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Abstract. This article deals with an averaging principle for Caputo fractional stochas-
tic differential equations with compensated Poisson random measure. The main con-
tribution of this article is impose some new averaging conditions to deal with the av-
eraging principle for Caputo fractional stochastic differential equations. Under these
conditions, the solution to a Caputo fractional stochastic differential system can be ap-
proximated by that of a corresponding averaging equation in the sense of mean square.
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1 Introduction

Most systems in science and industry are perturbed by some random environmental ef-
fects, described by stochastic differential equations with (fractional) Brownian motion,
Lévy process, Poisson process and etc. A series of useful theories and methods have
been proposed to explore stochastic differential equations, such as invariant manifolds ,
averaging principle , homogenization principle. All of these theories and methods de-
velop to extract an effective dynamics from these stochastic differential equations, which
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is more effective for analysis and simulation. For averaging principle, its often used to
approximate dynamical systems with random fluctuations, and provides a powerful tool
for simplifying nonlinear dynamical systems. The essence of averaging principle is to
establish an approximation theorem that a simplified stochastic differential equation is
presented to replace the original one in some senses.

The averaging principle for stochastic differential equations was first introduced by
Khasminskii in paper [1], which extending the deterministic result of [2]. Since then,
the theory of averaging principle for stochastic differential equations driven by different
noise are considered by many authors, see [3-7] .

Because the non-local property of time derivatives, the model of Caputo fraction-
al stochastic differential equations applied in many areas, such as biology, physics and
chemistry and etc.. Existence and uniqueness of solution for Caputo fractional stochastic
differential have been discussed by many papers. Quite recently, some types of Caputo
fractional stochastic (partial) differential equations problem are considered from the dy-
namic viewpoint. For example, in paper [8], existence of stable manifolds is established.
In [9], the existence of global forward attracting set for stochastic lattice systems with a
Caputo fractional time derivative in the weak mean-square topology is considered. The
asymptotic distance between two distinct solutions under a temporally weighted norm
is discussed by [10]. To the best of our knowledge, averaging principle for Captuo frac-
tional differential equations only considered by two articles in present, see [11] and [12],
it is worth noting that the average conditions given in these two papers are different, un-
der this conditions, the corresponding averaging conclusions are drawn respectively. In
this paper, we also impose a new averaging condition for our framework, which let us to
derive the averaging principle for our consider problem from the theoretical derivation.

Let (Q), F,F;,P) be a complete stochastic base. Let (Z,8(Z)) be a measurable space
and v(dz) a c—finite measure on it. Let p = (p(t)),t € D;, be a stationary F;—Poisson
point process on Z with characteristic measure v. The counting measure associated with
p(t) is given by, for A€ B(Z), N((0,t],A) :=4{t€D,:0<s<t,p(s) € A}. Assume that
b:R, xRY—-R%,0: Ry xR - RYxR™ and F:R; x R? x Z—1R? are measurable functions.
Fora e (%,1), we consider a stochastic fractional differential equation with compensated
Poisson random measure of the form:

DX (t)=eb(t,Xc(t—))dt+ \/Ea(t,Xe(t—))dB5+\/E/ZF(t,Xe(t—),z)N(dt,dz), (1.1)

where € is a small positive parameter, N(dt,dz):=N(dt,dz)—dtv(dz) is the compensated
Poisson martingale measures corresponding to N (dt,dz) and {B; };>¢ is an m-dimensional
standard F;-adapted Brownian motion. We note that the above equation is a classical e-
quation if =1, which has been studied by many authors. Under some conditions, which
can be compared with the classic case as in [12], we derive an averaging principle for the
stochastic fractional differential system (1.1).

This article is organized as follows. In Section 2 we will give some assumptions and
basic results for our theory. The solution of convergence in mean square between the
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stochastic fractional differential equations with Poisson random measure and the corre-
sponding averaged equation are considered in Section 3.

Throughout this paper, the letter C below will denote positive constants whose value
may change in different occasions. We will write the dependence of constant on parame-
ters explicitly if it is essential.

2 Stochastic differential equations with Poisson random mea-
sure
2.1 Basic Hypothesis and some useful results

We impose the following assumptions to guarantee the existence of the solution.
H1 (Lipschitz condition). There exists a bounded function K (#) > 0 such that for all
x,y €RY,
[b(t,2) =b(ty) [P +o(tx) —o(ty)? +/Z [F(s,x,2) = F(s,y,2)*v(dz)
< Ky (H)(Jx—yl?).

H2 (Growth condition). There exists a bounded function K (#) > 0 such that for all
x€ERY,

bt %) P+ o (6 x) 2+ /Z IF(t,%,2)[2v(dz) < Ko (£) (14| x[2).

We also assume that the K;(t) have the same upper bound K, for i=1,2.
To deal with fractional differential equation, we need the following generalization of
Gronwall’s lemma for singular kernels [13, 14].

Lemma 2.1. Suppose that b>0and p>0. Assume that a(t) and u(t) are nonnegative and locally
integrable functions on 0 <t <T, satisfying

u(t) §a(t)+b/0t(t—s)ﬁ_lu(s)ds.
Then
u(t) ga(t)+/0

i%(tﬂ)”ﬁ‘la(s)] ds, 0<t<T.

2.2 Existence and Uniqueness

In this part, we consider the existence and uniquness for the following equation under
conditions H1 and H2:

DEX(£) =b(t, X (t—))dt+o(t, X (t—))dB; + /Z F(t,X(t—),2)N(dEdz). (1)
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Definition 2.1. A map X(t):[0,T] — L*(Q,R?) is called a solution of the initial value problem
(2.1) if X(0) =x¢ and X(t) is cadlag and satisfies for t € [0,T],

X(t):xo+ﬁ/Ot(t—s)"“lb(s,X(s—))dHﬁ/Ot(t—S)“‘lff(S,X(s—))st
ﬁ/ot/z(t_SVHF (s,X(s—),z)N(ds,dz). (2.2)

Using similarly methods as [15], we can derive the global existence and uniqueness of
solutions for Eq.2.1. Similar problem also considered by [13] under different framework.
In the following, we just given a priori estimate for the solution X(t), which assure the
existence of workspace for our problem.

Theorem 2.1. Under conditions of H1 and H2, for every xo € L2(Q,R?) there exists a unique
solution to Eq. (2.2), such that
sup E|X(t)|* <oo
0<t<T
Proof. The existence and uniqueness can be easily proved by the contraction mapping
argument and hence omitted here. Next, we estimate the solution X (¢) in L*([0,T],L?(();
R?)). By employing the simple arithmetic inequality

|la+b+c+d> <4(|al>+[b]>+|c|*+]d|?),

we have
2

E]X()|2<4E|x0|2—|—4E' (t )" 1b(s,X(s—))ds

I'(a)

14
+4E‘FL/ (t—s)" o (—))stz

2

+4E'm/o /Z(t—s)"“lF(s,X(s ),x)N (ds,dz)
::411+412+4I3+4I4.

For I, by Cauchy-Schwarz inequality and the condition H2, we have

TK [t 2= 2
TK tz"‘ 1 (a-1) 5
Sr( E [2“ 1+/ (t—s)2@=VE|X(s)|*ds

K T> TK [t
< _o)2(a-1) 2
“T(a)22a—1 r(zx)2/o (t=5) ElX(s)lds,

where we have used the fact that {s: X(s) # X(s—)} is countable.
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For I3, by It6 isometry and the condition H2, we have

K

I'(a)?
K T2¢x1 K

TP 2a—1 ' T(a)? /Ot(t—s)z(“l)E!X(s)lzds,

In a similar way, for Iy we have

< /t(t—s)Z(“l)(l—FE]X(s) 2)ds

I4_ﬁ/ot/|x|<c<f—s>2‘“”E|P<t,x<s—>,z>|2v<dx>ds

K T2a-1 K t 5
< _ (0(71) 2 .
_I"(a)22a—1+1"(1x)2/0 (t—5)X=VE|X(s)[2ds

Therefore, we get

4K T?21 4ATK+8K
T)> +8

t
2 - 2 o (2e—1)—1 2
E|X(1)] _<4E|x0| +I"(1x)2—20c—1(2+ i /O(t ) E|X(s)[?ds.

T2a 1

2 7:—7(2+T) and applying Lemma 2.1, we have

By setting r =4E|xo|*+

4TK+8KI~(2(X 1))

E|X(t |2<r< /Z T (t—s)”(z”‘l)lds>
. 4TK+8KI~(2[X 1)T2 1y
< Z I'(2na—n+1) )

4TK+8K

I'(a)?

for all t € [0,T], where Ep,—11(-) is a two-parameter function of the Mittag-Leffler type
[13]. Then we have

:r2(1+EZa,M( r(2a—1)T?" 1))<oo

sup E|X(t)|* <oo

0<t<T

This completes the proof of the theorem. O

3 An averaging principle

We now study an averaging principle for a standard stochastic integral equation in R¥:

Xelt) =0+ s [ (-5 005 Xels s 275 [ (-9 s Xe(s-))dB,

0

+%/Of/z(t_s)a1p(t,xe(s_),z)zv(ds,dz), (3.1)
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where xj is a random vector satisfy E|xg|>< oo, and e € (0,¢] is a positive small parameter
with €y a fixed number.
To ensures an averaging principle, we need to assume the following condition.

H3: There exist measurable functions b: R? -+ R?,5:R? - RYxR” and F:R¥ x Z —R?
such that for all £ >0,

tz%/ot(f—S)z(“”Ib(S/JC)—E(X)!ZdSSqol(t)(1+|x|2), (32)
1 t

et | (=920 Vo5, —0(0)ds < () (1P, 63)
t

et [, (=920 [ [Fox2) ~Fra)Pr(dads < pa(O(1+1xP), (G4

where ¢;(t) are positive bounded function with lim;_,« ¢;(t) =0 for i=1,2,3.

Remark 3.1. Note that, when we take « = 1, the above conditions are consistent with
classic case.

Our main result, Theorem 3.1, states that the solution of original equation (3.1) is well
approximated, in the sense of mean square, by that of following equation

Ze)=x0+ g | t(t—s)“—lf)(ze(s—))dw% [ =9y 0(ze(5- ).

—1—%/;/20—5)«1F(Ze(s—),z)N(ds,dz). (3.5)

Theorem 3.1. Assume Hypotheses H1—H3. Then, for arbitrary a € (3,1), L>0 and B €
(0,2a—1), there exists a constant Cy ,, independent of €, such that that

sup  E|Xe(t) —Ze(t)]P < Cpae' P, (3.6)

£
0<t<Le2x-T

Proof. Let [0,T] be a fixed time interval. For any t € [0,T| we have

_W/Ot(t—s)”‘_l[b(s,)(e(s—))—E(Ze(s—)]ds

+%/ot(t_s)“l[0(s,Xe(S—)) —0(Ze(s—)]dBs

-I—T\/f)/ot/z(t_s)rxl[F(s,Xe(s—),z)—F(Ze(s—),z)]N(dS,dz).
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Directly, we get

E|Xe(t) = Ze(1)]?

§3{E £

=3(Ji+)2+]3).

For J;, we have
h=t|rs (£ (s Xe(s—))~ b(Zels—))]ds|

2

gr(iz)z{g(/ot(t—s)“1[b(s,x€(s—))—b(s,ze(s—))]ds\z

+E‘/Ot(t—s)"‘_l[b(s,Ze(s—))—E(Ze(s—))]ds‘z}.

Due to the Cauchy-Schwarz inequality, conditions H1 and (3.2) in H3, we get
2fK€2 t 2(a—1 2
B <z, (5P EXe(s) ~Ze(s)Pas (3.7)

€? t _
?é)z 2 { tzal—l E/o (t_s)za_zw(sfz(S—)) —b(Ze(s—)) lzds}

_|_

/Ot(t—s)z(“_l)E|X€(s—) —Ze(s—)|Pds+ 1%5322 P g1(1) (1+EI Ze(s—) ).

For J,, using the Itd isometry, we have

I'(a)?

Ja= /Ot(t_s)w—”E!a(s,xe(s—))—c‘r(Ze(s—»Izds

Sr(“)z{ /Ot(t—S)z(“”Ela(s,Xe(s—»—a(s,ze(s—)>|2ds

+/Ot(t—s)z(“_l)E|U(s,Ze(s—))—c‘T(Ze(s—))|2ds}.
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By conditions H1 and (3.3) in H3 , we obtain
2e

o -9 VBl Xe(5-)) ~ols (s )) P

+/Ot(t—s)2("‘_1)E]a(s,Ze (s=))—0(Ze(s—)) lzds}
2Ke

2K sV EIX (5 Ze(o) P
+r2(§§2 25100 (1) (1+E!Z€(s—)|2). (3.8)

Finally, we take estimate on J3. Using the It0 isometry yields

- ‘r //|x|<c F(t,Xe(s—),2) = F(Ze(s—), )]N(dsdz)‘z
262 /O/Z(t_s) @DE|F(s,Xe(s—),2)) —F(s,Ze(s—),2)) |v(dz)ds
+/Ot/Z(t_5)2(“_1)E|P(S'ZE(S_)’Z)_F(ZE(S—),Z)Izv(dz)ds},

and so, by H1 and (3.4) in H3, we have

<

e 2<K§ / (5P DE[X (5 ) Ze(s s

// (t—5)2@D|F(s,Z(s—),2) — E(Ze(s—),2)[Pv(dz)ds

SW/O(t )20 VE|Xe(s—) —Ze(s—) s
2Ke

Ty P g (1) (14E|Ze(s—) ). (3.9)
Therefore, from (3.7)—(3.9), Theorem 2.1, one can get
E|Xe(t)=Z (1)
2 ot
< [ = VBN ()~ (5 Pt P 2 (1) (1 E[ 2 F)
s [ (=P VB (5= Zelsm) s s a(t) (1 ElZe(s-) )
+ e [ =92 VB (5-) ~ Zes—) Pats+ faet (0 (1 EIZe ()
CiKe. CK
<67 (I"(lzx)i = r(fx)2)
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rﬁe)z T+ rif)z) /Ot<t_s)<2"“”‘1E!Xe(s> —Ze(s)[?ds,

where we have used the fact that {s: X¢(s) # Xe(s—) or Ze(s—) # Ze(s) } is countable. By

setting 11 :6(%T+ %) and 7o =6( K& T4+ 2K) from Lemma 2.1, we have

+6e<

2 (reT (2a—1))"

t
E]Xe(t)—Ze(t)|2§eT2“’1r1<1+/0 Y ( (t_s)nmfl)—lds)
n=1

I'(2na—n)
. - [(2a—1)T?1)n
<eT2 1, (1 (r2e
=€ r1< +1§1 I'(2na—n+1) >

<eT? 1y <1+E2“,1,1 (ryel’ (20— 1)T2"‘_1)) )

By selecting p € (0,2a—1) and L >0, such that for every t € (O,Le%) C[0,T], we obtain
(3.6). This completes the proof. O
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