the second Korn inequality, see [5], the trace and the Poincaré’s inequalities, one
easily gets from (1.4) the following estimate

11
IVallon= 25 (collfllon+eplgllyrr, ). (1.6
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where Cp,t is a constant that depends of Poincaré constant and the constant of trace in-
equality. ¢ is the constant of the Korn’s inequality. Note that the value of the constant
cx and ¢y appearing in (1.6) are unknown and can not be explicitly lower-bounded or
upper-bounded in the general case. We propose to determine explicitly these constants.
The main result of this work is stated in the following theorem:

Theorem 1.1. The unique weak solution u of (1.4) on the convex polygonal domain ) admits the
explicit upper bound

9l < (O fllba+8(0T1+gIEr) 17)

where d(QY) represent the diameter of Q) and |T'| the measure of the boundary of Q).

Estimate (1.7) is similar to estimate (1.6) in the sense that the constants appearing there
are the same. Before demonstrating this theorem, it is useful to go through some remarks
and results. These auxiliary results are needed in order to adequately get a decomposition
of the solution of the main problem, which belongs to H 1 (Q), into functions that are still
in Hz (T). Denote x;, for 1 <i<m, the vertex of the polygon that connects I';_; with I'; and
xo the one that connects I'y, to I'g. Define the auxiliary function u. € H 1 (Q)) as the unique
solution to the following Dirichlet problem

{Lue :df a.e in (), (1.8)
Ue = Ug onT,

where u¢ is the trace on the boundary T of the function
Pe (x)u(x)- (1.9)

For e« % Vi, 0 <i<m, the function ¢, is defined by

$e(x)=0, [|x—xi||<€?, 0<i<m;
1
€2(e—||x—x; .
(pe(x):exp[— ||(x—lc|-|]—ez2H)]' e2<||x—xil|<e, 0<i<m; (1.10)
1

Pe(x)=1, e<l|lx—xi||, 0<i<m.

Let us denote
Dile::{xele such that Hx—xiH<ez},

where ||x —x;|| stands for the Euclidean norm of the vector x —x;. We easily see that ¢, €
C%(Q)), consequently, there will be no jump when passing to the distributional derivative
and thus Vu, € L?(Q)), and by using the poincaré inequality, we infer that u. € H'(Q). It
is shown, using Lebesgue’s dominated convergence theorem for instance, that

|lpe=1flor, =0,
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i.e. we have convergence in L? along the edge I';. The functions ¢, are identically zero on
a small neighborhood of the respective vertices of the polygon.
In the sequel, we denote 1, the vector-valued function u. = (u},u?).

2 Weak problem for u. and approximation results

First of all, we construct the weak problem verified by the approximating function ..
With the approximating displacement 1. €V is associated the approximating stress tensor

0 :=2pe(ue) +ATre(ue)l, (2.1)
since Lue = divoe = f, then o, € [H(div)(Q)]**2. For a fixed €, by density of the regu-
lar functions in the space H(div)(Q), there exists ¢ € [C®(Q))]**? such that ¢/ — 0, in
[H(div)(Q))]**?. This means

||0d —0e||giv,a:=||dived —diveoe||o,a+||0f —oe||o,q—0 (2.2)

when n — co. We pose divoy = f", then integrating by part against a test function v €
[C*(Q)]?NV yields the following

/USsz/f”v—l-/ag-?vda(x).
0 0 r

Passing to the limit in 7 using (2.2), we find Vo € [C*(Q)]*NV

J— '%
/QO’EVU—/QfU + <0e n’0>[H%]'(F—F0)X[H%}(F—Fo)/

where 0, 7 =: gfe[H 2(T—Ty)]’ is the image of the normal component o, by the trace
operator on T. Since, following theorem 1 established in [8], [C*(Q)]>NV is a dense

subset of V C H'(Q), then, according to the definition (1.3) and the expression (2.1), the
function u, satisfy

/Zys(ue)s(v)—l—/ Adivuedivo

0 0

— €

_/va + <g ’v>[H%]/(r—ro)xH%(r—r0)’ YoeV, (2.3)

this is the weak problem satisfied by the approximating function ..
Let us recall, (see [6]), that the H % —norm in one dimension on T i is defined by

1
— (11112 Ju(x) —u(y) )2
oy = (it [ 0= axay)
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Remark 2.1. For any sufficiently small € >0, it is possible to cover () with a collection of
open sets (We) such that for each j, Wi NI'is either empty or equals one of the following
subsets: for some i, 0 <i<m—1

1) I :={xel; 0<|[x—x]|<2e};

2) F?’E::{xeri; 0<||x—xit1|| <2€};

3) IV:={xeTy; |lx—x|>3¢ and |[x—xi11||>3e};
4) Ty ={xelUlyy; |lx—xll<e}

and fori=m

1) The={x€lu 0<||x—xn||<2e};

2) T¥:={xel,; 0<|lx—xo||<2e};

3) Ifi={x€ly; |lx—xu||>3e and [[x—xo||>3e};
4) Tpf={xel,UTy; ||x—x||<e?}.

Let (8);, with supp 85 C W7, a Cl-partition of unity with respect to this cover. Since
CHIS Hz(T), then

[|pe=1{1y r=1I(¢ Zﬂ€|\1r<21| )y ﬁeleJrZH e =Dl pse

] suppﬂfcl"

m

ZH% Ulyr,+ (erl)H(cPe—l)H%,rg,e=Z\\¢e—1!!%,r,.+(m4r1)\\(cPe—l)Ho,rg,e- (2.4)
i=0

One should well remark that, following its definition, the function ¢ —1 has null H L
semi norm on Fé’e ; this fact justify the writing of the last term in estimate (2.4). So, using
the definition and symmetry of ¢., we get for all 0 <i<m

lge =1l =l1(@e=1) Y &llyr,

j,suppt?]? cr;

<|[(¢pe—1) Z ﬂf”%,pﬂ‘”(‘l’e_l) Z ﬂ;“%,ri

jsuppds crie j,suppl?fCl“f’6

e L Ol 2l e Dl e

jsuppdsC r
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Thus,
3
[1pe=11yr, <Yl @e=111 pie+20Ige =1y e
=1 ’ ‘
=2l e 11y poc +2lI e 1l poc-

Thus we have

H‘Pe_lHl,Fi

2 >
<aligetlgne2( [ [, PRI dray) <2l

[lx—ylI?

Lemma 2.1. The functions ¢ admit the following limits

forall0<i<m ||¢€_1||%Ii_>0 as €—0.

69

(2.5)

1) ’ ’o/r?ﬁ'

Proof. If we choose the vertex point x; as the origin of the R?>-orthonormal coordinate
system such that I'; is supported by the positive half x—axis then the abscisses of x €

F}’E =]0,2¢] satisfy
[ = xif | = [x[ =x.

1 . .
The H2-semi-norm of ¢. on I'; writes

T | e (x y)I?
R = T

It yields by using the definition of ¢.

_ | e (x )P
1|1r—2// \x y\z dxdy.

Consider the decomposition of (2.7) into four partial double integrals

/ / el . ;2 DE deay=o,

this is obvious.

// e (x |x ) dxdy

€2 (e—y) I

|exp e2 ] exp[ - (y—e2
x y—€2)
/62 /62 Xx—y2 dxdy.

(2.6)

2.7)
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e%(e—x)

The function F(x):=exp[ — =) ] is C'(J€?,€]) and thus lipschitz. We have, using the

fact that x — F’(x) is increasing on [e?,£], that

Vx € [€2,5]. On the other hand

2 €
! < = —,€|.
F)I< g oP(g)=ile Vrelge]
Therefore we conclude that
|F'(x)|<L:=max(Lq,Lp) <L1+Ls

for all x € [€?,€]. This yields

1
€ 1€ |ge(x) e () :
([
- 1
o)+ S exp(71) Plx—y 2 :
e T gy
[x—y|

< ¢! 2
< /62/62 e eXp )\ dxdy

—0 as e—0.

/\
\
\
A N\»—l
N\H /\
N \_/

]
bat
Z‘i
N\»—k
DS
Q.
=
Q.
<
N————
NI—

One more integral is

/ / 9 (x ’x Ul dxdy
S/ efyx_ez\zexpz[we_ Jaxdu+ [ / PR [‘w]‘ix‘iy

extl(1—¢) 1 €2 (2¢)
/|x e2|2 [‘M]dx+€z/; e ey
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Here we used the properties of the exponential function and elementary majoriza-
tions. This final integral is

Zy e
€ e (x e lexp[ — <05y 112
/62/ |x y|2 )P iy — /2/ oy =0

proceed in the same way as for 3).
Combining these four integrals on one hand and using the facts:

lpe=1flor — and  2[[(¢e=1)][¢ sc =0

for all 0<<i<m on the other hand yield, using (2.5), the result of Lemma 2.1. Consequently,
using (2.4) yields also
[ge 1]y 0.
This completes the proof of the lemma. O
Since u is (% +1)—Holder continuous and thus uniformly continuous on (), the result
of Lemma 2.1 implies

ite =]y < [l(pe—1) ] p < [l =111y 0.
One can now prove the following approximation lemma:

Lemma 2.2. The function u. defined by (1.8) and the distribution g€ appearing in problem (2.3)
satisfy respectively the following limits

a) ||Vue=Vulloa—=0,  b) llg°=gll 3, . =0

as € —0.
Proof. a) let us consider the following problem
(2.8)

d

onT.

Lu=0 a.ein (),
u=u

Consider the linear operator G that associates to each u? € H 2 (T') the corresponding u-
nique solution u of problem (2.8),

G: (H2(T),||- ) —=ACY,  w=up—Ku')=u,

where (A,||-||1(q)) denote the range of H:(T) under G. The inverse operator G~
identifies with the trace operator applied to u € A on I'. This operator is obviously well
defined and bijective. Using the trace inequality on I’, there exists ¢ >0 such that Vu € A

\|G‘1u||%,r:: [fully r <callVulloq,
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this implies the continuity of the linear bijective operator G~!. According to the Banach
isomorphism theorem, the operator G is continuous, this means that there exists ¢ >0
such that for all u € A we have

1Vullo0 <cllully

Thus, since L(u—u.) =0, using the limit established in Lemma 2.1

HVu—Vue\|0,Q§c||u—u€||%’r—>0, (2.9)

this proves a).
b) We make the same reasoning as for a). Given g€ [H%(F—FO)]’, let w € V be the
unique solution of

/ 2ue(w)e(v)+Adivw divodxy =< g,v >[H%(r—ro)]’,H%(r—ro)’ (2.10)

for all v € V. Choosing v=w, there exists ¢’ >0 such that

IVelloa<cllgll, (2.11)

N\»—l

(T—Tp))’"

Let K be the operator that associates to each data g € [H 2 (I —Tp)]" the solution function
w of the corresponding problem (2.10):

K: [H:(T-Ty)] =DCV
§—K(g)=

where (D, || [|g1()) denote the range of [H 2)/(T—T,) under K. Following existence and
uniqueness result for problem (2.10), K is well defined, furthermore it is linear and in-
vertible. An equivalent formulation of (2.11) is: there exists a constant ¢’ > 0 such that
Vge[H2 (I —Ty)]’, we have

K@ <llgll a1

i.e. Kis continuous. Then, according to Banach’s isomorphism theorem, we deduce that
3¢’ ; >0 such that

18113 g 1l V0l oo 212)

Rewriting (1.4) with g€ H 2 (T-Ty)=DC[H 2 (I'—Tp)]" then subtracting (1.4) and (2.3)
member-to-member, one find that u —u, satisfy: Vo€V,

/()Zy(s(ue) —e(u))e(v)+Adiv(ue—u) divodx
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€
= —g,0 .
S8 TV e rgp iy
Applying (2.12) to w = u —u we get:

|Ig° =gl <c||Vue=Vulloa.

[H2 (T-To))’
Considering (2.9), we infer b). O

Remark 2.2. A consequence of the previous lemma: for arbitrary small g >0, there exists
€1 >0 such that Ve, 0 <e < €1, we have

. e
ii) ||Vue—Vullpn<pB.

iii) Since, by assumption, ¢ € H : (I'—T) then, using the continuity of the canonical
embedding

Nl—

I: H2(I'-Ty) — L*(I'—TY),

we have [|g|[or—r, <| |g||%,r—ro'

3 Auxiliary lemmas

Let €; be such as defined in remark (2.2). For the rest of the paper, we fix €, 0 <e <e;.

Before presenting a proof of the main result, we intend to state two auxiliary lemmas.
These lemmas are established using, principally, ([7], Theorem 2.1). In order to apply this
later result, assumption 1.2 in that same paper need to be met. Our polygonal domain
satisfy very well that assumption.

These lemmas, Lemmas 3.1 and 3.2 below, convey the essential idea in the demonstra-
tion of the main theorem 1.1. We begin with approximating the solution u, of problem
(1.8) by a smooth function vanishing on an adequate part of the boundary I'. Then the
idea is to carry out a particular decomposition, alluded to in the introduction, of this ap-
proximating function. This key idea is illustrated in the following example. Consider
v €V to be the solution of a problem similar to (1.8), e.g.,

Lo :{ a.e in (), (3.1)
V=0 on U]F]

We assume that the trace of v on the boundary vanish on an open neighborhood of the
vertices of (). Set

Ei={veV; v=0 onI;}. (3.2)
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Let us decompose this problem into two other problems

' Lvi =fi a.ein (), ' Lv§ =f a.ein (),
14 vl =01 onT;, Sy v5=0 onT;,
01120 on U]‘F]‘—Fi, Ulzzvd on U]Tj—l“l-.

Provided that the problems are well posed, the functions v} and v} are well defined.

On the other hand, it is easy to see that the fact v; =v on I'; does not generally imply
that o(0})- 7 =0(v)- 7 onT;. So the idea is to find a decomposition that makes such a
property to be fulfilled. i.e. such that v} can be approximated by a function vi’” and, at the
same time, such that o'(v}")- 7 is an approximation of o(oh)- 7 onT; in the sense of trace.
An adequate use of Theorem 2.1 proved in [7] can make this decomposition possible.
Using ([8], Theorem 1), we can find (uf), € C*(Q) such that for each p, uf vanishes

on the same part of I' where does u. and such that
| Vul —Viue|loa—0 asp— oo. (3.3)
If we denote
fr=Ll)  g5=o(ul)-i (3.4)
then, a particular consequence of (3.3) is: we can fix p such that

1
4Ce /1’

where Cg is the continuity constant of the operator G'~! defined as follows. Let G’ be the
operator that associates to each data (f,g) € L*(Q)) x [H2 ([ —Tg)]’ the solution v of

|Vul = Viuel|on < (3.5)

Lo=f a.e in Q),
P
c(v)- =g onI'—Ty,

v=0 on Iy,
G': [2(Q)x [H2(T—-To)] > MCV
(f.8)—=G'(f.8)=0,

where (M, || ||1()) denote the range of L2(Q) x [H% (T—Ty)])’ under G'. Since G’ is bijec-
tive and continuous then, applying the Banach theorem with G’, we infer that the inverse
operator G'~! is continuous i.e. Yo € M

1G] < Ce|v[[m-

12(Q) x H3 (T—T)
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Thus by using (3.5) we obtain, with v =u! —u,, and given an arbitrary small >0

1
] p_ < p_ < .
(&) [1f* = flloo < Cs| [ Ve V”eHO,Q_r\/ﬁ/ (3.6)
) 1185 =811 8 (r_rpyy <P (3.7)
We fix, for the rest of the paper, p for which (3.5)-(3.7) are fulfilled.

Lemma 3.1. Let &y be an arbitrary small number. There exists two functions uy and uy such that

i) ul=ui4up.

Lwm)=fH inQ, Llu)=fo inQ,
if) ur=20 onT—T, Uy = uZ onT'—T,
ur=20 on Iy. U= 10 on Iy.

iii) o(u1)-#=0 onT and thus, o(up)-ri=g}, on T.
iv)  for=fP—fysatisfy || fP ~ filloa < 5
Proof. Let 6o >0 be an arbitrary small number. Consider the decomposition

u’g::w—i—z

where w and z are respectively the solutions of the following problems

L(w)=f? in Q, L(z)=0 inQ,
w=0 onI'—Ty, z=ul onI'—TY,
w=0 onTy. z=0 on I.

Observe that o(w)-7i does not necessary equal zero and thus o(z)-7i does not necessary
equal g. Nevertheless, by density, there is functions w, € C°*(Q) such that

||Vw,—Vwl|lopa—0 asn—oo.

One should note that, following the definition of compactly supported functions in
O, o(wy)-#=0 on Q) for all n.

Using the same argument as in the proof of Lemma 2.2 (Banach theorem), and for the
fixed homogeneous Dirichlet boundary condition, there exists Cy >0 depending merely
on the domain () such that

||L(wn)— fP]o,0 < Col| Vwy —Vwl||on—0 asn— oo. (3.8)
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Thus, there exists an element w* in {w, },en that satisfy the estimate

!IL(W*)—f’?Ho,QS;—O : (3.9)

Decompose w:=w*+w, where w is a solutions of

L(wyp) = fP—L(w*) in Q,

wy =0 on I'—T,

wy =0 onl.
One should remark that

o(wy) 1i+0(z1) =g,

—

Indeed, o(ws)-7i+0(z1)-i=0c(u) ii—c(w*) -7 =gy—0. Pose

upi=w", Up =W +21,
fri=Lw?),  fai=fP—L(w"),
this concludes the lemma. O

It should be pointed out that we repeatedly apply the essential argument in Lemma
2.2, namely the Banach isomorphism theorem, in order to obtain estimates for the inverse
of some operators. On the other hand, although the functions u; and u; depends on € we
have removed the index € for clarity of presentation.

Lemma 3.2. Let E; be the subspace of V defined by (3.2). Let uy, uy be such as defined in Lemma
3.1. Given 61, 6, >0 arbitrary small numbers, there exists m functions u,; € E;, 1 <i<m, such
that

u2/1':0 on I"—I"i,

and such that g;:=o(uy ;) -7 satisfy

01
lgi—gpllor; <~ (3.10)
Moreover, uy:=Y 1" | uy ; satisfy
||V (11 +u3) = Vul||oa < 6. (3.11)

The construction of the function u5; that is presented in the proof of Lemma 3.2 below
shows that for all i, the functions u,; vanish not only on I' but also on N;Nd(), where
N; CIR? is an open neighborhood of T';. The proof is done in two main steps. In the first
one, we construct the functions u,; and in the second step we prove that these functions
actually satisfy estimates (3.10)-(3.11).
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Proof. Let 41, 6; be arbitrary small numbers. The functions u,; will be defined by intro-
ducing the intermediate functions X;, Y;, Yl-” and V; respectively in subsections a), b), )
and d). As we define these functions, we demonstrate some estimates that will be used
to derive (3.10)-(3.11) in the second step.

Step 1: Fix i, 1 <i<m. Consider the decomposition

Uy :Xi+ZXj:Xi+Zi ,
j#i
where X; € E; and Z; are the solutions of

L(X;))=0 inQ, L(Z)=f> inQ,
X;= b r'/ Z;=0 r"
(P o CAR S
X;=0 onI'—T;UT), Zi=1u; onI'—TI;UTy,
Xl‘:O onFo. Zl‘:O onFO.

One should notice that these two problems are well posed, this can be seen by con-
sidering the regularity of u? on the boundary and the fact that u? vanish identically on
a neighborhood of the the vertices. Since () is a Lipschitz domain, it posses the W12-
Sobolev extension property.

a) According to ([7, Theorem 2.1]) see Appendix A at the end, there exists X} €
C*(IR?) such that we have

33

(1) [IVX{=VXilloo=—",  (h2) supp(Xi)N(I'~TI1) =0,

where 63 >0 is an adequately chosen real number. A consequence of (h2) is:
(h3) o(X}!')-#=0 onI'-T;, X'=0 onI-T,

Furthermore, with the homogeneous Dirichlet condition on I'—I'; being fixed in the
problem P; and in the problem solved by X! then, using the Banach theorem, there exists
C1 >0 such that

o (X)-7i— o (X;) -7l o,r; +[|L(X}') =0l o0

C10:
<G|[VX!=VXilloa < 173
We choose d3 in assumption (/1) such that
C193 _ o
1) —<—
(1) m < 4dm

where ¢ is a positive real number whose choice will be precised later (see condition (c4)
below). Fix 71 such that F"" := L(X;") satisfy
o

HFinl—OHo,QS@- (3.12)
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Denote X! := X;— X" € E;, it does satisfy

X"+ X"+ Zi=ul, (3.13)
or equivalently,
L(Xlnl):Fln in Q, L~(~?1):—Fln in Q,
(P) § X" =x" onT;, (Py) M=yl —x" onT;,
X"=0 onT—T;. X"=0 onT—T},

for the same reasons as for (P;) and (P;), problems (P,) and (P;) are well posed. Consid-
ering (h3) and (3.13), the function X" +Z; satisfy

L(X"+Z)=—-F"+f, inQ,

(Py) X"+ Zi=uf—x onT;,
U(X;“—I—Zi)-fi:g; on ' —T;UTy,
XZ.“—FZZ:O on I.

b) LetY; be the function defined by

L) =—F"+f, inQ,
Y;=0 onT},

(p4) 1 . . 1
O'(Yi)-i’l:gp onI —TI;UlY,
YZ‘ZO on 1—‘0/

thanks to assumption (1.5), this problem is well posed. There exists a trace constant c;
such that, using (h1), we have

ct X0
1 =) llor, Serx [|VX; = VX Jon < == (3.14)

For the fixed —F" + f, € L*(Q)), g € L*(T —T;UTy) and the homogeneous Dirichlet con-
dition on Iy in problems (P;) and (P;), and by using an argument similar to that in part
(a) of the proof of lemma (2.2) (Banach theorem), there exists a constant C3 >0 such that

IVY; = V(X" +Zi)lloo
cr X C36
<Cs[Yi— (uf —2}") o, = Ca|0— (uf =) llor, < ===, (3.15)
and by using the trace inequality again we have

- ~ 1)
’ |Yi — (inl —i—Zi) ‘ ’0,1"*1",‘ <cy ’ ’VYI‘ — V(inl +Zi) ’ ’0,0 < C% X C3£. (3.16)
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Considering (3.13) and (h3), we easily see that 5(1" 1+ 7= u? on I'—T'; and thus, estimates
(3.15) and (3.16) become respectively

x C36
IV (X 4Y;) = Vil [[o 0 < 225 (3.17)

m
C% X C3(53

|Y;—ul|lor-r, <
m

(3.18)

On the other hand, since Y;=0 on I'; then, using the result (Theorem 2.1, [7] see Appendix
A at the end), there exists Y/ € C{°(R?) such that

!

)
(h4) ||VY=VYilloa< %1 and supp(Y/")NI;=0,
where 6] >0 is an adequately chosen real number, thus
o(Y]")-#i=0 onI; and Y/'=0 onT; (3.19)

for the homogeneous Dirichlet condition on I';UTI'y for problem (P;) and the problem
solved by Y/, and using Banach theorem, there exists C{ > ( such that

ILOYT) = (=F" + f2)llo.a < C1IIVY! = VYi[|o.0.
We choose #] >0 in assumption (h4) such that

Cl8, b
<Im

(c2):

4

where ¢ is as defined in Lemma 3.1 i.e. need to satisfy condition (c4) below. Fix ny > n
such that

W2 = L(Y") (3.20)

satisfy

o
= (B )l < 22

Consequently, considering (iv) of Lemmas 3.1 and 3.2 and (3.12), we have

do
K-l < =, 3.21
iz —ojj <2 G21)
¢) Denote Yinz :=Y;—Y/?, we have
L(Y™)=h?" inQ,
(Ps) Y2 =0 onT;,
Y2 =y onI—T;UTy,

Yl.”l =0 on I,
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LY?)=—H>—F"+f, inQ,

(b {5 =" on T
Y=Y~y on T —T;UTy,
Yinz =0 on I'y.

Rewriting estimate (3.17) gives

v C3o
V(724 Y4 X = Vil o < 522, (3.22)

and denote ¢’ :=0(Y/"?)-fi€ L2(T —T)).
d) Let V; €E; be the function defined by

L(Vi):—h?z—Finl—f—fz in Q,

V)-ii=¢ T;,

() o(V;)-1i=g¢ onT;
Vi=0 onI'—T;UTy,

Vi=0 on I'g.

Set Upji= X?l +V; €E,

Step 2:  The functions u,; are the unique solutions of

L(up;)=—h;*+f> inQ,

uy;=X"+V; onTj,
Mz/iZO on F—Fiul"o,
Up ;= 0 on ro.

Using the estimates established in step 1, we are ready to prove (3.10)-(3.11).
Proof of estimate (3.10): Since o(V;)-7i=0(Y!)-7i on T, then we have for
gi=0(V;i+X")-7

lIgi=gpllox, = llo(Vi+X[") -ii—gplor, =|lo (V> + X" -7i— o () il Jor,.

Using (3.19) givesc
18i=8pllox, =[lo (V> +Y;" +X;") -7~ (u
<o (Y2 +Y2+ X)) -fi—0(uf)-7|or-r, -

For the fixed homogeneous Dirichlet condition on I'y, and according to the Banach
isomorphism theorem, there exists a constant C, > 0 depending merely on () such that,
using (3.22) and since we have ¥; =Y/ +Y"

—

18i=8pllor, < [lo(Yit X[") i =0 (uf) -7l orr,
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¢ X C3Coé
<GV (X X" = Vil llga < X228,
If 45 also fulfill condition

Ct X C3C2(53 < ﬁ,
m m

(c3):

where 47 is the arbitrary small number assumed at the beginning of the proof then, esti-
mate (3.10) is proved.

In order to prove estimate (3.11), we need to estimate the trace of X;"'+V; on ;.

1)  Firstly remark, by using (h3), that

Vi+X"=0 onI-T;

2) For the fixed — (h[2+F" — f,) € L?(Q)), ¢’ € L*(T;) and the homogeneous Dirichlet
condition on I'y in problems (Ps) and (P7), the Banach isomorphism theorem ensures the
existence of a constant C4 >0 depending merely on () such that

19V V2|0 < Cal Vi = ¥ Jor—r, = Cal [0~ (Y~} o,

hence, considering (h4) and using trace inequality, we have

5/
Cal[0—=(Yi=y*)|lor-r, <c:Ca|| VY — Vy”2||00<ctc44

~

thus,
5/
|VV;— VY”ZHOQ<ctc4—1. (3.23)
Using trace inequality and (3.23) we obtain

/

- - )
1Vi=0llor, <[|Vi= ¥ lor <crf[VVi= V¥ |lo <} X Cy- . (3:24)
Estimates (3.14) and (3.24) imply
Vit X —ug|[or, <[|Vi—=O0llor, + 11X —uéllor,

5 Cto
=||Vi—0l[o,r, +|x* —uf]||o,r, < ><C4—+’*—3 (3.25)

Proof of estimate (3.11): Write u}:=Y ;uy; ={'+#' where {’ and 7’ are respectively
the solutions of

L") =—YiL (B>~ f2) in ), L(y")=0 in Q,
'=0 onT;, (PR)s 7'=Y" up;  onT—Ty,
'=0 onT—T;. n'=0 on I,

and write uy = (47 where  and 7 are the solutions of
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L(l)=f inQ, L(n)=0 inQ,
¢=0 onTj;, (Po)S y=ul onT—T,
¢=0 onl'-T;, 1n=0 on I'y.

If we denote ¢, the constant in the Korn inequality then the weak form of the problem
solved by {—{ yields

IVE=V oo <ad( Q)| fa+ ) (1 = f2) [l

<24(0) (| flloo+ LI oo+ Yl fllon)-

Using (iv) of Lemmas 3.1 and (3.21), we have

19694 o <a(@) 55 +o0+ ). .26

On the other hand, the Banach isomorphism theorem ensures, for the null source
term and the Dirichlet homogeneous condition on Iy in problems (Pg) and (D), that
there exists a constant Cs > 0 such that

m
V7=Vl <Cs||7—1'[lo,r-r, = Cs||ué =Y uzllor-r,
i=1

m m m
<Cs Y |uE=Y usillor,;=Cs Y _||uf —uzllor,
i=1 im1 i=1

Applying estimate (3.25) with uy ; =V; —i—X?l
[V —V1'||o,0 < Cs(cf x Cad| +c1d3). (3.27)
Combining (3.26) and (3.27), we obtain using triangular inequality

|IVuz = Vug|loo <[[VE= V|| +[[V=V1'|loa

1 1
Sd(Q) (27(1)1 + 0+ 20) +C5(C% X C4(5£ —I—Ct53).

Finally, if dy, 63 and &] are subject to fulfill the condition

) )
(C4): d(Q) (zfn—l—50+20> +C5(C% X C4(5£—|—Ct(53) <0y,

where 6, is the arbitrary small number assumed at the beginning of the proof then,
[V ul =V (u1+ub)| 0,0 < 6.
This proves (3.28). O



H'-Estimate for the Solution of the Lamé System with Mixed Boundary Conditions 83

Remark 3.1. 1) Let g; such as defined in (3.4), we can easily show that

||g;||(2),rfr0 <| |8||%,r7r0+5gz (3.28)

where J is an arbitrary small positive real number. Indeed, write using triangular in-
equality

€112 €
Ig§lf3r—r,— [, 88547

S8 P e rgy b et T &8P T md (rryy md ()

=S8 T8 1 rorg d r-1o)
<l18p =8l 113 r_r,py 18p! 1111

<(llg =811 3, 118" =81l 1 IIgS oy

Since, following estimate (ii) of (3.7), g5 converges in [H 2(T—T)]’ to ¢° i.e. weakly in
Hz (T —T) hence, there exists C’ >0 such that | Fel Lror, < C’ for allp € N. Thus,

2
g} o,r-ro‘/r_roggi d‘fﬁc’("gi_ge”m%(r_ro)y*"ge_gH[H%a—ro)J/) '

Using (i) of Remark 2.2 and estimates (ii) of (3.7) and for an adequate choice of B, the
parameters p and € can be chosen such that

18518, [ 885 do<2pC’
T
and thus, Cauchy-Schwarz yields
185115 r—r, S/r . 88} do+2BC" <||gllor-r,|l&y!lor-r, +2BC" .
—10
Young inequality on the other hand gives us
€112 < ]' 2 1 €112 2 CI
ngHo,r—ro_EHgHo,r—rO‘FEng"0,r—r0+ p
and hence, there exists p such that g, satisfy

185115 r—r, <I18115,r—r, +4BC".

Pose §2:=4BC’. Since, following (i) of Remark 2.2 and (3.7), B is arbitrary small, then the
same holds with J.
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2) On the other hand, if u,; and h;? are respectively such as defined in Lemma 3.2
and (3.20) then

b O
L2 lloa= 12+ falloa <1 loa+flla < 45 =1, (3:29)

where &y is arbitrary small and satisfy (c4) and thus, 7 is also arbitrary small.

We introduce some useful lemmas, which will play important roles in the proof of
Theorem 1.1.

3.1 Extension of the functions u; ;

Since we are looking for explicit estimates, we should use Poincaré, trace and Korn’s
inequalities relatively to suitable geometric configurations i.e. for which they are explic-
itly formulated. The configuration that best fits our polygonal convex domain () is the
half-plane IR?>" containing the domain Q for Korn’s inequality, the square S; with edge’s
length equal to d(Q)) for the Poincaré inequality and with edge T'; for the trace inequality.
These squares are taken to be subsets of the half-plane containing (). Thus we determine
these constants thanks to results available for this type of domains. The need to consider
the functions in and outside the domain () suggests to extend by zero the functions u; ;
outside the convex domain (). The definition of the functions u,; is adapted to make
such an extension.

Let u5; be such as defined in Lemma 3.2. We consider for i, 1 <i <m, the extension
by zero of u,; from the convex domain Q) to the half-plane R>* containing Q) such that
I;C R,

. Uy, a.e xeq),

We assert that il ; € H! (IR?"), this is due essentially to definition (1.9), this definition
implies the existence of an open neighborhood V; of the vertex i such that u,; vanish on
ViNI'. Thus, we have, obviously, the following

|10, 72,i o, r2+ = |19, 782,i||0,0 = [0, 12,] [0,0- (3.31)

One can easily see that the resulting extend functions il, ; are still in the Sobolev space
H'(R?"). Indeed, thanks the definition of these function, there will be no jump when
passing to the distributional derivative.

The following inequalities are established for the extended H! regular functions de-
fined on a square containing the convex polygonal domain ().
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3.2 Explicit constant in the Poincaré inequality

We show in the following lemma that the function u; ; € E; satisfy the Poincaré inequality
for which we determine explicitly the constant.

Lemma 3.3. Forall i, 0<i<m, the function u, ; satisfy:

[[u2,i[lo,0 <d(Q)|[ Vil o, (3.32)
the constant d(Q)) means the diameter of Q).

Proof. We establish Poincaré inequality for one of the two components “lz,z‘r 1=1,2, the
same estimate hold with the other. Note abcd the square S;, with edge’s length equal to
d(Q) and subset of the half-plane containing ), such that a=(ay,a;), b=(b1,b2), c=(c1,¢2)
and d = (dy,d;) and such that T; C S;:=|c,d]; so ’7‘[2,1‘ =00onaS;—T;.

Since ) ; is absolutely continuous on the lines parallel to the coordinate axis, then

applying the fundamental theorem of calculus to ﬁ’ff on S, for I=1,2, we have for all
(x1,x2) € [a1,d1] x [a2,bs)]

X1
ﬁlzi(xl,xz):/ axl1112,1»(s,xz)ds—kﬁlz,i(al,xz).
ay
Since (a1,x2) €9S;—T;, then V(x1,x2) € [a1,d1] X [az,bs]
I RPN,
ﬁzli(xl,xz):/ axlﬁzli(s,xz)ds.
am

Using Cauchy-Schwarz inequality V(x1,x2) € [a1,d1] X [a2,b2]

1
- 1 (M _ 2
(e < —alé ([ Bt (5 22) s )

a

Taking the square of the two hand sides of this inequality and using the fact |x; —a| <
d(Q): V(x1,x2) € [ay,d1] x [az,bs] yields

X1 dl
et 02) P < vy = [ 05,75 (5,02) Pels () [ 0, h(5,%2) P,
ay ay

Integrating on S; with respect to the variables x; and x»:
2 br v 2
[11,111,s, :/a /a |7, (x1,%2) ["dx1dx2
2 1

b pdopd )
gd(Q)/ / / |0x115 ;(s,%2) |“dsd x1 d x2
ap a a

gdz(Q)//S |0xilh ;(s,%2) [*dsd xo.
d
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According to definition (3.30) and by considering (3.31) we get

! !
H”z,i| ‘%Q Sdz(Q) | |V”2,i| ‘%Q

We infer that
lu2l[§0=uzl 5.0+ 14350
<d(Q) (1| B o+ V18,180 ) =d2(Q)|| Vil .
This completes the proof of the lemma. O

3.3 Explicit bound for the trace of u;; on I’;

Using mainly the inequality of Poincaré stated in Lemma 3.3 and the trace inequality for
up ; on the edge I'; of a the parallelogram Sr,, see ([9, Lemma 4.2]) as well as ([10, Remark
3.3],) and the reference therein, one establishes an explicit bound for the trace of the
function u,; on I';.

Lemma 3.4. For all i, the function uy ; defined in Lemma 3.2 satisfy:
[[u2llor; <16[T3] [Igillo,r, 469, (3.33)
where b9 is an arbitrary small real positive number.

Proof. Let il ; be defined on the square Sr, with edge I'; such that Sr, is a subset of the half-
plane R%+ containing (). One should notice that i, ; is not necessarily zero on dSr, —T’;.
Let us write

tpj=wn+o0,

this decomposition is made similarly to that presented in Lemma 3.2, i.e., such that on
one hand

[L(a)[los;, and [|o(a)-7i—gil[or, are small enough (3.34)

and on the other hand, &, ¢ vanish respectively on dSr, —T;, I';. We prove (3.33) for the
trace of the function «, the same estimate holds for the trace of u, ; since « and u, ; coincide
on I';. Decompose «:= a1 +a; in the following way

L(ar)=L(a) in Sr,, L(ap)=0 in Sr,,
o(a1)-i=0 on T}, o(ay)-i=c(a)-#i  onTj,
a1=0 on dSr, —TI; ar=0 on dSr, —TI;.
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Applying the inequality of trace on the boundary I'; of the the square Sr,, which is a
parallelogram, see ([9], Lemma 4.2), it yields for both k=1,2

o 1Ll Iyls
[l G, < ‘FZ‘QHD‘kHOSr 2 IVarl I3,

simplifying,
1
[l I3, <27l [6,5:, +2ITi Vel G,
1

using estimate (3.32) for the case where Q is the square Sr,, with d(Sr,) =v/2|T;| , yileds

2|1

<2—-
Hlkaor 4|1" |

[IVakl[§s,. +2ITil[Varl[§ s, <3ITill[Varl[gs, (3.35)

Applying Korn’s inequality for the extended function & defined on the half-plane Rt
containing Sr,, for which case Korn constant equals %, estimate (3.35) becomes

el (G, <22IT3] [le(e) I3 s, - (3.36)

Since a1 and «; satisfy respectively

le()ls, = | L@aidy and [le(w)]fFs, = [ o(a) 7 a2 do,

then, using Cauchy-Schwarz, this leads to estimates
lle(@n)llosr, <2V2ITi [IL(a)[fo,s, and  |le(2)l[Fs, <llo(@)-7illor,|lazllor,-
Using these last estimates, (3.36) becomes
laallgr, <12x 8T ||L()l G, [l r, <12IT3] [lor(a) 7] lor, ||z fo,r-
Using (3.29) and assumption (3.34), we can find J5 and J¢ small enough such that
laallor; <5, |lazllor; <12|T4| [|gillo,r; +J6,
for all i. Hence, combining these two estimates, we obtain
[uz,illor; < lallor; +[lazllo,r, <do+16[L3] |[gillor,

with ég9 = d5+-J6 arbitrary small. O
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4 Proof of Theorem 1.1

We are ready now to present a proof of the main theorem. It uses, principally, Lemmas
3.1and 3.2.

Proof. Step 1: Let u; be as defined in Lemma 3.1, it is easy to check that it satisfies

Z;u/ s(uﬂe(v)dx—i—)t/ divuldivvdx:/ frodx
0 0 0
for all ve H} (Q)). Choose v=1u; and use Cauchy-Schwarz inequality

2ulle(u1)|[5 oAl divin|[§o < |lAilloallulloo-

Using Korn’s inequality relatively to the case of homogeneous Dirichlet condition on one
hand, and Poincaré inequality on the other hand, yield

d(Q)
E1 19 Ba < 1filloa 252 1V loa,

using (iv) of Lemma 3.1, we obtain

1
ulIVutlloo <d(@)l|fPlloa+d(Q) . (4.1)

Fix i, 1<i<m. Let uy; be such as defined in Lemma 3.2, it is easy to check that u; ; satisfies

Zy/()e(uzli)e(v)dx+)\/()divu2,idivvdx: /g)L(uz’i)vdx+/rr0giv do

for all ve V. Choose v=1,,; and use Cauchy-Schwarz to obtain
2| [e(u2,) 1§ 0 +MIdivia,|[§.o < [|L(u2) ool luzil oo+l lor [u2llor,,
using estimate (3.32)
2] [e(ua,i) 15,0 < 1L (2,0)[lo,0d ()| Vs il lo,0+[18i lo,r: 12l lo,r,-
On the other hand, there exists constants cy, ¢, and ¢; such that
2pck|| Vil oo <cpl|L(uzi)[loa+ctlIgilor;-

Consequently,

2u|le(uz,)|[§.0 (4.2)

1
<AL lloag, (<o lIL6e) loa+allsilor, )+ lgillon] u2illor
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since, following (3.10) and (3.28), ||i||o, are uniformly bounded with respect to € then,
using (3.29)

1
2u|le(u2,) 1§ 0 Sd(Q)T%(cpTHt!lgiHo,r,-)Jr lgillor; ] w2, lor;

&1
<d(Q) 5 — (epr+erlllgllor—ro+és+ 1) ) +ligillor [uzil o 43)

T
2pcy
pose

5
82:=d(Q)— (cpT+Ct(||8H0F ro+d6+ 1))

T
2pucy
it can be made, thanks to estimate (3.29), as small as desired. Applying (3.33), (3.10) and
(3.28), estimate (4.3) becomes

2p[e(u2,0)|[5,00 < 67 +16IT] [|g:l[5 r, + 0ol Iil o

01 5?
<67 +16|T| HgiH(zJ,rﬂr%(m+56+HgH0,r,-) <3161 [[8illor,
2
where % Z:(S%—i—&g(% +36+||¢llor;)- Then by simplifying,

1)
V2ille(u2,) o0 < = +4\T 12 |1gil o (4.4)

One should notice that, from the definition of the constants J¢, 7 and dy, the constant d1g
can be made as small as desired.

Step 2: Since the deformation &(u,,) is a linear application with respect to the first
derivatives of u;; then, with the same notations as in (3.30) and by using (3.31), we have

| ‘g(ﬁz,i) | |0,1RZ+ =| ’5(172,1’) | |0,0 =| |8(”2,i) | |O,Qi-

Applying the estimate stated in ([11], Corollary 1.2.2) to i, ; gives

1 1 - .
7% | Vug,illo0= 7% || Vil | re+ <|]e(72,)

Thus, (4.4) becomes

410
‘Qrwmuom O 4 4,13 gillor.

Using young inequality yields

H d10
VI Vurdlon < 2 +2(IT +lIsil )

Using approximation result (3.10), we have

H d10 62
VR IVisllon < 2-+4 10+ g5l + 5% )
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Summing over i =1,m we obtain using triangular inequality

\\/gfvuleo,Q Sgi’ [ Viiailo0 < S104+4[T|+4]|85 |15 r +467 (4.5)
1

Finally, combining (4.1) and (4.5), we get
J
VAV ) o <2a(Q) +v2810-+453+ (O] llo-+8( 1]+ 155 ).
Considering (3.11) and posing &11:= 2d(Q) + /2819 +403, we have

VHlIVEl]loa §511+\/ﬁ5z+d(Q)prHo,Q+8<’r\ +| ’82%;)- (4.6)

Using (3.28), estimate (4.6) becomes

1
HVMZHO,QS\/ﬁ<852+511+\/ﬁ52+d(0)’|fp\’0,Q+8(\r|+HgH%,r)>/ @)

and using (3.5) and (i) of (3.7), estimate (4.7) becomes

1 /1
HvueHO,Q < ﬁ <2+85(2,+\/ﬁ52+511+d(0)’f"0,0+8(|r’+|‘g‘ ’(2)1”)>

By adequately choosing the positive numbers 5]’.5, we immediately get

1
Vuellon < 7 [1+(@)lIlloa-+8(1T] +lglEr)] 48

We conclude the theorem for u by applying (a) of Lemma 2.2 on one hand, and (iii) of
Remark 2.2 on the other hand. O

Finally; in order to get the explicit H! estimate of u., and so that of u, we use the
Poincaré inequality (3.32) to bound ||u||g,n at one hand and the estimate (1.7) at the other
hand.

5 Conclusion

In the point of view of numerical analysis, estimate of Theorem 1.1 is interesting. Indeed,
error estimates in finite element method of the type

|| —up|lo,0 < Ch||Vullon

involve the quantity ||Vul|o o. Assuming that the constant C can be explicitly computed,
then it is possible to explicitly bound ||Vu||o o which implies a better estimate of ||u||o .
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Another interesting feature of the estimate (1.7) that makes it effective is that it does
not depend on the characteristic parameters of the polygonal domain (), namely, the
edges’s length, their number as well as the measures of the angles. The estimate is there-
fore indifferently applicable to all polygons. All this allows the possibility to generalize
this result, by substantial approximation, to a C! class domain.

Acknowledgments

The authors would like to thank the referee for his relevant comments and remarks on
the material presented in this paper as well as the editor for his support during the sub-
mission process.

Appendix A. Some clarifications

Regarding the application of the main result established in [7], we note the following
facts. The part of Theorem 2.1 in [7] used in the proof of Lemma 3.2 is the equivalence
between the following two assertions:

1) X; is approximated by smooth functions with support away from I'—T;

, 1
2) im0 g /B - 1X;(y)|dy =0.

To effectively apply this result, we need to show that the fact X; =0 on I' —T; implies 2).
Indeed, let x €T —TI';. We assume for convenience, that x coincide with the origin (0,0) of
IR2. Since 9} is a polygon then, there exists ¢ >0 independent of r such that

|B(0,r)NQY|=c¢|B(0,7)].

On the other hand, the function X; solution of problem (P;) is continuous on Q). One can
see this using the following argument: according to the definition of u?, Xijpn €C®(00).

Applying the Whitney extension theorem (see [12]), one can find X;€C*(Q) that coincide
with X; onT. Thus, X;— X; € H'(Q) solves the following problem

L(X;—X;)=-L(X;) aeinQ,
Xi—Z:O on U;T;.

Since the boundary T of Q) satisfies the conditions (1.5) and L(X;) € L?(Q) then, X;—X; €
H2%(Q2). Consequently

Xi=(X;=X)+ X € H(Q)
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as well. Furthermore, by an adequate Sobolev embedding, X; € C°(Q)) and thus, the
claimed continuity. The Lebesgue differentiation theorem yields:

llirol|B xr|/xrmo y)ldy= }13%|B 07’|/0r yldy

<lm ———— ‘ =[Xi(0)]=
_71fl—1>I(}|B(O,1’)ﬂQ|/B(O,r)ﬁﬂ’Xl(y)‘dy Xi(0)=0,

we infer that assertion 2) holds for all x€I'—T; and thus, C; , —almost everywhere. Where
Cy 2 refers to the 2 —capacity of the set I' —T7;.

Finally, one can show continuity of the function Y; that solves problem P, by remark-
ing that o(Y;)- 7 = gp€H 2(I—T;UT,) and by applying the same argument used for
justifying the regularity of the solution u of problem (1.1), one easily infer that Y; € C°(Q)
and gets the same conclusions as for X;.
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