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1 Introduction

In this paper, we study the existence of positive solutions of higher order boundary value

problem (BVP) on time scales as follows:

x(n)(t) + f(t, x(t)) = 0, a < t < b, (1.1)

x(a) = h
(∫ b

a

x(t)dφ(t)
)
, x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = g

(∫ b

a

x(t)dϕ(t)
)
, (1.2)

where

∫ b

a

x(t)dφ(t),

∫ b

a

x(t)dϕ(t) denote the Riemann-Stieltjes integrals.

We assume that

(H1) φ and ϕ are increasing nonconstant functions defined on [a, b] with φ(a) = ϕ(a) = 0;
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(H2) f is continuous and there exists M ≥ 0 such that

f : [a, b]×
[
− (b− a)n(n− 1)n−1

nnn!
M,+∞

)
→ [−M,+∞);

(H3) h and g are continuous and there exists M ≥ 0 such that

h, g :
[
− (b− a)n(n− 1)n−1

nnn!
M,+∞

)
→ [0,+∞).

Lemma 1.1 [1] Assume that

(1) x(t) is a bounded function on [a, b], i.e., there exist c, C ∈ R such that

c ≤ x(t) ≤ C, t ∈ [a, b];

(2) φ(t) and ϕ(t) are increasing on [a, b];

(3) Riemann-Stieltjes integrals

∫ b

a

x(t)dφ(t) and

∫ b

a

x(t)dϕ(t) exist.

Then there are numbers v1, v2 ∈ R with c ≤ v1, v2 ≤ C, such that∫ b

a

x(t)dφ(t) = v1(φ(b)− φ(a)),∫ b

a

x(t)dϕ(t) = v2(ϕ(b)− ϕ(a)).

Let α = φ(b) and β = ϕ(b). For any continuous solution x(t) of the BVP (1.1)-(1.2), by

Lemma 1.1, there exist ξ, η ∈ (a, b) such that∫ b

a

x(t)dφ(t) = x(ξ)(φ(b)− φ(a)) = x(ξ)φ(b) = αx(ξ),∫ b

a

x(t)dϕ(t) = x(η)(ϕ(b)− ϕ(a)) = x(η)ϕ(b) = βx(η).

If

h(t) = g(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, 0

]
and

h(t) = g(t) = t, t ∈ [0,+∞),

then (1.2) reduces to

x(a) = αx(ξ), x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = βx(η). (1.3)

The existence of positive solutions of the BVP (1.1)-(1.3) has been studied by several

authors when a = 0, b = 1 and n = 2 (see [2–4]).

If

h(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, +∞

]
,

g(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, 0

]
and

g(t) = t, t ∈ [0,+∞),

then (1.2) reduces to

x(a) = 0, x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = βx(η). (1.4)
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The existence of positive solutions of the BVP (1.1)-(1.4) has been studied when a = 0,

b = 1 in [5–6].

If

h(t) = g(t) = 0, t ∈
[
− (b− a)n−1(n− 1)n−1

nnn!
M, +∞

]
,

then (1.2) reduces to

x(a) = 0, x′(a) = 0, · · · , x(n−2)(a) = 0, x(b) = 0. (1.5)

The existence of positive solutions of the BVP (1.1)-(1.5) has been studied when a = 0,

b = 1 in [7–8].

In fact, (H2) implies that f is not necessarily nonnegative, monotone, superlinear and

sublinear. And also this assumption implies that the BVP (1.1)-(1.2) is semipositive. The

purpose of this paper is to establish the existence of positive solutions of the BVP (1.1)-(1.2)

by using Krasnosel’skii fixed point theorem in cones.

2 Related Lemmas

Lemma 2.1 If y(t) ∈ C[a, b], then the boundary value problem

x(n)(t) + y(t) = 0, a < t < b,

x(a) = h
(∫ b

a

x(t)dφ(t)
)
, x ′(a) = 0, · · · , x(n−2)(a) = 0,

x(b) = g
(∫ b

a

x(t)dϕ(t)
) (2.1)

has a unique solution

x(t) =

∫ b

a

G(t, s)y(s)ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

x(s)dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

x(s)dφ(s)
)
,

where

G(t, s) =


(b− s)n−1(t− a)n−1 − (b− a)n−1(t− s)n−1

(b− a)n−1(n− 1)!
, a ≤ s ≤ t ≤ b;

(b− s)n−1(t− a)n−1

(b− a)n−1(n− 1)!
, a ≤ t < s ≤ b.

(2.2)

Proof. In fact, if x(t) is a solution of the problem (2.1), then we may suppose that

x(t) = −
∫ t

a

(t− s)n−1

(n− 1)!
y(s)ds+A(t− a)n−1 +

n−2∑
i=1

Ai(t− a)i +B.

Since

x(i)(a) = 0, i = 1, 2, · · · , n− 2,

we get

Ai = 0, i = 1, 2, · · · , n− 2.



4 COMM. MATH. RES. VOL. 29

It follows from

x(a) = h
(∫ b

a

x(t)dφ(t)
)

that

B = h
(∫ b

a

x(t)dφ(t)
)
.

Using this and

x(b) = g
(∫ b

a

x(t)dϕ(t)
)
,

we have

A =
1

(b− a)n−1

[ ∫ b

a

(b− s)n−1

(n− 1)!
y(s)ds+ g

(∫ b

a

x(t)dϕ(t)
)
− h

(∫ b

a

x(t)dφ(t)
)]

.

Therefore, the problem (2.1) has a unique solution

x(t) = −
∫ t

a

(t− s)n−1

(n− 1)!
y(s)ds+

∫ b

a

(b− s)n−1(t− a)n−1

(b− a)n−1(n− 1)!
y(s)ds

+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

x(s)dϕ(s)
)
+

(t− a)n−1

(b− a)n−1
g
(∫ b

a

x(s)dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

x(s)dφ(s)
)

=

∫ b

a

G(t, s)y(s)ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

x(s)dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

x(s)dφ(s)
)
,

where G(t, s) is defined by (2.2).

Lemma 2.2 G(t, s) has the following properties:

(i) 0 ≤ G(t, s) ≤ k(s) for t, s ∈ [a, b], where

k(s) =
(s− a)(b− s)n−1

(b− a)(n− 2)!
;

(ii) G(t, s) ≥ γ(t)k(s) for t, s ∈ [a, b], where

γ(t) =


(t− a)n−1

(n− 1)(b− a)n−1
, a ≤ t ≤ a+ b

2
;

(b− t)(t− a)n−2

(n− 1)(b− a)n−1
,

a+ b

2
≤ t ≤ b.

Proof. It is obvious that G(t, s) is nonnegative. Moreover,

G(t, s) =


(b− s)n−1(t− a)n−1 − (b− a)n−1(t− s)n−1

(b− a)n−1(n− 1)!
, a ≤ s ≤ t ≤ b;

(b− s)n−1(t− a)n−1

(b− a)n−1(n− 1)!
, a ≤ t < s ≤ b,
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=
1

(b− a)n−1(n− 1)!
·



(s− a)(b− t)

·{[(t− a)(b− s)]n−2

+[(t− a)(b− s)]n−3(b− a)(t− s) + · · ·
+(t− a)(b− s)[(b− a)(t− s)]n−3

+[(b− a)(t− s)]n−2}, a ≤ s ≤ t ≤ b;

(b− s)n−1(t− a)n−1, a ≤ t < s ≤ b,

≤ 1

(b− a)n−1(n− 1)!
·

{
(n− 1)(s− a)(b− s)[(b− a)(b− s)]n−2, a ≤ s ≤ t ≤ b;

(b− s)n−1(s− a)n−1, a ≤ t < s ≤ b,

≤ (s− a)(b− s)n−1

(b− a)(n− 2)!

= k(s).

So, (i) holds.

It is clear that (ii) holds for s = a or s = b. For s ∈ (a, b) and t ∈ [a, b], we have

G(t, s)

k(s)
=


(b− s)n−1(t− a)n−1 − (b− a)n−1(t− s)n−1

(n− 1)(s− a)(b− s)n−1(b− a)n−2
, a ≤ s ≤ t ≤ b;

(t− a)n−1

(n− 1)(s− a)(b− a)n−2
, a ≤ t < s ≤ b

=



1

(n− 1)(s− a)(b− s)n−1(b− a)n−2
(s− a)(b− t)

·{[(t− a)(b− s)]n−2

+[(t− a)(b− s)]n−3(b− a)(t− s) + · · ·
+(t− a)(b− s)[(b− a)(t− s)]n−3

+[(b− a)(t− s)]n−2}, a ≤ s ≤ t ≤ b;

(t− a)n−1

(n− 1)(s− a)(b− a)n−2
, a ≤ t < s ≤ b

≥


(s− a)(b− t)(t− a)n−2(b− s)n−2

(n− 1)(s− a)(b− s)n−1(b− a)n−2
, a ≤ s ≤ t ≤ b;

(t− a)n−1

(n− 1)(s− a)(b− a)n−2
, a ≤ t < s ≤ b

≥


(b− t)(t− a)n−2

(n− 1)(b− a)n−1
, a ≤ s ≤ t ≤ b;

(t− a)n−1

(n− 1)(b− a)n−1
, a ≤ t < s ≤ b

≥ 1

(n− 1)(b− a)n−1
·

{
(b− t)(t− a)n−2, a ≤ s ≤ t ≤ b;

(t− a)n−1, a ≤ t < s ≤ b.

Since

(b− t)(t− a)n−2 ≥ (t− a)n−1, t ∈
[
a,

a+ b

2

]
and

(t− a)n−1 ≥ (b− t)(t− a)n−2, t ∈
[a+ b

2
, b

]
,
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we obtain
G(t, s)

k(s)
≥ γ(t), s ∈ (a, b), t ∈ [a, b].

Thus, (ii) holds. The proof is completed.

Remark 2.1 By simple computations, we get∫ b

a

k(s)ds =
1

(b− a)(n− 2)!

∫ b

a

(s− a)(b− s)n−1ds =
(b− a)n

n(n+ 1)(n− 2)!
,∫ nb+a

n+1

(n−1)b+a
n

k(s)ds =
1

(b− a)(n− 2)!

∫ nb+a
n+1

(n−1)b+a
n

(s− a)(b− s)n−1ds

=
[(n− 1)(n+ 1)n+2 − (n+ 1)nn+2 − nn+1 + (n+ 1)n+1](b− a)n

nn+2(n+ 1)n+2(n− 2)!
,

and

min
a≤t≤b

γ(t) = 0,

max
a≤t≤b

γ(t) =



1

2
, n = 2;

1

8
, n = 3;

max

{
1

(n− 1)2n−1
,
(n− 2)n−2

(n− 1)n

}
, n ≥ 4.

For n ≥ 4, by simple computations, we have

γ′(t) =
(t− a)n−3[−(t− a) + (n− 2)(b− t)]

(b− a)n−1(n− 1)
,

b+ a

2
≤ t ≤ b.

From this, we obtain

min
(n−1)b+a

n ≤t≤nb+a
n+1

γ(t) = γ
(nb+ a

n+ 1

)
=

nn−2

(n− 1)(n+ 1)n−1
, n ≥ 4.

Thus,

min
(n−1)b+a

n ≤t≤nb+a
n+1

γ(t) =



1

3
, n = 2;

3

32
, n = 3;

nn−2

(n− 1)(n+ 1)n−1
, n ≥ 4

=
nn−2

(n− 1)(n+ 1)n−1
, n ≥ 2.

Lemma 2.3 Let

p(t) :=

∫ b

a

G(t, s)ds =
(b− t)(t− a)n−1

n!
, a ≤ t ≤ b.

Then

(i) max
a≤t≤b

p(t) =
(b− a)n(n− 1)n−1

nnn!
, min
a≤t≤b

p(t) = 0;

(ii) max
(n−1)b+a

n ≤t≤nb+a
n+1

p(t) =
(b− a)n(n− 1)n−1

nnn!
, min

(n−1)b+a
n ≤t≤nb+a

n+1

p(t) =
nn−1(b− a)n

(n+ 1)nn!
;
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(iii)
(n− 1)(b− a)n

2 · n!
γ(t) ≤ p(t) ≤ (n− 1)(b− a)n

n!
γ(t), a ≤ t ≤ b.

Proof. Since

p′(t) =
(t− a)n−2[(b− t)n− (b− a)]

n!
, a ≤ t ≤ b,

we have

max
a≤t≤b

p(t) = p
( (n− 1)b+ a

n

)
=

(b− a)n(n− 1)n−1

nnn!
,

min
a≤t≤b

p(t) = p(a) = p(b) = 0,

and

max
(n−1)b+a

n ≤t≤nb+a
n+1

p(t) = p
( (n− 1)b+ a

n

)
=

(b− a)n(n− 1)n−1

nnn!
,

min
(n−1)b+a

n ≤t≤nb+a
n+1

p(t) = p
(nb+ a

n+ 1

)
=

nn−1(b− a)n

(n+ 1)nn!
.

Hence, (i) and (ii) hold.

For a ≤ t ≤ a+ b

2
, we have

p(t) =
(b− t)(t− a)n−1

n!

≤ (b− a)(t− a)n−1

n!

=
(b− a)(n− 1)(b− a)n−1

n!
· (t− a)n−1

(n− 1)(b− a)n−1

=
(n− 1)(b− a)n

n!
γ(t)

and

p(t) =
(b− t)(t− a)n−1

n!

≥ b− a

2
· (t− a)n−1

n!

=
(b− a)(n− 1)(b− a)n−1

2 · n!
· (t− a)n−1

(n− 1)(b− a)n−1

=
(n− 1)(b− a)n

2 · n!
γ(t).

Thus,
(n− 1)(b− a)n

2 · n!
γ(t) ≤ p(t) ≤ (n− 1)(b− a)n

n!
γ(t), a ≤ t ≤ a+ b

2
. (2.3)

For
a+ b

2
≤ t ≤ b, we obtain

p(t) =
(t− a)n−1(b− t)

n!

=
(t− a)(t− a)n−2(b− t)

n!

≤ (b− a)(t− a)n−2(b− t)

n!
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=
(b− a)(n− 1)(b− a)n−1

n!
· (t− a)n−2(b− t)

(n− 1)(b− a)n−1

=
(n− 1)(b− a)n

n!
γ(t)

and

p(t) =
(t− a)n−1(b− t)

n!

=
(t− a)(t− a)n−2(b− t)

n!

≥ b− a

2
· (t− a)n−2(b− t)

n!

=
(b− a)(n− 1)(b− a)n−1

2 · n!
· (t− a)n−2(b− t)

(n− 1)(b− a)n−1

=
(n− 1)(b− a)n

2 · n!
γ(t).

Hence,
(n− 1)(b− a)n

2 · n!
γ(t) ≤ p(t) ≤ (n− 1)(b− a)n

n!
γ(t),

a+ b

2
≤ t ≤ b. (2.4)

It follows from (2.3) and (2.4) that (iii) holds.

Lemma 2.4 [9] Let E = (E, ∥ · ∥) be a Banach space and P ⊂ E be a cone in E. Assume

that Ω1 and Ω2 are open subsets of E with 0 ∈ Ω1 and Ω̄1 ⊂ Ω2. Let A : P ∩ (Ω̄2 \Ω1) → P

be continuous and completely continuous. In addition, suppose either

(1) ∥Ax∥ ≤ ∥x∥, x ∈ P ∩ ∂Ω1, and ∥Ax∥ ≥ ∥x∥, x ∈ P ∩ ∂Ω2,

or

(2) ∥Ax∥ ≥ ∥x∥, x ∈ P ∩ ∂Ω1, and ∥Ax∥ ≤ ∥x∥, x ∈ P ∩ ∂Ω2.

Then A has a fixed point in P ∩ (Ω̄2 \ Ω1).

3 Main Result

Let E = C[a, b] be a real Banach space with the maximum norm, and define the cone P ⊂ E

by

P = {x ∈ E : x(t) ≥ γ(t)∥x∥, t ∈ [a, b]},

where γ(t) is as in Lemma 2.2. For brevity, we denote

Ωi = {x ∈ E : ∥x∥ < ri}, i = 1, 2,

α(r) = max
{
f(t, x) : a ≤ t ≤ b, − (b− a)n(n− 1)n−1

nnn!
M ≤ x ≤ r

}
, (3.1)

β(r) = min
{
f(t, x) :

(n− 1)b+ a

n
≤ t ≤ nb+ a

n+ 1
,

nn−2

(n+ 1)n−1(n− 1)
r

− (b− a)n(n− 1)n−1

nnn!
M ≤ x ≤ r − nn−1(b− a)n

(n+ 1)nn!
M

}
, (3.2)

C1 =

∫ b

a

k(s)ds =
(b− a)n

n(n+ 1)(n− 2)!
, (3.3)
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C2 =

{
max
a≤t≤b

γ(t)

∫ nb+a
n+1

(n−1)b+a
n

k(s)ds

}−1

, (3.4)

where max
a≤t≤b

γ(t) and

∫ nb+a
n+1

(n−1)b+a
n

k(s)ds are as in Remark 2.1.

Theorem 3.1 Suppose that (H1)–(H3) hold. Assume that there exist three positive num-

bers r1, r2 and C3 with r1 > r2 > max

{
(n− 1)(b− a)n

n!
M,

g∗ + h∗

1− C3C1

}
and C3 < C−1

1 such

that

α(r1) ≤ r1C3 −M, β(r2) ≥ r2C2 −M,

where α, β, C1, C2 are as in (3.1)–(3.4), and

g∗ = max

{
g(t) : − (b− a)n(n− 1)(n−1)

nnn!
Mϕ(b) ≤ t ≤ r1ϕ(b)

}
, (3.5)

h∗ = max

{
h(t) : − (b− a)n(n− 1)(n−1)

nnn!
Mφ(b) ≤ t ≤ r1φ(b)

}
. (3.6)

Then the BVP (1.1)-(1.2) has at least one positive solution.

Proof. Let

x0(t) = Mp(t), a ≤ t ≤ b.

Then by Lemma 2.3 (i) and (ii), we have

0 ≤ x0(t) ≤
(b− a)n(n− 1)n−1

nnn!
M, a ≤ t ≤ b, (3.7)

and
nn−1(b− a)n

n!(n+ 1)n
M ≤ x0(t) ≤

(b− a)n(n− 1)n−1

nnn!
M,

(n− 1)b+ a

n
≤ t ≤ nb+ a

n+ 1
. (3.8)

Consider the following boundary value problem:

x(n)(t) + f(t, x(t)− x0(t)) +M = 0, a < t < b,

x(a) = h
(∫ b

a

(x(t)− x0(t))dφ(t)
)
, x′(a) = 0, · · · , x(n−2)(a) = 0,

x(b) = g
(∫ b

a

(x(t)− x0(t))dϕ(t)
)
.

(3.9)

This problem is equivalent to the integral equation

x(t) =

∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)
.

We define the operator A as follows:

(Ax)(t) =

∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)
. (3.10)



10 COMM. MATH. RES. VOL. 29

We claim that A(P ) ⊂ P . In fact, for each x ∈ P and t ∈ [a, b], by Lemma 2.2(i) we have

(Ax)(t) =

∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)

≤
∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds+ g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+ h
(∫ b

a

(x(s)− x0(s))dφ(s)
)
.

Hence,

∥Ax∥ ≤
∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds+ g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+ h
(∫ b

a

(x(s)− x0(s))dφ(s)
)
. (3.11)

On the other hand, for any t ∈ [a, b], by (3.11) and Lemma 2.2(ii), we have

(Ax)(t) =

∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)

≥ γ(t)

∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds

+
(t− a)n−1

(n− 1)(b− a)n−1}
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
(
1− t− a

b− a

)[
1 +

t− a

b− a
+ · · ·+ (t− a)n−3

(b− a)n−3
+

(t− a)n−2

(b− a)n−2

]
· h

(∫ b

a

(x(s)− x0(s))dφ(s)
)

≥ γ(t)

∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds+ γ(t)g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
(
1− t− a

b− a

) (t− a)n−2

(b− a)n−2
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)

= γ(t)

∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds+ γ(t)g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
(b− t)(t− a)n−2

(b− a)n−1
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)

≥ γ(t)

∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds+ γ(t)g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
(b− t)(t− a)n−2

(n− 1)(b− a)n−1
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)

≥ γ(t)

{∫ b

a

k(s)[f(s, x(s)− x0(s)) +M ]ds+ g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)
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+ h
(∫ b

a

(x(s)− x0(s))dφ(s)
)}

≥ γ(t)∥Ax∥.
This implies that A(P ) ⊂ P . Similar to the proof of Remark 2.1 in [2], it is easy to prove

that the operator A : P ∩ (Ω̄1 \ Ω2) → P is continuous and compact.

If x ∈ P ∩ ∂Ω1, we obtain

0 = min
a≤t≤b

γ(t)r1 ≤ min
a≤t≤b

x(t) ≤ r1. (3.12)

Then, by (3.7) and (3.12), we have

− (b− a)n(n− 1)n−1

nnn!
M ≤ x(t)− x0(t) ≤ r1, a ≤ t ≤ b. (3.13)

Thus,

f(t, x(t)− x0(t)) ≤ α(r1) ≤ r1C3 −M, a ≤ t ≤ b, (3.14)

− (b− a)n(n− 1)(n−1)

nnn!
Mϕ(b) ≤

∫ b

a

(x(t)− x0(t))dϕ(t) ≤ r1ϕ(b), (3.15)

− (b− a)n(n− 1)(n−1)

nnn!
Mφ(b) ≤

∫ b

a

(x(t)− x0(t))dφ(t) ≤ r1φ(b), (3.16)

which imply

g
(∫ b

a

(x(t)− x0(t))dϕ(t)
)
≤ g∗, h

(∫ b

a

(x(t)− x0(t))dφ(t)
)
≤ h∗. (3.17)

Then by (3.14), (3.17) and Lemma 2.2(i), we have

∥Ax∥ = max
a≤t≤b

{∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds

+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)}

≤ r1C3

∫ b

a

k(s)ds+ g∗ + h∗

< r1

= ∥x∥.
Therefore,

∥Ax∥ < ∥x∥, x ∈ P ∩ ∂Ω1. (3.18)

For x ∈ P ∩ ∂Ω2, we have
nn−2

(n− 1)(n+ 1)n−1
r2 = min

(n−1)b+a
n ≤t≤nb+a

n+1

γ(t)r2 ≤ min
(n−1)b+a

n ≤t≤nb+a
n+1

x(t) ≤ r2. (3.19)

In view of (3.8) and (3.19), for
(n− 1)b+ a

n
≤ t ≤ nb+ a

n+ 1
,

we have
nn−2

(n− 1)(n+ 1)n−1
r2−

(b− a)n(n− 1)n−1

nnn!
M ≤ x(t)−x0(t) ≤ r2−

nn−1(b− a)a

n!(n+ 1)n
M, (3.20)
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which implies

f(t, x(t)− x0(t)) ≥ β(r2) ≥ r2C2 −M,
(n− 1)b+ a

n
≤ t ≤ nb+ a

n+ 1
. (3.21)

Using this and Lemma 2.2(ii), for x ∈ P ∩ ∂Ω2, we have

∥Ax∥ = max
a≤t≤b

{∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds

+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x(s)− x0(s))dφ(s)
)}

≥ max
a≤t≤b

∫ b

a

G(t, s)[f(s, x(s)− x0(s)) +M ]ds

≥ r2C2 max
a≤t≤b

γ(t)

∫ nb+a
n+1

(n−1)b+a
n

k(s)ds = r2 = ∥x∥.

Thus,

∥Ax∥ ≥ ∥x∥, x ∈ P ∩ ∂Ω2. (3.22)

According to Lemma 2.4 and using the inequalities (3.18) and (3.22), we assert that the

operator A has at least one fixed point x∗ ∈ P ∩ (Ω̄1 \Ω2). This implies that the BVP (3.9)

has at least one solution x∗ ∈ P with r2 ≤ ∥x∗∥ ≤ r1.

Let

x∗(t) = x∗(t)− x0(t), a ≤ t ≤ b.

We check that x∗ is a solution of the BVP (1.1)-(1.2). In fact, since Ax∗ = x∗, we have

x∗(t) + x0(t) = x∗(t)

= (Ax∗)(t)

=

∫ b

a

G(t, s)[f(s, x∗(s)− x0(s)) +M ]ds

+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

(x∗(s)− x0(s))dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

(x∗(s)− x0(s))dφ(s)
)

=

∫ b

a

G(t, s)f(s, x∗(s))ds

+ x0(t) +
(t− a)n−1

(b− a)n−1
g
(∫ b

a

x∗(s)dϕ(s)
)

+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

x∗(s)dφ(s)
)
.

This shows that

x∗(t) =

∫ b

a

G(t, s)f(s, x∗(s))ds+
(t− a)n−1

(b− a)n−1
g
(∫ b

a

x∗(s)dϕ(s)
)
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+
[
1− (t− a)n−1

(b− a)n−1

]
h
(∫ b

a

x∗(s)dφ(s)
)
.

In other words, x∗ is a solution of the BVP (1.1)-(1.2). Therefore, the BVP (1.1)-(1.2) has

at least one solution x∗ satisfying x∗ + x0 ∈ P and r2 ≤ ∥x∗ + x0∥ ≤ r1.

Since

r2 > max
{ (n− 1)(b− a)n

n!
M,

g∗ + h∗

1− C3C1

}
,

we have by Lemma 2.4(iii) that

x∗(t) = [x∗(t) + x0(t)]− x0(t)

= [x∗(t) + x0(t)]−Mp(t)

≥ γ(t)∥x∗ + x0∥ −
(n− 1)(b− a)n

n!
Mγ(t)

≥ γ(t)
(
r2 −

(n− 1)(b− a)n

n!
M

)
> 0, a < t < b,

which implies that x∗ is a positive solution of the BVP (1.1)-(1.2).
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