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Abstract. In this paper, we construct a simplified neuronal model that is capable of
simulating the instigation of cortical spreading depression (CSD) and propagation
of a CSD wave. Our model is a simplification and extension of a single neuron
model proposed in the literature for studying the instigation of CSD. Using the
simplified neuronal model, we construct a network of these simplified neurons.
This network model shows that the propagation of a CSD wave occurs naturally
after it is instigated electrically or chemically. Although the model is simple, the
speed of the CSD wave predicted by our model is consistent with experimentally
observed values. Finally, our model allows us to investigate the effects of specific
ion channels on the spread of a CSD wave.
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1 Introduction

Cortical spreading depression (CSD) is a slow wave phenomenon in the cortex of the
brain that is associated with the spread of depression of the electroencephalogram sig-
nal. Functionally, it is associated with migraine with aura, see Hadjikhane et al. [5].
CSD was discovered in 1944 by A. A. P. Ledo [11], a Brazilian neurophysiologist, dur-
ing his Ph.D. studies on epilepsy at the Harvard Medical School. These waves are
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characterized by their slow speeds (on the order of 1 to 10 mm/min) and their appear-
ance in a variety of cortex structures in the brains of many different animals, see Bures
et al. [2], and in humans. Although CSD was discovered over 65 years ago, we still
do not have a good understanding of how the different mechanisms conspire to form
this coherent phenomenon [12].

While there are many interesting aspects of CSD, its intimate connection with mi-
graine with aura makes it a particularly important neurophysiological phenomenon to
try to understand from the clinical point of view. In particular, the fact that migraine
occurs three times more often in women than in men and recent experimental find-
ings by Brennan et al. [3] that show the threshold for CSD in female mice is lower than
that for male mice make a compelling argument for further theoretical studies of CSD.
An important question is whether we can identify physiological and/or anatomical
indicators that would explain these important findings.

Mathematical models of CSD have been proposed almost since the time that CSD
was discovered. The cellular automata method developed by Wiener and Rosen-
blueth [21] for the study of cardiac waves was used by Shibata and Bures [16] to study
CSD. It was postulated early on by Grafstein [4] that potassium was the major ion
involved in CSD and that repeated neuronal firings were responsible for the large
increase in extracellular potassium. Hodgkin proposed a simple single partial differ-
ential equation model, essentially the first equation in the FitzHugh-Nagumo equa-
tions [13] for action potentials, to describe the leading edge of the CSD wave. Both the
cellular automata methods and the simple single PDE model do not lend themselves
easily to the incorporation of physiological mechanisms to explain the instigation and
propagation of CSD waves. Furthermore, the flexibility in using mathematical mod-
els based on physiological mechanisms allows us to perform extensive studies of CSD
occurrence which would be impossible to perform in the laboratory.

The first detailed mathematical model of CSD that incorporated physiological
mechanisms was proposed by Tuckwell and Miura [20]. Their model was based on
the neurotransmitter hypothesis. It had been shown by Sugaya et al. [18] that CSD
waves initiated in untreated cortical tissue could propagate through TTX-treated tis-
sue, so that CSD waves did not need action potentials for their propagation. Tuckwell
and Miura [20] postulated that CSD waves could be initiated in TTX-treated tissue by
application of KCl. They conjectured that a high concentration of extracellular potas-
sium, [K],, would be sufficient to instigate a CSD wave. Since the space scale of a
CSD wave is large compared to neuron size, Tuckwell and Miura formulated a one-
dimensional continuum model of these processes by dividing the space into a con-
nected extracellular space overlapping a disconnected intracellular space. The effect
of this assumption is that ion diffusion can occur in the extracellular space, but cannot
occur in the intracellular space, i.e., intracellular ions would first have to pass through
the neuronal membrane and become an extracellular ion before it could diffuse. The
model formulated by Tuckwell and Miura consists of a coupled system of nonlinear
diffusion equations for the extra- and intracellular concentrations of potassium and
calcium and accounts for ion movements across neuronal membranes.
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In 2000, Kager et al. [7] investigated the instigation of CSD in a single neuron model
by using NEURON, a modeling and computational simulation software. By focusing
on sodium and potassium, two of the main ions, and ten different ion channels, their
simulations produced CSD-like membrane depolarizations when stimulated by cross-
membrane currents that lasted hundreds of milliseconds. Their model consisted of
representing the neuron by many compartments that corresponded to the morpho-
logical structure of the soma and the spatially complex, apical and basal dendritic
branches. In 2002, Kager et al. [8] followed up their 2000 study by adding chloride
and similar results were obtained. Shapiro [15] proposed a continuum model for the
spreading of CSD. His model differs from that of Tuckwell and Miura [20] in several
aspects. First of all, Shapiro’s model assumes that the neurons are connected by gap
junctions, which provide bridges across which the membrane potential can propa-
gate from one neuron to the next one. Second, he also incorporated cellular volume
changes and concluded that the spreading of CSD occurs only when cells are allowed
to swell. In a recent paper [1], it was proposed that the glial cells and glutamate may
be responsible for the propagation of CSD based on some new experimental observa-
tions.

While several of the models proposed so far have been successful in providing a
number of insights into the propagation of CSD waves, they do not answer two crucial
questions: 1) what is the main mechanism responsible for the spreading of CSD, and
2) is the spreading of a CSD wave related to its instigation? In this paper, we focus on
the second question. First, we construct a simplified single-neuron model that consists
of the main characteristics of the more complicated model in Kager et al. [7]. The
main objective is to find out if our model can mimic the behavior of the full NEURON
model, i.e., the instigation of the CSD wave. In the second step, we extend the single-
neuron model to a network of neurons which are coupled by diffusion to investigate
the instigation and propagation of a CSD wave. In particular, we will explore the
effects of several ion channels on the instigation and spreading of CSD.

The rest of the paper is organized as follows. In Section 2, a simplified neuronal
model is introduced, and it is shown that the basic features of the more complicated
NEURON model [7] can be reproduced and the CSD-like depolarization occurs after
a membrane current is applied over a short time period. In Section 3, a network of
neurons is constructed by placing the simplified neurons in a one-dimensional array.
The extracellular space (ECS) is assumed to be connected and ions can diffuse freely
in the ECS. It is shown that when the membrane current is applied to several neurons
simultaneously, they become depolarized as in the single neuron case. Furthermore,
the ECS concentration of potassium outside the neighboring neurons is due to molec-
ular diffusion, which induces the firing of these neighboring neurons. These neurons
undergo depolarization one-by-one, generating CSD. In particular, it was found exper-
imentally [12] that action potentials are not necessary to generate CSD. By disabling
the fast transient sodium channel, we are able to show that CSD can be instigated and
subsequent spreading can occur without action potentials. In Section 4, the role of
NMDA channels in the instigation and propagation of CSD is also investigated. In
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Section 5, we complete the paper with a brief summary and a discussion of future
directions.

2 Single neuron: a simplified model

Our first model of the neuron consists only of the soma’, which is assumed to be
spatially homogeneous. Following Kager et al. [7], we consider only the two ions,
sodium Na and potassium K, with intra- and extracellular concentrations denoted by
lion]; and [ion], (mM), respectively, where ion = Na and K. We consider only two com-
partments that represent the intra- and extracellular spaces. The membrane potential
E;; (mV) is governed by the ordinary differential equation

dE,,

Cn g

=1, 2.1)
where C,, is the membrane capacitance per unit surface area (farad/cm?) and I is the
total cross-membrane ionic current per unit surface area (mA/ cm?).

We assume that the membrane currents in the soma used by Kager et al. [7] ap-
ply here. The total cross-membrane current in the soma is given by the sum of the
sodium currents, In, = InagT + INa,p + INa,Leak + INa,Pump, the potassium currents,
Ix = Ig,pr + Ix,a + Ik reak + Ik, pump, the leak current, I} .4, and the sodium-potassium
exchange pump currents, Ing,pump and Ik, pumpi. An additional stimulus current, Ig;,
can be included to trigger CSD. The cross-membrane currents are modeled using;:
1) the Goldman-Hodgkin-Katz (GHK) formulas for the active membrane currents,
namely, the fast transient sodium current, Iy, 1, the persistent sodium current, Iy, p,
the potassium delayed rectifier current, Ix pr, and the transient potassium current,
Ik 4; and 2) the Hodgkin-Huxley (HH) model for the leak currents, namely, the sodium
leak current, In,1cqr, the potassium leak current, Ik 1.., and the fixed leak current,
I1eqk- The GHK current is suitable when there is a large difference in concentrations in
the ICS and ECS compartments, as argued by Koch and Segev [9].

The general expressions for the GHK and HH types of currents are given by

Lion,cHK = mphqgion'GHKFEm ([ion]i o ( B %) [i‘m]‘f) ’
4’(1 —exp (_ %))

Iion,HH = gion,HH(Em - Eion)/ (2'2b)

(2.2a)

where gion cax and gion, gy are the conductances for ion = Na and K, and m and h are
the activation and inactivation gating variables, respectively, for the different GHK-
modeled channels that are ion-specific. Note that the g;,, vz conductances for the

TThe dendrite will be included later in Section 4 as an additional compartment.
}In the dendrite (as in Section 4), the NMDA currents, INaNMDA and Ix NMpA, are added to the total
current and the Iy, r current is removed.
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leak currents are assumed to be constant. The parameter ¢ = RT/F, where R is the
universal gas constant, T is the absolute temperature, and F is the Faraday constant.
Finally, E;,, is the Nernst potential for ion = Na and K given by

[ion],

Eion = 4’10 [ion]i'

(2.3)

In addition to the ion-specific leak currents, there is a general leak current given by

Ieak = §HH(Em +70), (2.4)

where gpp is a constant conductance. This current drives the membrane potential
towards a rest state of -70 mV. The pump currents are given by Ing pump = 3Ipump and
IK,Pump - _ZIPump [10] where

ImaX
— ' 25
(1 175K A (14 5[Na) 1) *

We have adjusted the constants given in [10] in order to maintain the ion concentra-
tions and membrane potential in the cortex at the rest state.

The time evolution of the concentrations of potassium and sodium ions are deter-
mined by the cross-membrane currents as follows

d [N ll]l' S
N | 2.
dt F‘/Z Na, ( 6a)
d[Nal, S
T FT/EINH, (2.6b)
dK; S
P _FT/Z'IK' (2.6¢)
d[K], S
= _— ] 2.

o v, K (2.6d)
where S, V;, and V, are the soma surface area and intra- and extracellular volumes,
respectively.

The gating variables, m and h, satisfy the following equations
CZ? =y (1l —m)— Bum, (2.7a)
dh
E = th(l - h) - ,Bh]’l, (27b)

and the values of x and B are given in Table 1, along with the exponents p and q [7]. The
extracellular volume is assumed to be 15% of the intracellular value, i.e., V, = 0.15 V.
Other relevant parameter values are: R = 8.31 (mV coulomb/mmol K) and F = 96.485
coulomb/mM. Finally, we note that the ion concentrations are conventionally mea-
sured in mM, while in Egs. (2.6a)-(2.6d), the specified length unit used is cm. Thus, a
scale factor of 1072 needs to multiply the right-hand sides of Egs. (2.6a)-(2.6d).
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Table 1: Parameter values for active membrane ionic currents, from [7,8].

Currents Sion,GHK Gates | Voltage-Dependent Rate Constants

mA /cm? S/cm? mPh1
=5 3 — Eu 1519
INa 100 10 meh |t = 0.32 5= 95 T 12.975)]
_ Eju424.89
Pm = O'Zsexp[O.ZEm+4.978)]—1
ay = 0.128 exp[—(0.056E,, + 2.94)]
_ 4
Pn = T+exp[— (02 +6)]
=5 2 — T
INa,P 2 x10 mh | G = AT ep (0123, T567)])
,3 _ exp[—(0.143E,,+5.67)]
M = G(T+exp[—(0.143E, 15.67)])
aj, = 5.12 x 10~ 8exp[—(0.056E,, + 2.94)]
By = 1.6x10~°
h = 1+exp[—(0.2E;,+8]
Ixpr | 100 x107° | m? | &y = 0.016 Ey 529

1—exp[—(0.2E;,+6.98)]
Bm = 0.25exp[—(0.25E,, + 1.25)]

-5 2 _ E;+56.9
Ix a 10 x10 m2h | am = 0.02 BT

B Ej+29.
B = 00175 ooy

&, = 0.016 exp|—(0.056E,, + 4.61)]

_ 0.5
Pn= T+exp[—(0.2E,, +11.98)]
= 05
InMDA 10 x10—° mh Am = m
142
'Bm = 0.5 - D(m

1
4 =
h 2000 (1-+exp|[ Kle670))

=5x10"%—n
B h

The initial resting ion concentrations consistent with those in [7, 8] are obtained
by modifying the sodium-potassium exchange pump function and running the model
equations until a steady state is reached. These values are given in Table 2 together
with other parameter values.

Following Kager et al. [7], we apply an electrical current stimulus to the soma for
200 ms. The results are shown in Fig. 1 with time axis up to 30ms, where it can be seen
in Fig. 1(a) that the electrical current stimulus produces action potentials with a depo-
larizing base that lasts for about 100ms, after which there is a CSD-like time course,
i.e., sustained membrane depolarization even after the stimulus is withdrawn. With
the electrical current stimulus and the removal of the fast transient sodium current,
Ing,T, there are no action potentials as shown in Fig. 1(c). The corresponding extra-
and intracellular ion concentrations of potassium (blue solid and dashed lines, respec-
tively) and sodium (red solid and dashed lines, respectively) for these two cases can
be seen in Figs. 1(b) and (d).

CSD can also be triggered by other types of stimuli, e.g., application of KCl at the
initial time, which occurs in the model as initial data for potassium. In Fig. 2 with
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Table 2: Initial resting values and other relevant parameter values for the computations, following [7, 8].

Parameter Value Unit

dg (diameter of soma) 5.45 x 10~% cm

Ag (surface of soma) 1586 x 10~% | cm?

Vs (volume of soma) 2160 x 1012 | em®
Cp(membrane capacitance) 7.5 x 1077 s/Q cm?
Imax 0.013 mA /cm?
En -70 mV

K], 35 mM

K]; 133.5 mM
Nal, 140 mM
Na; 10 mM
mpa,T,0 (initial value of m for Iy, 1) | 5 % 103

hTo (initial value of h for Iy, 1) 0.995

mpyg (initial value of m for Iy, p) 1.3 x 1072

mgpRo (initial value of m for Ix pr) | 1.3 103

mg Ao (initial value of m for I 4) 0.12

hx ap (initial value of h for Ix 4) 0.12

time axis up to 30 sec, we compare the results when the two instigation methods are
used, namely, when an electrical current stimulus is applied for 200 ms with the fast
transient sodium current, I, 1, activated in Fig. 2(a), and when KCl is applied with
no fast transient sodium current activated in Fig. 2(b). It can be seen that in both cases,
the membrane potential depolarizes and eventually repolarizes. The difference in the
time that the membrane remains depolarized is likely due to the fast transient sodium
current where there is delayed repolarization.

3 Small networks of simplified point neuron models

In the previous section, we established that a simplified neuron model can produce
CSD-like membrane potential behavior when it is stimulated with an electrical cur-
rent. Here, we will investigate the spreading of a CSD-like wave by considering a
network of a finite number of these simplified neuron models, immersed in an extra-
cellular space.

3.1 Small network model

In contrast to the previous section where the ions remain in the ECS next to the neuron,
we assume that the ions can diffuse within the ECS, but there is no diffusion in the ICS.
In other words, we assign an index j to each neuron and the associated extracellular
space, and denote the intra- and extracellular concentrations of the ions by [ion]; ; and
[ion],;, respectively. In addition, we assume that the extracellular concentration [ion],,
varies, and that it “flows” from higher concentration to lower values. Therefore, we
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Figure 1: Time courses (300 ms) of the membrane potential (black) and Nernst potentials for potassium
(blue) and sodium (red) with 200 ms electrical stimulation: (a) with Iy, T producing action potentials and
depolarization; and (c) without In, T and producing no action potentials. Also plotted are the corresponding
extra- and intracellular concentrations of potassium (blue solid and dashed lines, respectively) and sodium
(red solid and dashed lines, respectively), (b) with Iy, 1, and (d) without Iy, 7. Even though the propagation
of the depolarization cannot be produced using a single neuron, the change of membrane potential and the
massive redistribution of ion concentrations are similar to the phenomena observed during a CSD wave.
These will be referred to as CSD-like time courses in the rest of the paper, following [7].

100

50

> K/
E
=50
-100

-150

—~
~
o
o
o
-
=p
3
EL
~
N
@
>
oy
5,
w

100

0 \\\~_~__~___-_~_-‘---__—’//’,,____-
>
E 3
-50 E
-100 o

50

0 05 1 15 2 25 3 0 05 1 15 2 25 3
) o (d)

Figure 2: CSD-like time courses (30 seconds) of the membrane potential (black) and Nernst potentials
for potassium (blue) and sodium (red): (a) instigation using electric current with Iy, T active, and (c)
instigation by the application of KCl without In, 7. It can be seen that the behaviors of the membrane
potential and other quantities are similar except the recovery is sooner when the fast transient sodium
current is not present. Also plotted are the corresponding extra- and intracellular ion concentrations of
potassium (blue solid and dashed lines, respectively) and sodium (red solid and dashed lines, respectively),
(b) with INa,Tx and (d) without INa,T-
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replace the Egs. (2.6b) and (2.6d) by
d [N El] e S

I — ﬁINa,j + YNa ([Na]e,j+1 -+ [Na]e,]'_l — Z[Na]e,j)/ (3.1a)
dKl.;j S
dte; = gy i+ vk ([Kleji1 + [Kloj-1 — 2[Kl,j), (3.1b)

for neuron j and the extracellular space associated with it. Here, yn, and 7k are coeffi-
cients that are obtained from the molecular diffusion coefficients, Dy, and Dy, scaled
by the square of the average distance (6) between the neurons. In other words, we
compute Yion = Dip,/6?, where Dy, = 1.33 x 107> cm?/s and Dx = 1.96 x 107>
cm?/s [14]. For the intracellular concentrations, the Egs. (2.6a) and (2.6¢c) are un-
changed except for the additional index

d[NlZ]Z‘,]‘ S

= ——Ina, 2
dt FVZ Na,jr (3 a)
d[K]; S

In the brain-cell microenvironment, glial cells occupy an amount of space similar to
that of neurons; therefore, we have experimented with two extreme cases where the
distances between neurons are equal to: 1) the soma diameter, and 2) twice the soma
diameter. In both cases, we obtained similar results. Here we present only the re-
sults where the distance between the neurons is equal to the soma diameter. When a
current stimulus is injected into the first neuron for 200 ms, it triggers action poten-
tials. However, at the end of the stimulation, the membrane potential returns to its
rest value, see Fig. 3(a), and the other neurons remain depolarized, as shown. In this
case, the extracellular potassium concentration outside the stimulated neuron is un-
able to build up to a critical value because of ion diffusion to the extracellular spaces
of neighboring neurons, cf. Fig. 3(b). Although the identification of this critical value
of the ECS potassium concentration is of mathematical interest, our main objective in
this study is to provide a qualitative understanding of the instigation and propagation
of CSD waves. Therefore, this is left as a topic for further study. When we apply an
identical current stimulus for 200 ms to three neurons, all three neurons depolarize
after a prolonged period of action potentials, which trigger significant buildup of the
extracellular potassium concentration and influx of sodium ions. As a consequence
of the diffusion of extracellular potassium to the extracellular spaces of neighboring
neurons, action potentials are induced in neighboring neurons, resulting in a cascade
of depolarization of neuronal membrane potentials one after the other, a spreading of
CSD-like depolarization, cf. Fig. 4.

Another stimulus for CSD waves is the application of KCl, as in Fig. 5 where we
plot the membrane potential and the ECS potassium concentration of individual neu-
rons from the time of application of KCl up to 400 ms. The application of KCI is
assumed to be confined to the ECS of the first three neurons. While the first three
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Figure 3: Time courses of the membrane potential and extracellular concentrations of potassium when
the first neuron is stimulated by an electrical current. (a) Membrane potentials of individual neurons.
(b) Concentrations near potassium in the ECS of neurons. The neuron being stimulated fires and the
corresponding ECS potassium increases in an oscillatory fashion due to the effect of the action potentials.
ECS concentration of the neighboring neurons also increases due to diffusion in the ECS. However, the
increases are smaller and smoother as one moves away from the stimulated neurons. Depolarization of the
membrane potential does not propagate to the neighboring neurons.
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Figure 4: Time courses of the membrane potential (a) and extracellular concentrations of potassium (b)
when the first three neurons are stimulated by electrical currents. CSD is triggered as the other neurons
start firing and the corresponding ECS potassium concentration builds up.
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Figure 5: Time courses of the membrane potential (a) and extracellular concentrations of potassium (b)
when KCl is injected into the ECS of the first three neurons. Spreading of depolarization among neurons is
apparent.

(a) neuron 5 0 t(ms) (b) neuron 5 0 t(ms)
Figure 6: Time courses of the membrane potential (a) and extracellular concentrations of potassium (b)
when KCl is injected into the ECS of the first three neurons with the fast transient sodium current disabled.
Spreading of CSD occurs without the action potentials.
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neurons (only the third neuron is plotted) are depolarized almost instantly after the
injection of KCl, the other neurons initiate the firing of acting potentials and undergo
depolarization one-by-one, as shown in Fig. 5, which is similar to the case when an
electrical current stimulus is applied.

As noted earlier, it has been observed experimentally that CSD can be generated
even without action potentials, i.e., by blocking the fast transient sodium current,
Ina, T, and we also have demonstrated this in our model in Section 2.

3.2 Spreading depolarization and increasing potassium concentration

We now explore the spreading of the membrane depolarization by application of KCl
when Iy, 1 has been removed. In Fig. 6, we plot the membrane potential and the
ECS potassium concentration from the time of application of KCl up to 800 ms. The
application of KCl is assumed to be confined to the ECS of the first three neurons.
While the first three neurons (only the third neuron is plotted) are depolarized almost
instantly after the application of KCl, the other neurons undergo depolarization one-
by-one, without the firing of action potentials, as shown in Fig. 6. An important feature
of amodel is its ability to make quantitative predictions. Therefore, we have computed
the propagation speed of the CSD wave and found that it travels at approximately 8
and 4 mm/min when the fast transient sodium channels are included and removed,
respectively. Both are within the range of experimentally observed values.

4 Effect of NMDA currents

The roles of NMDA currents and glutamate have been discussed extensively in [12,17].
While it is evident that they do play a role in CSD, it is not clear if the activation of
NMDA receptors is absolutely required for the generation of SD [17]. On the other
hand, it has been pointed out by Takano et al. [19] that in some cases, blocking the
NMDA receptors prevents the instigation of CSD but not its propagation once it has
started. In this section, we extend our model to investigate the role of NMDA currents.
Since the NMDA currents only occur in dendrites, we include the dendrites in our
model by adding another compartment. The functional form of the NMDA current
is given in Table 1. Then we modify the extracellular ion concentration equations as
follows:

d[Nal;,; B SSI3

N
dt FV;] + ﬁNa([Na]gj - [Na]f,j) + ')’Na([Na]e,j+1 + [N“]e,jfl - Z[Na]e,j)r (4~1a)
e
dK)S.  S°I3.
J Kj
ar = pys T Ax(Kl KL + 7k ([Klejea + [Kloj1 — 2(Kle,), (4.1b)
d[Na)P.  SPIR .
dt = FvDa,] + ,BNa([N”]f,j - [Na]eD,]) + ')’Na([N“]e,j—&-l + [Na]e,j—l - Z[Na]e,j)r (4-1C)
e

J + ﬁK([K]S,j - [K]eD,/) + ')/K([K]e,jJrl =+ [K}e,jfl - Z[K]e,j)/ (4~1d)
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where the superscripts S and D denote soma and dendrite, respectively. The intracel-
lular ion concentration equations are changed to

d[IZ]lS] - pSVSiS Ifgfﬂ,j +Pna ([N“]zl'?j - [Na]is,j)r (4.2a)
d[{;t]ij = _FSVSI,SII%J‘ + Br (K17} = [K])), (4.2b)
dUZS]Ej = FS‘ZD INo,j + Bna([Na]?; — [Na]}), (4.20)
d[ft]i?j == FS;D I+ Br (K3 — [KIF), (4.2d)

and the equations for the membrane potentials in the soma and dendrite become

dE;, S D_ S dE; D S D
CMF =1 +IBE(E7’VZ _Em)l Cm? = -1 +IBE(Em_Em)' (43)
The parameters are given by Bn, = 2Dna/ 6%, Bx = 2Dk /5%, BE = 2D/6%, and 6p is
the half length of the effective dendritic tree, estimated at 4.5 x 1072 cm [6].

In Fig. 7, we plot the time courses of the soma membrane potential and extracel-
lular potassium concentration when the model includes both the soma and dendrite.
It can be seen that the characteristics of these curves do not change substantially from
those for the soma alone. Once a wave of CSD has been instigated, it propagates sim-
ilarly in the two models, without and with the dendrite. On the other hand, blocking
the NMDA channels, prevents CSD instigation, as shown by Fig. 8.

Most interestingly, if we block the NMDA channels in the regions away from
where KCl is applied, then the CSD wave is not blocked. It passes right through the
neurons whose NMDA channels are blocked, cf. Fig. 9, with some changes in the level
of depolarizations in the soma. These results indicate that the instigation and spread-
ing of membrane depolarization could be affected differently by blocking the NMDA
channels. Even though the detailed mechanisms that affect the NMDA channels are
not modeled here, our model is still capable of producing interesting phenomena that
can be further explored by a more comprehensive study, either experimentally or us-
ing mathematical modeling.

5 Discussion and conclusions

In this paper, we have developed a simplified neuronal model of cortical spreading
depression (CSD), which is computationally much more efficient than using the pro-
gram NEURON. We have shown with our model for a single neuron that a CSD-like
depolarization can be instigated with an electrical current stimulus. This allows us to
construct a network of neurons that can be used to investigate the spreading of CSD-
like membrane depolarization. We have carried out numerical simulations using the



H. Huang, R. M. Miura and W. Yao / Adv. Appl. Math. Mech., 3 (2011), pp. 759-773 771

W// i
5
79 1000
1113
15 500
1719
217 0

(a) neuron tms) (b)

Figure 7: Time courses of the soma membrane potential (a) and the corresponding extracellular concentra-
tion of potassium (b) when KCl is injected into the ECS of the first three neurons with the fast transient
sodium current disabled. Here we have included dendrites as a second compartment with NMDA currents.
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Figure 8: Same as Fig. 7 except that there are no NMDA currents. Depolarization of membrane potential
does not propagate into neighboring neurons.
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Figure 9: Same as Fig. 7 except that there are no NMDA currents from the 10th neuron and beyond.
Depolarization of membrane potential is delayed but is not stopped by the blocking of NMDA currents.

simplified single neuron model and a network of simplified neurons with results that
illustrate CSD depolarization and wave propagation using either an electrical current
stimulus or an application of KCl in the extracellular space. Furthermore, CSD can
be instigated and propagated even with the fast transient sodium channel blocked,
i.e., no action potentials occur during the spreading of CSD. In addition, blocking the
NMDA channels prevents the instigation of CSD, but does not stop it, if CSD has al-
ready been instigated.

Previous models for the propagation of CSD included extracellular diffusion
of ions, and special mechanisms, such as neurotransmitters, gap-junctions, or cell
swelling. Here our model makes no assumptions except that the ions are allowed
to diffuse in the ECS. In addition, our model shows that it is not necessary to sepa-
rate the instigation and spreading of CSD while blocking NMDA channels does affect
the instigation and spreading differently. Finally, we point out that our basic model
is developed by simplifying an earlier model proposed by Kager et al. [7]. Obviously,



772 H. Huang, R. M. Miura and W. Yao / Adv. Appl. Math. Mech., 3 (2011), pp. 759-773

other effects not included in our model could also be important in the instigation and
spreading phases of CSD, and they can be incorporated into our current model. We
are in the process of constructing a continuum model, which can be used to investi-
gate the effects of additional ions (such as chloride), the change of volume fraction,
cell swelling, membrane conductances, and background ion concentrations. Another
step to understanding CSD is to incorporate the role of glial cells. Our model also
provides a starting point for further exploration of CSD related phenomena, such as
vasodilation and vasoconstriction.
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