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Abstract. In this paper, we start to study the gradient flow of the functional
Lβ introduced by Han-Li-Sun in [8]. As a first step, we show that if the initial
surface is symplectic in a Kähler surface, then the symplectic property is pre-
served along the gradient flow. Then we show that the singularity of the flow
is characterized by the maximal norm of the second fundamental form. When
β=1, we derive a monotonicity formula for the flow. As applications, we show
that the λ-tangent cone of the flow consists of the finite flat planes.
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1 Introduction

Suppose that M is a Kähler surface. Let ω be the Kähler form on M and let J
be a complex structure compatible with ω. The Riemannian metric 〈·,·〉 on M is
defined by

〈U,V〉=ω(U, JV).
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For a compact oriented real surface Σ which is smoothly immersed in M, one
defines, following [5], the Kähler angle α of Σ in M by

ω|Σ=cosαdµΣ, (1.1)

where dµΣ is the area element of Σ of the induced metric from 〈·,·〉. We say that
Σ is a holomorphic curve if cosα≡1, Σ is a Lagrangian surface if cosα≡0 and Σ

is a symplectic surface if cosα>0.
The existence of holomorphic curves in a Kähler surface is a fundamental

problem in differential geometry. Since holomorphic curves are always area-
minimizing in its homological class due to the Wirtinger inequality, we see that
holomorphic curves are all stable symplectic minimal surfaces. Wolfson [18]
showed that a symplectic minimal surface in a Kähler-Einstein surface with non-
negative scalar curvature must be holomorphic. Thus, we can look for the holo-
morphic curves by finding the symplectic minimal surfaces in this case.

Furthermore, Chen-Li [3] and Wang [17] showed that symplectic property is
preserved along the mean curvature flow. Therefore, an idea approaching the ex-
istence of holomorphic curves is to looking for symplectic minimal surfaces using
the mean curvature flow starting from a symplectic surface, which we call sym-
plectic mean curvature flow. There are some interesting results on the study of
symplectic mean curvature flow. For instance, Chen-Li [3] and Wang [17] showed
that there is no Type I singularities for such a flow at the finite time. However,
since the flow is of codimension two and the normal bundle is much more com-
plex, it is hard to clear out all singularities. On the other hand, C. Arezzo [2] con-
structed examples which shows that a strictly stable minimal surface in a Kähler-
Einstein surface with negative scalar curvature may not be holomorphic.

For this reason, we introduce a new idea to approach the existence of holo-
morphic curves using variational method combined with the continuity method.
More precisely, we consider a sequence of functionals [8]

Lβ=
∫

Σ

1

cosβ α
dµ, (1.2)

where β≥0. The functional L1 was introduce by Han-Li in [7]. The critical point of
the functionals Lβ in the class of symplectic surfaces in a Kähler surface is called
a β-symplectic critical surface. We have proved that (cf., [8]) the Euler-Lagrange
equation of the functional Lβ is

cos3αH−β
(

J(J∇cosα)⊤
)⊥

=0, (1.3)

where H is the mean curvature vector of Σ in M, and (·)⊤ means tangential com-
ponents of (·), (·)⊥ means the normal components of (·). It is clear that holo-
morphic curves are β-symplectic critical surfaces for each β. When β = 0, the
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functional is exactly the area functional, and 0-symplectic critical surface is ex-
actly minimal surface. We aim to deform, from 0-symplectic critical surface (i.e.,
a minimal surface) to a holomorphic curve when β tends to infinity. We showed
the openness (cf., [8]) and partial results on the compactness (cf., [9]) of the pro-
gram.

The first step is about the existence of β-symplectic critical surface for each
fixed β. An natural idea is to consider the negative gradient flow of the functional
Lβ. For this purpose, let us recall the first variation formula for Lβ.

Theorem 1.1 ([8]). Let M be a Kähler surface. The first variational formula of the func-

tional Lβ is, for any smooth normal vector field X on Σ,

δXLβ =−(β+1)
∫

Σ

X·H
cosβ α

dµ+β(β+1)
∫

Σ

X·
(

J(J∇cosα)⊤
)⊥

cosβ+3α
dµ, (1.4)

where H is the mean curvature vector of Σ in M.

Now, we will consider the negative gradient flow of Lβ, i.e.,

dF

dt
=cos2αH− β

cosα

(

J(J∇cosα)⊤
)⊥

. (1.5)

We set

f=cos2αH− β

cosα

(

J(J∇cosα)⊤
)⊥

.

It is clear that f≡0 if and only if Σ is a β-symplectic critical surface.
By the first variation formula, we see that along the flow (1.5),

dLβ

dt
=−(β+1)

∫

Σ

1

cosβ+2α

∣

∣

∣

∣

cos2 αH− β

cosα

(

J(J∇cosα)⊤
)⊥
∣

∣

∣

∣

2

dµ

=−(β+1)
∫

Σ

1

cosβ+2α
|f|2dµ. (1.6)

Thus the flow (1.5) is a gradient flow of the functional Lβ. From [8, Proposi-
tion 3.1], we know that the flow (1.5) is a parabolic system, the short time exis-
tence can be shown by a standard argument. The first step to study the flow (1.5)
is to show that symplectic property is preserved along this flow. This is exactly
the first result in this paper.

Theorem 1.2. Symplectic property is preserved along the flow (1.5).
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Since we aim to use the flow (1.5) to derive β-symplectic critical surfaces, one
natural question is when the solution can be extended. For mean curvature flow

dF

dt
=H, (1.7)

Huisken [10] showed that the flow can be extended if the second fundamental
form of Σ in M is uniformly bounded. We can show that the same conclusion
holds for the flow (1.5) (see Theorem 3.1).

During the study of the geometric flows, singularity analysis is an important
subject. An important tool to study the singularity is the monotonicity formula.
In this paper, we derive the monotonicity formula for the case β=1. For general

β, the parabolic operator associated with the flow (1.5) is ∂
∂t−(cos2α+βsin2α)∆,

which reduces to ∂
∂t −∆ when β= 1. This case is easier to be handled. Although

we prove the monotonicity formula for β= 1, we believe that the monotonicity
formula also holds for general β.

When the singularity occurs, we can rescale the flow near the singular point
and obtain some limiting model in some sense, which we call λ-tangent cones.
Understanding the behaviours of the tangent cones is crucial to study the flow.
For mean curvature flow, from Huisken’s monotonicity formula [11], we know
that the tangent flow are self-shrinkers. There are many important works on clas-
sification of self-shrinkers for mean curvature flow (cf., [6, 12]). For Lagrangian
mean curvature flow, we can obtain more information due to the extra geometric
condition (cf., [4, 15]).

As a consequence of our monotonicity formula, we can show that the λ-tan-
gent cone consists of finite many union of flat planes if it is nonempty.

The advantage of our flow is that we need not to assume that the ambient
Kähler surface to be Einstein.

2 Preserving the Symplectic Property

In this section, we will prove our first result. To start, we set Σt = F(Σ,t) with
Σ0 = Σ. In the following, we will choose a frame {e1,e2,v3,v4} at a fixed point
p∈Σ so that {e1,e2} spans TΣ, {v3,v4} spans NΣ and the complex structure takes
the form

J=









0 cosα sinα 0
−cosα 0 0 −sinα
−sinα 0 0 cosα

0 sinα −cosα 0









. (2.1)
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It is easy to see that (cf., [7]) if we set V=∂2αv3+∂1αv4, then (1.5) can be rewritten
as

dF

dt
=cos2αH−βsin2αV≡ f. (2.2)

The evolution of the area form along the flow (1.5) is given in the next lemma:

Lemma 2.1.

d

dt
dµt =

1

2
trg

∂g

∂t
dµt =

(

−cos2α|H|2+βsin2αV·H
)

dµt. (2.3)

Proof. We compute it in local coordinates.

∂

∂t
gij=

∂

∂t

〈

∂F

∂xi
,

∂F

∂xj

〉

=

〈

∂f

∂xi
,

∂F

∂xj

〉

+

〈

∂F

∂xi
,

∂f

∂xj

〉

=−2

〈

f,
∂F

∂xi∂xj

〉

=−2
〈

f,hα
ijvα

〉

,

thus

d

dt
dµt =

1

2
trg

∂g

∂t
dµt =−f·Hdµt =(−cos2α|H|2+βsin2αV·H)dµt.

The proof is complete.

We also recall the following elliptic equation of the Kähler angle:

Proposition 2.1 ([7]). If Σ is a closed symplectic surface which is smoothly immersed in

M with the Kähler angle α, then α satisfies the following equation:

∆cosα=cosα
(

−
∣

∣h3
1k−h4

2k

∣

∣

2−
∣

∣h4
1k+h3

2k

∣

∣

2
)

+sinα
(

H4
,1+H3

,2

)

−sin2αRic(Je1,e2), (2.4)

where K is the curvature operator of M and Hα
,i = 〈∇N

ei
H,vα〉.

Now we can derive the evolution equation of cosα along the flow (1.5).

Theorem 2.1. Let M be a Kähler surface. Assume that α is the Kähler angle of Σt which

evolves by the flow (1.5). Then cosα satisfies the equation

∂

∂t
cosα=

(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

+cos2αsin2αRic(Je1,e2)+
1

β
cosαsin2α|H|2

−βcosαsin2α

∣

∣

∣

∣

V+
1

β
H

∣

∣

∣

∣

2

, (2.5)

where {e1,e2,v3,v4} is an orthonormal basis of TpM such that J takes the form (2.1).
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Proof. Using the fact that ω=0 and Lemma 2.1, we have

∂

∂t
cosα=

∂

∂t

(

ω(e1,e2)
√

det(gt)

)

=ω(∇e1
f,e2)−ω(∇e2f,e1)−

1

2
cosαtrg

∂g

∂t

=ω(∇e1
f,e2)−ω(∇e2f,e1)+cosαf·H.

By breaking ∇e1
f and ∇e2f into the normal and tangential parts, we get

ω(∇e1
f,e2)−ω(∇e2f,e1)

=ω
(

∇N
e1

f,e2

)

−ω
(

∇N
e2

f,e1

)

+ω
(

∇T
e1

f,e2

)

−ω
(

∇T
e2

f,e1

)

=ω
(

∇N
e1

f,e2

)

−ω
(

∇N
e2

f,e1

)

−
〈

∇T
e1

f, Je2

〉

+
〈

∇T
e2

f, Je1

〉

=ω
(

∇N
e1

f,e2

)

−ω
(

∇N
e2

f,e1

)

+cosα
(

〈

∇T
e1

f,e1

〉

+
〈

∇T
e2

f,e2

〉

)

=ω
(

∇N
e1

f,e2

)

−ω
(

∇N
e2

f,e1

)

−cosα
(

〈f,∇e1
e1+∇e2e2〉

)

=ω
(

∇N
e1

f,e2

)

−ω
(

∇N
e2

f,e1

)

−cosαf·H.

Therefore, we have

∂

∂t
cosα=ω

(

∇N
e1

f,e2

)

−ω
(

∇N
e2

f,e1

)

=ω
(

∇N
e1

(

cos2αH−βsin2αV
)

,e2

)

−ω
(

∇N
e2

(

cos2αH−βsin2αV
)

,e1

)

=
〈

∇N
e1

(

cos2αH−βsin2αV
)

,−Je2

〉

+
〈

∇N
e2

(

cos2αH−βsin2αV
)

, Je1

〉

=sinα
[〈

∇N
e1

(

cos2αH−βsin2αV
)

,v4

〉

+
〈

∇N
e2

(

cos2αH−βsin2 αV
)

,v3

〉]

=sinα
[

−2H4sinαcosα∂1α+cos2αH4
,1−2H3sinαcosα∂2α+cos2αH3

,2

−β
(

2V4sinαcosα∂1α+sin2αV4
,1−2V3sinαcosα∂2α+sin2αV3

,2

)]

=sinα
[

−2sinαcosα
(

H4∂1α+H3∂2α
)

+cos2α
(

H4
,1+H3

,2

)

]

−βsinα
[

2sinαcosα
(

V4∂1α+V3∂2α
)

+sin2α
(

V4
,1+V3

,2

)

]

:= I+ I I. (2.6)

Using Proposition 2.1 and the definition of V, we see that

I=−2sin2αcosαH·V+cos2α
[

∆cosα+cosα
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h4
1k+h3

2k

∣

∣

2
)

+sin2αRic(Je1,e2)
]

.



X. Han, J. Li and J. Sun / Commun. Math. Res., 37 (2021), pp. 113-140 119

We also have

I I=−βsinα
[

2sinαcosα|V|2+sin2α
(

V4
,1+V3

,2

)

]

=−βsinα
[

2sinαcosα|V|2+sin2α∆α
]

=−βsinα
[

2sinαcosα|V|2+sinα
(

−∆cosα−cosα|∇α|2
)

]

=βsin2α∆cosα−βsin2αcosα|V|2.

Putting I and II into (2.6) yields

∂

∂t
cosα=

(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

+cos2αsin2αRic(Je1,e2)−2sin2αcosαH·V−βsin2αcosα|V|2

=
(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

+cos2αsin2αRic(Je1,e2)+
1

β
cosαsin2α|H|2−βcosαsin2α

∣

∣

∣

∣

V+
1

β
H

∣

∣

∣

∣

2

.

This proves the theorem.

When the ambient manifold is a Kähler-Einstein surface, we have Ric= K0
4 g

where g and K0 are the Kähler metric and the scalar curvature of M, respectively.

Corollary 2.1. Let M be a Kähler-Einstein surface with scalar curvature K0. Assume

that α is the Kähler angle of Σt which evolves by the flow (1.5). Then cosα satisfies the

equation

∂

∂t
cosα=

(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

+
K0

4
cos3αsin2α+

1

β
cosαsin2α|H|2−βcosαsin2α

∣

∣

∣

∣

V+
1

β
H

∣

∣

∣

∣

2

, (2.7)

where {e1,e2,v3,v4} is an orthonormal basis of TpM such that J takes the form (2.1).

Consequently, if Σ0 is symplectic, then along the flow (1.5), at each time t, Σt is sym-

plectic.

The above theorem implies that symplectic property is preserved along the
flow (1.5). Notice that we do not need M to be a Kähler-Einstein surface.
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Corollary 2.2. Let M be a compact Kähler surface and Σ be a closed symplectic surface

in M. Then along the flow (1.5), if Σ0 is symplectic, then along the flow (1.5), at each

time t, Σt is symplectic. In particular, suppose that |RicM|≤K1, then we have that

min
Σt

cosα≥ e−K1t min
Σ0

cosα (2.8)

as long as the smooth solution exists. Furthermore, if M is a Kähler-Einstein surface with

scalar curvature K0≥0, then we have

min
Σt

cosα≥min
Σ0

cosα (2.9)

as long as the smooth solution exists.

Proof. We can rewrite (2.5) as

∂

∂t
cosα=

(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

+cos2αsin2αRic(Je1,e2)−cosαsin2α〈βV+2H,V〉
≥
(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

−K1cos3αsin2α−cosαsin2α〈βV+2H,V〉
≥
(

cos2α+βsin2α
)

∆cosα+cos3α
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

−K1cosα−cosαsin2α〈βV+2H,V〉.

Notice that V=∂2αv3+∂1αv4. Then (2.8) follows by the maximum principle. The

proof of (2.9) is similar by using Corollary 2.1.

3 Extension of the flow

In this section, we will show that the singularity of the flow (1.5) is characterized
by the maximal norm of the second fundamental form of Σ in M. More precisely,
we prove that

Theorem 3.1. Let M be a Kähler surface and Σ be a closed surface. Let F :Σ×[0,T)→M

be a smooth solution to the flow (1.5). Set Σt =F(Σ,t). If

max
Σt

|A|2≤Λ (3.1)

for all t∈ [0,T), then the flow can be extended smoothly to an interval [0,T+ε) for some

ε>0.
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Proof. For simplicity, we will prove the theorem for the case M=R
4. The proof

for the general case is similar. By the assumption (3.1), we know that there exists

a constant r0 > 0, depending only on Λ, such that each connected component of

Σt∩Bpt(r), with pt ∈ Σt and r < r0, can be graphed over TptΣt∩Bpt(r) by a pair

of functions ( f (t),g(t)). Furthermore, the bound in (3.1) also gives us a uniform

bound on the C1,α-norm of ( f (t),g(t)).
Next we will derive the evolution equations satisfied by f and g. First note

that the flow (1.5) is equivalent to the following equation:

(

dF

dt

)⊥
=cos2αH− β

cosα

(

J(J∇cosα)⊤
)⊥

. (3.2)

For the immersion given by F(x,y)=(x,y, f (x,y),g(x,y)), we can choose

e1=
∂F

∂x
=(1,0, fx,gx), v3=(− fx ,−gx,1,0),

e2=
∂F

∂y
=(0,1, fy,gy), v4=(− fy ,−gy,0,1),

so that {e1,e2} spans TΣ and {v3,v4} spans NΣ. Then (3.2) is equivalent to that

〈

dF

dt
,v3

〉

=cos2αH3− β

cosα

〈

J(J∇cosα)⊤,v3

〉

, (3.3)

〈

dF

dt
,v4

〉

=cos2αH4− β

cosα

〈

J(J∇cosα)⊤,v4

〉

. (3.4)

Since dF
dt =(0,0, ft,gt), we see that

〈

dF

dt
,v3

〉

= ft,

〈

dF

dt
,v4

〉

= gt.

On the other hand, from the proof of [7, Theorem 2.3], we know that the induced

metric of Σ in the basis is

(gij)1≤i,j≤2=

(

1+ f 2
x +g2

x fx fy+gxgy

fx fy+gxgy 1+ f 2
y +g2

y

)

and the inverse matrix is

(gij)1≤i,j≤2=
1

det(gij)

(

1+ f 2
y +g2

y − fx fy−gxgy

− fx fy−gxgy 1+ f 2
x +g2

x

)

.
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Moreover, the metric on the normal bundle T⊥
Σ is

(gαβ)3≤α,β≤4=

(

1+ f 2
x + f 2

y fxgx+ fygy

fxgx+ fygy 1+g2
x+g2

y

)

and the inverse matrix is

(gαβ)3≤α,β≤4=
1

det(gαβ)

(

1+g2
x+g2

y − fxgx− fygy

− fxgx− fygy 1+ f 2
x + f 2

y

)

.

We have

detg :=det(gij)=det(gαβ)=1+ f 2
x + f 2

y +g2
x+g2

y+( fxgy− fygx)
2,

and

cosα=
1+ fxgy− fygx
√

det(g)
.

Direct calculation shows that (see [7, Theorem 2.3] and [9, Theorem 2.1] for the

elliptic case) ( f ,g) satisfies the following system:

ft=
1

detg

{

fxx

[

g11g33c2−β
(

g11g22−g12g12
)(

g34a+g33b
)(

g12a−g22b
)

]

+ fxy

[

2g33g12c2−β
(

g11g22−g12g12
)(

g34a+g33b
)(

g12b−g11a
)

−β
(

g11g22−g12g12
)(

g33a−g34b
)(

g12a−g22b
)

]

+ fyy

[

g22g33c2−β
(

g11g22−g12g12
)(

g33a−g34b
)(

−g11a+g12b
)

]

+gxx

[

g11g34c2−β
(

g11g22−g12g12
)(

g34a+g33b
)(

−g22a−g12b
)

]

+gxy

[

2g34g12c2−β
(

g11g22−g12g12
)(

g34a+g33b
)(

g11b+g12a
)

−β
(

g11g22−g12g12
)(

g33a−g34b
)(

−g22a−g12b
)

]

+gyy

[

g22g34c2−β
(

g11g22−g12g12
)(

g33a−g34b
)(

g11b+g12a
)

]

}

, (3.5)

gt=
1

detg

{

fxx

[

g11g34c2−β
(

g11g22−g12g12
)(

g44a+g34b
)(

g12a−g22b
)

]

+ fxy

[

2g34g12c2−β
(

g11g22−g12g12
)(

g44a+g34b
)(

g12b−g11a
)

−β
(

g11g22−g12g12
)(

g34a−g44b
)(

g12a−g22b
)

]
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+ fyy

[

g22g34c2−β
(

g11g22−g12g12
)(

g34a−g44b
)(

−g11a+g12b
)

]

+gxx

[

g11g44c2−β
(

g11g22−g12g12
)(

g44a+g34b
)(

−g22a−g12b
)

]

+gxy

[

2g44g12c2−β
(

g11g22−g12g12
)(

g44a+g34b
)(

g11b+g12a
)

−β
(

g11g22−g12g12
)(

g34a−g44b
)(

−g22a−g12b
)

]

+gyy

[

g22g44c2−β
(

g11g22−g12g12
)(

g34a−g44b
)(

g11b+g12a
)

]

}

, (3.6)

where

a= fy+gx, b= fx−gy, c=1+ fxgy− fygx =
√

det(g)cosα.

Since we have uniform C1,α-estimates for f ,g by [8, Proposition 3.1] (see also

[7, Theorem 2.3 ]), we see that the system (3.5)-(3.6) is strictly parabolic, with

parabolic constant depending on β and Λ. Schauder estimate for parabolic sys-

tems gives us the uniform Ck,α bound for ( f (t),g(t)) for t∈ [0,T). Arzela-Ascoli

theorem shows that we can have a smooth limit F(T) : Σ→M when t→T. Then

the short time existence of the flow implies that the solution can be extended to

[0,T+ε) for some ε>0. This proves the theorem.

4 Monotonicity formula

In this section, we will consider the monotonicity formula for the negative gradi-
ent flow of the functional L1. Namely, we will consider the flow

dF

dt
=cos2αH−sin2αV≡ f. (4.1)

We first consider the flow in R
4. We have the following proposition:

Proposition 4.1. Let M=R
4. Then for f (x)= ex2

, along the flow (4.1), we have

d

dt

∫

Σ

f

(

1

cosα

)

ρdµt

≤−
∫

Σ

{

1

4

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2

+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

4
|H|2+ 5

3
|V|2

}

f ρdµt. (4.2)
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Proof. By (2.5), we know that when β=1, cosα satisfies the equation

∂

∂t
cosα=∆cosα+cos3α

(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

+cosαsin2α|H|2−cosαsin2α|V+H|2 . (4.3)

In particular, we have that

∂

∂t

(

1

cosα

)

=∆

(

1

cosα

)

−cosα
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

− sin2α

cosα
|H|2+ sin2α

cosα
|V+H|2−2

sin2α

cos3α
|V|2. (4.4)

Let f be a positive function defined on R
+ to be determined later. Then we have

that
(

∂

∂t
−∆

)

f

(

1

cosα

)

= f ′
(

∂

∂t
−∆

)

1

cosα
− f ′′

∣

∣

∣

∣

∇ 1

cosα

∣

∣

∣

∣

2

= f ′
[

−cosα
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

− sin2α

cosα
|H|2

+
sin2α

cosα
|V+H|2−2

sin2α

cos3α
|V|2

]

− f ′′
sin2α

cos4α
|V|2. (4.5)

Now we define

ρ(X,t) :=
1

4π(t0−t)
e
− |X−X0|2

4(t0−t) .

Then along the flow (4.1), we have that

∂

∂t
ρ(X,t)=

(

1

t0−t
−〈F−X0 ,f〉

2(t0−t)
− |X−X0|2

4(t0−t)2

)

ρ.

We also have that

∇ρ(X,t)=−ρ
〈X−X0 ,∇X〉

2(t0−t)
,

∆ρ(X,t)=

( |(X−X0)
T|2

4(t0−t)2
−〈F−X0 ,H〉

2(t0−t)
− 1

t0−t

)

ρ.

Hence we have
(

∂

∂t
+∆

)

ρ(X,t)=−
(

〈F−X0 ,f+H〉
2(t0−t)

+
|(X−X0)

⊥|2
4(t0−t)2

)

ρ. (4.6)
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Then we compute that

d

dt

∫

Σ

f

(

1

cosα

)

ρdµt

=
∫

Σ

(

∂

∂t
f

(

1

cosα

))

ρdµt+
∫

Σ

f

(

∂

∂t
ρ

)

dµt−
∫

Σ

f ρ〈f,H〉dµt

=
∫

Σ

(

∂

∂t
−∆

)

f

(

1

cosα

)

ρdµt+
∫

Σ

f

(

∂

∂t
+∆

)

ρdµt−
∫

Σ

f ρ〈f,H〉dµt

=−
∫

Σ

f ′
(

cosα|∇JΣt
|2+ sin2α

cosα
|H|2− sin2α

cosα
|V+H|2+2

sin2α

cos3α
|V|2

)

ρdµt

−
∫

Σ

f ′′
sin2α

cos4α
|V|2ρdµ−

∫

Σ

f

( 〈F−X0,f+H〉
2(t0−t)

+
|(X−X0)

⊥|2
4(t0−t)2

+〈f,H〉
)

ρdµt

=−
∫

Σ

{

f ′
(

cosα|∇JΣt |2+
sin2α

cosα
|H|2− sin2α

cosα
|V+H|2+2

sin2α

cos3α
|V|2

)

+ f ′′
sin2 α

cos4α
|V|2+ 1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

f − |f+H|2
4

f +〈f,H〉 f

}

ρdµt. (4.7)

Recall that

f=cos2αH−sin2αV,

and

|∇JΣt |2= |H|2+2|V|2+2〈H,V〉.
We have that

f ′
(

cosα|∇JΣt |2+
sin2α

cosα
|H|2− sin2α

cosα
|V+H|2+2

sin2α

cos3 α
|V|2

)

+ f ′′
sin2α

cos4α
|V|2− |f+H|2

4
f +〈f,H〉 f

= f ′cosα
(

|H|2+2|V|2+2〈H,V〉
)

− f ′
sin2α

cosα
|V|2−2 f ′

sin2α

cosα
〈V,H〉+2 f ′

sin2 α

cos3α
|V|2

+ f ′′
sin2α

cos4α
|V|2− 1

4

∣

∣

(

1+cos2α
)

H−sin2αV
∣

∣

2
f +
〈

cos2αH−sin2αV,H
〉

f

=

(

f ′cosα− 1

4
f +

1

2
f cos2α− 1

4
f cos4α

)

|H|2

+

(

f ′
2−3cos2α+3cos4α

cos3α
− 1

4
f
(

1−2cos2α+cos4α
)

+ f ′′
1−cos2α

cos4α

)

|V|2
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+

(

f ′
4cos2α−2

cosα
+ f

(

−1

2
+cos2α− 1

2
cos4α

))

〈H,V〉.

Therefore, we have

d

dt

∫

Σ

f

(

1

cosα

)

ρdµt

=−
∫

Σ

{

1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

f +

(

f ′cosα− 1

4
f +

1

2
f cos2α− 1

4
f cos4α

)

|H|2

+

(

f ′
2−3cos2α+3cos4α

cos3α
− 1

4
f
(

1−2cos2α+cos4α
)

+ f ′′
1−cos2α

cos4α

)

|V|2

+

(

f ′
4cos2α−2

cosα
+ f

(

−1

2
+cos2α− 1

2
cos4α

))

〈H,V〉
}

ρdµt. (4.8)

Now we take f (x)= eax2
with a≥1 to be determined, then

f ′=2ax f , f ′′=(2a+4a2x2) f .

Hence, we have

(

f ′cosα− 1

4
f +

1

2
f cos2α− 1

4
f cos4α

)

|H|2

+

(

f ′
2−3cos2α+3cos4α

cos3α
− 1

4
f
(

1−2cos2α+cos4α
)

+ f ′′
1−cos2α

cos4α

)

|V|2

+

(

f ′
4cos2α−2

cosα
+ f

(

−1

2
+cos2α− 1

2
cos4α

))

〈H,V〉

= f

(

2a− 1

4
+

1

2
cos2α− 1

4
cos4α

)

|H|2

+ f

(

4a2

cos6α
+

6a−4a2

cos4α
− 8a

cos2α
+6a− 1

4
+

1

2
cos2α− 1

4
cos4α

)

|V|2

+ f

(

− 4a

cos2α
+8a− 1

2
+cos2α− 1

2
cos4α

)

〈H,V〉

= f

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2+ f

(

2a− 1

4

)

|H|2

+ f

(

4a2

cos6α
+

6a−4a2

cos4α
− 8a

cos2α
+6a− 1

4

)

|V|2+ f

(

− 4a

cos2α
+8a− 1

2

)

〈H,V〉



X. Han, J. Li and J. Sun / Commun. Math. Res., 37 (2021), pp. 113-140 127

= f

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2+ 1

4
f |H|2

+ f

(

2a− 1

2

)

∣

∣

∣

∣

∣

H+
1

2a− 1
2

(

− 2a

cos2α
+4a− 1

4

)

V

∣

∣

∣

∣

∣

2

+ f

[

4a2

cos6α
+

6a−4a2

cos4α
− 8a

cos2α
+6a− 1

4
− 1

2a− 1
2

(

− 2a

cos2 α
+4a− 1

4

)2
]

|V|2

≥ f

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2+ 1

4
f |H|2

+ f

(

2a− 1

2

)

∣

∣

∣

∣

∣

H+
1

2a− 1
2

(

− 2a

cos2α
+4a− 1

4

)

V

∣

∣

∣

∣

∣

2

+ f

[

6a

cos4α
− 8a

cos2α
+6a− 1

4
− 4a2

2a− 1
2

1

cos4α
+

4a(4a− 1
4)

2a− 1
2

1

cos2α
− (4a− 1

4)
2

2a− 1
2

]

|V|2

= f

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2+ 1

4
f |H|2

+ f

(

2a− 1

2

)

∣

∣

∣

∣

∣

H+
1

2a− 1
2

(

− 2a

cos2α
+4a− 1

4

)

V

∣

∣

∣

∣

∣

2

+ f

(

8a2−3a

2a− 1
2

1

cos4α
+

3a

2a− 1
2

1

cos2α
− 4a2+ 3

2 a− 1
16

2a− 1
2

)

|V|2

≥ f

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2+ 1

4
f |H|2

+ f

(

2a− 1

4

)

∣

∣

∣

∣

∣

H+
1

2a− 1
4

(

− 2a

cos2α
+4a− 1

4

)

V

∣

∣

∣

∣

∣

2

+ f

(

4a2−3a

2a− 1
2

1

cos4α
+

3a
2

2a− 1
2

1

cos2α
+

1
16

2a− 1
2

)

|V|2.

If we take a=1, then with f (x)= ex2
, we have

d

dt

∫

Σ

f

(

1

cosα

)

ρdµt

≤−
∫

Σ

{

1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2
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+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

4
|H|2

+

(

2

3

1

cos4α
+

1

cos2α
+

1

24

)

|V|2
}

f ρdµt

≤−
∫

Σ

{

1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2

+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

4
|H|2+ 5

3
|V|2

}

f ρdµt.

This proves the proposition.

Next, we will consider the monotonicity formula for the flow (4.1) in a Kähler
surface M. Let iM be the injectivity radius of M. We choose a cut-off function
φ∈C∞

0 (B2r(X0)) with φ≡ 1 in Br(X0), where X0 ∈ M, 0< 2r< iM. Choose a nor-
mal coordinates in B2r(X0) and express F using the coordinates (F1,F2,F3,F4) as
a surface in R

4. We define

Ψ(X0,t0,t) :=
∫

Σt

φ(F) f

(

1

cosα

)

ρdµt,

where f (x)= ex2
. Then we have

Theorem 4.1. Let M4 be a compact Kähler surface. Then there are positive constants c1

and c2 depending only on M4, F0, r and t0, such that along the flow (4.1), we have

d

dt

(

ec1
√

t0−t
Ψ(X0,t0,t)

)

≤−ec1
√

t0−t
∫

Σ

{

1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2

+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

8
|H|2|+V|2

}

f ρdµt

+c2ec1
√

t0−t. (4.9)

Proof. Note that

∆F=H+gij
Γ

α
ijvα,
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where {vα}α=3,4 is a basis of NΣt, gij is the induced metric on Σ, (gij) is the inverse

of (gij) and Γ
k
ij is the Christoffel symbol on M. Then (4.6) reads

(

∂

∂t
+∆

)

ρ(X,t)=−
( 〈F−X0 ,f+H+gij

Γ
α
ijvα〉

2(t0−t)
+
|(X−X0)

⊥|2
4(t0−t)2

)

ρ. (4.10)

Using Theorem 2.1, we have for β=1 that
(

∂

∂t
−∆

)

f

(

1

cosα

)

= f ′
(

∂

∂t
−∆

)

1

cosα
− f ′′

∣

∣

∣

∣

∇ 1

cosα

∣

∣

∣

∣

2

= f ′
[

−cosα
(

∣

∣h3
1k−h4

2k

∣

∣

2
+
∣

∣h3
2k+h4

1k

∣

∣

2
)

− sin2α

cosα
|H|2

+
sin2α

cosα
|V+H|2−2

sin2α

cos3α
|V|2−sin2αRic(Je1,e2)

]

− f ′′
sin2α

cos4α
|V|2. (4.11)

We also have
∂

∂t
φ(F)= 〈Dφ,f〉.

Hence, from the proof of Proposition 4.1, we have

d

dt
Ψ(X0,t0,t)=

d

dt

∫

Σt

φ(F) f

(

1

cosα

)

ρdµt

=
∫

Σ

φ

(

∂

∂t
−∆

)

f

(

1

cosα

)

ρdµt+
∫

Σ

φ f

(

∂

∂t
+∆

)

ρdµt

+
∫

Σt

(

∂

∂t
φ(F)

)

f ρdµt−
∫

Σ

f ρ〈f,H〉dµt

+
∫

Σt

φρ∆ f

(

1

cosα

)

dµt−
∫

Σt

φ f ∆ρdµt

≤−
∫

Σ







1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2

+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

4
|H|2+ 5

3
|V|2

}

φ f ρdµt

+
∫

Σt

〈Dφ,f〉 f ρdµt+
∫

Σt

f ρ∆φdµt+2
∫

Σt

f 〈∇ρ,∇φ〉dµt
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+
∫

Σt

φ f ρ
〈F−X0 ,gij

Γ
α
ijvα〉

2(t0−t)
dµt+K1

∫

Σt

f ′φρsin2αcosαdµt.

As in the proof of Proposition 2.1 in [4] (see [4, (13)]), we see that

∣

∣

∣

∣

∣

〈F−X0 ,gij
Γ

α
ijvα〉

2(t0−t)

∣

∣

∣

∣

∣

ρ≤ c1
ρ(F,t)√

t0−t
+C. (4.12)

Furthermore, since φ∈C∞

0 (B2r(X0),R
+), we have

|Dφ|2
φ

≤2max
φ>0

∣

∣D2φ
∣

∣

2
.

We also have that

|f|2=
∣

∣cos2αH−sin2αV
∣

∣

2≤|H|2+|V|2.

Hence we have

|〈Dφ,f〉| f ρ≤ 1

8
|f|2φ f ρ+2

|Dφ|2
φ

f ρ≤ 1

8

(

|H|2+|V|2
)

φ f ρ+2
|Dφ|2

φ
f ρ.

Note that ∇φ= 0 in Br(X0) so that |ρ∆φ| and 〈∇ρ,∇φ〉 are bounded in B2r(X0).
We also note by the choice of f that

0≤ f ′sin2αcosα=2 f sin2α≤2 f .

Hence we have

d

dt
Ψ(X0,t0,t)≤−

∫

Σ

{

1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2

+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

8
|H|2+|V|2

}

φ f ρdµt

+
c1√
t0−t

Ψ+C
∫

Σt

f dµt. (4.13)

Since (1.5) is the negative gradient flow of the functional L1 =
∫

Σ

1
cosα dµt, we

know that
∫

Σ

1

cosα
dµt ≤

∫

Σ

1

cosα
dµ0 (4.14)
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for each t∈ [0,T). In particular,

Area(Σt)≤
∫

Σ

1

cosα
dµt ≤

∫

Σ

1

cosα
dµ0=L1(Σ0). (4.15)

By (2.8), we know that cosα≥δ>0 on [0,t0] for some constant δ>0 depending on

Σ0 and t0 whenever the flow has a smooth solution on [0,t0]. Hence we have that

f ≤ e
1

δ2 for t∈ [0,t0] so that
∫

Σt

f dµt ≤ e
1

δ2 L1(Σ0). (4.16)

Therefore, we have from (4.13) that

d

dt
Ψ(X0,t0,t)≤−

∫

Σ

{

1

4

∣

∣

∣

∣

∣

(F−X0)
⊥

t0−t
+f+H

∣

∣

∣

∣

∣

2

+

(

1

2
cos2α− 1

4
cos4α

)

|H+V|2

+
7

4

∣

∣

∣

∣

H+
4

7

(

− 2

cos2α
+

15

4

)

V

∣

∣

∣

∣

2

+
1

8
|H|2+|V|2

}

φ f ρdµt

+
c1√
t0−t

Ψ+c2.

This implies the desired estimate.

5 Flatness of the λ-tangent cones

In this section, we will use the monotonicity formula obtained in the previous
section to show that the λ-tangent cones of the flow (4.1) are union of flat planes.

Suppose that (X0,T) is a singular point of the flow (4.1) where T is the first
singular time. We now describe the rescaling process around (X0,T). As in the
previous section, we choose a normal coordinates centered at X0 with radius r

(0<r< iM
2 ), using the exponential map. We express F in its coordinates functions.

For any t<0, we set

Fλ(x,t)=λ
(

F(x,T+λ−2t)−X0

)

,

where λ are positive constants which go to infinity. The scaled surface is denoted
by Σ

λ
t =Fλ(x,t) on which dµλ

t is the area element obtained from dµt.
If gλ is the metric on Σ

λ
t , it is clear that

gλ
ij=λ2gij,

(

gλ
)ij

=λ−2gij.
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It is easy to check that

∂Fλ

∂t
=λ−1 ∂F

∂t
, Hλ =λ−1H,

Vλ=λ−1V, |Aλ|2=λ−2|A|2.

It follows that the scaled surface also evolves by the flow

∂Fλ

∂t
=cos2αλHλ−sin2αλVλ ≡ fλ. (5.1)

The weighted monotonicity formula leads to the following integral estimates.

Proposition 5.1. Let M be a Kähler surface. If the initial compact surface is symplectic,

then for any R>0 and any −∞< s1< s2<0, we have

∫ s2

s1

∫

Σλ
t ∩BR(0)

|Hλ|2dµλ
t dt→0 as λ→∞, (5.2)

∫ s2

s1

∫

Σλ
t ∩BR(0)

|Vλ|2dµλ
t dt→0 as λ→∞, (5.3)

∫ s2

s1

∫

Σλ
t ∩BR(0)

|fλ|2dµλ
t dt→0 as λ→∞, (5.4)

∫ s2

s1

∫

Σ
λ
t ∩BR(0)

∣

∣

∣
F⊥

λ

∣

∣

∣

2
dµλ

t dt→0 as λ→∞. (5.5)

Proof. For any R>0, we choose a cut-off function φR∈C∞

0 (B2R(0)) with φR≡1 in

BR(0), where Bρ(0) is the metric ball centered at 0 with radius ρ in R4. For any

fixed t<0, the flow (4.1) has a smooth solution near T+λ−2t<T for sufficiently

large λ, since T>0 is the first blow-up time of the flow. Set

fλ = e
1

cos2 αλ .

It is clear

∫

Σλ
t

fλ
1

0−t
φR(Fλ)exp

(

− |Fλ|2
4(0−t)

)

dµλ
t

=
∫

Σ
T+λ−2t

fλφ(Fλ)
1

T−(T+λ−2t)
exp

(

−|F(x,T+λ−2t)−X0|2
4(T−(T+λ−2t))

)

dµt,
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where φ is the function defined in the definition of Ψ. Note that T+λ−2t→T for

any fixed t as λ→∞. By (4.9)

∂

∂t

(

ec1
√

t0−t
Ψ

)

≤ c2ec1
√

t0−t,

and it then follows that limt→t0 ec1
√

t0−t
Ψ exists. This implies, by taking t0=T and

t=T+λ−2s, that for any fixed s1 and s2 with −∞< s1< s2<0,

ec1

√
T−(T+λ−2s2)

∫

Σ
λ
s2

fλφR
1

0−s2
exp

(

− |Fλ|2
4(0−s2)

)

dµλ
s2

(5.6)

−ec1

√
T−(T+λ−2s1)

∫

Σλ
s1

fλφR
1

0−s1
exp

(

− |Fλ|2
4(0−s1)

)

dµλ
s1
→0 as λ→∞.

Integrating (4.9) from s1 to s2 yields

−ec1

√
−λ−2s2

∫

Σλ
s2

fλφR
1

0−s2
exp

(

− |Fλ|2
4(0−s2)

)

dµλ
s2

+ec1

√
−λ−2s1

∫

Σλ
s1

fλφR
1

0−s1
exp

(

− |Fλ|2
4(0−s1)

)

dµλ
s1

≥
∫ s2

s1

ec1

√
−λ−2t

∫

Σ
λ
t

fλφRρ(Fλ ,t)

∣

∣

∣

∣

∣

(Fλ)
⊥

t0−t
+fλ+Hλ

∣

∣

∣

∣

∣

2

dµλ
t dt

+
∫ s2

s1

ec1

√
−λ−2t

∫

Σ
λ
t

fλφRρ(Fk ,t)

(

1

2
cos2αλ−

1

4
cos4αλ

)

|Hλ+Vλ|2dµλ
t dt

+
7

4

∫ s2

s1

ec1

√
−λ−2t

∫

Σλ
t

fλφRρ(Fk ,t)

∣

∣

∣

∣

Hλ+
4

7

(

− 2

cos2αλ
+

15

4

)

Vλ

∣

∣

∣

∣

2

dµλ
t dt

+
∫ s2

s1

ec1

√
−λ−2t

∫

Σ
λ
t

(

1

8
|Hλ|2+|Vλ|2

)

fλφRρ(Fλ ,t)dµλ
t dt

−c2λ−2(s2−s1)e
c1λ−1√−s1 . (5.7)

Putting (5.6) and (5.7) together, we have

lim
λ→∞

∫ s2

s1

∫

Σ
λ
t

φRρ(Fk ,t)|Hλ|2dµλ
t dt=0,

lim
λ→∞

∫ s2

s1

∫

Σλ
t

φRρ(Fk ,t)|Vλ|2dµλ
t dt=0,
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which yield (5.2) and (5.3) respectively, and

lim
λ→∞

∫ s2

s1

∫

Σλ
t

φRρ(Fλ,t)

∣

∣

∣

∣

∣

(Fλ)
⊥

t0−t
+fλ+Hλ

∣

∣

∣

∣

∣

2

dµλ
t =0. (5.8)

Recall that

fλ+Hλ=
(

1+cos2αλ

)

Hλ−sin2αλVλ.

Hence (5.2) and (5.3) imply (5.5). (5.4) is a consequence of (5.2) and (5.3).

Lemma 5.1. For any R>0 and any t<0, for sufficiently large λ,

µλ
t

(

Σ
λ
t ∩BR(0)

)

≤CR2, (5.9)

where BR(0) is a metric ball in R4 and C>0 is independent of λ.

Proof. We shall first prove the inequality (5.9). We shall use C below for uniform

positive constants which are independent of R and λ. Straightforward computa-

tion shows

µλ
t

(

Σ
λ
t ∩BR(0)

)

=λ2
∫

Σ
T+λ−2t

∩B
λ−1R

(X0)
dµt

=R2
(

λ−1R
)−2

∫

Σ
T+λ−2t

∩B
λ−1R

(X0)
dµt

≤CR2
∫

Σ
T+λ−2t

∩B
λ−1R

(X0)
f

1

4π(λ−1R)2
e
− |X−X0|2

4(λ−1R)2 dµt

=CR2
Ψ

(

X0,T+(λ−1R)2+λ−2t,T+λ−2t
)

.

By the monotonicity inequality (4.9), we have

µλ
t

(

Σ
λ
t ∩BR(0)

)

≤CR2

(

Ψ

(

X0,T+(λ−1R)2+λ−2t,
T

2

)

+C

)

≤C
R2

T

(

∫

Σ T
2

f dµ T
2
+C

)

≤C
R2

T

(

e
1

δ2 L1(Σ0)+C
)

≤CR2,

where we have used (4.16).
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Fixed t0 < 0. By (5.9), for any R > 0, we see that the total measure of (Σλ
t0
∩

BR(0),µ
λ
t0
) is bounded from above by CR2, the compactness theorem of the mea-

sures (cf., [16, 4.4]) implies that there is a subsequence λi(R)→∞ of λ such that,

(

Σ
λi(R)
t0

∩BR(0),µ
λi(R)
t0

)

→
(

Σ
∞

t0
∩BR(0),µ

∞

t0

)

in the sense of measure. Using a diagonal subsequence argument, we conclude

that, there is a subsequence λk→∞ such that (Σλk
t0

,µ
λk
t0
)→(Σ∞

t0
,µ∞

t0
) in the sense of

measures.
We now show that, for any t< 0, the subsequence λk which we have chosen

above satisfies (Σ
λk
t ,µ

λk
t )→ (Σ∞

t0
,µ∞

t0
) in the sense of measure. And consequently

the limiting surface (Σ∞
t0

,µ∞
t0
) is independent of t0.

Lemma 5.2. For any t<0, the sequence λk→∞ we chosen above satisfies that (Σλk
t ,µ

λk
t )

→(Σ∞,µ∞) in the sense of measure, where (Σ∞,µ∞) is independent of t. The multiplicity

of Σ
∞ is finite.

Proof. Note that the following standard formula for mean curvature flows

d

dt

∫

Σ
λ
t

φdµλ
t =−

∫

Σ
λ
t

(

φ|Hλ|2+∇φ·fλ

)

dµλ
t (5.10)

is valid for any test function φ∈C∞

0 (M) (cf., (1) in [14, Section 6]).

Then for any given t<0 integrating (5.10) yields

∫

Σ
λk
t

φdµ
λk
t −

∫

Σ
λk
t0

φdµ
λk
t0
=
∫ t0

t

∫

Σ
λk
t

(

φ|Hλk
|2+∇φ·fλk

)

dµ
λk
t dt→0 as k→∞

by (5.2) and (5.4).

So, for any fixed t<0, (Σ
λk
t ,µ

λk
t )→(Σ∞

t0
,µ∞

t0
) in the sense of measures as k→∞. We

denote (Σ∞
t0

,µ∞
t0
) by (Σ∞,µ∞), which is independent of t0.

The inequality (5.9) yields a uniform upper bound on R−2µ
λk
t (Σ

λk
t ∩BR(0)),

which yields finiteness of the multiplicity of Σ
∞.

Definition 5.1. Let (X0,T) be a singular point of the flow (4.1) of a closed symplectic

surface Σ0 in a compact Kähler surface M. We call (Σ∞,dµ∞) obtained in Lemma 5.2

a λ-tangent cone of the flow (4.1) at (X0,T).
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In the remaining part of this section, we prove that the λ-tangent cones are

flat. And for simplicity in notation, we write Σ
λk
t as Σ

k
t .

A k-varifold is a Radon measure on Gk(M), where Gk(M) is the Grassmann
bundle of all k-planes tangent to M. Allard’s compactness theorem for rectifiable
varifolds (see [1, 6.4], [14, 1.9] and [16, Theorem 42.7]) can be stated as follows.

Theorem 5.1 (Allard’s compactness theorem). Let (Vi,µi) be a sequence of rectifiable

k-varifolds in M with

sup
i≥1

(

µi(U)+|δVi|(U)
)

<∞ for each U⊂⊂M.

Then there is a rectifiable varifold (V,µ) of locally bounded first variation and a subse-

quence, which we also denote by (Vi,µi), such that

(i) Convergence of measures: µi →µ as Radon measures on M.

(ii) Convergence of tangent planes: Vi →V as Radon measures on Gk(M).

(iii) Convergence of first variations: δVi →δV as TM-valued Radon measures.

(iv) Lower semi-continuity of total first variations: |δV| ≤ liminfi→∞ |δVi| as Radon

measures.

We first show that the λ-tangent cone is rectifiable and stationary. The proof
is similar to that of [4, Proposition 3.1].

Proposition 5.2. Let M be a compact Kähler surface. If the initial compact surface is

symplectic, then the λ tangent cone Σ
∞ is rectifiable and stationary.

Proof. We set

AR=

{

t∈ (−∞,0)

∣

∣

∣

∣

lim inf
k→∞

∫

Σ
k
t∩BR(0)

(

|Hk|2+|Vk|2
)

dµk
t 6=0

}

,

and

A=
⋃

R>0

AR.

Denote the measures of AR and A by |AR| and |A|, respectively. It is clear

from (5.3), (5.4) and (5.2) that |AR|=0 for any R>0. So |A|=0.
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Choose t 6∈ A. Let Vk
t be the varifold defined by Σ

k
t . It is explained in the

previous section, that Vk
t is well defined in BR(0) ⊂ R4 for any R > 0 when k

sufficiently large. By the definition of varifolds, we have

Vk
t (ψ)=

∫

Σk
t

ψ
(

x,TΣ
k
t

)

dµk
t

for any ψ∈C0
0(G

2(R4),R), where G2(R4) is the Grassmanian bundle of all 2-planes

tangent to Σ
∞
t in R4. For each smooth surface Σ

k
t , the first variation δVk

t of Vk
t

(cf., [1], [16, (39.4)] and [14, (1.7)]) is that, for any smooth vector field X with

support in BR(0),

δVk
t (X)=−

∫

Σk
t∩BR(0)

X ·Hkdµk
t ,

so by the area upper bound (5.9)

∣

∣

∣
δVk

t (X)
∣

∣

∣
≤CR‖X‖L∞(BR(0))

(

∫

Σk
t∩BR(0)

|Hk|2dµk
t

) 1
2

. (5.11)

We therefore have that, for any R>0

µk
t

(

BR(0)
)

+δVk
t

(

BR(0)
)

≤C(R) (5.12)

by Allard’s compactness theorem, there exists a subsequence which we also de-

note by (Vk
t ,µk

t ) such that (Vk
t ,µk

t )→(V∞
t ,µ∞

t ) with the conclusions in Theorem 5.1

hold in BR(0). By a diagonal subsequence argument, there exists a subsequence

which we also denote by (Vk
t ,µk

t ) such that (Vk
t ,µk

t )→ (V∞
t ,µ∞

t ) and satisfies (i) -

(iv) in Theorem 5.1 in R4.

Because t 6∈A, by (5.11), we see that δVk
t →0 at t as k→∞ and Σ

∞ is rectifiable

by applying Theorem 5.1. Furthermore by (iii) in Theorem 5.1, we have that

−µ∞⌊H∞ =δV∞= lim
k→∞

δVk
t =0.

Therefore Σ
∞ is stationary.

Theorem 5.2. Let M be a compact Kähler surface. If the initial compact surface is sym-

plectic and T>0 is the first blow-up time of the flow (4.1), then the λ-tangent cone Σ
∞

of the flow (4.1) at (X0,T) is a finite union of planes if it is not empty-set.

Proof. Since Σ
∞ is not empty, without loss of any generality, we may assume 0∈

Σ
∞ where 0 is the origin of R4. There is a sequence of points Xk ∈Σ

k
t satisfying
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Xk →0 as k→∞. By Proposition 5.1, for any s1 and s2 with −∞< s1 < s2 <0 and

any R>0, we have

∫ s2

s1

∫

Σk
t∩BR(0)

∣

∣F⊥
k

∣

∣

2
dµk

t dt→0 as k→∞.

Thus, by (5.9)

lim
k→∞

∫ s2

s1

∫

Σk
t∩BR(0)

∣

∣(Fk−Xk)
⊥∣
∣

2
dµk

t dt

≤2 lim
k→∞

∫ s2

s1

∫

Σk
t∩BR(0)

∣

∣F⊥
k

∣

∣

2
dµk

t dt+C(s2−s1)R
2 lim

k→∞

|Xk|2=0.

Let us denote the tangent spaces of Σ
k
t at the point Fk(x,t) and of Σ

∞ at the point

F∞(x,t) by TΣ
k
t and TΣ

∞ respectively. It is clear that

(Fk−Xk)
⊥=dist

(

Xk,TΣ
k
t

)

,

(F∞)⊥=dist
(

0,TΣ
∞
)

.

By Allard’s compactness theorem, i.e. Theorem 5.1 (ii), we have

∫ s2

s1

∫

Σ∞∩BR(0)

∣

∣(F∞)⊥
∣

∣

2
dµ∞dt

=
∫ s2

s1

∫

Σ∞∩BR(0)

∣

∣dist(0,TΣ
∞)
∣

∣

2
dµ∞dt

= lim
k→∞

∫ s2

s1

∫

Σ
k
t∩BR(0)

∣

∣dist (Xk ,TΣ
k
t )
∣

∣

2
dµk

t dt

= lim
k→∞

∫ s2

s1

∫

Σ
k
t∩BR(0)

∣

∣(Fk−Xk)
⊥∣
∣

2
dµk

t dt=0.

By [13, Theorem 1], we know that Σ
∞ is smooth outside a discrete set of points S .

So outside S , we have

〈F∞,vα〉=0.

Note that the above inner product is taken in R4, and differentiating in R4 then

yields

0= 〈∂iF∞,vα〉+〈F∞,∂ivα〉= 〈F∞ ,∂ivα〉.
Because ∂iF∞ is tangential to Σ

∞, by Weingarten’s equation we observe

(h∞)α
ij〈F∞,ej〉=0 for all α, i=1,2.
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So for α=1,2, we have

det
(

(h∞)α
ij

)

=0.

Since H=0, for α=1,2 we also have

tr
(

(h∞)α
ij

)

=0.

It then follows immediately that the symmetric matrix ((h∞)α
ij) is in fact the zero

matrix, for all i, j,α = 1,2, which obviously yields |A∞| ≡ 0. By Lemma 5.1, the

tangent cone consists of finitely many planes. This completes the proof of Theo-

rem 5.2.
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