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Abstract: In this paper, we investigate the existence of positive solutions of a class
higher order boundary value problems on time scales. The class of boundary value
problems educes a four-point (or three-point or two-point) boundary value problems,
for which some similar results are established. Our approach relies on the Kras-
nosel’skii fixed point theorem. The result of this paper is new and extends previously
known results.
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1 Introduction

In this paper, we study the existence of positive solutions of higher order boundary value

problem (BVP) on time scales as follows:
e ™ () + f(t,z(t) =0, a<t<b, (1.1)

2(a) = h(/abac(t)d@(t)), P(@) =0, -, 2D (a) = 0, 2(b) = g(/ﬂbx(t)d(b(t)), (1.2)

b b
where / x(t)de(t), / x(t)d¢(t) denote the Riemann-Stieltjes integrals.

We assume that

(H;) ¢ and ¢ are increasing nonconstant functions defined on [a, b] with ¢(a) = ¢(a) = 0;
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(Hz) f is continuous and there exists M > 0 such that

f i a,b] x {_ (b~ G)T;L(nnn'_ 1)n_lM, —l—oo) — [ M, +00);

(H3) h and g are continuous and there exists M > 0 such that
N B

nmn!

M, +oo> [0, +00).

Lemma 1.1 Assume that
(1) () is a bounded function on [a,b], i.e., there exist ¢, C € R such that

c<z(t) <C, t € [a,b];
(2) ©(t) and ¢(t) are increasing on [a, b];

b b
(3) Riemann-Stieltjes integmls/ z(t)dp(t) and/ z(t)do(t) emist.
Then there are numbers v, vo € R with ¢ < vy, vo9 < C, such that

b
/zﬁﬂﬂﬂzvﬂﬂw—wwm

b
t/x@mmwzvxaw—¢m»

Let o = ¢(b) and 8 = ¢(b). For any continuous solution z(¢) of the BVP (1.1)-(1.2), by

Lemma 1.1, there exist &, € (a,b) such that

b
/ z(t)de(t) = z(§)(p(b) — p(a)) = z(§)@(b) = ax(§),

[ wt1a6(0) = s)(6(8) ~ 6(@)) = s0)(8) = palr)

If
Bty =g(t) =0, te[- (b= “)n;(g — D 0]
and |
h(t) = g(t) = t, t € [0,+00),
then (1.2) reduces to
z(a) = az(), 2'(a)=0, -, 2"(a)=0, w(b)=px(n).

(1.3)

The existence of positive solutions of the BVP (1.1)-(1.3) has been studied by several

authors when a =0, b =1 and n = 2 (see [2-4]).

If
_ n—1 _ n—1
h(t)=0, te [— (b-a) nn(:;' D" +oo],
b—a)" Yn—-1)""1
g(t) =0, te [—( ) n"(n' .y 0]
and

g(t) =t, t €1]0,400),

then (1.2) reduces to
2(a) =0, a'(a)=0, -, 2" P(a)=0, =z(b)=pz(n).
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The existence of positive solutions of the BVP (1.1)-(1.4) has been studied when a = 0,
b=11in [56].

If
_ ,\n—1 -1 n—1
wo =gy=0, re[-CELZDT o),
n"n:
then (1.2) reduces to
2(a)=0, a'(a)=0, ---, ™ D(a)=0, =z(b)=0. (1.5)

The existence of positive solutions of the BVP (1.1)-(1.5) has been studied when a = 0,
b=11n [7-8].

In fact, (Hs) implies that f is not necessarily nonnegative, monotone, superlinear and
sublinear. And also this assumption implies that the BVP (1.1)-(1.2) is semipositive. The

purpose of this paper is to establish the existence of positive solutions of the BVP (1.1)-(1.2)
by using Krasnosel’skii fixed point theorem in cones.

2 Related Lemmas

Lemma 2.1  Ify(t) € Cla,b], then the boundary value problem
™M (t) +y(t) = 0, a<t<b,

2(a) h(/abx(t)dgp(t)), #'(@)=0, -, 2 2(a) =0,

(2.1)
b
o) = 9( [ alt)do)
has a unique solution
b —a n—1 b
o) = [ Gltomsis + G o [ alsao)
(t _ ,\n—1 b
+ [1— = )n—l}h</a m(s)dgo(s)),
where
(b—s)" (t—a)"t —(b—a)"t(t—s)"! _
Gt ) = (b—a)"I(n—1)! ,  asssish 3
| (b It —a)™ ! a<t<s<b
(b—a)(n-1)"" - -

Proof. 1In fact, if z(t) is a solution of the problem (2.1), then we may suppose that

t n—1 n—2
(t—s) -1 i
z(t) /a CEm y(s)ds + A(t — a) —i—; W(t—a)' +
Since
x(l)(a)*(), i=1,2,--- n—2,
we get
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It follows from
that

Using this and
o) = o [ )200)),

we have

A=0- i)n—l [/b (b(;j):)_!l y(s)ds + 9(/abx(t)d¢(t)) — h(/ :c(t)d@(t))].

a

Therefore, the problem (2.1) has a unique solution

tt—g)nt b (h— syt —q)" !
z(t) = —/a ((n _)1)! y(s)der/a ((b—zl)"_(l(n _)1)! y(s)ds

* EZ:Z%Z_ig(lbx(S)dMS)) + Ez:z))z_ig(/abx(s)dgé(s))
+ {1 — (Z:Z;Zj]h(/abx(s)dw(s))
= /ab G(t,s)y(s)ds + Ez — a g(/ab x(s)d¢(s))

a)”—l

[ U ( [ wta0),
where G(t, s) is defined by (2.2).

Lemma 2.2  G(t,s) has the following properties:
(i) 0 < G(t, s) < k(s) fort,s € [a,b], where
_(s—a)b—s)"
S ey s
(ii) G(t, s) > y(t)k(s) fort,s € [a,b], where

(t—a)"t " a+b

v(t){ (Do SIS
(b—1t)(t —a)"2 a+b

2

(n—1)(b—a)1’

Proof. Tt is obvious that G(t, s) is nonnegative. Moreover,
_ o \n—1(s n—1 _ _ n—1/y _ \n—1
(b—s)"" 1t —a) b—a)" 1 (t—s) 7 a<s<t<b
G(t,s) =

(b—a)»t(n-1)
(b—s)" "Lt —a)"t

(b—a)y—1(n—1) astsssh
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(s—a)(b—1t)
At —a)(b—s)|"~
_ 1 . +[(t —a)(b—s)]"~ 3(b—a)(t—s)+
(b—a)*~'(n—1)! +(t—a)(b—s)[(b—a)(t—s)]"3
(b —a)(t — )" 2}, a<s<t<b;
(b—s)" Mt —a)", a<t<s<b,
_ 1 { (n—1)(s—a)b—s)[b—a)(b—5)]""2 a<s<t<
T —a)t =D | (b-8)" T (s —a) T, a<t<s
(s—a)b—s)"!
= (b—a)(n—2)!
= k(s).

So, (i) holds.
It is clear that (ii) holds for s = a or s = b. For s € (a,b) and t € [a, b], we have

(b—s)""Ht—a)" ' —(b—a)" "1 (t —s)" ! .
G(t,s) _ (n—1)(s—a)(b—s)""L(b—a)"—2 a<s<t<b
k(s) (t —a)"!
(n—1)(s —a)(b—a)"—2’ a<t<s<b
1
(n—1)(s—a)(b—s)"1(b—a)"2 (s—a)(b—1)
{l(t—a)(b—s)]"2
I i YO e e
- +(t = a)(b—9)[(b—a)(t — )]
(b a)(t - 52}, Wes<ioh
oo a<t<s<b
(n—1)(s —a)(b—a)"—2’
(s—a)(b—1t)(t —a)" 2(b—s)"2
> ] =D -l -5 e- a<s<t<b
B (t—a)"”
(n—1)(s —a)(b—a)"2’ a<t<s<b
(b—t)(t—a)"? W st <h
> (n —(tl) b )—nal)"_l ’ - ="=7
(n—1)(b—a)»V’ ast<s<bd
S 1 b—t)(t—a)" 2, a<s<t<b
—<n—1><b—a>n—1'{ (t—ay1, i<tseh
Since b
n— n—1 a—+
bz o, re [o S
and b
n—1 n—=2 a +
(t—a) >b-t)(t—a) , te[ 5 ,b}
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we obtain

G(t, s)
k(s)

Thus, (ii) holds. The proof is completed.

> (), s € (a,b), t € [a,b].

Remark 2.1 By simple computations, we get

b b
1 _ (b—a)”
k(s)ds = —— —a)(b—s) s = Y
/a () = T =am =) / (s —a)(b— )" ds = ooy =y
nb+a nb+a
" k(s)ds = v (s —a)(b—s)""tds
(n—1)bta (b—a)(n—2)! Jo-nbie
=) (n+ )" — (n+ Dn"t2 — T+ (n 4 1)" (b — a)”
N n"t2(n + 1)n*+2(n — 2)! ’
and
aréltlgﬂ(t) =0,
1 9.
27 n = 4;
— 1 3.
20 =9 g "=
1 _ n—2
max , (n—2) , n > 4.
(n—1)27"1" (n—1)"
For n > 4, by simple computations, we have
t—a)"?[=(t—a)+ (n—2)(b—1)] b+a
"t) = ( <t<hb.
7 (®) b—a)1(n—1) ’ 2 ='=
From this, we obtain
nb+a n"2
min ~(t) = ( ): —, n > 4.
(n71n>b+a§tg% n+1 (n— 1)(n—|—1) 1
Thus,
L 2
- n—
3’ b
min ()= 3 n=3;
(novode gy nvea | 327 -
T e n>4
(n—1)(n+1)»"1’ -
nn—2
= > 2
n—-Dn+n~—1 "=
Lemma 2.3  Let
b -1
b—t)(t—a)™
p(t)::/G(t,s)dSZ( )(' @) , a<t<b
a n!
Then 0 n( -
. —a)"(n—1)"" .
(i) anglggbp(t) = e ; ar;ltlgbp(t) =0;
. _(b—a)"(n—1)"! . _n" b —a)™
(i) max p(t) = p(t) = Tt Dl

)
(n—1)b+a bt n"n! (n—1)b+a bta
n <t<TEF e St
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(n = 1)(b—a)"

(iii) 2-—n|7(t) <p(t) < w

' y(t), a <t <b.
n!

Proof. Since

p(t) = , , a<t<b,
n!
we have
 (n=Db+ay (b—a)"(n—1)"""
g??bp(o o p( n ) o n"n! ’
algtlgbp(t) = p(a) = p(b) = 0,
and
n—1b+a b—a)*(n—1)""1!
max p(t):p<( ) ):( ) (n ' ) ;
n n"n!

(n—=1)bta b+
o St<EEE

p(t) =

min
n—1)b+a n a
( 2 + <t< nbrl
Hence, (i) and (ii) hold.
a+b
Fora<t< —5 we have

(b—t)(t —a)" !

p(t) = m
< (b—a)(t '— a)"1
_ (b—a)(n—1)(b—a)" ! . (t—a)" 1
n! (n — 1)(b _ a)n—l
and : -
ity = L= =0)
b—a (t—a)* !
S 2 ( n!)
R R e G
2.n! (nf 1)(b*a)n*1
R 0]
Thus,
For aT—’_b <t < b, we obtain
p(t) = L= “)Zl(b —t)
_(t—a)(t—a)" (b —1)
n!

_b—a)t-a" b -1

n!
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b—a)(n—1)b—-a)"t (t—a)"2(b—t)

n! “(n—1)(b—a)"T
- VO
and ;1
_(t—a)(t—a)"2(b—1)
n!
> b;a . (t—a)"’f(b—t)
_ (b—a)(n—1)(b—a)" ! (- a)"2(b—t)
2-n! (n—1)(b—a)*1!
IR
Hence,
DOy <piy < PO i
It follows from (2.3) and (2.4) that (iii) holds.
Lemma 2.4  Let E = (E, || - |) be a Banach space and P C E be a cone in E. Assume

that £, and (2 are open subsets of E with 0 € {1 and 2y C §2. Let A: PN (2 \ 1) — P

be continuous and completely continuous. In addition, suppose either
(1) [JAz|| < ||z||, x € PN O, and ||Az|| > ||z||, x € PN O,
or
(2) | Az|| > ||z||, x € PN OsAx, and || Ax| < ||z||, z € PN 0.
Then A has a fized point in PN (£ \ (21).

3 Main Result

Let E = Cla, b] be a real Banach space with the maximum norm, and define the cone P C E

by
P={zecE:x(t) 2 y)|z, t € [a,b]},

where 7(t) is as in Lemma 2.2. For brevity, we denote
0, ={x € E: x| <r}, i=1,2,

o(r) = max { f(t2) : a <t <, LV ODT o 0
. S (n—1)b+a nb+a nn—2
ﬁ(r)_mm{f(t’m)‘ T SPEUETT ryiimo)”
(b—a)*(n—1)n"1 n"1(b—a)®
o nn! ngﬁrme}a

[ _ b=
Ch —/a k(s)ds = nnt D =21

(3.1)
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nb+a —1
n+1
Cy = {argtaécbv(t) /w k(s)ds} , (3.4)
nb+a’
n+1
where max () and / k(s)ds are as in Remark 2.1.
a<t<b (n=Db+a

Theorem 3.1  Suppose that (Hy)—(Hs) hold. Assume that there exist three positive num-

(n-Db-a)", g +h 1
M
] 1=y and C3 < C{ " such

bers r1, ro and C3 with r1 > r9 > max

that
a(r1) <rmCs—M,  B(ry) > ryCy — M,

where «, 8, C1, Co are as in (3.1)—(3.4), and

) — 1)

7 =max {0 - C= G DT a0 < ¢ < o | (35)
_ a(n — 1)1

= max {0 : - C= ST arp) < 1 < )} (5.

Then the BVP (1.1)-(1.2) has at least one positive solution.

Proof.  Let
xo(t) = Mp(t), a<t<h.

Then by Lemma 2.3 (i) and (ii), we have
(b—a)*(n—1)""1

0 <uzo(t) < M, a<t<b, (3.7
nmn!
and
n—1 _ n _ n _ 1 n—1 -1
MMSxo(t)S(b a)*(n—1) M, (n )b—i—aStSnb—Fa. (3.8)
nl(n+ 1)» n"n! n n+1

Consider the following boundary value problem:
M t) + f(tx(t) —zo(t) + M =0, a<t<b,

x(a) = h( / (2(t) = 2o®)dp(t)), #'(a) =0, -+, 2@~ (a) =0, (39)

b
o) = o( [ @(t) = 2o(®)do(0).
This problem is equivalent to the integral equation
(t—a)nt

o= [ Gl w6~ 2ol + M5 + =T ([ ate) — rolo)a005)
# [ ST [ @) - olenacs).

We define the operator A as follows:
t— n—1

(A0 = [ G095, 266) ol + M+ S= g [ 0) autspiaots)
+{1EZ_Z;;j}hpé%x@)zgwndwﬁﬂ. (3.10)
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We claim that A(P) C P. In fact, for each x € P and t € [a, ], by Lemma 2.2(i) we have

|
A0 = [ G156, 6) — o) + s + TP ([ an(s)a0(s)
gl b
# [ G ( [ @) - oenane)

</ h(&) £ (s, ()~ 0 >>+M1ds+g( / (a(s) ~ 20())do () )

a

+ h(/ab(x(s) - xo(s))dgo(s)).

Hence,
b b
Acl < [ K)o, 2(6) = wo(s) + MIds+ 9 [ (als) = os))0(s))
b
+ h(/ (x(s) - J;O(s))dgo(s)). (3.11)
On the other hand, for araly t € [a,b], by (3.11) and Lemma 2.2(ii), we have

(t—a)" !

(A0 = [ 60911 206) (s + M + =g [ 0) - autspiaots)
[ Um0 [ ) - anlopasts)
b
> (0 [ )5 2(9) = au(e) + Mds

t o _(i)_( azn_)ln—l}g( /b(x(s) - $0(8))d¢(8))

+<1 ta)[ tZ+...+EZ_Z§Z_3+((Z_3:_2]

h(/b ) — aos))dg(s)

1) [ ko) h(6) 5. 2(5) — s) + Mlds + v(2)a / (a(s)  an(e))do)

+<1_z:z>éz:z§:zh</f<w<s>—xo<s>>d@“>>
b

b
= (1) / K. ()—930(5))+M]d5+7(t)9( [ @)~ an()ao(s))

b

b
> 9(0) [ KOS5, 2(5) = 20() + Mlds +2(2)g [ (a(5) ~ ma())do(s))

_ —a n—2 b ¢
e[ (e~ an(e)dets)

b b
>7(t){ [ (s, 2(5) — o) + Mids + 9 [ (as) = zo())de(s))
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+ h( /ab(a:(S) - wo(S))CkP(S)) }

> (t)[|Az].
This implies that A(P) C P. Similar to the proof of Remark 2.1 in [2], it is easy to prove
that the operator A : PN ({2 \ ) — P is continuous and compact.
If x € PN OS2, we obtain
0= min vy(¢t)r; < min z(t) <. (3.12)

a<t<b a<t<b
Then, by (3.7) and (3.12), we have
(b _ a)n(n _ 1)n—1

_ e M <z(t) — xo(t) < ry, a<t<b. (3.13)
Thus, ’
Ftz(t) —xo(t) < alr) <rmCs;— M, a<t<b, (3.14)
—a)*(n — (n—1) b
e fwm ot < / (2() = zo(£))dé () < r16(b), (3.15)
—a)"(n — (n—1) b
S ;L’Ln! L wre) S/ (z(t) — zo(t))dep(t) < r1(b), (3.16)

which imply

b b
o[ )= oao0) <5 b( [ @) - wo)p0) <H @1
Then by (3.?4), (3.17) and Lemma 2.2(i), we havg

b
|Az|| = max {/ G(t, s)[f (s, z(s) — zo(s)) + M]ds

a<t<b

_|_n1g(/ab(a:(s) - $0(8))d¢(5))

1= g)—i} n( [ (a() — ao(s)do()) }

b
< T103/ k(s)ds +¢g* + h*
<7
= |||
Therefore,
Az < |||, x e PNofh. (3.18)
For x € P N 02, we have
nn—2
= i t < i t) < ro. 3.19
=Dt 2 (n_gbﬂlgig ey Y(t)re < (n_igb+rgllgr11£§% z(t) <712 (3.19)
In view of (3.8) and (3.19), for
(n—1b+a << anra,
n - T n+1
we have
nn—2 (b _ a)n(n _ l)n—l nn—l(b a)a

T9 —

(n—=1)(n+ 1)1 n"n! - = e+ 1)n



12 COMM. MATH. RES. VOL. 29

which implies
—1
b a(t) —aot) > Blra) > raCy —n, Dbt mbta (3.21)

n n+1’
Using this and Lemma 2.2(ii), for z € P N d{2, we have

b
MW=£&{/QWW@ﬂ@<ﬂW+M®

+P_g:$fp([@@—m@mwM}

b
> max / G(t, $)[f(s, z(s) — zo(s)) + M]ds

a<t<b
nb+a
n+1
> roCy argixgb’y(t) [nil)bm k(s)ds = ry = ||z|.
Thus,
[Az|| > ||z, x € PNOfk. (3.22)

According to Lemma 2.4 and using the inequalities (3.18) and (3.22), we assert that the

operator A has at least one fixed point x* € PN (£, \ {%). This implies that the BVP (3.9)
has at least one solution z* € P with ro < ||z*| < r;.
Let

i (t) = 2*(t) — x0(t), a<t<h.

We check that x, is a solution of the BVP (1.1)-(1.2). In fact, since Az* = x*, we have
2o (8) + 30(t) = 2 (1)

— (4a")()
b
— [ Glt.5)(F(s.7 ()~ anls)) + Ml
(t—a)' ",
+@:W34Lcu@—m@mmm

+P—$‘2ZHWL%M@—m@m¢m

- /abG(t,s)f(s,x*(s))ds
+ z0(t) + ((Z—Z)):_ig(/ab x*(s)dqﬁ(s))
+ [1 — E(t)jz))z_i}h(/ab m(s)dgp(s))

n—1

m@=A%W@ﬂwa®+81%44lzwﬂmﬁ

This shows that
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(t—a) ! ’
+ |:1 — W}h( i l’*(S)dsﬁ(S))
In other words, . is a solution of the BVP (1.1)-(1.2). Therefore, the BVP (1.1)-(1.2) has
at least one solution x, satisfying z, + x¢ € P and ry < ||, + 2ol < r1.

Since . .
S L L
we have by Lemma 2.4(iii) that
24 (t) = [2:(t) + 20 (t)] — 2o(t)
= [z (8) + mo(t)] — Mp(1)
> A1)y + aoll - LTROZ D g
> ’y(t)(rg— WM) >0, a<t<b,

which implies that ., is a positive solution of the BVP (1.1)-(1.2).
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