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Abstract. Hydrocodes are necessary numerical tools in the fields of implosion and

high-velocity impact, which often involve large deformations with changing-topolo-
gy interfaces. It is very difficult for Lagrangian or Simplified Arbitrary Lagrangian-

Eulerian (SALE) codes to tackle these kinds of large-deformation problems, so a stag-

gered Multi-Material ALE (MMALE) code is developed in this paper, which is the ex-
plicit time-marching Lagrange plus remap type. We use the Moment Of Fluid (MOF)

method to reconstruct the interfaces of multi-material cells and present an adaptive
bisection method to search for the global minimum value of the nonlinear objective

function. To keep the Lagrangian computations as long as possible, we develop a ro-

bust rezoning method named as Combined Rezoning Method (CRM) to generate the
convex, smooth grids for the large-deformation domain. Regarding the staggered

remap phase, we use two methods to remap the variables of Lagrangian mesh to

the rezoned one. One is the first-order intersection-based remapping method that
doesn’t limit the distances between the rezoned and Lagrangian meshes, so it can

be used in the applications of wide scope. The other one is the conservative second-
order flux-based remapping method developed by Kucharika and Shashkov [22] that

requires the rezoned element to locate in its adjacent old elements. Numerical re-

sults of triple point problem show that the result of first-order remapping method
using ALE computations is gradually convergent to that of second-order remapping

method using Eulerian computations with the decrease of rezoning, thereby telling

us that MMALE computations should be performed as few as possible to reduce the
errors of the interface reconstruction and the remapping. Numerical results provide

a clear evidence of the robustness and the accuracy of this MMALE scheme, and that
our MMALE code is powerful for the large-deformation problems.
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1. Introduction

Lagrangian hydrodynamic algorithms have been widely used for perhaps the long-

est time of numerical methods employed for the solution of the complex problem of

multi-material fluid flows [8], because they can track the material interfaces clearly

and avoid the numerical error of the advection. Moreover, it is easy for Lagrangian

schemes to prescribe the boundary conditions, such as free boundary and moving

pistons. Lagrangian hydrodynamics algorithms can be classified into the staggered

Lagrangian and cell-centered Lagrangian algorithms. Cell-centered Lagrangian algo-

rithms define physical variables and velocities at zone centers [27], which usually need

to solve the Riemann problem on the cell boundaries. Staggered Lagrangian algorithms

define physical variables of density, internal energy and pressure at zone centers, but

velocities are defined at the nodes, which often use the artificial viscosity to stabilize

the numerical scheme at the shock [23, 28], or else there will be violent oscillations

with the solutions at shocks. Staggered Lagrangian schemes have the overwhelming

advantages of being simple and inexpensive [12], so they have been widely used in

applications for many years. However, Lagrangian algorithms have the intrinsic diffi-

culty in tackling large-deformation problems with changing-topology interfaces, which

can’t be tackled by the improved Lagrangian algorithms because they were designed to

tackle the unphysical deformations of Lagrangian mesh [8,11,12].

Hirt et al. [18] put forward to the Arbitrary Lagrangian-Eulerian (ALE) method

to integrate the advantages of Lagrangian and Eulerian methods. Prior to the pa-

per [18], the computational fluid dynamicist was limited to Lagrangian and Eulerian

methods [3]. Mesh in ALE scheme can move in the styles of Lagrangian, Eulerian

or arbitrary providing additional flexibility and accuracy. However, this ALE method

in reference [18] was a kind of single-material ALE, which was also called Simplified

ALE (SALE) method, in other words, cells could and only could contain one material.

Therefore, it could not rezone the mesh across the materials’ interfaces, and so couldn’t

tackle the large-deformation problem with changing-topology interfaces. To overcome

the numerical difficulties of large-deformation problems, multi-material ALE method

has been developing in recent years, which has been implemented in such production

hydrocodes as ALE3D [29], ALEGRA [33] and FLAG [24] etc.

There are two types of ALE methods: direct ALE and indirect ALE. Considering

the mesh movements explicitly in the differential equations, direct ALE method has to

solve the advection terms of the fluid equations in the form of ALE, the high-order direct

ALE scheme can be developed more easily [19], but it is difficult in updating nonlinear

physical variables which depend on the history such as stresses and strains. The indirect

ALE method is called also as three-stage ALE or split ALE, which is comprised of three

stages: (1) Lagrangian stage, in which the solution is updated, and nodes move in

Lagrangian style; (2) Rezoning stage, in which the nodes of Lagrangian mesh move to

more optimal positions to improve the quality of the mesh; (3) Remapping stage, in

which the Lagrangian solution on the Lagrangian mesh is remapped onto the rezoned

mesh. Because of the splitting operation, the indirect ALE method is more compatible
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with the Lagrangian method, and it is complemented more easily based on the existed

Lagrangian codes, therefore it is extensively employed in production codes. In this

paper, our MMALE code is also developed in the frame of the indirect ALE method

based on the existed staggered SALE code.

Multi-material ALE method coupled to MOF method is comprised of the following

four parts: closure model, interface reconstruction method, mesh rezoning method and

variables remapping method. For multi-material cells, the closure model must be de-

manded to distribute the change in total volume of the multi-material cell between ma-

terial components, update internal energy of each material component and common

pressure of multi-material cells. The closure model has been an open problem until

now [3, 25], and is still developing to obtain the more physical models recently [1, 2].

The challenge of the closure model is to define the state of mixtures despite the lack of

information about the velocity distribution within multi-material cells. By introducing

some kinds of different assumptions, multiple closure models have been developed,

for example, equal volumetric strain, pressure balanced/pressure relaxation [14], con-

tact closure models [34], IA-SSD models [1, 4] etc. In all closure models, the closure

model of equal volumetric strain is the simplest and employed extensively in appli-

cation codes, which assumes that all the materials have the same compressibility, in

other words, the volume fractions of multi-material cells don’t change in time during

Lagrangian step. Although it is simple and unphysical, it can give the acceptable results

in many conditions. Therefore, we choose the closure model of equal volumetric strain

as a starting point to develop our MMALE code, and the improvements will be made

gradually afterwards according to the requirements of applications.

ALE methods based on pure material polygons have to reconstruct the material

polygons in multi-material cells. Modern interface reconstruction methods use linear

representations for the material interfaces. Volume of Fluid (VOF) method has been

used extensively in Eulerian codes for several decades [30, 32]. When volume frac-

tions of object multi-material cell and its neighbors are known, VOF method can give

the interfaces of the multi-material cell. However, when cells containing more than

two materials, VOF method will give the different results according to the material

order [13], and has to introduce other rules to give the material ordering [7]. MOF

method was developed in recent years [13], which could naturally reconstruct the

interfaces of multi-material cells containing more than two materials. MOF method

needs the reference centroids of all materials besides their volume fractions in multi-

material cells. MOF method overcomes the difficulty of VOF method in the condition

of more than two materials by minimizing the distances between the polygons’ and the

reference centroids. Furthermore, MOF performs more accurately to reconstruct the

interfaces in multi-material problems [21]. Therefore, we choose the MOF method to

reconstruct the interfaces of multi-material cells in this paper.

Rezone phase is to improve the quality of the mesh after Lagrangian stage using all

kinds of grid generation methods or optimization methods. When MMALE technique

is complemented, the challenges of rezoning methods are reduced to a great extent,

but the robust rezoning methods is still desired to decrease the operation times of
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MMALE as much as possible. In our applications, an Optimization-Based Rezoning

(OBR) method developed by Chen [10] has been used extensively to structured and

unstructured mesh. Based on OBR method and variational Winslow grid generator [9],

we have developed the Combined Rezonging Method (CRM), which is comprised of

three steps: initialization, untangling and homogenization. CRM method is capable of

generating the convex, smooth and homogeneous mesh for almost all conditions in our

applications.

Remapping phase is the last step of MMALE, which is to remap variables of the

Lagrangian mesh onto the rezoned mesh. Remapping methods are classified into

intersection-based and flux-based methods. Flux-based methods usually are higher

efficient compared with the intersection-based methods, but they usually require the

closer distances between the rezoned and Lagrangian meshes. Therefore, flux-based

methods will need the specialized rezoning methods in order to assure the close of the

new mesh to the old one. Intersection-based methods need to obtain the intersections

of rezoned and Lagrangian mesh, so they have much more searching work than flux-

based methods, but they can be used in applications of much wider scope and there is

no special requirement to the rezoning methods. For the staggered schemes, kinematic

and physical variables have different control volume, so it is difficult for the remapper

to conserve the total energy. Kucharik and Shashkov [22] developed the conservative

multi-material remap method for staggered MMALE methods, which distributed the

discrepancy of the kinetic energy to the internal energy of its adjacent cells to conserve

the total energy. In this paper, we complement both the first-order intersection-based

remapping method and flux-based second-order conservative remapping method [22],

and compare them in the numerical examples.

This paper is arranged as follows. Section 2 introduces key elements of the multi-

material Arbitrary Lagrangian-Eulerian scheme, including the traditional Lagrangian

scheme, the MOF interface reconstruction method, the rezoning method and intersec-

tion-based Remapping method on quadrilaterals. Numerical results are given in Sec-

tion 3. Section 4 gives the conclusions and perspectives about future works.

2. Multi-material arbitrary Lagrangian-Eulerian (MMALE) scheme

We will present the MMALE scheme by the descriptions of Lagrangian scheme, inter-

face reconstruction method, rezoning method and remapping method. The flowchart

of the MMALE code is shown in Fig. 1, which is comprised of Lagrangian scheme, SALE

and MMALE components. Existed SALE algorithm is the good foundation of developing

MMALE. To some extent, MMALE can reuse some components of SALE, for example,

rezoning methods cooperating with the intersection-based remapper, some modules

of remapping method. The initialization stage consists in defining the distribution of

all the physical variables over the initial grids. During the Lagrangian phase, the gas

dynamics equations are solved using a staggered moving mesh method, refer to Sec-

tion 2.1. We proceed to the interface reconstruction using the MOF method, refer to

Section 2.2. The improvement of the quality of the Lagrangian grid is performed by
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Figure 1: Flowchart of the staggered MMALE algorithm.

means of the rezoning phase, refer to Section 2.3. Finally, in the remapping stage, we

remap all the variables of the Lagrangian mesh onto the new rezoned mesh, refer to

Section 2.4. Two approaches are available: the first-order intersection-based remap-

ping and the second-order flux-based remapping methods. The former can be used in

arbitrary movements of the rezoned mesh while the latter is employed only in Eulerian

regime in this paper.

2.1. The traditional staggered Lagrangian scheme

The Lagrangian phase consists of updating volume, momentum and internal energy

of the control volume, assuming that the control volumes move in Lagrangian style.
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Eqs. (2.1) are the two-dimensional Lagrangian equations of the cylindrical coordinates.
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where ρ, ur, uz, v, e, p are respectively the density, the velocity in the r-direction, the

velocity in the z-direction, the specific volume, the specific internal energy and the

pressure. When α = 1, Eqs. (2.1) are the corresponding equations of axisymmetric

problems; when α = 0, they are the corresponding ones of the two-dimensional plane

strain problem. In the Lagrangian scheme, the mass equation is naturally satisfied

because the cell mass remains constant, shown in Eq. (2.2)

d

dt

∫

V (t)
ρdV = 0, (2.2)

where V (t) is the Lagrangian control volume. The internal energy equation is dis-

cretized by the finite volume method, shown in Eq. (2.3)

∫ tn+1

tn

∫

V (t)
dEdt = −

∫ tn+1

tn

∫

V (t)
pdV dt, (2.3)

where E are the internal energy of the control volume. The central temporal difference

rule is used to Eq. (2.3), which is discretized into Eq. (2.4)

En+1 − En = −
1

2

(

pn + pn+1
)(

V n+1 − V n
)

, (2.4)

which should be combined with the equation of state to update the internal energy.

The momentum equations of the Lagrangian equations are discretized spatially by

the isoparametric Galerkin bilinear finite element method shown in reference [5, page

42-51]. Lagrangian step uses the explicit central difference stepping method in time

scheme, which is used in most hydrocodes [5, 6]. Artificial viscosity has to be also

used to stabilize the numerical scheme near the shock. The bulk viscosity used in this

paper consists of the viscosity of von Neumann and Richtmyer [28] and the linear

term added by Landshoff [23]. The hourglass viscosity should be used to suppress

the nonphysical hourglass deformation, which is the consequence of using constant

pressure quadrilateral elements [5,11].
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2.2. Moment Of Fluid (MOF) interface reconstruction method

Similar to VOF, MOF interface reconstruction algorithm [13] uses linear interface to

separate the materials in a multi-material cell. Dissimilarly, MOF method needs to know

the centroids besides the volume fractions of materials in the multi-material cells. The

centroids, updated in every Lagrangian step, are produced by closure model or result

from the assumption of constant centroid positions in the parametric spaces [7]. When

the volume fractions and centroids of each material in multi-material cells are known,

the MOF method is used to obtain the polygons of pure materials by minimizing the

distance between the reference and the polygonal centroids obtained as a result of

reconstruction, subject to matching the given volume exactly. The distance function is

shown as follows:

g(ϕ) =
∑

i

|xc
i (ϕ, d) − x

∗

i |, when Vi = V ∗

i , (2.5)

where V ∗

i is the given volume of material i in the multi-material cell, xc
i is the coordi-

nate vector of the reconstructed polygon of material i, x∗

i is the coordinate vector of

the given reference centroid of material i, d is the signed distance of the interface to

ensure Vi = V ∗

i when ϕ is given, illustrated in Fig. 2.

For the multi-material cell containing two materials, when the normal of the inter-

face is given, the material’s polygon can be reconstructed at the certain signed distance

while matching the specified volume. We should find the global minimum value of the

objective function g(ϕ) in the scope of ϕ ∈ [0, 2π], and its corresponding normal should

Figure 2: Illustration of definitions of the MOF method, where the half plane is defined by the angle ϕ
between its outward normal and the r-axis and the signed distance d.
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a) Material distribution weighted by volume fractions b) Reconstructed interfaces

Figure 3: Interface of bubble interacting with shock given by MOF method of traditional bisection method,
where the material with red color is the bubble, and the other part with blue colored is the air.

be the one of the interface of multi-material cell. g(ϕ) is the nonlinear function of ϕ,

and it may have multiple local minima, so it is a challenge for the iteration methods to

find the global minimum. Both the Newton-type and Brent iteration method need to

compute the derivative of g(ϕ), which has not the explicit expression, and the solution

may depend on the initial value of ϕ to a great extent. Moreover, the traditional bi-

section algorithm may also give the incorrect global minimum when g(ϕ) has multiple

minima. If the global minimum can’t be found correctly, the reconstructed interfaces

will be incorrect. For example, the traditional bisection algorithm can’t correctly recon-

struct the bubble on the general quadrilateral mesh, shown in Fig. 3(b), where the left

part of the bubble is not loaded yet by the shock moving from the right, so it should

be almost the shape of circular arc just like the shape shown in Fig. 3(a), which is the

distribution of material number weighted by the volume fractions.

Figure 4: Interface of bubble interacting with shock given by MOF method of the adaptive bisection method,
where the red-colored material is the helium bubble, and the other blue-colored part is the ambient air.
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Here, we develop an adaptive bisection algorithm – cf. Algorithm 2.1 below, which

can find the global minimum and needs not to solve the derivative of the objective

function.

Algorithm 2.1

1. Partition the region of [0, 2π] into n subregions, and get gi from Eq. (2.5) when

ϕi is given, subject to matching the given volume exactly. Note that g1 =
g(ϕ1 = 0), g2 = g(ϕ2 = 2π

n
), . . . , gn+1 = g(ϕn+1 = 2π) = g1.

2. For i = 1, . . . , n + 1, when gi < min(gi−1, gi+1) is satisfied, function g(ϕ) may

have one or more than one minima in the scope of ϕ ∈ [ϕi−1, ϕi+1], so number i

is stored in the array of ℵj. It is assumed that there are m local minima initially.

3. For j = 1, . . . ,m, search for the local minimum values of g(ϕ) in the scope of

[ϕℵj−1, ϕℵj+1]. Do the following loop for every element of ℵj, starting from

j = 1:

(a) Initialize the parameters: xl = ϕℵj−1, xh = ϕℵj+1, xm = ϕℵj
, ω = 1

2 (xh −
xl).

(b) Obtain the objective functions of g(xl), g(xh), g(xm) using Eq. (2.5).

(c) If g(ϕxm
) > max(g(xl), g(xh)), there may exist the local minimum values

between [xl, xm] and [xm, xh], so xl, xh should be added to the array of

ϕi and the element number of array ℵ increases by two.

(d) Else if g(xm) < min(g(xl), g(xh)), then xl =
1
2(xl+ω), xh = 1

2(xh+ω), ω =
1
2ω. If |xl − xh| > ǫ, where ǫ is the given tolerance, then go to (b), or else

go to (g).

(e) Else if g(xm) < g(xh), then xh = xm, xm = 1
2(xh + xl), xl = xl − ω, go to

(b).

(f) Else if g(xm) < g(xl), then xl = xm, xm = 1
2 (xh + xl), xh = xh + ω, go to

(b).

(g) j = j + 1, if j > m, then go to step 4, or else go to (a).

4. Get the minimum of g(ϕℵj
), j = 1, . . . ,m, and its corresponding angle is the

one between the outward normal of the interface and r-axis.

Generally, n = 10 is enough in most conditions. This adaptive bisection method

does not depend on the initial value and needs not to compute the derivative of ob-

jective function, moreover, it can always find the global minimum value even when

multiple minima exist. Fig. 4 is the result obtained by the adaptive bisection algorithm,
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Figure 5: Comparison of the distances between the computed and reference centroids by MOF method of
the traditional bisection and the adaptive bisection method. The lateral axis is the centroids’ distances
before reconstructing, and longitudinal axis is the centroids’ distances after reconstructing.

where the left part of the bubble’s interfaces is almost circular arc just like the shape it

should be. The distance discrepancies between the reference and polygonal centroids

are compared in Fig. 5, from which it can be seen that discrepancies by MOF employ-

ing the adaptive bisection method are much smaller than those by MOF employing the

traditional bisection method. Fig. 5 shows that the traditional bisection method could

not find the global minimum value for sure in many conditions.

When the multi-material cell contains more than two materials, interfaces can be

reconstructed by different material orders, and the solution is chosen corresponding

with the minimum distance between the reference centroids and the polygonal cen-

troids. For the multi-material cell containing three materials, the interfaces can be

reconstructed in the following steps. Firstly, material 2 and 3 can be combined as

one new material called material 2-3, and reconstructed the interface between mate-

rial 1 and material 2-3; secondly, after the polygon of material 2-3 is obtained, then

reconstruct the interface between material 2 and material 3; thirdly, obtain the dis-

tance g1−2−3 between the reference centroids and the polygonal ones of three ma-

terials, we denote this material order as (1-2-3). Similarly, repeat the above three

steps to reconstruct the interfaces in the material order (2-1-3) and (3-1-2), and obtain

g2−1−3, g3−1−2. Finally, choose the material order corresponding with the minimum

value of g1−2−3, g2−1−3, g3−1−2. It is similar to reconstruct the interfaces of the multi-

material cell containing more than three materials.

2.3. Combined Rezoning Method (CRM)

Rezoning phase is to obtain the higher-quality mesh by moving the Lagrangian

nodes to the optimal positions. Rezoning methods should be chosen according to the
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remapping method to some extent. Intersection-based remapping method, which is

used in this paper, does not constrain the movements of the nodes, so all the rezoning

methods can be used. In extreme cases of large-deformation problems, such remesh

method as Winslow method may generate concave grids and it will lead to the abor-

tion of the computation. The variational form of the Winslow grid generator [9] was

developed to overcome the difficulty of grid generation for large-deformation domains,

which approximated the function itself of Eq. (2.6) rather than its Euler-Lagrange equa-

tions,

I =

∫

[

(∇ξ)2 + (∇η)2
]

dxdy =

∫

1

J

(

x2ξ + y2ξ + x2η + y2η
)

dξdη, (2.6)

where J = xξyη − xηyξ is the Jacobian of the mapping x(ξ, η), y(ξ, η). The uncon-

strained minimization of Eq. (2.6) guarantees that all quadrilateral grid cells are convex

at each iteration.

Chen and Jiang [10] presented an optimization-based rezoning method to im-

prove the homogenization, orthogonality and smoothness of the mesh. Based on the

work [9, 10], CRM method was developed later, which consisted of three steps: firstly,

use some kind of simple grid generation method (Winslow method or transfinite in-

terpolation method) to obtain the initial mesh, which can not guarantee that all the

quadrilateral cells are convex; secondly, use variational Winslow grid method [9] to

obtain the convex mesh, which guarantees the convexity of the mesh but cannot assure

the smoothness and homogenization of the mesh; finally, use the Optimization-Based

Rezoning (OBR) method to improve the smoothness, orthogonality and homogeniza-

tion of the mesh, which is the solution of a constrained optimization problem [10].

CRM method is quite robust, and works for almost all the conditions in our appli-

cations. Fig. 6 shows that CRM gives comparable mesh with the result of the refer-

ence [9], therewith our result mesh has better smoothness and homogenization and

the corner grids have the larger area. In addition, we have to add here that we cannot

find the exact size of the reference result, so our numerical example (right figure in

Fig. 6) may be almost the same but perhaps not exactly the same boundaries with the

reference (left figure in Fig. 6).

Figure 6: Meshes generated by the variational Winslow method (left) and the CRM method (right).
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2.4. Remapping method

Remapping phase is to remap all the variables of Lagrangian mesh onto the rezoned

mesh including the zonal physical and nodal variables. In this paper, there are two

kinds of remapping methods. One is the first-order intersection-based method, which

does not constrain the mesh movement and can be used to the general conditions of

arbitrary mesh movements. Cell-centered variables are constant on the cell, and the

velocities are bilinear on the cells,

u =
4

∑

I=1

φIuI , (2.7)

where φI = 1
4(1 + ξIξ)(1 + ηIη), ξI = [−1, 1, 1,−1], ηI = [−1,−1, 1, 1]. When the

remapping times are limited, it can give the acceptable results which will be seen in the

following numerical examples. So, we use the first-order intersection-based method in

this paper despite of its first-order accuracy when we want to decrease the frequency

of rezoning as much as possible. The other remapper is the second-order flux-based

remapping method [22] conserving the total energy and momentum, which is only

used in Eulerian computations in this paper because of its limited movements of nodes.

In this paper, the nodal momenta are remapped in slightly different ways with the

reference [22] because of the different Lagrangian schemes. Here the element’s mass

is partitioned to its nodes equally instead of introducing the sub-zonal masses.

3. Numerical results

In the following examples, materials are some kinds of perfect gas, and their equa-

tions of state write p = (γ − 1)ρe, where p is the pressure, γ stands for the polytropic

index of the gas, e is the specific internal energy. ALE computations are performed us-

ing CRM rezoning method described in Section 2.3. Eulerian computation is performed

as some kind of special ALE computation where nodes of the rezoned mesh is always

back to their initial places. If the ALE computations are performed at the interval of

100 time steps, we will denote it by ALE100; we can also run auto-ALE computations,

in other words, whether the mesh is rezoned or not is determined according to the

quality of the mesh. The quality of quadrilateral cell is measured by its four internal

angles and length ratios of opposite sides. In this paper, we set the critical internal an-

gle and length ratio as ωc = 20◦, ιc = 0.1, respectively. When there is an internal angle

is less than 20◦ or greater than 160◦, or the length ratio of opposite sides (the length of

shorter side is divided by that of longer side) is less than 0.1, the ALE operation should

be performed. Auto-ALE is efficient and practical because it is helpful to decrease the

rezoning times as much as possible and reduce the error of remapping and interface

reconstruction.
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3.1. Incompressible Rayleigh-Taylor instability problem

In the [0, 13 ] × [0, 1] computational domain, there are two kinds of immiscible flu-

ids and the interface between them is disturbed whose equation writes zi(r) = 0.5 +
0.01 cos(2πr). The heavy fluid of ρh = 2 is on the top of the light fluid of ρl = 1, and

they have the same polytropic index γ = 1.4. The domain is covered by the mesh of

30×100 by the body-fitted mesh, in other words, there are no multi-material cells at the

beginning. The fluid is at rest everywhere initially. The initial pressure can be deduced

by the following equations [15]:

ph(r, z) = 1 + ρhgz(z − 1), if z > zi(r),

pl(r, z) = 1 + ρhgz[zi(r)− 1] + ρlgz[z − zi(r)], if z ≤ zi(r),

where gz = −0.1, ρl = 1, ρh = 2.

This configuration is unstable, and the heavy fluid will sink while the light fluid will

rise when time evolves. Due to the initial cosinusoidal interface, instabilities develop

in the vicinity of the interface and lead into the mushroom-like interface at later time.

Although this problem is incompressible, we run it using the compressible MMALE

code coupled to MOF interface reconstruction just like the reference [16]. We run this

problem on the Eulerian mesh till t = 9. As shown in Fig. 7, our results develop a

little more rapidly comparing with the reference result [16] using VOF interface re-

construction. There are three main differences between our scheme and the reference

one [16]: (1) different Lagrangian schemes: staggered scheme versus cell-centered

scheme; (2) different interface reconstruction methods: MOF versus VOF, which will

lead to the slight difference [15]; (3) different remapping methods: staggered second-

order conservative remapping method versus cell-centered second-order conservative

remapping method. We think that the differences of results are mainly brought by the

different Lagrangian schemes, and remapping method may contribute to some extent,

but not too much.

a) Reference results [16]
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c) t = 8
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Figure 7: Comparison of the reference [16] and the results of this paper using second-order conservative
remapping method at t = 7, 8, 9. Different colors denote different materials.
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Figure 8: Comparisons of results obtained separately by the first-order intersection-based remmapping
method (left) and the second-order flux-based remapping method (right) at t = 9.

As shown in Fig. 8, results obtained by the second-order remapping method are

quite similar to the ones by first-order remapping method considering 13265 rezoning

times, and the instabilities of the former develop more quickly.

3.2. Triple point problem

A rectangular [0, 7] × [0, 3] domain is split into three sub-domains, shown in Fig. 9.

Material boundaries are initially aligned with the equidistant mesh containing 140× 60
square cells. Left from x = 1 line, a high-pressure material is located with the state of

(γ = 1.5, ρ = 1, p = 1). The rest is split by the line of y = 1.5 into two parts. The top half

of the right domain is the light material with the state of (γ = 1.5, ρ = 0.125, p = 0.1),
the bottom half is the heavy material with the state of (γ = 1.4, ρ = 1, p = 0.1), shown

in Fig. 9.

Figure 9: Initial condition of triple-point problem [15].
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a) Reference result [15] b) Result of this paper

Figure 10: Comparison of the reference and our results of triple-point problem in Eulerian computations
at time=5 (the left is from the reference [15] and the right is the result of this paper obtained by the
second-order remapping method).

Figure 11: Comparison of results at time=5 separately obtained by the first-order remapping method in
Eulerian computations (left) and in ALE100 regime (right).

In this problem, a shock wave propagates from the left to the right, a vortex is generated

around the triple point because of different speeds of the right two materials.

We run this simulation on the Eulerian mesh till t = 5. The material distribution in

the final time is shown in Fig. 10. The left figure is the reference result in paper [15],

and the right figure is our result. As we can see, our result is similar to the reference re-

sult except for the local place of the triple point, where the material remain reasonably

compact and interfaces are smooth. The instability develops more rapidly in our result

comparing with the reference one, which is sensitive to ALE times. As shown in Fig. 11,

result obtained by the first-order remapping method in Eulerian regime is diffusive, but

the result in ALE100 regime by the first-order remapping method is comparable with

the result obtained by the second-order remapping method in Eulerian computations,

and may be better in the local place of triple point. Results of Fig. 11 show that rezoning

operations should be used as few as possible and Lagrangian computations should be

kept as long as possible till the mesh is highly distorted, because both the remapping

stage and interface reconstruction method always produce the error to some extent

despite of whatever accuracy.

3.3. Multi-material cylindrical shock-bubble interaction

The shock-bubble interaction is a well-known problem, which has been extensively

studied experimentally [17] and numerically [16,22,31,35]. Cylindrical shock-bubble

interaction is a two-dimensional plane problem. The equidistant mesh of 520× 72 cells
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Figure 12: Initial condition of cylindrical Shock-bubble interaction problem.

covers the [0, 0.65]× [0.0, 0.089] domain. Initially, the fluid is at rest everywhere except

for the right boundary, which is a piston moving with the velocity of [−124.824, 0]
generating an Ms = 1.22 shock wave propagating from the right to the left. The he-

lium bubble is centered at (0.32, 0) with the radius of 0.025, whose parameters are

ρ = 0.182, p = 105, γ = 1.648, and the rest of the domain is filled of air with the

parameters of ρ = 1, p = 105, γ = 1.4, shown in Fig. 12.

The incident shock wave hits the bubble at the time of 668.153 × 10−6, and at the

time of 1342.153 × 10−6 the shock wave hits the left domain boundary. The ALE200

simulation runs only in the local region where shock interacts with the bubble by the

use of first-order intersection-based remapping method. Figs. 13-15 show that numer-

ical results are in accord with the experimental results. Fig. 15 shows that our result is

in good agreement with the numerical result of the reference paper [22], but there are

some differences with the experimental result [17]. As shown in reference [31], there

were also such differences between the numerical and experimental results.

3.4. Multi-material spherical shock-bubble interaction

This is a two-dimensional axi-symmetrical problem. This numerical example is per-

formed on the 520 × 36 equidistant mesh covering all the domain. Initially, the fluid

is at rest everywhere except for the right boundary, which is a piston moving with the

velocity of [−140.312, 0] generating an Ms = 1.25 shock wave propagating from the

right to the left. The helium bubble is centered at (0.32, 0) with the radius of 0.0225
with parameters ρ = 0.182, p = 105, γ = 1.648, and the rest of the domain is filled of

air with the parameters of ρ = 1, p = 105, γ = 1.4, shown in Fig. 16. The incident

shock wave hits the bubble at the time of 657.463 × 10−6. The ALE200 simulation

runs in the local region where shock interacts with the bubble by the use of first-order

intersection-based remapping method. Figs. 17-20 show that our numerical results are

in quite good agreement with the experimental results [17].
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Figure 13: Cylindrical shock-bubble interaction problem at t = 913.153 × 10
−6, where the red-colored is

the helium bubble and blue-colored is air. The left figure is the experimental result [17], and the right one
is the numerical result of this paper.
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Figure 14: Cylindrical shock-bubble interaction problem at t = 1095.153 × 10
−6. The left figure is the

experimental result [17], and the right one is the numerical result of this paper.
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Fig. 23. Material distribution in the vicinity of the bubble for the multi-material shock–bubble interaction problem in time 1342 153 10 run in the

ALE10 regime.

Fig. 24. Material distribution (result of the MOF interface reconstruction) for the triple-point problem in time 5, the simulation was done in the Eulerian

regime.

remain reasonably compact and the interfaces are smooth. The only exception is the very tip of the green material, which

is separated from the rest as its thickness decreases to the size of one mesh cell.

In Fig. 26, we can see the distribution of all fluid quantities. As we can see, there is no hot-spot nor oscillations in any

quantity as a side-product of the remapper. All quantities remain smooth and the simulation can eventually continue for a

longer time.

8. Conclusion

In this paper, we have presented a complete description of a new method for the remapping of all fluid quantities in

the framework of the staggered multi-material Arbitrary Lagrangian–Eulerian methods. In the proposed method, all fluid

0.18 0.2 0.22 0.24 0.26
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-0.03
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-0.01

0
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0.02

0.03

0.04

Figure 15: The density distribution for the multi-material cylindrical shock-bubble interaction problem at
t = 1342.153×10

−6 . Left figure is the experimental result [17], the middle one is the reference result [22] in
the ALE10 regime, and the right one is our result in ALE200 regime, where the blue-colored part is helium
bubble in the middle and right figure.
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Figure 16: Initial condition of spherical shock-bubble interaction problem.
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Figure 17: Spherical shock-bubble interaction problem at t = 802.463 × 10
−6. The left figure is the

experiment result [17], the right one is our result which is the map of the material number.

0.26 0.28 0.3
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0.02

Figure 18: Spherical shock-bubble interaction problem at t = 880.463 × 10
−6. The left figure is the

experiment result [17], the right one is our result which is the map of material number.

3.5. Stratified Richtmyer-Meshkov instability problem

The computational region is a rectangular box [0, 3] × [0, 1], which is paved with

300 × 100 cells. The disturbed interface is described by r(z) = 1.2 + 0.18 cos(4πz).
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Figure 19: Spherical shock-bubble interaction problem at t = 1007.463 × 10
−6. The left figure is the

experiment result [17], the right one is our result which is the map of material number.
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Figure 20: Spherical shock-bubble interaction problem at t = 1257.463 × 10
−6. The left figure is the

experiment result [17], the right one is our result which is the map of material number.

The initial conditions are shown in Fig. 21, and all the boundaries are rigid walls. The

initial mesh doesn’t contain the multi-material cells. Initially the red-colored region of

r ∈ [0, 0.3] is paved with the mesh 50 × 100 with the initial material state is (ρ, γ, p) =
(3, 1.4, 12). The blue-colored neighborhood of the red-colored part is paved with 30 ×
100 cells characterized by (ρ, γ, p) = (1, 1.4, 1). The green-colored part, starting from

the line of r = 0.6 to the disturbed interface, is paved with the mesh 58 × 100 with

the initial material state (ρ, γ, p) = (10, 1.67, 1). The right blue-colored part is paved

with the mesh 162 × 100 that has the same initial material state with the left blue-

colored material. The disturbed interface will be loaded by the shock moving from

the left to the right. The initial two concave parts of the disturbed interface will be

strengthened by the shock and leads to the formations of the mushroom-like shapes.

Auto-ALE operations start from t = 0.4. The two mushrooms are well developed and

almost same at t = 1.5, shown in Fig. 22.
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Figure 21: Initial data for the stratified Richtmyer-Meshkov instability problem.

Figure 22: Numerical result of stratified Richtmyer-Meshkov instability problem at t = 1.5 in auto-ALE
regime (the left is the distribution of material, and the right is the density distribution).

4. Conclusions

We have presented a robust staggered multi-material ALE scheme coupled to MOF

interface reconstruction, which is devoted to the numerical simulation of two-dimensio-

nal multi-material compressible large-deformation problems on quadrilateral grids with

fixed topology. The MOF method using adaptive bisection method is presented to ob-

tain the global minimum value of the nonlinear objective function for sure, which needs

not to solve the derivative of objective function. We also develop the robust CRM

rezoning method to generate convex-assured grids for the large-deformation region,

which is helpful for Lagrangian computations to be performed as long as possible. The

intersection-based remapping method is used because it is helpful to decrease the fre-

quency of rezoning as much as possible. With the decrease of rezoning operations,

the results obtained by the first-order intersection-based remapping method are closer

gradually to the ones by the second-order remapping method in Eulerian computations.

So, it is important for MMALE computations to decrease the frequency of the rezoning

in order to reduce the errors of remapping phase and interface reconstruction. Nu-

merical results of examples show that our MMALE code is robust and can give the

acceptable results for large-deformation problems with limited rezoning times despite

that the first-order remapping method is used.

In this paper, the intersection-based remapping method is only first-order, and the

second-order flux-based conservative remapping method is used only in Eulerian com-

putations to avoid the special grid generation method because of its limitation of dis-

tances between the rezoned and Lagrangian meshes. Therefore, we are developing the

second-order conservative intersection-based remapping method in order to increase

the accuracy of remapping method and decrease the frequency of rezoning as much as

possible at the same time. Additionally, the equivalent stain closure model is used in
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this paper because it is simple and robust, and in the future we will work on the clo-

sure model starting with some existed ones such as IA-SSD [1, 4], pressure relaxation

models [20] etc.
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