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Abstract. Based on the spectral decomposition for the linear and nonlinear radially
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1 Introduction

In this work, we consider the spatially homogeneous Landau equation

{atf:QL(f/f)/
fli=o=fo>0,

where f = f(t,0) is the density distribution function depending on the variables v € R?
and the time t > 0. The Landau bilinear collision operator is given by

Qu(8.N(©)=Va- [ alo—0.)(5(0:)(7f)(0)= (Vug) (0:)f(0)) do,
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where a= (Ell‘,j)lgl‘,jgg, stands for the nonnegative symmetric matrix
a(v) = ([o I-v®0)|v|” € M3(R), —3<7<+oo.

This equation is obtained as a limit of the Boltzmann equation, when all the collisions
become grazing. See [1,2]. We shall consider the Cauchy problem of radially symmetric
homogeneous non-cutoff Landau equation under the hard potential case y =2 with the
natural initial datum fy >0

/Rsfo(v)dvzl; /Rsvjfo(v)dv:O, i=1,2,3; /Rs|v]2f0(v)dv:3. (1.1)

Consider the fluctuation f(t,v) = u(v) +,/#(v)g(t,v) near the absolute Maxwellian

lo[?

k(o) =(m) e T,
the Cauchy problem is reduced to

{atg—I—E(g) =I(g,8), t>0, veR?,

(1.2)
gli—0=g",

with ¢%(v) :y*%fo(v) —/H(v), where

T(3,8) =1 Qe(VAgV/ig), L(g)=—n"(Qe(viigm)+Qe(uVig))-

The linear operator £ is nonnegative with the null space

N =span{\/Ji, /1iv1, \/Jiv2, \/Hiv3, \/1i]0|* }.

The projection function P:S'(R3) — N is well defined. The assumption of the initial
datum fp in (1.1), transforms to be ¢” € A'+. We introduce the symmetric Gelfand-Shilov
spaces, for 0<s<1,

5% (R?) = {ues'(R%); 3c>0, e uel(R)};

2s

2
where H = —-A+ %. This spaces can be also characterized through the decomposition
into the Hermite basis (¥4 ) ,ens,

feSi(lRS) & fELHR®), 3eo>0, | (7 (£,%,)12)

x€IN3 112

For more details, see in [3, Theorem 2.1] or in [4, Proposition 2.1].
The existence and regularity of the solution to Cauchy problem for the spatially ho-
mogeneous Landau equation with hard potentials has already been treated in [5,6]. We
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can also refer to [7, 8] for the Gevrey regularity and Analytic smoothing effect for the so-
lution of the Landau equation with hard potential. However, the mathematical technique
in these works are mostly the energy methods. In this method, the smoothness effect of
the Landau equation are almost not better than analytic smoothing effect.

In 2012, Lerner, Morimoto, Pravda-Starov, Xu(LMPX) began to study the radially
symmetric spatially homogeneous non-cutoff Boltzmann equation with Maxwellian mole
cules by using spectrum analysis and then showed that the solution enjoys the Gelfand-
Shilov smoothing effect in [9,10] and [11]. For Landau equation, Villani in [2] constructed
a linear equation for the homogeneous Landau equation and MPX in [12] proved that the
solution enjoys a Gelfand-Shilov regularizing effect in the class S%ﬁ(l[@). Recently, Li
and Xu in [13] showed that global existence and Gelfand-Shilov regularizing properties
of the solution to the Cauchy problem (1.2) for homogeneous non-cutoff Landau equation
in Maxwellian molecules. From now on, the Gelfand-Shilov smoothing effect have never
been studied in the non-Maxwellian case. In this paper, based on the spectral decompo-
sition for the linear and nonlinear radially symmetric homogeneous non-cutoff Landau
operators under the the hard potential v =2 in perturbation framework, we show the ex-
istence and the Gelfand-Shilov smoothing effcet for the solution to the Cauchy problem
for this spatially homogeneous Landau equation.

The main theorem is given in the following.

Theorem 1.1. There exists a small positive constant €y > 0, such that for any initial datum
20 € L2(R¥) NN with
1gollr2(r3) < €0,

the Cauchy problem (1.2) for radially symmetric homogeneous non-cutoff Landau equation in
hard potential -y =2 admits a global radially symmetric weak solution

g€ LT([0,400[; L*(R?)).

Moreover, we have the Gelfand-Shilov S1(R3) smoothing effect of Cauchy problem, for any given
T >0, there exists a positive constant § >0 such that for all 0 <t <T,

— t 1
&g (O)fa+ [ 17" g (o)t < 0

Remark 1.1. (1) The decompositions of the linear and nonlinear Landau operators under
the hard potential y =2 are the technical part in this paper, in fact, the algebra structure
of the linear Landau operator £ is different from the Maxwellian molecules in [2] or [13].

(2) We think the regularizing property in the hard potential oy =2 is similar to that in
Maxwellian molecules. This work is a first step to study the Gelfand-Shilov smoothing
effect for Landau equation in non-Maxwellian case. It is interesting to study more general
case rather than the case of y =2.
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The rest of the paper is arranged as follows: in Section 2, we introduce the spectral
analysis of the linear and nonlinear Landau operators, and the formal solution of the
Cauchy problem (1.2) by transforming the linearized Landau equation into an infinite
system of ordinary differential equations, then we construct the solution to the Cauchy
problem for linear Landau equation. In Section 3, we prove the main Theorem 1.1. The
spectrum analysis of the linear and nonlinear Landau operator is the technique part,
which will be presented in Section 4.

2 Spectral analysis and linear Landau equation

2.1 Spectral analysis

Diagonalization of the linear operators. We recall that {¢,} constitute an orthonormal
basis of L? ,(R%), the radially symmetric function space (see [11]) with

rad
n! (1 |v[2> G
n(0 —L : e %,
Pnl0)= 42T (n+3) ( 2

where T'(-) is the standard Gamma function, for any x >0,

—+o0
I'(x) :/ e~ *dx,
0

(@)

and the Laguerre polynomial L, of order «, degree n read,

i I'(a+n+1) Her
X"
= (n—r)T'(a+n—r+1)

In particular,

po(v)=(2m) e % = U,

no=y3(3-2L)vr

/8 (15 5[v]*  |o*
¢2(v) = E<§ 4 T )V
Furthermore, we have, for suitable radially symmetric function g,

o]

2n+ )81 P §n =& Pn)-
n=0

It follows that

1 o0 .
865?1{3) & geL*(R%), >0, 2660(2’”%) |gn|* < +oo.
* n=0
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Triangular effect of the linear and non-linear operators. We study now the algebra
property of the nonlinear operators I'(¢,, ¢, ), and then the linear operator

Lon=L1¢n+Lr@n=—T(¢0,¢n) =T (¢n, o).

Similar to the proof of [11, Lemma 3.3], we can prove the following triangular effect for
the nonlinear Landau operators on the basis { ¢, } in hard potential y=2.

Proposition 2.1. Let I be the nonlinear Landau operator, the following algebraic identities hold
true,

3 1
(g0, gu) =8my| (1) (1+3) g1 — 81 (2m+3) g +8(m—1)y | m(m+3) o 1

(1 gn) =~ oy 60n- 1) (m42) (4 2) ()i

8O0 Jom41) (4 2) s~ L omm 1)
r(§021§0m) = _ST\/% (m+1)(m+§)€0m+l)

T(Qn,m)=0, n>2,
where for convenience, we always set ¢_1=0.

This proposition play a crucial role in the proof of the global existence of the solutions
to the Landau equation under the hard potential y =2. We will give the proof of this
proposition in the Section 4.

Remark 2.1. Obviously, we can deduce from Proposition 2.1 that, for n €N

L19w=—T(go,pu) =8\ (1) (1 2)@u 1 +8(20+3) 801 1)1 [ m(n-+ 2)
with ¢_1=0and

Logu=—T(@n,¢0) =— (4091 —8v5¢2)51,,+8V5¢151.
Then

Lon=L1¢n+Logn=—[T(90,9n) +T(Pn,90)]
:—Sn\/(n—l—l)(n—|—3/2)gon+1+8n(2n+3)gon —8(n—1)\/n(n+1/2)p,—1
- (40901 _8\/5902)51,11 +8\/§§0152,n/




16 H. G.Liand H. Y. Wang / J. Partial Diff. Eq., 35 (2022), pp. 11-30

which satisfies that L¢og = L¢; =0. Let P be the orthogonal Projection on A. Moreover,
we have

Loy =—8V42¢3+112¢»;

Lo,= —8n\/(n+1)(n+3/2) Pn+1+8n(2n+3) @, —8(n—1)\/n(n+1/2)¢,_1, for n>2.

Then for radial symmetric function g, one can verify that

Zgn L(pn) N, @.1)

2.2 The Cauchy problem of linear Landau equation

Now we solve explicitly the Cauchy problem (1.2) associated to the non-cutoff radial
symmetric spatially homogeneous Landau equation with hard potential v =2 for the
initial radial data ¢° € L?(IR®)NA/*.

We search a radial solution to the Cauchy problem (1.2) in the form

Zgn @n with g, (£) = (g(t), )

with initial data

+00
8lizo=8"=)_ (8", @u) gn
n=0
Remark that g° € L?(IR?*) NN is equivalent to ¢" radial and
0112 1,02 0 0
18”172 (xs) = Zz\gn\ <+oo,  gu=(8" Pn)r2re)-
n=
For suitable radially symmetric function g, we have
Zgn (@0, ¢n)+g1(t Zgn T(¢1,¢n)+82(t Zgn L(¢2,¢n).

It follows from Proposition 2.1 that,

3

r<g,g>:go<t>(ign_msm—l) n(n+3)

w© 3
—Z()[Sn<zn+s>gn<t>+8n <n+1><n+§>gn+1<t>}><on
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n=2

+a() (—§°§¢6<n—1>n<n—;><n+;>gn2<t>

i (2n+3) (n+%)gn_1(t) JFZO:OTn(n 1)gn()>(Pn

n=0

1
AOPIL: —3 n(n+3)8n-1(t)pn.
n=1
For radially symmetric function g, we can deduce from (2.1) in Remark 2.1 that

(E(g)IQO)LZ(]R% =0, (ﬁ(g),Ql)LZ(]Rs) =0.
Formally, we take inner product with ¢,, on both sides of the Cauchy problem (1.2), we

find that the functions {g, ()} satisfy the following infinite system of the differential
equations

dgo(t) =
91g1(t) =0
(2.2)
9rgn(t)+ ng (Lok,n),=(T(8,8),9u), Yn>2;
L 81 (0 <g (pn> g%, VneNlN.
Since ¢” € '+, then it is obv1ously that
H=(8"90)=0; g1(t)=(g"91)=0
The nonlinear Landau term turns out to be
+oc0 8\/_
I(g8)=—8(t) ), —5—/n(n+ )gn 1(H) @n-
n=2
Furthermore, for n>2,
1
ng (Lot @n) ==8(n—1)y/n(n+3)gn-1(£) +8n(2n+3)gu(t)
3
—8n (n—i—l)(n—i—i)gnﬂ(t). (2.3)

The infinite system of the differential equations (2.2) reduces to be
(=0 &1(H)=0;
dig2 (1) +112g () =8V42g5(1);
1
Irgn(t) +8n(2n+3)gn (1) =8(n—1)y [ n(n+5)gn-1(t) (2.4)

s (n41) (142 )gais (1) 220 (et Dgaltrga 1), 2

8n(0)=(8% pn)-
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Now we prove the existence of weak solution to Cauchy problem of the following
linear Landau equation.

Proposition 2.2. For any f, g° € L2(IR®) NN, there exists ¢ >0, such that f satifies
P2 || r2(rs) < co,
where Py f = fo o, then the Cauchy problem

{3tg(f)+ﬁlg(f) =T(f.8(t))—Laf,

2.5)
g(t,0)|i=0=8"(v),

admits a weak solution
g€ LT([0,400[, L2(R})NN)NC([0,+oo[;S'(R?)).
Moreover, we have

HgHLZ(]I@) < HgOHLZ(]Ra).

Before the proof of Proposition 2.2, we provide the sharp trilinear estimates for the
radially symmetric nonlinear landau operator in the following Lemma.

Lemma 2.1. Forall f,g,h€S,(R3) NN+, we have

1 1
[(T(f,8) M) 12| <8|Pafll 12| H2 g 2| H 2Rl 2

Proof. Let f,¢,h € S,(R¥) NN be some radially symmetric Schwartz functions, we can
decompose these functions into the Hermite basis (¢,,),>0 as follows

+oo +oo —+o0
=Y fupn 8=Y 8non, h=)Y_huon.
n=2 n=2 n=2
It follows from Proposition 2.1 that,

I(f,g)=r i)gnf(qu,(/)n)

This implies that,

“+o00
(r(f/g)/h)L2:_f2Z:38Tm n(n+%)gn_1hn.

By using the Cauchy-Schwartz inequality, one can verify that

1 1
[(T(f,8), ) 12| <8[[Paf [l 2 H2gl 2 [ H 2R 2.
This ends the proof of Lemma 2.1. O
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Now we are prepared to prove the Proposition 2.2.

The proof of the Proposition 2.2. We search a radially symmetric solution to the Cauchy prob-
lem (2.5) in the form

—+o0
= Zgn(t)§0n

with initial data g(0) =g° =¥%(8", ¢x)12(r3) ¢n Remark that ¢ € L*(R*) NN+ is equiv-
alent to ¢° radial and

012 _+°° 02
18°1172= ) |gn|” < +co.
n=2

Since f € L2(R3)NAN*, for radially symmetric function g € S,(R3)NN*, it follows from
Proposition 2.1 that,

——szSf 201 (g

Moreover, for this g€ S, (1R3) NN+, we can deduce from Remark 2.1 that

Elg:f <—8(n—1)\/n(n—l—l/Z)gn_l(t)+8n(2n—|—3)gn(t)

n=2

—8n\/(n+1)(n+3/2)8n+1(t)> Pn,s

with ¢_1=0and
Lof =8V5.() 1

Formally, we take inner product with { ¢, },>2 on both sides of the Cauchy problem (2.5),
we find that the functions {g, (t) }»>2 satisfy the following infinite system of the differen-
tial equations

0:82(t) +112g> () =8V/42g3(t);

910 (£) +81(21-+3)gu (6) =8(n — 1)\ [n(n+ 2)ga 1 () o

+8n (n+1)(n+§)gn+1(t)—8—\é% n(nt ) fagua(t),  ¥n>3

8n(0)=1(g"gn)-
Let us now fix some positive integer N >2 and define the following function uy : [0,4+o0[
xR3 — S'(R?) by

=
L=

un(t)=)_ &n(t)pn,
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where g, (t) is the solution to the ODEs (2.6) for n < N. For h € §'(R?), we defined the
k+1 projection [P that

k
Prh= Z (h, @n) Pn
n=0

Then for N >2, Pyuy =uy and uy satisfies

oiun (t) +PnLiun(t) =PNT(f,un),

N 2.7
un ()= 3 {8, o) . 27

n=2

For N >2, taking the inner product of uy(t) in L?(IR®) on both sides of (2.7), we have

(e (1), un (1)) 2 (re) T (PN Laun (8),un () 12 (rey = (PNT(f,un (), un(t)) 12(r3) -

Then one can verify from (2.6) that
N

d
a||uN<t>|\i2(ms)+k§8k<zk+3>rgka)rz

=2 Z 8k / (k+1)( %)gk(t)gkﬂ(t)+(H’NT(f,MN(f))/“N(f))LZ(Rs)-

By using Cauchy-Schwartz inequality, we have

z 8k\/k+1—)gk(f)gk+1(f)

N-1
=< Z 4k(k+3/2) gk (D) + Y 4k(k+1)|gisr (1)
k=2 k=2

N-1
<Y 4k(2k+1/2)|gk (1)

N =

We can conclude from Lemma 2.1 that

1d

1
RTLCI IS 1M 2un (D112 re) <BIP2f 2y 1H2un (D72 gey- - (28)

By the assumption that || P2 f[| ;2 (g3) <co with co small, then there exists a positive constant
0o >0, such that for any ¢ >0, we have

n (8) 1172 o) +5o/ 1Y 21 (7) |22 oy AT < Nt (0) 172 ey < N18° 12 oy
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For any N > 2, there exists positive constant C >0, we have also
IH 2PN L1 (un) |12 (r) < ClIS° 2y
17 PNT(f,un) | 2mo)) < ClIS° T2 ko)

So that Eq. (2.7) implies that the sequence {&uy(t)} is uniformly bounded in S'(R®)
with respect to N € N and t € [0,4-00[. The Arzela-Ascoli Theorem implies that, there
exists a subsequence {un, ()} C {un(t)} such that

un, () — g(t) €C°([0,400[;S"(R?)).
Moreover, we have
18112 (w3 Sl,jgg\ofHuNk(f) 2 re) <1180 r2 (ko) (2.9)
This shows that
g€ LT®([0,+00[, L2 (R*) NN *)NCO([0,+00[;S' (R?)),

¢(#) is a weak solution of Cauchy problem (2.5). We end the proof of Proposition 2.2. [J

3 The Proof of Theorem 1.1

We recall the definition of weak solution of (1.2):

Definition 3.1. Let g° € S’(IR%), ¢(t,v) is called a weak solution of the Cauchy problem (1.2) if
it satisfies the following conditions:

3EC (0,400l (RY), §(0,0) =g(0),

L) L (0,TLS (), Tlg.g) LA(0TLS (RY), ¥T>0,
(§(0.9(0)~ (.9O)+ [ (£(0)p(0))dx
= [(s@ap@pdrs [ Xg.g) o), vizo

for any ¢(t) € C([0,+00[;S(R?)).
Now we are prepared to prove Theorem 1.1.

Existence. By using Proposition 2.2, we begin to prove the Global existence of solutions
to the nonlinear Landau equation. For linear Landau equation (2.5), we consider the
following sequence of iterating approximate solutions:

(3.1)

{atgnJrl_’_ElgnJrl :I-(gn’gn+l) _£2gn/ £>0, Z)GIR3,
& (40)|i=0=g0(v),
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starting from ¢°(t,v) = ¢o(v). Taking ¢=¢" !, f =¢" in Proposition 2.2 gives, for any ¢ >0,
there exists a constant dy >0,

1" gy 00 [ 10728 gy 4T < 18 g < €% 62
Then it remains to prove the convergence of the sequence
{"neN}CLP(LHR)NNL),  {HY?¢"neN}C LA (L*(R?)).
Set w" = g¢"*1 —¢", one can verify from (3.1) that
o'+ Lyw" =T (g",w") —I—I"(w”’l,g”) —Low" L

with w"|;—o=0. Since w" € N'*, we have

1
0 () B sy 12007 (1) 2
<(P("w"),w") 2 ey + (T (" ~,8"),0") 12 ()
By using Lemma 2.1 again, we have
1
’(r(gnzw")/wn)LZ(IRS)’ Sngo HL2(1R3) H’H2w”HL2 (R3)
_ - 1 1
(T (" ,g"), 0" ooy | <8l 2o 728" | 2oy | H 20" | 2
For any t >0, we obtain that,

" () By [ 1" B

_ 1 1
<8l i) | IHAE ey [0 oy
<Mlw™ ] 2R3,
for some 0 < A <1. Then it follows that
"2 F g2 i1y, 1 n—11[ 0
Jw (f)||LfoLz(R3)+/0 [ Hw" (| 72geydT A" W || por2(rey <2A" 187 | 2(w3).

for some 0 <A < 1. It concludes that {g" } is a Cauchy sequence which satisfies

{¢"meN}CLP(LA(R)NNY),  {HG",neN}CLL*(RY).
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And its limit function g is a desired solution to the Cauchy problem (1.2) in ¢ € [0,4o0|.
We obtain the global solution

g€ LT*([0,400[, L2(R}) NN H)NCY([0,+oo[;S'(R?)).

O
Gelfand-Shilov smoothing effect. Let 0<4,6; <1. Define
' eo‘t\/ﬁ
h = M(Sl (5t)g Wlth M(Sl (5t> = W
The function / depends on 6,6;. We can also write that
g= (M, (58)) "h=51h+e 00V,
The equation (1.2)
g +Lg=TI(g,g)
reads as
(M, (8t)) ' 0sh+ L((Ms, (5t)) ' h)
=T ((Ms, (6t)) " h, (M, (58)) ) +63/He o0V,
It follows that
dth+(Ms, (6t)) L((Ms, (8t)) "' h)
_ -1 -1 NH
We define
hs,=(1+0,H)'h with 0<&<1.
Then by multiplying (1+6,H) 2h on both sides of (3.3), we have
1 2 1 -1
—||h52|\Lz+(<1+5zH> (Ms, (68)) £((Ms, (68)) " 1t) sy )
1+(sm (M, (st))r((Mgl((St))*lh,(Mgl((st))*lh),h(sz)
1
2
1+51e0t\/— 6 (3.4)
L2

Seth=Y 7" ,h,¢n, then

o0 00 3
hs, = Zhn,éz(Pn: E ,hn(1+52(2”+§))_1fpn/
n=2 =2
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one can verify that

(Ms,(61)) L((Ms,(61)) " h)

1456 2n+7

:n;hn(t) ef‘5

§0n+1

3 ettS\/Zn-‘rz
—8ny/ (n+1)(n+

2)1_’_(5 et(5 27’l+2

2n+%
oo/ 2n+3 1. etoV/2n—3
+81(21+3) ——————gu—8(n—1)\/n(n+ ) ————gu
1‘1"(516&5\/2”4_% " 1+5 eté\/Z)’l*—

It follows from the Cauchy-Schwartz inequality that

N

(1+62H) ! (My, (6)) £((Ms, <5t>>—1h>,haz)

a / 3
=Y 8n(2n+3)|hye, (t)* —ZSn (n+1)( )hnoz(t)hnﬂ,(gz(t)
n=2

(1+52(2n+%))e‘5t\/E(1_|_5 ot/ 2n+ E)
7))

(1+6,(2 n+7 e5t‘/2”+2(1+5let‘5 2n+ %)
_|_(1+5z(2n+%))e”tv2”+7(1+5 LefoV 2t ]
(1+52(2n+%))e‘5t‘/2”+ (1_+_5 et& 2n—&-2

Z 2n+3 |h7’l(52 ’ _ZSHM 7’l+1 §)|h7’l,52(t)th-‘rl,(Sz(t”R

where

_eat\/2n+%(1+5let5 2n+§)+ 2n+% e&t\/Zn—i-%(l_}_(;let& 2n+%)
V24 (14 5,010/ 2047 2n+3 V2T (14 5010 2n+%).

Direct calculation shows that, for any 0<t<T

26t 25t
R<— 2n+3/2+v2n+7/2 2n+3/24+v/2n+7/2
_2n+3/2—|—e +e
<9 4 5212 26t 267
2n+3/2+\2n+7/2 2n+3/2+V2n+7/2
<t T e )
<2 (1+6272%%).
< +n—|—3/4 + e
Leté—f since n+3/4>/n(n+3/2), we have
2
R<2+

n(n+3/2)
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Then it follows from the Cauchy-Schwartz inequality that

/N

(1+6H) ™ (M, (8) £((Ms, (88)) ') s, )

8n(2n+3)|hy, s, ()| —228”\/ (n+1)(n+ )|hn52( Mhnt1,6,(t)]
—228\/” (n+1) |6, () || 1,6, ()]

HMS

> Y 4n(2n+3)|hy g, (t 24” 2n+2) [hyq,5 (1)
n=2 n=2
—zsmhmz 28 (1) [0, ()
)

= Y 4nlh s, (8)2 = [ H2hs |1
=

Remind that h € V', we can deduce from Proposition 2.1 that
((1+027) ™" (M, (38)T((Ms, (68)) 1, (M, (68)) ) I, )

(1+6(2n+3))(1+36,) \/ 3

— 30(n+1)(

1+5(2n+3) Z n ”*2)
X

e&t\/2n+%es/%o’t(l_}_(sle&t\/m—&-%)

Since

e&t\/2n+% §e5t‘/2”+%e‘5t\/17_1,

recall that 41,6, <1, we have

[ (162H) ™ (M, (0) T(Ms, (6) ™1 (M, (38)) ™) s )

3
<(1+36,+36) Z 30(n+1) (n+3) 2, (8) 115, ()] [ 41,6, (8)]
n= 2
<C|[Poh, (1) 12| H 2y |22

Substituting the estimates (3.5) and (3.6) into (3.4), one can verify that
d 1 1 1
3 1Mo llZ2 421 H2ho, [ 12 < CllP2 ks, (6) [ 2| H 2, |12 41 H 2 By 12

We consider the fact that,
Igll2 <lIgollz2 <eo,

h2,5(t)hﬂ,52 (t)hn+l,52 (t)

25

(3.5)

(3.6)
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thenfor0<t<Tand 6 < \[T

[Phs, (£)[2. < TV E g2 < el
Therefore, choose ¢€,6 small, we have
d 1
aHh(& H%2+ H,thé.z H%z <0

This means that, for any 0<¢t<T,

Iy () [, () Pt <

Let 6o — 0, we have
_ t 1
&g O+ [ 17" Pg(o)]fadr < 0l

This ends the proof of Theorem 1.1.

4 The proof of Proposition 2.1

In this section, we will prove the proposition 2.1. This Proposition shows the spectral
decomposition for the linear and nonlinear radially symmetric spatially homogeneous
Landau operators under the hard potential v =2 in details. At the beginning, we intro-
duce the kronecker function
1, m=n,
(Sn,m -

0, m#n.

Proposition 4.1. Let I be the nonlinear Landau operator, the following algebraic identities hold
true, for n,m € IN

r(qon,gom):\/%[m(yvﬁw)( (|2’ )+¥, (’UI))
+2|v]2(yv|2+5)(‘fm(@)+T;1(T))']50,n

L
3 u(v)

+loR (10 (120)

¥, (@) +10([o+3)¥, (T)

5171
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« 2 fawa () s (1) |

Proof. In all the proof of this proposition, we will set ¥;: R —+R

Y. (p)= anfﬁ) (p)e™* 4.1)
with

—n)d 4.2)

=27 4\/57‘(1"(11—#%)' .

Therefore, recalled from the definition of ¢, (v) that, for ve R3,

\/ﬁ(v)%()—an <|02’2> Mz—‘{’ <’02|2>

It follows that, for m,n € IN

7o (o) =¥ (%o, vutmane = ()

d‘fk( )

where we used the notation ¥y (p) in (4.1) and ¥, (o) = for ke IN. Then

) av,/ a;j(v—0vy)

]/I(Z)) 1<i,j<3

2 2 2 2
(5 () un (557 w5

where we have written v=(v1,0;,v3),0, = (v},05,05) €ER® and

aij(v—v.)= Y (0e—vp)?lo—0.]%
1<k<3
kA

ai,j(v—v*):—(vi—vf)(vj—v;‘)|v—v*|2, when i # j.

L(Qu, Qm)=

Direct computation shows that

r((Pn/§DM)

do, / v;(v7)?|v|* 420,07 (vF)?
\/V( 1<IZ]:<3U{ { ! S

i#]

$\20 (2 2 (%)2 o[ s
+0;(07 ) 7|0« |* =205 (v]) }‘Pn — - dv.¥), 5




28 H. G.Liand H. Y. Wang / J. Partial Diff. Eq., 35 (2022), pp. 11-30

1
— ) 9, / 20,07 (v} )2 —20;0% (vF)?
w(v)1<i7<s {IRS[ I T
i#j

* * (%5 2 % 2
oot o] (5 ) ()|

By using the elementary equalities

\/ﬁ(v*) = (PO/
0. lzﬁ(v*) =3¢0— \/6§01,
0. [*/H(0.) = 1500 — 10v/6¢1 + V12095,

we can deduce from ¥, (@) = /H(v) @n(vs) that
2
/ ‘Yn < ’U*’ > d”(’)* :(50,11/
RR3 2

2
R P—C
R3 2 ’

2
/ o[t <’v;| >dv*:15(50,,1—10[6(51,,1+\/12052,n.
R

Similar to the above symmetric property, and integration by parts, we can also prove that

2w/ |v*|2 _ _
/]Ralv*|‘{’n< 5 >dv*— 3/H{3\/ﬁ(v*)(pn(v*)dv*— 300,n,

and

v, |?
/Rs|v*]4‘1’f1<| 2’ >d’0*:—5(350,n_\/6(51,n).

By using the symmetric of the coordinate axis, we end the proof of Prop. 4.1. O
Now we prepare to prove the Proposition 2.1.

The proof of Proposition 2.1. Denote that

A(0)=10(|o+3) (¥ ('U' )+ (’7»

+2[of2(|o]2+5) (¥ m(’T)
o] v?

B(0v) =15¥,, ( .

Iv!2 )’

_|._
)+10(Jo*+3)¥ ( )+lol( ]v|2—|—10)‘1’”(| ’2),
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C(v) =3, (%) +oPY” (@)

Recall from the definition of ¥, (@) in (4.1) and take intermediate variable p = #, we
have
2 1
v|? d . !
4 <%> =Cpe pd—pLS,f)(p)—cme PL,(,E)(p),
v|? . d? o d 2 1
o (%) =ne ot ()= 2eme oLt (o) e VL ().
Using the formulas (141),(7),(12) of Chapter IV in [14] that, we have
3 1
A(v) :8m\/(m+1)(m+E)‘I’m+1—8m(2m+3)‘I’m+8(m—1) m(m+§)‘1’m,1,
3 5
B(v) :4\/(m+1)(m+2)(m+§)(m+§)‘{’m+2
3
—4(2m+5) (m+1)(m+§)‘1’m+1 +4m(m—1)¥,,
3
C(v)=-2 (m+1)(m+§)‘1’m+1.
Substituting back to Proposition 4.1, we end the proof of Proposition 2.1. O
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