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for solutions to the nonlocal cross-coupled porous medium equations with nonlocal
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1 Introduction

In this article, we consider the lower bound of blow up time for solutions of the nonlocal
cross-coupled porous medium equations

ut:Aum—F/v”dx, (x,6) €Qx (0,£), (1.1)

v =AU + / widx,  (x,0)€Qx(0,), (1.2)
and continuous bounded initial values

u(x,0)=up(x), v(x,0)=0v9(x), x€Q, (1.3)
under Dirichlet boundary condition

u(x,t)=o(x,t)=0, (x,t)€aQx(0,t"), (1.4)

*Corresponding author. Email addresses: xueyingzhen@126.com, xueyingzhen@xaiu.edu.cn (Y. Xue)

http:/ /www.global-sci.org/jpde/ 94



Lower Bound Estimate for the Porous Medium Equations 95

or Neumann boundary condition

ou™ ov" N
y—lu, 5 =lv, (x,t)€aQx(0,t7), (1.5)

where Q) € R® is a bounded region of d() with a smooth boundary, and satisfies that
p>m>1,g>n>1, vis the unit external normal vector in the external normal direction
of dQ). There are many research achievements on the lower bound estimation of blow
up time for the solution of a single porous media equation, see, e.g., [1-3]. Liu, et al. [1]
studied the following nonlocal porous equation with Dirichlet boundary conditions

ut:Aum—i—up/uqu, (x,1) €Qx (0,%). (1.6)
They have obtained the lower bound of the blow up time of the solution which
P> c7[/ ul (p+q—1)dx]~Cs,
0

and homogeneous Neumann boundary conditions, the lower bound of the blow up time
of the solution which
t* > 00 dé
- " atl (a+1)(p+q—1)

© K5¢ & 4 K¢ elpta-T)=(ptq-m)

Liu [2] considered Eq. (1.6) with Robin boundary conditions, they have obtained the
lower bound of the blow up time of the solution which

> / ” dy
- ms+s _ ms+s
¢(0) ms|QY| Ky e +ms|Q|Ksy #n-Dis+)
Fang and Chai [3] studied Eq. (1.6) with Neumann boundary conditions

aaLu —lu, (x,t)€3Qx(0,t),

the lower bound of the blow up time of the solution which

. /W(f) dé
L

a(p+q—1)—(m—1 (a+1) (a41)(p+q—1)

(0) Cré+Cof strreD) )_|_C2§ i + Ca& ora=—D—(pra—m)

when [ >0 of (1.5). The lower bound of the blow up time of the solution which

t
t*z/ﬂ() de
Ul

1 (a41)(p+q-1) 7
(0) ch("‘z ) +K26a(p+q71)—(p+qu)

when [ <0 of Eq. (1.5).
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To sum up, most of the existing results focus on a single equation,However, studies
on the lower bound of blow up time for the equation set (1.1)-(1.5) have not been found.
Blow-up at a finite time and lower bound of blowing up time of solution for the parabolic
equations are studied in [4,5]. The lower bound of blowing up time for solutions of other
similar equations or equation set is shown in [6-9].

Inspired by [4-5], this paper studies the lower bound estimation of blowing up time
for the solutions of the porous media equation set (1.1)-(1.5) with non-local source cross-
coupling and m >1,n > 1 with relevant formulas and some basic inequalities in [9].

2 The some inequalities

This part introduces some important inequalities used in this paper.

Lemma 2.1. (Membrane inequality)

)\/ w2dx§/ ]Vw|2dx,
o) Q

where A is the first eigenvalue of Aw+Aw =0, w >0, x€Q), and w=0, x €.
Lemma 2.2. ([9]) Let Q be the bounded star region in RN, and N >2. Then

/ u"d¢ < N/ u"dx+ n_d/ w1 Vuldx.
2Q PoJQ Po JQ
Lemma 2.3. (Special Young inequality) Let <y be an arbitrary constant, and 0 < x <1. Then

bl—x

1—x
gxby:(')/a)x< x) gfyxa%—(l—x)’yx%lb%, (a,b>0).
’)/lfx

3 Lower bound of blow up time under Dirichlet boundary con-
ditions

The lower bound of blow up time for solutions of equations under Dirichlet boundary
conditions is discussed below.

Theorem 3.1. Defines auxiliary functions

J(t) :/ (u®+0%)dx, (3.1)

0
for s>max{1,p,q,m—1,n—1,3p—2,3g—2}. If (u,v) is a non-negative classical solution of e-
quation set (1.1)-(1.5) and blow up occurs in the sense of measure J(t) at time t*, then the lower

bound of t* is

[ o
1(0) KympPr+Konp”
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where J(0) = [, (u§+v§)dx, The normal number Ky,Kz, B4 is given in the following proof.

Proof. Note that

T (t) :s/ us’lutdx—ks/ v o, dx
0 0

:s/ uS_lAumdx+s/ us_l/ oPdxdx
o) o) o)
+s/ vs’lAv”dx%—s/ vs’l/ uldxdx
0 0 0

ou™

:—ms(s—l)/ u5+m_3]Vu]2dx—|—s/ TR 18 dC—l—s/ us_ldx/ vPdx
0 90 o o

—ns(s—l)/vs+”’3]V0]2dx+s/ o1 90" d§+s/ S’ldx/ uldx
0 90

o}
47”57/ Vu™ T 1|2dx+s/ u51a—dt§+s/ us’ldx/ oPdx
(s+m—1)>2 v Q o

41’157 s+n 2 571% / s—1 / q

(s+n—1)>2 /’V ’ dx+s/ v Jv do+s QU dx Qu dx. (52

When the equations take Dirichlet boundary conditions of Eq. (1.4), Eq. (3.2) becomes

J (=T (D) +(b), (3.3)

where

Ji(t)= [cl / |Vudx+s / w5 ldx / v”dx],
o

Jo(t) [dl/ ]valzdx—ks/ . 1dx/ uqu]
0

C__4ms(s—1) _4ns(s—1) a_s—i—m—l b_s+n—1
T m =12 YT s T2 T T2

First, Holder inequality is used to estimate the second term of ]; (t) in Eq. (3.3), and it is
obtained that

s=p

/u51dx§</ (usl)ss‘ndx> | |Q|;‘s7,
(@] Q
é
/v”dx§</ (v”)%dx> |Q|S_Tp,
O O
L;

“ar [ vde< ([ (@) (/ p%d> al,

ot [ orde< ([ @) A ([ (@)7dx) [0
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according to Young inequality and equation above, it is obtained that

— s(s—1)
/ us_ldx/ v”dxgwf U’ dJH—m v°dx. (3.4)
Q QO S Q S 0

Second, Holder inequality is used to estimate the first term on the right side of Eq. (3.4),
and it is obtained that

s(s—1) s=1) _, 4 % 2[%;1)*(54””*1)] %
/u s=p dx:/ ulusr T idx < /u Tdx /u 3 dx | , (3.5)
0 0 o) o)

from the second term on the right side of inequality sign of (3.5) and Holder inequality;,
we can know

2(s—-1) m—1
25(s—1) 2 S T 2(p=1) , m—1

2B (stm-1)] — 2 -2 mty
/u 3 dx < </ usdx> dx|Q] 3 , (3.6)
0 0

from the first term on the right side of inequality sign of (3.5) and Holder inequality, we

can know . )
2 2
/u4”dx:/ u”uS“dx§</ uZ“dx> (/ (u“)6dx> , (3.7)
Q Q Q Q

using the following Sobolev inequality ([10]):

(o) <c( )

where y1=6,7,=2,C — 4331 n*%, the second term of Eq. (3.7) can be simplified to

(/Q(”a)%lx) ; <C’ (/Q !Vu”|2dx> %, (3.8)

by synthesizing Egs. (3.7) and (3.8), we have

—_

3
8

</Qu4adx>‘l‘ <ci </Qu2adx>é</nlvua|2dx> / (39)

based on Lemma 2.1, Eq. (3.9) becomes

1 1
1 2
</ u4”dx> gc%A%U qu“|2dx> . (3.10)
Q QO

Combining Egs. (3.6) and (3.10), Eq. (3.5) becomes

s(s—1) % w1
/ u s dx§C2</ |Vu“|2dx> </ usdx> , (3.11)
0 0 0
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where
_ 2(p—1 _
. %_2(5‘177‘171)_*_%71 1_|_ (spp) msl
cp=CiA78|Q)| z , W= 5

By synthesizing Egs. (3.4)-(3.11), ];(t) of Eq. (3.3) becomes

Ji(t <c1/ |Vu® > dx+ca(s—p) (91 / |Vu?| 2dx]%91’ [(/ usdx)2z”1]%>+p/ v*dx.
Q Q
(3.12)
Using the fundamental inequality

a’b? <qa+pb  (a,b>0,p,q>0,p+g=1),

Eq. (3.12) becomes

J1(t) < <c1+_cz(5;p)91> /Q|Vua!2dx+7cz(s_2p)911 </ de) ZWI+P/ (3.13)

The same derivation method is used to estimate the ]é(t) term in Eq. (3.3):

];(t)g<d1+d2(557‘7>92> /Q ]valzdx%—@(%(w( / de>2wz+q / y, (3.14)

where
,2(;7__1)+n;1 14+ (g=1) n—1
dy —CiA™ 8|Q|7, Wy = 5_‘; 5
In order to deal with the gradient terms in Egs. (3.13) and (3.14), we set 61 = — #ﬁp)

and 6, = —

dz(zsdi Pt by synthesizing Egs. (3.13) and (3.14), we obtain

, CZ(S—P)z 2wy dZ(S—q)z 2wy
< _927P) / s _% / s / s / sdx. (3.
J(t)< 1o < o dx> i, ( X dx) +p o dx+q K dx. (3.15)

Take Ky = — 260" B6-0" g 10 B = max{2wy,2ws} > 1. Eq. (3.14) b
1 4o A 2=p+4q, B =max{ 2wy, 2w, q. ecomes

J'(t) <K JP () + Ko (). (3.16)

Integrating (3.16) from 0 to t*, we obtain

> S — 3.17
- /I(O) KinPr+Kay (3.17)

This completes the proof of the theorem. O
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4 Lower bound of blow up time under Neumann boundary con-
ditions

The lower bound of blow up time for solutions of equations under the Neumann bound-
ary conditions is discussed below.

4.1 The caseof!>0

Theorem 4.1. Define the same measure as (3.1) and the same condition as s. If(u,v)is a non-
negative classical solution to the equation set (1.1)-(1.2) with (1.3) and (1.5), then the lower bound
of t*is

o0 d17
/< ) KinPr4-KanP2 + (K +Kq)np'

where J(0 fQ uy+vj)dx, the normal number Ky,K5,K3,Ky,B1,B2 is given in the following
proof.
Proof. Lemma 2.2 is used to estimate two boundary terms in Eq. (3.2), then
m
/ u31aLd§:l/ usd§§3—l/ u'dx —|—Sd u$ 1 Vuldx, (4.1)
a0 ov Q po JO 0o Jan

h =min (x-n) >0,d= .
where po =min (x-n) max x|

From the second term on the right hand side of Eq. (4.1) and using Holder inequality
and Lemma 2.3, we can know

1 1
2 2
/u51|Vu|dx§</ u5+m3]Vu]2dx> (/ us(’“”dx>
0 o 0
gr—1</ u5+’”_3]Vu]2dx> +i/ us~(m=1dx
2 2r

2m57’1 s+m 1 2 _/ (mfl)
(srm—17 / |Vu dx—l—21 dx, (4.2)

where rq is an arbitrary constant.
The Holder inequality is used to estimate the second term on the right hand side of
Eq. (4.2). We then have

s—(m—1)

s=n=1)
/us_(m_l)dxg </ usdx>
O 0

Substituting (4.2) and (4.3) into Eq. (4.1), we get

w3
/ 1au d§< /usdx—C3/ |Vu“|2dx+64</ usdx> , (4.4)
20 o 0

(4.3)
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_ 2msry(s—1) m=1 (m 1)
where 3= m, Cqp= 2r1p0 ’Q’ , W3 = .

Similarly, another boundary term in Eq. (3.2) is estimated as follows

Wy
/ S 18u de<=— /vsdx—dg,/ ]Vub|2dx—|—d4</ vsdx> ,
90 0 0

2nsry(s—1)
where d3 =— (S+n(—l)2 , d4 272 00

Substituting (3.16), (4.4) and (4.5) into Eq. (3.2), we get

],(t)§<q_c3+@>/ ,Wa|zdx+<dl_d3+w /|W|zdx
@) (@)

2wq

w3
+C4</ usdx> +C5</ usdx>
Q Q
Wy
+d4</ vsdx> +d5</ vsdx>
o) Q

+<3—l+q>/usdx
o 0

31
+H(Z+ /d,
() s

2'(,U2

where
e Gls=p)? , _ di(s—q)?
5 4C1 ;s U5 4d1 ’
Cl_cﬁw_o, dl_dﬁwza
3l
Ki=cs5+ds, Ko=p+q, Kz=cy+dy, K4_p_0

B1=max{2wi, 2wy} >1, B2 =max{w;,wy} >0.
The Eq. (4.6) becomes

J(£) SKaJP (1) +KaJP2 (1) + (Ko +Ka) ] (8).
Integrating (4.7) from 0 to t*, we obtain

x /°° dy
> )
o ](0)K117ﬁ1+K317/52+(K2—|—K4)17
where](0) = [, (u’+2°)dx.

4.2 The case of [ <0

If 1 <0, then % <0, BL; <0, according to Eq. (3.2), we obtain

INGEAGEIAGE

—(n—1 . .
]Q] , Wy= %,m is an arbitrary constant.

101

(4.5)

(4.6)

(4.7)

(4.8)

That is, the same measure relation is obtained with Eq. (3.3). Therefore, when I/ <0,
the lower bound of blow up time of the equation set (1.1)-(1.2) with (1.3) and (1.5) is

consistent with that of Eq. (3.17).
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