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1 Introduction

The Meyer-König and Zeller operators were given by

Mn(f, x) =

∞
∑

k=0

f
( k

n + k

)

mn,k(x), 0 ≤ x < 1,

Mn(f, 1) = f(1),

mn,k(x) =

(

n + k

k

)

xk(1 − x)n+1,

which were the object of several investigations in approximation theory (see [1–3]). In recent

years there are many results of strong converse inequalities for various operators (see [4–

7]). Since the expression of the moment of the Meyer-König and Zeller type operators is

very complicated (see [8–10]), we have not seen any result of strong converse inequality for

Meyer-König and Zeller-Durrmeyer type operators. In this paper, we study the modification

of Meyer-König and Zeller-Durrmeyer type operators M̃n(f, x):

M̃n(f, x) =

∞
∑

k=0

Φn,k(f)mn,k(x), f ∈ C[0, 1],

∗
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where

Φn,k(f) = C−1
n−2,k−1

∫ 1

0

f(t)mn−2,k−1(t)dt,

mn,k(x) =

(

n + k

k

)

xk(1 − x)n+1,

mn,−1(x) := 0,

Cn,k =

∫ 1

0

mn,k(t)dt =
n + 1

(n + k + 1)(n + k + 2)
,

and give a strong converse inequality of type B.

We recall that for 0 ≤ λ ≤ 1, and ϕ(x) =
√

x(1 − x),

ω2
ϕλ(f, t) = sup

0<h≤t

‖∆2
hϕλ‖,

where

‖f‖ := sup
x∈[0,1)

|f(x)|,

∆2
hϕλf(x) =







f(x + hϕλ(x)) − 2f(x) + f(x − hϕλ(x)), if x ± hϕλ(x) ∈ [0, 1);

0, otherwise,

and

K2
ϕλ(f, t2) = inf

g∈D
{‖f − g‖ + t2‖ϕ2λg′′‖},

where

D = {g | g′ ∈ A.C.loc, ‖ϕ2λg′′‖ < ∞}.

In this paper we use the relation ω2
ϕλ(f, t) ∼ K2

ϕλ(f, t2) (see [11]), which means that,

there exists a positive constant C such that

C−1K2
ϕλ(f, t2) ≤ ω2

ϕλ(f, t) ≤ CK2
ϕλ(f, t2).

Before state our results, we give some new notations.

For 0 ≤ λ ≤ 1, 0 < α < 2, and ϕ(x) =
√

x(1 − x),

C0 = {f ∈ C[0, 1], f(0) = f(1) = 0}, ‖f‖0 = sup
x∈(0,1)

|ϕα(λ−1)(x)f(x)|,

C0
λ,α = {f ∈ C0, ‖f‖0 < ∞}, ‖f‖2 = sup

x∈(0,1)

|ϕ2+α(λ−1)(x)f ′′(x)|,

C2
λ,α = {f ∈ C0, ‖f‖2 < ∞, f ′ ∈ A.C.loc},

Kα
λ (f, t2) = inf

g∈C2
λ,α

{‖f − g‖0 + t2‖g‖2}, f ∈ C0.

The main results of this paper can be stated as follows.

Theorem 1.1 Suppose 0 ≤ λ ≤ 1, 0 < α < 2, and f ∈ C0
λ,α. Then there exists a

constant K > 1 such that for l ≥ Kn we have

Kα
λ

(

f,
1

n

)

≤ C
l

n
(‖M̃nf − f‖0 + ‖M̃lf − f‖0).

Throughout this paper, C denotes a positive constant independent of n and x, which are

not necessarily the same at each occurrence.
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2 Lemmas

In order to prove our main result, we need the following fundamental lemmas.

Lemma 2.1[10] Let ϕ(x) =
√

x(1 − x), and An,2p(x) = Mn((t − x)2p, x), p ∈ N. Then

for n > 2p we have the estimates

An,2p(x) ≤



















C
ϕ2p(x)

np
, x ≥ 1

n
;

C
ϕ2(x)(1 − x)2p−2

n2p−1
, x <

1

n
.

By simple calculations, we can obtain

Lemma 2.2 For x ∈ [0, 1), it holds that

M̃n(t − x, x) = 0, (2.1)

1

2n
ϕ2(x) ≤ M̃n((t − x)2, x) ≤ 4

n
ϕ2(x), n ≥ 2, (2.2)

M̃n((t − x)4, x) ≤ C
ϕ4(x)

n2
. (2.3)

Lemma 2.3 For k ≥ 1, one has

C−1
n,k+1

∫ 1

0

(1 − t)−4mn,k+1(t)dt ≤ C
( n − 1

n + k − 1

)−4

, n ≥ 3. (2.4)

C−1
n,k+1

∫ 1

0

t−2mn,k+1(t)dt ≤ C
( k

n + k − 1

)−2

, (2.5)

C−1
n,k+1

∫ 1

0

(1 − t)−6mn,k+1(t)dt ≤ C
( n

n + k

)−6

, n ≥ 7. (2.6)

C−1
n,k+1

∫ 1

0

ϕ−2(t)mn,k+1(t)dt ≤ C
( k

n + k − 1

)−2( n − 1

n + k − 1

)−4

, n ≥ 3. (2.7)

Proof. Using Hölder’s inequality, (2.4) and (2.5), we can get (2.7). The methods to estimate

(2.4), (2.5) and (2.6) are similar, so we only give the proof of (2.4).

First, for k ≥ 1, n = 3, by simple calculations, we can get (2.4).

Secondly, for k ≥ 1, n ≥ 4, one has
∫ 1

0

tk−1(1 − t)n−3dt =
(n − 3)!

(k + 2)(k + 3) · · · (n + k − 1)
.

By

(n + k + 2)(n + k + 3)

n + 1
· (n + k + 1)!

n!(k + 1)!
· (n − 3)!

(k + 2)(k + 3) · · · (n + k − 1)

( n − 1

n + k − 1

)4

≤(n + k)(n + k + 1)(n + k + 2)(n + k + 3)

(n + k − 1)4

≤ 16,

we can obtain (2.4).
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Lemma 2.4[11] For l ∈ N, m ∈ Z, one has
∞
∑

k=1

mn,k(x)
( k

n + k

)−l

≤ Mx−l,

∞
∑

k=1

mn,k(x)
( n

n + k

)−m

≤ M(1 − x)−m.

Remark 2.1 For x ∈ En =
[ 1

n
, 1

)

, one has

∞
∑

k=1

mn,k(x)
( k

n + k

)2

≤ Mx2.

Lemma 2.5 For n ∈ N, n ≥ 3, 0 ≤ λ ≤ 1, 0 < α < 2, f ∈ C2
λ,α, we have

‖ϕ3M̃ ′′′
n f‖0 ≤ C

√
n‖f‖2.

Proof. First by direct computations (see [1]) we have

(M̃nf)′′(x) = (1 − x)−2
∞
∑

k=0

∆n,k(f)mn,k(x), x ∈ (0, 1), (2.8)

where

∆n,k(f) = (n + k + 1)[(n + k + 2)Φn,k+2(f) − 2(n + k + 1)Φn,k+1(f) + (n + k)Φn,k(f)],

and

m′
n,k(x) =

n + 1

(1 − x)2
[mn+1,k−1(x) − mn+1,k(x)],

m′′
n,k(x) =

1

(1 − x)2
[(n + k)(n + k + 1)mn,k(x) − 2(n + k)2mn,k−1(x)

+ (n + k)(n + k − 1)mn,k−2(x)],

so

∆n,k(f) =

∫ 1

0

f(t)nm′′
n,k+1(t)dt = n

∫ 1

0

f ′′(t)mn,k+1(t)dt.

Furthermore, we have

(M̃nf)′′(x) = (1 − x)−2
∞
∑

k=0

n

∫ 1

0

f ′′(t)mn,k+1(t)dtmn,k(x).

Noticing that for x ∈ (0, 1), n ≥ 3, by direct computations one has

(1 − x)−2mn,k(x) =
(n + k)(n + k − 1)

n(n − 1)
mn−2,k(x),

m′
n−2,k(x) =

n − 1

ϕ2(x)

( k

n + k − 1
− x

)

mn−1,k(x),

we obtain

|ϕ3+α(λ−1)(x)(M̃nf)′′′(x)|
≤ 2n‖f‖2ϕ

1+α(λ−1)(x)

·
(

∞
∑

k=1

∣

∣

∣

k

n + k − 1
− x

∣

∣

∣
c−1
n,k+1

∫ 1

0

ϕ−(2+α(λ−1))(t)mn,k+1(t)dtmn−1,k(x)
)

:= 2n‖f‖2ϕ
1+α(λ−1)(x)G1. (2.9)
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Using Hölder’s inequality, Jensen’s inequality and Lemmas 2.1–2.3, we get

G1 =

∞
∑

k=1

∣

∣

∣

k

n + k − 1
− x

∣

∣

∣
c−1
n,k+1

∫ 1

0

ϕ−(2+α(λ−1))(t)mn,k+1(t)dtmn−1,k(x)

≤ Cn− 1
2 ϕ−(1+α(λ−1))(x), n ≥ 2. (2.10)

From (2.9) and (2.10), we have

‖ϕ3M̃ ′′′
n f‖0 ≤ C

√
n‖f‖2.

Lemma 2.6 For n ∈ N, n ≥ 7, 0 ≤ λ ≤ 1, 0 < α < 2, f (i) ∈ C0
λ,α(i = 0, 1, 2, 3), and

ϕ3f ′′′ ∈ C0
λ,α, we have

∥

∥

∥
M̃nf − f − 1

2
f ′′(x)M̃n((t − x)2, x)

∥

∥

∥

0
≤ Cn− 3

2 ‖ϕ3f ′′′‖0.

Proof. We expand f(t) by the Taylor expansion and use Lemma 2.2 to obtain

M̃n(f, x) − f(x) − 1

2
f ′′(x)M̃n((t − x)2, x) = M̃n

(1

2

∫ t

x

(t − v)2f ′′′(v)dv, x
)

,

so it is sufficient to show that
∥

∥

∥
M̃n

(

∫ t

x

(t − v)2f ′′′(v)dv, x
)
∥

∥

∥

0
≤ Cn− 3

2 ‖ϕ3f ′′′‖0. (2.11)

For x ∈ (0, 1), t ∈ (0, 1), by simple calculations, we have
∣

∣

∣

∫ t

x

(t − v)2

ϕ3+α(λ−1)(v)
dv

∣

∣

∣
≤ |t − x|3

(

ϕ−(3+α(λ−1))(x) + (x(1 − x))−
3+α(λ−1)

2 (1 − t)−
3+α(λ−1)

2

)

.

Combining the above inequality with Hölder’s inequality and Lemmas 2.2–2.4, we can get

(2.11). We have thus completed the proof of Lemma 2.6.

Lemma 2.7 Let n ∈ N, n ≥ 2, 0 ≤ λ ≤ 1, 0 < α < 2, f ∈ C0
λ,α. Then

‖M̃nf‖2 ≤ Cn‖f‖0.

Proof. Suppose that En =
[ 1

n
, 1

)

. We now prove Lemma 2.7 in En and Ec
n repectively.

(1) For f ∈ En, in view of

(M̃nf)′′(x) =
∞
∑

k=0

Φn,k(f)rn,kmn,k(x), x ∈ (0, 1), (2.12)

where

rn,k :=
1

x2

[(

k − (n + 1)x

1 − x

)2

−
(

k − (n + 1)x

1 − x

)]

− n + 1

x(1 − x)2
,

we have

|ϕ2+α(λ−1)(M̃nf)′′(x)|

≤
∣

∣

∣
ϕα(λ−1)(x)

∞
∑

k=0

(1 − x)2

x

(

k − (n + 1)x

1 − x

)2

Φn,k(f)mn,k(x)
∣

∣

∣

+
∣

∣

∣
ϕα(λ−1)(x)

∞
∑

k=0

(1 − x)2

x

(

k − (n + 1)x

1 − x

)

Φn,k(f)mn,k(x)
∣

∣

∣

+
∣

∣

∣
ϕα(λ−1)(x)

∞
∑

k=0

(n + 1)Φn,k(f)mn,k(x)
∣

∣

∣

:= T1 + T2 + T3.
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Now we estimate T1, T2 and T3. Using the similar method of estimating (2.7), we get

C−1
n−2,k−1

∫ 1

0

ϕα(1−λ)(t)mn−2,k−1(t)dt ≤ C
( k

n + k

)

α(1−λ)
2

( n

n + k

)α(1−λ)

. (2.13)

Using (2.13), Jensen’s inequality, Hölder’s inequality and Lemma 2.4, one has

T3 ≤ Cn‖f‖0ϕ
α(λ−1)(x)

∞
∑

k=1

C−1
n−2,k−1

∫ 1

0

ϕα(1−λ)(t)mn−2,k−1(t)dtmn,k(x)

≤ Cn‖f‖0.

Noticing that

(1 − x)2

x

∣

∣

∣
k − (n + 1)x

1 − x

∣

∣

∣
mn,k(x) ≤ (n + 2)(mn+2,k−1(x) + mn,k(x))

and
∞
∑

k=0

( n

n + k + 1

)4

mn+2,k(x) =

∞
∑

k=1

( n

n + k + 1

)4

mn+2,k(x) +
( n

n + 1

)4

(1 − x)n+3

≤ C(1 − x)4,

one has

T2 ≤ C‖f‖0ϕ
α(λ−1)(x)

∞
∑

k=1

(n + 2)(mn+2,k−1(x) + mn,k(x))
( k

n + k

)

α(1−λ)
2

( n

n + k

)α(1−λ)

≤ Cn‖f‖0

and

T1 ≤ C‖f‖0ϕ
α(λ−1)(x)

[ ∞
∑

k=1

1

x
[k − (n + k)x]2

( k

n + k

)

α(1−λ)
2

( n

n + k

)α(1−λ)

mn,k(x)

+ x

∞
∑

k=1

( k

n + k

)

α(1−λ)
2

( n

n + k

)α(1−λ)

mn,k(x)

]

≤ Cn‖f‖0.

From the estimates of T1, T2 and T3, we obtain the result.

(2) For x ∈ Ec
n =

(

0,
1

n

)

, the representation (2.8) shows that

|ϕ2+α(λ−1)(x)(M̃nf)′′(x)|

≤ ϕα(λ−1)(x)x

[

∣

∣

∣

∞
∑

k=0

(n + k + 1)(n + k + 2)Φn,k+2(f)mn,k(x)
∣

∣

∣

+
∣

∣

∣

∞
∑

k=0

2(n + k + 1)2Φn,k+1(f)mn,k(x)
∣

∣

∣

+
∣

∣

∣

∞
∑

k=0

(n + k + 1)(n + k)Φn,k(f)mn,k(x)
∣

∣

∣

]

:= I1 + I2 + I3.
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The methods of estimating I1, I2, I3 are similar, so we estimate I1 for an example. It

is easy to see that

I1 ≤ ‖f‖0ϕ
α(λ−1)(x)x

∞
∑

k=1

(n + k + 1)(n + k + 2)C−1
n−2,k+1

∫ 1

0

mn−2,k+1(t)

ϕα(λ−1)(t)
dtmn,k(x)

≤ C‖f‖0ϕ
α(λ−1)(x)xn(n + 1)

∞
∑

k=1

( k

n + k

)

α(1−λ)
2

( n

n + k

)α(1−λ)−2

mn,k(x).

Using Hölder’s inequality and Lemma 2.4, noticing that

x <
1

n
, (1 − x)−2 <

(

1 − 1

n

)−2

≤ 4

for n ≥ 2, we have

I1 ≤ C‖f‖0ϕ
α(λ−1)(x)xn(n + 1)

·
(

∞
∑

k=1

k

n + k
mn,k(x)

)

α(1−λ)
2

(

∞
∑

k=1

( n

n + k

)−2

mn,k(x)
)

2−α(1−λ)
2

≤ C1n‖f‖0.

Lemma 2.8[1] For 0 ≤ β < 1, 0 < h ≤ 1

8
, one has

∫ ∫ h
2

−h
2

dsdt

ϕ2β(x + s + t)
≤ Mh2

max{ϕ(x ± h), ϕ(x)}2β
, x ∈ [h, 1 − h].

Lemma 2.9 Let n ∈ N, n ≥ 2, 0 ≤ λ ≤ 1, 0 < α < 2, and f ∈ C0
λ,α. Then

‖M̃nf‖0 ≤ C‖f‖0.

Proof. Using (2.13), Jensen’s inequality and Lemma 2.4, we get

|ϕα(λ−1)(x)M̃n(f, x)|

≤ ‖f‖0ϕ
α(λ−1)(x)

∞
∑

k=0

C−1
n−2,k−1

∫ 1

0

ϕ−α(λ−1)(t)mn−2,k−1(t)dtmn,k(x)

≤C‖f‖0, n ≥ 2.

3 Main Results

Theorem 3.1 Suppose that 0 ≤ λ ≤ 1, 0 < α < 2, and f ∈ C0
λ,α. Then there exists a

constant K > 1 such that for l ≥ Kn we have

Kα
λ

(

f,
1

n

)

≤ C
l

n
(‖M̃nf − f‖0 + ‖M̃lf − f‖0).

Proof. By the definition of Kα
λ

(

f,
1

n

)

, for M̃2
n(f, x) ∈ C2

λ,α, using Lemma 2.9, we have

Kα
λ

(

f,
1

n

)

≤ ‖f − M̃2
nf‖0 +

1

n
‖M̃2

nf‖2 ≤ C‖f − M̃nf‖0 +
1

n
‖M̃2

nf‖2. (3.1)

From Lemma 2.6, we have
∥

∥

∥
M̃l(M̃

2
nf) − M̃2

nf − 1

2
(M̃2

nf)′′M̃l((t − x)2, x)
∥

∥

∥

0
≤ Cl−

3
2 ‖ϕ3(M̃2

nf)′′′‖0.
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Therefore, combining Lemmas 2.2, 2.5, 2.7 and 2.9, we get
1

4l
‖M̃2

nf‖2 ≤ ‖M̃l(M̃
2
nf − M̃nf)‖0 + ‖M̃l(M̃nf − f)‖0 + ‖M̃lf − f‖0 + ‖f − M̃nf‖0

+ ‖M̃nf − M̃2
nf‖0 + C1l

− 3
2
√

n(‖M̃nf − M̃2
nf‖2 + ‖M̃2

nf‖2)

≤ C2‖M̃nf − f‖0 + ‖M̃lf − f‖0 + C1l
− 3

2
√

n(C3n‖f − M̃nf‖0 + ‖M̃2
nf‖2)

≤ C2‖M̃nf − f‖0 + ‖M̃lf − f‖0 + C4l
− 3

2 n
3
2 ‖f − M̃nf‖0 + C1l

− 3
2
√

n‖M̃2
nf‖2.

For l ≥ Kn, we can choose K > 1, such that C1l
− 3

2
√

n ≤ 1

8l
. Then

1

8l
‖M̃2

nf‖2 ≤ C5‖M̃nf − f‖0 + ‖M̃lf − f‖0. (3.2)

In view of (3.1) and (3.2), we get

Kα
λ

(

f,
1

n

)

≤ C‖M̃nf − f‖0 +
l

n
(8C5‖M̃nf − f‖0 + 8‖M̃lf − f‖0)

≤ C6
l

n
(‖M̃nf − f‖0 + ‖M̃lf − f‖0).

Corollary 3.1 Let λ = 1, and f ∈ C[0, 1). Then there exist a constant K > 1 such that

ω2
ϕ

(

f,
1√
n

)

≤ C(‖M̃nf − f‖ + ‖M̃Knf − f‖). (3.3)

Proof. For λ = 1, Kα
λ (f, t2) is the usual K-functional (see [11])

K2
ϕ(f, t2) = inf

g
{‖f − g‖ + t2‖ϕ2g′′‖, g′ ∈ A.C.loc},

which is equivalent to ω2
ϕ(f, t) (see [11]). One immediately obtains (3.3) from Theorem 3.1.

Corollary 3.2 For 0 < α < 2, 0 ≤ λ ≤ 1, and f ∈ C[0, 1), we have

|M̃n(f, x) − f(x)| = O(n−α
2 ϕα(1−λ)(x)) ⇒ ω2

ϕλ(f, t) = O(tα).

Proof. From the condition

|M̃n(f, x) − f(x)| = O(n−α
2 ϕα(1−λ)(x)),

one has

‖M̃nf − f‖0 ≤ Cn−α
2 .

By using Theorem 3.1, there exists a constant K > 1 such that for l ≥ Kn we have

Kα
λ

(

f,
1

n

)

≤ C
l

n
(‖M̃nf − f‖0 + ‖M̃lf − f‖0)

≤ C
l

n
(C1n

−α
2 + C2l

−α
2 )

≤ C3n
−α

2 .

For 0 < t < 1, we can choose n ∈ N such that
1√

n + 1
< t ≤ 1√

n
. Then

Kα
λ (f, t2) ≤ Kα

λ

(

f,
1

n

)

≤ C3n
−α

2 ≤ C4t
α. (3.4)

By the definition of Kα
λ (f, t2), we can choose g ∈ C2

λ,α such that

‖f − g‖0 + n−1‖g‖2 ≤ 2Kα
λ (f, n−1). (3.5)

Now we estimate |∆2
hϕλf(x)|.
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(i) For fixed h ∈
(

0,
1

8

)

, x ∈ [h, 1 − h] and f ∈ C0
λ,α, one has

|∆2
hϕλf(x)| ≤ |f(x + hϕλ(x))| + 2|f(x)| + |f(x − hϕλ(x))|

≤ 4‖f‖0m(x, hϕλ)α(1−λ),

where

m(x, hϕλ) := max{|ϕ(x + hϕλ(x))|, |ϕ(x)|, |ϕ(x − hϕλ(x))|}.

(ii) Using Lemma 2.8, for any g ∈ C2
λ,α, one has

|∆2
hϕλg(x)| ≤ ‖g‖2

∫ ∫

hϕλ(x)
2

−
hϕλ(x)

2

|ϕ−2+α(1−λ)(x + s + t)|dsdt

≤ C‖g‖2h
2m(x, hϕλ)(α−2)(1−λ).

By (i), (ii), (3.4) and (3.5), one has

|∆2
hϕλf(x)| ≤ Chα,

which implies

ω2
ϕλ(f, t) = O(tα).
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