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Abstract. This article presents some important results of conformable fractional par-
tial derivatives. The conformable triple Laplace and Sumudu transform are coupled
with the Adomian decomposition method where a new method is proposed to solve
nonlinear partial differential equations in 3-space. Moreover, mathematical experi-
ments are provided to verify the performance of the proposed method. A fundamen-
tal question that is treated in this work: is whether using the Laplace and Sumudu
transforms yield the same results? This question is amply answered in the realm of the
proposed applications.
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1 Introduction

In recent years, it has been found that fractional partial differential equations (FPDEs)
are very important for modelling many Real-life sciences and engineering application-
s, such as fluid dynamics, biology of mathematics, electrical circuits, optics, Quantum
Mechanics, etc. [1-3]. Many definitions of fractional derivatives and integrals, such as
Rizez, Weyl, Riemann-Liouville, Caputo, Hadamard and so on, have been mentioned
in literature. These forms of fractional derivatives have many peculiar properties such
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as not all two functions follow chain rule, product, and quotient rule, these significant
properties lead to some flaws in physics and engineering applications. In 2014, Khalil
et. al [4] introduced a new type of derivative called the conformable fractional derivative
(CFD) which satisfies the classical properties of the known derivative. The conformable
fractional derivative of function f : (0,∞)→R, of order α∈ (0,1] is defined by,

Tα f (x)= lim
h→0

f
(
x+hx1−α

)
− f (x)

h
. (1.1)

Many analytical and numerical methods for accurate and approximate solutions have
been developed by several researchers over the last few years, such as the Tanh method
[5], Reliable methods [6], Exponential rational function method [7], Kudryashov method
[8], Simplest equation method (SEM) [9], Single conformable Laplace transform method
(CLT) [10], single conformable Laplace transform method (CLT) [10], conformable dou-
ble Laplace transform (CDLT) [11,12], conformable triple Laplace transform and Sumudu
transform [34,35], double Shehu transform [13], and some critical analyses about con-
formable fractional [20].

Watugala [14], implemented a new integral transformation at the beginning of the
1990s, called the Sumudu transformation (ST), which derived from the classical Fourier
Transform, and applied it to obtain the solution of many problems in real life science and
engineering. Infect, it is proved to be an efficient method for solving physical
problems because of its unit and scale preserving properties. For more about (ST) see
[15,16], authors have studied about properties of Sumudu transform and [17,18] applica-
tion of Sumudu transform (ST) and Laplace transform (LT).

The transformation of Sumudu is defined in the set of functions [33],

A={ f (t) |∃ K, τ1,τ2>0, | f (t)|<Ke
|t|
τj , if tε(−1)j×[0,∞)}. (1.2)

By the following formula,

F(u)=S[ f (t)]=
∫ ∞

0
f (ut)e−tdu, u∈ (−τ1,τ2). (1.3)

The authors in [19,21] recently introduced the single and double conformable Sumudu
transform (CST) in 2019-20. Ibrahim et.al [36-38], have explored operator for symmetric
conformable fractional derivative of complex variable and on quantum hybrid fractional
conformable differential in a complex domain, in [39,40], on subclasses of analytic func-
tions based on a quantum symmetric and the generalized wave dynamical equations
based on time space symmetric differential equation operator, respectively, and More-
over, in [41], some fixed-point theorems for almost weak contraction in S- metric space
via conformable fractional operator. In order to solve linear fractional partial differential
equations in the conformable fractional derivative sense, we implement the conformable
Triple Sumudu transform (CDST) due to the certain benefits of Sumudu transformation
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(ST) over Laplace Transformation (LT). After referring literature, we come up with the
idea to study the nonlinear partial fractional differential equations by defining a func-
tion in three-dimensional space. Therefore, a Conformable triple Sumudu transform is
defined and coupled with Adomian decomposition method to solve systematic nonlin-
ear partial fractional differential equations. The main advantage of this method will give
accurate solutions to nonlinear partial fractional derivatives in three dimensional space.
One thing you will be able to get the answer of question asked by Atangana et al. [31], in
his paper.

This paper is divided into the following sections: In Section 2, some basic Fraction-
al calculus concept has been discussed on conformable partial derivatives. In Sections
3 and 4, the main results and theorems on the conformable triple Sumudu and Laplace
transforms are investigated respectively. In Section 5, Sumudu and Laplace transform
Adomian decomposition methods for a general nonhomogeneous partial fractional dif-
ferential equation are given. In Section 6, numerical experiment is conducted using the
proposed method to validate the obtained results, analyzed and presented plots for dif-
ferent parameters. In Section 7, a conclusion of our research work is provided.

2 Preliminary

The basic definitions and properties of the fractional calculus theory are provided in this
section, which are further used in this paper.

Definition 2.1. The Riemann-Liouville fractional integral operator of order γ>0, for t>0 is
defined by

Jγ f (t)=
1

Γ(γ)

∫ t

0
(t−ε)γ−1 f (ε)dε and J0 f (t)= f (t). (2.1)

And the Riemann-Liouville derivative of order γ>0 is given by

Dγ
t f (t)=

dn

dtn

(
Jn−γ f (t)

)
=

dn

dtn

(
1

Γ(n−γ)

∫ t

0
(t−u)n−γ−1 f (u)du

)
, (2.2)

where n − 1 < γ < n, (n a positive integer) and then take nth-order derivative.

When attempting to model real-world phenomena with fractional differential equa-
tions, the Riemann-Liouville derivative has a certain drawback. We shall therefore im-
plement an updated fractional differential operator suggested by M. Caputo in his dis-
sertation on viscoelasticity theory [25].

The properties of the operator Jγcan be found, where the gamma function is Γ(γ),
γ>0 and t>0.

Definition 2.2. The Caputo fractional derivative of f(t) of order γ>0 with t>0 is defined as,

Jm−γDm f (t)=
1

Γ(m−γ)

∫ t

0
(t−ε)m−γ−1 f (m) (ε)dε, (2.3)
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for m−1<γ≤m, m∈N.

Definition 2.3. (see [32]). Given a function f : R+×R+×R+→ R, the conformable partial
fractional derivatives (CPFDs) of order α, β and γ of the function f

(
xα

α , yβ

β , tγ

γ

)
is defined as

follows:

∂α
x f =

∂α

∂xα
f
(

xα

α
,
yβ

β
,
tγ

γ

)
= lim

h→0

f
(

xα

α +hx1−α, yβ

β , tγ

γ

)
− f
(

xα

α , yβ

β , tγ

γ

)
h

, (2.4)

∂
β
y f =

∂β

∂yβ
f
(

xα

α
,
yβ

β
,
tγ

γ

)
= lim

k→0

f
(

xα

α , yβ

β +ky1−β, tγ

γ

)
− f
(

xα

α , yβ

β , tγ

γ

)
k

, (2.5)

∂
γ
t f =

∂γ

∂tγ
f
(

xα

α
,
yβ

β
,
tγ

γ

)
= lim

ε→0

f
(

xα

α , yβ

β , tγ

γ +εt1−γ
)
− f
(

xα

α , yβ

β , tγ

γ

)
ε

, (2.6)

where 0<α,β,γ≤1, xα

α , yβ

β , tγ

γ >0, ∂α
x =

∂α

∂xα , ∂
β
y =

∂β

∂yβ and ∂
γ
t =

∂γ

∂tγ are called the fractional partial
derivatives of order α , β, and γ, respectively.

We prove the basic Theorem 2.1, and the relation between the CPFDs and partial
derivatives as follows:

Theorem 2.1. Let α,β,γ∈ (0,1] and f (x,y,t) be a differentiable at a point for x,y,t>0. Then,

1. ∂α
x f =

∂α

∂xa f (x,y,t)= x1−α ∂ f (x,y,t)
∂x

= x1−α∂x f .

2. ∂
β
y f =

∂β

∂yβ
f (x,y,t)=y1−β ∂ f (x,y,t)

∂y
=y1−β∂y f .

3. ∂
γ
t f =

∂γ

∂tγ
f (x,y,t)= t1−γ ∂ f (x,y,t)

∂t
= t1−γ∂t f .

Proof. By the definition of CFPD,

∂α

∂xα
f (x,y,t)= lim

h→0

f
(
x+hx1−α,y,t

)
− f (x,y,t)

h
, taking hx1−α = ϕ

= lim
ϕ→0

f (x+ϕ,y,t)− f (x,y,t)
ϕxα−1

= x1−α lim
ϕ→0

f (x+ϕ,y,t)− f (x,y,t)
ϕ

= x1−α ∂ f (x,y,t)
∂x

.

Similarity, we can prove the results (2) and (3).
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In the next proposition, we mention the conformable partial fractional derivative of
some functions. By using Theorem 2.1, it can be verified easily.

Proposition 2.1. Let α,β,γ∈ (0,1] and a,b∈R,l,m,n∈N; Then, we have the followings:

1.
∂α

∂xα

(
au
(

xα

α
,
yβ

β
,
tγ

γ

)
+bv

(
xα

α
,
yβ

β
,
tγ

γ

))
=a

∂α

∂xα
u
(

xα

α
,
yβ

β
,
tγ

γ

)
+b

∂α

∂xα
v
(

xα

α
,
yβ

β
,
tγ

γ

)
.

2.
∂α+β+γ

∂xα∂yβ∂tγ

((
xα

α

)l(yβ

β

)m( tγ

γ

)n
)
= lmn

(
xα

α

)l−α(yβ

β

)m−β( tγ

γ

)n−γ

.

3.
∂α

∂xα

((
xα

α

)l( tγ

γ

)n
)
= l
(

xα

α

)l−1( tγ

γ

)n

and

∂γ

∂tγ

((
xα

α

)l(yβ

β

)m( tγ

γ

)n
)
=n
(

xα

α

)l(yβ

β

)m( tγ

γ

)n−1

.

4.
∂α

∂xα

(
sin
(

xα

α

)
cos
(

tγ

γ

))
=cos

(
xα

α

)
cos
(

tγ

γ

)
.

5.
∂β

∂yβ

(
sin
(

xα

α

)
cos
(

yβ

β

)
cos
(

tγ

γ

))
=−sin

(
xα

α

)
sin
(

yβ

β

)
cos
(

tγ

γ

)
.

Proof. It can be easily verified with the help of Theorem 2.1.

3 Some results and theorems of the conformable fractional triple
Laplace transform

In this section, we recall some basic definitions on fractional conformable Laplace trans-
form and some results which will be used later on. Also, we define conformable triple
Laplace transform. For more details see [25-30].

Definition 3.1. Let the function u:(0,∞)→R and 0<α≤1 be the piecewise continuous function.
Then, the conformable Laplace Transform (CLT) of function u

(
xα

α

)
of exponential of order, is

defined and denoted by,

Uα (p)=Lα
x

(
u
(

xα

α

))
=
∫ ∞

0
e−p( xα

α )u
(

xα

α

)
xα−1dx, x>0. (3.1)

Definition 3.2. Let u(x,y) be a piece wise continuous function on the domain D of R+×R+ of
exponential order. Then Fractional conformable double Laplace Transform (FCDLT) of u( xα

α , yβ

β )

is defined and denoted by,

Lα
xLβ

y

(
u
(

xα

α
,
yβ

β

))
=Uα,β(p,q)=

∫ ∞

0

∫ ∞

0
e
−p( xα

α )−q
(

yβ

β

)
u
(

xα

α
,
yβ

β

)
xα−1yβ−1dxdy, (3.2)
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where xα

α , yβ

β >0, p,q∈C, α,β∈ (0,1].

Now, we define fractional conformable triple Laplace transform, for α,β,γ ∈ (0,1], and
p,q∈C are the Laplace variables.

Definition 3.3. Let u
(

xα

α , yβ

β , tγ

γ

)
be a real valued piecewise continuous function of x,y and t

defined on the domain D of R+×R+×R+ of exponential order. Then, the fractional conformable
triple Laplace transform (FCTLT) of u

(
xα

α , yβ

β , tγ

γ

)
is defined as follows:

Lα
xLβ

y Lγ
t

(
u
(

xα

α
,
yβ

β
,
tγ

γ

))
=Uα,β,γ(p,q,s)

=
∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−p( xα

α )−q
(

yβ

β

)
−s( tγ

γ )u
(

xa

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt,

where p,q,s∈C, are Laplace variables of xα

α , yβ

β and tγ

γ respectively and α,β,γ∈ (0,1].

The fractional conformable inverse triple Laplace transform, denoted by u
(

xα

α , yβ

β , tγ

γ

)
is defined by,

u
(

xα

α
,
yβ

β
,
tγ

γ

)
=L−1

p L−1
q L−1

s
(
Uα,β,y(p,q,s)

)
=

1
2πi

∫ α+i∞

α−i∞
ep( xa

a )

[
1

2πi

∫ β+i∞

β−i∞
e

q
(

yβ

β

)[
1

2πi

∫ γ+i∞

γ−i∞
es( tγ

γ )Uα,β,γ(p,q,s)ds
]

dq

]
dp.

Definition 3.4 A unit step or Heaviside unit step function is defined as follows:

H
((

xα

α

)
−a,

(
yβ

β

)
−b,

(
tγ

γ

)
−c
)
=


1;

xα

α
> a,

yβ

β
>b,

tγ

γ
> c

0;
xα

α
< a,

yβ

β
<b,

tγ

γ
< c.

(3.3)

Theorem 3.1. If Lα
xLβ

y Lγ
t

(
u
(

xα

α , yβ

β , tγ

γ

))
=Uα,β,γ(p,q,s), and Lα

xLβ
y Lγ

t

(
v
(

xα

α , yβ

β , tγ

γ

))
= Vα,β,γ(p,q,s) and A,B and C are constants then the followings hold:

1. Linearity property:
Lα

xLβ
y Lγ

t

(
Au
(

xα

α , yβ

β , tγ

γ

)
+Bv

(
xα

α , yβ

β , tγ

γ

))
=ALα

xLβ
y Lγ

t

(
u
(

xα

α , yβ

β , tγ

γ

))
+BLα

xLβ
y Lγ

t

(
v
(

xα

α , yβ

β , tγ

γ

))
=AUα,β,γ(p,q,s)+BVα,β,γ(p,q,s).

2. Lα
xLβ

y Lγ
t (C)=

C
pqs′

where C is the constant.
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3. Lα
xLβ

y Lγ
t

((
xα

α

)l( yβ

β

)m(
tγ

γ

)n
)
=

Γ(l+1)Γ(m+1)Γ(n+1)
pl+1qm+1sn+1 ,

where Γ(·) Is the gamma function. Note that Γ(n+1)=n!, for n=0,1,2,3,.. .

4. The First Shifting theorem for conformable triple Laplace transform:
If Lα

xLβ
y Lγ

t

(
u
(

xα

α , yβ

β , tγ

γ

))
=Uα,β,γ(p,q,s), then

Lα
xLβ

y Lγ
t

(
e

a( xα

α )+b
(

yβ

β

)
+c( tγ

γ )u
(

xα

α , yβ

β , tγ

γ

))
=Uα,β,γ(p−a,q−b,s−c).

5. If Lα
xLβ

y Lγ
t

(
u
(

xα

α , yβ

β , tγ

γ

))
=Uα,β,γ(p,q,s), then

Lα
xLβ

y Lγ
t

((
xα

α

)l( yβ

β

)m(
tγ

γ

)n
u
(

xα

α , yβ

β , tγ

γ

))
=(−1)l+m+n dl+m+n

dpldqmdsn

(
Uα,β,γ(p,q,s)

)
.

6. Lα
xLβ

y Lγ
t

(
sin
(

A xα

α

)
sin
(

B yβ

β

)
sin
(

C tγ

γ

))
=

ABC
(p2+A2)(q2+B2)(s2+C2)

and

Lα
xLβ

y Lγ
t

(
cos
(

A xα

α

)
cos
(

B yβ

β

)
cos
(

C tγ

γ

))
=

pqs
(p2+A2)(q2+B2)(s2+C2)

.

Proof. It can be proved using definition of Triple Laplace transform.

Theorem 3.2. If Lα
xLβ

y Lγ
t

(
u
(

xα

α , yβ

β , tγ

γ

))
=Uα,β,γ (p,q,s), then

Lα
xLβ

y Lγ
t

 u
(

xα

α −
ζα

α , yβ

β −
ηβ

β , tγ

γ −
θγ

γ

)
H
(

xα

α −
ζα

α , yβ

β −
ηβ

β , tγ

γ −
θγ

γ

) = e
−p
(

ζα

α

)
−q
(

ηβ

β

)
−s( θγ

γ )Uα,β,γ (p,q,s),

where H(x,y,t) is a Heaviside unit step function as defined in eq. (3.3).

Proof. By applying the definition of CTLT,

LHS =Lα
xLβ

y Lγ
t

(
u
(

xα

α
− ζα

α
,
yβ

β
− ηβ

β
,
tγ

γ
− θγ

γ

)
H
(

xα

α
− ζα

α
,
yβ

β
− ηβ

β
,
tγ

γ
− θγ

γ

))

=
∫ ∞

0

∫ ∞

0

∫ ∞

0

 e
−p( xα

α )−q
(

yβ

β

)
−s( tr

γ )u
(

xα

a −
ζα

α , yβ

β −
ηβ

β , tγ

γ −
θγ

γ

)
H
(

xα

α −
ζα

α , yβ

β −
ηβ

β , tγ

γ −
θγ

γ

)
xα−1y1−βt1−γ

dxdydt.

Now, using definition of Heaviside Unit step function H(x,y,t), we have

=
∫ ∞

ζα

α

∫ ∞

ηβ

β

∫ ∞

θγ

γ

 e
−p( xα

α )−q
(

yβ

β

)
−s( tγ

γ )

u
(

xα

α −
ζα

α , yβ

β −
ηβ

β , tγ

γ −
θγ

γ

)
 xα−1yβ−1tγ−1dxdydt.
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By putting xα

α −
ζα

α = A
α

α , yβ

β −
ηβ

β = τβ

β , tγ

γ −
θγ

γ = uγ

γ , we have,

= e
−p
(

ζα

α

)
−q
(

ηβ

β

)
−s( θγ

γ )
∫ ∞

0

∫ ∞

0

∫ ∞

0

 e−p(A
α

α )−q
(
T β

β

)
−s( U

γ

γ )

u
(
Aα

α , T
β

β , U
γ

γ

) Aα−1T β−1Uγ−1dAdT dU ,

which gives,

Lα
xLβ

y Lγ
t

(
u
(

xα

α
− ζα

α
,
yβ

β
− ηβ

β
,
tγ

γ
− θγ

γ

)
H
(

xα

α
− ζα

α
,
yβ

β
− ηβ

β
,
tγ

γ
− θγ

γ

))
=e
−p
(

ζα

α

)
−q
(

ηβ

β

)
−s( θγ

γ )Uα,β,γ(p,q,s).

This completes the proof of the theorem.

Theorem 3.3. If Lα
xLβ

y Lγ
t

(
u
(

xα

α , yβ

β , tγ

γ

))
=Uα,β,γ (p,q,s). Then the fractional conformable triple

Laplace transform of the function
(

xα

α

)l
u(x,y,t),

(
yβ

β

)m
u
(

xα

α , yβ

β , tγ

γ

)
,
(

tγ

γ

)n
u
(

xα

α , yβ

β , tγ

γ

)
and(

xα

α

)l
∂β+γ

∂yβ∂tγ (u(x,y,t)) are given by,

1. Lα
xLβ

y Lγ
t

((
xα

α

)l
u
(

xα

α , yβ

β , tγ

γ

))
= (−1)l dl

dpl

(
Uα,β,γ (p,q,s)

)
.

2. Lα
xLβ

y Lγ
t

((
yβ

β

)m
u
(

xα

α , yβ

β , tγ

γ

))
= (−1)m dm

dqm

(
Uα,β,γ (p,q,s)

)
.

3. Lα
xLβ

y Lγ
t

((
tγ

γ

)n
u
(

xα

α , yβ

β , tγ

γ

))
= (−1)n dn

dsn

(
Uα,β,γ (p,q,s)

)
.

4. Lα
xLβ

y Lγ
t

((
xα

α

)l
∂β+γ

∂yβ∂tγ

(
u
(

xα

α , yβ

β , tγ

γ

)))
=(−1)l dl

dpl

(
Lα

xLβ
y Lγ

t

(
∂β+γ

∂yβ∂tγ

(
u
(

xα

α , yβ

β , tγ

γ

))))
.

Proof. It can be easily verified with the help of definition of triple Laplace transform.

Theorem 3.4. For α,β,γ∈(0,1]. Let u
(

xα

α , yβ

β , tγ

γ

)
be the real valued piece-wise continuous func-

tion defined on the domain (0,∞)×(0,∞)×(0,∞). The FCTLT (Fractional Conformable triple
Laplace transform) of the conformable partial fractional derivatives of order α, β, and γ, then

1. Lα
xLβ

y Lγ
t

(
∂α

∂xα

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
= pU(p,q,s)−U(0,q,s).

2. Lα
xLβ

y Lγ
t

(
∂β

∂yβ

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
=qU(p,q,s)−U(p,0,s).
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3. Lα
xLβ

y Lγ
t

(
∂γ

∂tγ

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
= sU(p,q,s)−U(p,q,0).

4. Lα
xLβ

y Lγ
t

(
∂2α

∂x2α

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
= p2U(p,q,s)−pU(0,q,s)−Ux (0,q,s).

5. Lα
xLβ

y Lγ
t

(
∂2β

∂y2β

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
=q2U(p,q,s)−qU(p,0,s)−Uy (p,0,s).

6. Lα
xLβ

y Lγ
t

(
∂2γ

∂t2γ

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
= s2U(p,q,s)−sU(p,q,0)−Ut (p,q,0).

7. Lα
xLβ

y Lγ
t

(
∂3α

∂x3α

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
=p3U(p,q,s)−p2U(0,q,s)−pUx (0,q,s)−Uxx (0,q,s).

Proof. Here we go for proof of result (1), and the remaining results (2-7) can be proved.
To obtain fractional conformable Triple Laplace transform of the fractional partial

derivatives, we use integration by parts and Theorem 2.1.
By applying the definition of FCTLT, we have

Lα
xLβ

y Lγ
t

(
∂α

∂xα

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
=
∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−p( xα

a )−q
(

yβ

β

)
−s( tγ

γ ) ∂α(u)
∂xα

xα−1yβ−1tγ−1dxdydt. (3.4)

Since we have Theorem 2.1, ∂α(u)
∂xα = x1−α ∂u

∂x . We use this result in to Eq. (3.4).
Therefore, Eq. (3.4) becomes,

Lα
xLβ

y Lγ
t

(
∂α

∂xα

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
=
∫ ∞

0

∫ ∞

0
e
−q
(

yβ

β

)
−s( tγ

γ )
(∫ ∞

0
e−p( xα

α ) ∂u
∂x

dx
)

yβ−1tγ−1dydt. (3.5)

The integral inside the bracket is given by,∫ ∞

0
e−p( xα

α ) ∂u
∂x

dx= pU(p,y,t)−U(0,y,t). (3.6)

By substituting Eq. (3.6) in Eq. (3.5), and simplifying, we get the required result (1). That
is,

Lα
xLβ

y Lγ
t

(
∂α

∂xα

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
= pU(p,q,s)−U(0,q,s).

This completes the proof of the theorem.
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In general, the above results can be extended as,

Lα
xLβ

y LY
t

(
∂α+β+γ

∂xα∂yβ∂tγ

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
=


pqsU(p,q,s)−pU(p,0,0)
−qU(0,q,0)−sU(0,0,s)
−pqU(p,q,0)−psU(p,0,s)
−qsU(0,q,s)−U(0,0,0)

, (3.7)

and

Lα
xLβ

y Lγ
t

(
∂m

∂tm

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)))
= smU(p,q,s)−

m−1

∑
k=0

sm−1−kU(k)
t (p,q,0). (3.8)

4 Some results and theorems of the fractional conformable triple
Sumudu transform

In this section, we recall definition of Sumudu transform and defined conformable triple
Sumudu transform and some important results on it and based on these results we will
introduce new method to solve linear and nonlinear dynamic Partial fractional differen-
tial equation.

Definition 4.1. The conformable fractional Sumudu Transform (CFST) of function u
(

xα

α

)
is

defined over the set,

A1=

u
(

xα

α

)
|∃K,τ1,τ2>0,|u(x) |<Ke

| xα
α |
τj , if xαε(−1)j×[0,∞)

.

And defined by the integral,

uα(p)=Sα
x

(
u
(

xα

α

))
=
∫ ∞

0
e−(

xα

α )u
(

p
xα

α

)
xα−1dx,

xα

α
>0, u ε(−τ1, τ2), α∈ (0,1].

Or equivalently,

uα(p)=Sα
x

(
u
(

xα

α

))
=

1
p

∫ ∞

0
e−
(

xα

pα

)
u
(

xα

α

)
xα−1dx< ∞, (4.1)

where p∈C is the Sumudu variable correspond to x.

Definition 4.2. ([32]) Let u
(

xα

α , yβ

β

)
be a piecewise continuous function on the domain D of

R+×R+. Then conformable fractional double Sumudu Transform (CFDST) of u
(

xα

α , yβ

β

)
is de-

fined over the set:
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A2=


u
(

xα

α , yβ

β

)
|∃K,τ1,τ2>0,|u

(
xα

α , yβ

β

)
|<Kexp

 ∣∣∣∣ xα

α + yβ

β

∣∣∣∣
τ2

j


if j=1,2 and

(
xα,yβ

)
∈R2

+

. (4.2)

By the integral,

uα,β(p,q)=Sα
xSβ

y

(
u
(

xα

α
,
yβ

β

)
: (p,q)

)
=Sα,β

x,y

(
u
(

xα

α
,
yβ

β

)
: (p,q)

)
=
∫ ∞

0

∫ ∞

0
e
−
(

xα

α + yβ

β

)
u
(

p
xα

α
,q

yβ

β

)
xα−1yβ−1dxdy,

(4.3)

where xα

α , yβ

β >0, and p,q are the transform variable of x and y accordingly.

Definition 4.3. The fractional conformable partial Sumudu transformation of a piecewise con-
tinuous real valued function u : R+×R+×R+→R, is defined as follows and it can be extended
over the set as it is mentioned in Eq. (4.1):

uα (p)=Sα
x

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)
: p
)
=
∫ ∞

0
e−

xα

α u
(

p
xα

α
,
yβ

β
,
tγ

γ

)
xα−1dx, (4.4)

uβ (q)=Sβ
y

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)
: q
)
=
∫ ∞

0
e−

yβ

β u
(

xα

α
,q

yβ

β
,
tγ

γ

)
yβ−1dy,

uγ (s)=Sγ
t

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)
: s
)
=
∫ ∞

0
e−

xγ

γ u
(

xα

α
,
yβ

β
,s

tγ

γ

)
tγ−1dt.

Now, we define Conformable triple Sumudu transform, for α,β,γ∈(0,1], and p,q,s∈C

are the transformable or Sumudu variables of positive x, y and t respectively.

Definition 4.4. Let u
(

xα

α , yβ

β , tγ

γ

)
be a real valued piece wise continuous function defined on the

domain D of R+×R+×R+ of exponential order. Then, the fractional conformable triple Sumudu
transform (FCTST) of u

(
xα

α , yβ

β , tγ

γ

)
is defined as follows:

ūα,β,γ(p,q,s)=Sα,β,γ
x,y,t

(
u
(

xα

α
,
yβ

β
,
tγ

γ

)
: (p,q,s)

)
=
∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−( xα

α )−
(

yβ

β

)
−( tγ

γ )u
(

p
xα

α
,q

yβ

β
,s

tγ

γ

)
xα−1yβ−1tγ−1dxdydt. (4.5)

The conformable inverse triple Sumudu transform is defined by,

u
(

xα

α
,
yβ p

β
,
tγ

γ

)
=S−1(ūα,β,γ(p,q,s)

)



60 S. A. Bhanotar and F. B. M. Belgacem / J. Partial Diff. Eq., 35 (2022), pp. 49-77

=
1

2πi

∫ α+i∞

α−i∞
e(

xα

α )

[
1

2πi

∫ β+∞

β−i∞
e

(
yβ

β

)[
1

2πi

∫ γ+i∞

γ−i∞
e(

tγ
γ )ūα,β,γ(p,q,s)ds

]
dq

]
dp. (4.6)

Remark 4.1. The existence condition for the Conformable triple Sumudu transform.

If u
(

xα

α , yβ

β , tγ

γ

)
is an exponential order a, b and c then there exist K>0, for all xα

α >X,
yβ

β >Y, tγ

γ >T, such that∣∣∣∣u( xα

α
,
yβ

β
,
tγ

γ

)∣∣∣∣≤Kexp
(

a
(

xα

α

)
+b
(

yβ

β

)
+c
(

tγ

γ

))
.

And we write,

u
(

xα

α
,
yβ

β
,
tγ

γ

)
=O

(
exp

(
a
(

xα

α

)
+b
(

yβ

β

)
+c
(

tγ

γ

)))
as
(

xα

α
,
yβ

β
,
tγ

γ

)
→ (∞,∞,∞).

Equivalently,

lim(
xα

α , yβ

β , r
γ

)
→(∞,∞,∞)

exp
(
−
(

xα

pα

)
−
(

yβ

qβ

)
−
(

tγ

sγ

))∣∣∣∣u( xα

α
,
yβ

β
,
tγ

γ

)∣∣∣∣
=K (Finite quantity).

It means, the function u
(

xα

α , yβ

β , tγ

γ

)
does not grow faster than Ke

(
a( xα

α )+b
(

yβ

β

)
+c( tγ

γ )
)

as(
xα

α , yβ

β , tγ

γ

)
→ (∞,∞,∞).

Theorem 4.1. Let u and v : R+→R be the given functions, and for α,β,γ∈ (0,1].

If Sα
xSβ

y Sγ
t

(
u
(

xα

α , yβ

β , tγ

γ

)
: p,q,s

))
= ūα,β,γ(p,q,s), Sα

xSβ
y Sγ

t

(
v
(

xα

α , yβ

β , tγ

γ

))
= v̄α,β,γ(p,q,s)

and A,B and C are constants. Then the conformable triple Sumudu transform of some functions
are given by,

1. Linearity property:
Sα

xSβ
y Sγ

t

(
Au
(

xα

α , yβ

β , tγ

γ

)
+Bv

(
xα

α , yβ

β , tγ

γ

)
: (p,q,s)

)
=ASα

xSβ
y Sγ

t

(
u
(

xα

α , yβ

β , tγ

γ

)
: (p,q,s)

)
+BSα

xSβ
y Sγ

t

(
v
(

xα

α , yβ

β , tγ

γ

)
: (p,q,s)

)
=Aūα,β,γ(p,q,s)+B v̄α,β,γ(p,q,s).

2. Sα
xSβ

y Sγ
t (C : (p,q,s))=C, where C is the constant.
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3. Sα
xSβ

y Sγ
t

((
xα

α

)l( yβ

β

)m(
tγ

γ

)n
: (p,q,s)

)
=Γ(l+1)Γ(m+1)Γ(n+1)plqmsn, where Γ(·) is

the gamma function. Note that Γ(n+1)=n!, for n=0,1,2,3,.. .

4. Sα
xSβ

y Sγ
t

(
exp

(
A xα

α +B yβ

β +C tγ

γ

)
: (p,q,s)

)
=

1
(1−Ap)(1−Bq)(1−Cs)

.

5. Sα
xSβ

y Sγ
t

(
u
(

xα

α , yβ

β , tγ

γ

)
v
(

xα

α , yβ

β , tγ

γ

)
: (p,q,s)

)
= ūα,β,γ(p,q,s)v̄α,β,γ(p,q,s).

6. Sα
xSβ

y Sγ
t

(
sin
(

A xα

α

)
sin
(

B yβ

β

)
sin
(

C tγ

γ

)
: (p,q,s)

)
=

ABCpqs
(1+p2A2)(1+q2B2)(1+s2C2)

,

Sα
xSβ

y Sγ
t

(
cos
(

A xα

α

)
cos
(

B yβ

β

)
cos
(

C tγ

γ

))
=

1
(1+p2A2)(1+q2B2)(1+s2C2)

.

Proof. It can be verify with the help of definition of Triple Sumudu Transform.

Theorem 4.2. If Sα
xSβ

y Sγ
t

(
u
(

xα

α , yβ

β , tγ

γ

))
=uα,β,γ (p,q,s)=u(p,q,s), then the conformable frac-

tional triple Sumudu Transform of the functions, xα

α u(x,y,t), yβ

β u
(

xα

α , yβ

β , tγ

γ

)
, tγ

γ u
(

xα

α , yβ

β , tγ

γ

)
,(

xα

α

)2
u(x,y,t), xα

α
yβ

β u(x,y,t), xα

α
yβ

β
tγ

γ u(x,y,t) are given by,

1. Sα
xSβ

y Sγ
t

(
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p2 ∂ū(p,q,s)

∂p
+pū(p,q,s).

2. Sα
xSβ

y Sγ
t

(
yβ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

))
=q2 ∂ū(p,q,s)

∂q
+qū(p,q,s).

3. Sα
xSβ

y Sγ
t

(
tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
= s2 ∂ū(p,q,s)

∂s
+sū(p,q,s).

4. Sα
xSβ

y Sγ
t

((
xα

α

)2

u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p4 ∂2ū(p,q,s)

∂p2 +4p3 ∂ū(p,q,s)
∂p

+2p2ū(p,q,s).

5. Sα
xSβ

y Sγ
t

(
xα

α

yβ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p2q2 ∂2ū(p,q,s)

∂p∂q
+p2q

∂ū(p,q,s)
∂p

+pq2 ∂ū(p,q,s)
∂q

+pqū(p,q,s).

6. Sα
xSβ

y Sγ
t

(
xα

α

yβ

β

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p2q2s2 ∂3ū(p,q,s)

∂p∂q∂s
+pq2s2 ∂2ū(p,q,s)

∂q∂s

+p2qs2 ∂2ū(p,q,s)
∂p∂s

+p2q2s
∂2ū(p,q,s)

∂pq
+p2qs

∂ū(p,q,s)
∂p

+pq2s
∂ū(p,q,s)

∂q
+pqs2 ∂ū(p,q,s)

∂s
+ pqs ū(p,q,s).



62 S. A. Bhanotar and F. B. M. Belgacem / J. Partial Diff. Eq., 35 (2022), pp. 49-77

Proof. Here we prove results 1, 4,and 6. Remaining can be proved similar manner.
By definition of Fractional Conformable triple Sumudu transform, we have,

ū(p,q,s)=Sα,β,γ
x,y,t

(
u
(

xα

α
,
yβ

β
,
tγ

r

))
=

1
pqs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ )u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt. (4.7)

Differentiating Eq. (4.7) with respect to ′p′,

∂ū
∂p

=
1
qs

∫ ∞

0

∫ ∞

0
e
−
(

yβ

qβ

)
−( tγ

sγ )
(∫ ∞

0

∂

∂p

(
1
p

e−
(

xα

pα

))
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1dx

)
×yβ−1tγ−1dydt. (4.8)

We partially differentiate inside the brackets,

∫ ∞

0

∂

∂p

(
1
p

e−
(

xα

pα

))
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1dx =

∫ ∞

0

 (
1
p3

xα

α −
1
p2

)
e−
(

xα

pα

)
u
(

xα

α , yβ

β , tγ

γ

)
xα−1dx

=
∫ ∞

0

1
p3 e−

(
xα

pα

)
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1dx −

∫ ∞

0

1
p2 e−

(
xα

pα

)
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1dx. (4.9)

Substituting Eq. (4.9) in Eq. (4.8). we have,

∂ū(p,q,s)
∂p

=
1

p3qs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

− 1
p2qs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ )u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt,

∂ū(p,q,s)
∂p

=
1
p2 Sα

xSβ
y Sγ

t

(
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

))
− 1

p
Sα

xSβ
y Sγ

t

(
u
(

xα

α
,
yβ

β
,
tγ

γ

))
, (4.10)

which gives,

Sα
xSβ

y Sγ
t

(
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p2 ∂u(p,q,s)

∂p
+pu.

Hence the result (1) proved. To prove result (4), we need to partially differentiate of
Eq. (4.7) with respect to ‘p’ twice. We can get,

∂2u(p,q,s)
∂p2 =

2
p2 u− 4

p3 Sα
xSβ

y Sγ
t

(
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

))
+

1
p4 Sα

xSβ
y Sγ

t

((
xα

α

)2
u
(

xα

α
,
yβ

β
,
tγ

γ

))
,

Sα
xSβ

y Sγ
t

((
xα

α

)2
u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p4 ∂2u

∂p2−2p2u+4p Sα
xSβ

y Sγ
t

(
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

))
. (4.11)
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Using Eq. (4.7) in Eq. (4.11) and simplifying, we have,

Sα
xSβ

y Sγ
t

((
xα

α

)2

u
(

xα

α
,
yβ

β
,
tγ

γ

))
= p4 ∂2u(p,q,s)

∂p2 +4p3 ∂u(p,q,s)
∂p

+2p2u. (4.12)

Hence the result (4) is proved.
Now to prove the result (6), we differentiate partially of Eq. (4.7) with respect to p,q

and s respectively, we have,

∂3ū(p,q,s)
∂p∂q∂s

=
1

p3q3s3

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) xαyβ

α

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

− 1
p3q3s2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) xα

α

yβ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

− 1
p3q2s3

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) xα

α

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

− 1
p2q3s3

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) yβtγ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

+
1

p3q2s2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) xα

a
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

+
1

p2q3s2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) yβ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

+
1

p2q2s3

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) tγ

γ
u
(

xα

a
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt

− 1
p2q2s2

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ )u
(

xα

α
,
yβ

β
,
tγ

γ

)
xα−1yβ−1tγ−1dxdydt.

Therefore,

∂3ū(p,q,s)
∂p∂q∂s

=
1

p2q2s2 Sα
xSβ

y Sγ
t

(
xα

α

yβ

β

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
− 1

p2q2s
Sα

xSβ
y Sγ

t

(
xα

α

yβ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

))
− 1

p2qs2 Sα
xSβ

y Sγ
t

(
xα

α

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
− 1

pq2s2 Sα
xSβ

y Sγ
t

(
yβ

β

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
+

1
p2qs

Sα
xSβ

y Sγ
t

(
xα

α
u
(

xα

α
,
yβ

β
,
tγ

γ

))
+

1
pq2s

Sα
xSβ

y Sγ
t

(
yβ

β
u
(

xα

α
,
yβ

β
,
tγ

γ

))
+

1
pqs2 Sα

xSβ
y Sγ

t

(
tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
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− 1
pqs

Sα
xSβ

y Sγ
t

(
u
(

xα

α
,
yβ

β
,
tγ

γ

))
. (4.13)

Using the results of Theorem 4.2 (Results -1-5) and Simplifying, we get,

Sα
xSβ

y Sγ
t

(
xα

α

yβ

β

tγ

γ
u
(

xα

α
,
yβ

β
,
tγ

γ

))
=p2q2s2 ∂3ū(p,q,s)

∂p∂q∂s
+pq2s2 ∂2ū(p,q,s)

∂q∂s
+p2qs2 ∂2ū(p,q,s)

∂p∂s

+p2q2s
∂2ū(p,q,s)

∂p∂q
+p2qs

∂ū(p,q,s)
∂p

+pq2s
∂ū(p,q,s)

∂q

+pqs2 ∂ū(p,q,s)
∂s

+pqsū(p,q,s).

Hence, the result (6) is proved.

Theorem 4.3. For 0< α,β,γ≤ 1, the Conformable fractional triple Sumudu transformation of
∂α ϕ
∂xα , ∂β ϕ

∂yβ , ∂γ ϕ
∂tγ can be represented as follows:

1. Sα
xSβ

y Sγ
t

(
∂α ϕ

∂xα

)
= p−1[ϕ(p,q,s)−ϕ(0,q,s)].

2. Sα
xSβ

y Sγ
t

(
∂β ϕ

∂yβ

)
=q−1[ϕ(p,q,s)−ϕ(p,0,s)].

3. Sα
xSβ

y Sγ
t

(
∂γ ϕ

∂tγ

)
= s−1[ϕ(p,q,s)−ϕ(p,q,0)].

Proof. (1) By applying the definition of CFTST, we get,

Sα
xSβ

y Sγ
t

(
∂α ϕ

∂xα

)
=

1
pqs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

αp

)
−
(

yβ

βq

)
−( tγ

γs ) ∂α ϕ

∂xα
xα−1yβ−1tγ−1dxdydt

=
∫ ∞

0

∫ ∞

0
e
−q
(

yβ

β

)
−s( tγ

γ )
(∫ ∞

0
e−
(

xα

αp

)
∂α ϕ

∂xα
xα−1dx

)
yβ−1tγ−1dydt. (4.14)

Since we have the result, ∂α ϕ
∂xα = x1−α ∂ϕ

∂x , and simplifying Eq. (4.14), we have

=
1

pqs

∫ ∞

0

∫ ∞

0
e
−
(

yβ

βq

)
−( tγ

γs )
(∫ ∞

0
e−
(

xα

αp

)
∂ϕ

∂x
dx
)

yβ−1tγ−1dydt. (4.15)

Using the integration by part rule, Eq. (4.15) reduces to,

Sα
xSβ

y Sγ
t

(
∂α ϕ

∂xα

)
=

1
p
[ϕ(p,q,s)−ϕ(0,q,s)],

which complete the proof (1). Similarly, result (2) and (3) can be proved.
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The following lemma also can be proved by similar way.

Lemma 4.1. If Sα
xSβ

y Sγ
t

(
ϕ
(

xα

α , yβ

β , tγ

γ

))
= ϕ(p,q,s), the conformable fractional triple Sumudu

transform of the
∂2α ϕ

∂x2α
,

∂2α ϕ

∂y2α
,

∂2α ϕ

∂t2α
,
∂3α ϕ

∂x3α
is given by: For 0<α,β,γ≤1,

(i) Sα
xSβ

y Sγ
t

(
∂2α ϕ

∂x2α

)
= p−2 ϕ(p,q,s)−p−2ϕ(0,q,s)−p−1ϕx (0,q,s).

(ii) Sα
xSβ

y Sγ
t

(
∂2β ϕ

∂y2β

)
=q−2 ϕ(p,q,s)−q−2ϕ(p,0,s)−q−1 ϕy (p,0,s).

(iii) Sα
xSβ

y Sγ
t

(
∂2γ ϕ

∂t2γ

)
= s−2 ϕ(p,q,s)−s−2 ϕ(p,q,0)−s−1 ϕt (p,q,0).

(iv) Sα
xSβ

y Sγ
t

(
∂3α ϕ

∂x3α

)
= p−3 ϕ(p,q,s)−p−3ϕ(0,q,s)−p−2ϕx (0,q,s)−p−1ϕxx (0,q,s).

Proof. The proof can be followed from Theorem 4.3.

In general, the above lemma can be extended as follows and it can be verified by
mathematical induction:

1. Sα
xSβ

y Sγ
t

(
∂α+β+γ ϕ

∂xα∂yβ∂tγ

)
= p−1q−1s−1 ϕ̄(p,q,s)−p−1 ϕ̄(p,0,0)−q−1 ϕ̄(0,q,0)- s−1 ϕ̄(0,0,s)

−p−1q−1 ϕ̄(p,q,0)−p−1s−1 ϕ̄(p,0,s)−q−1s−1 ϕ̄(0,q,s)− ϕ̄(0,0,0).

2. Sα
xSβ

y Sγ
t

(
∂αl ϕ

∂xαl

)
= p−l

[
ϕ̄(p,q,s)−

l−1
∑

k=0
pkSβ

y Sγ
t

(
∂αk

∂xαk ϕ(0,y,t)
)]

.

3. Sα
xSβ

y Sγ
t

(
∂βm ϕ

∂yβm

)
=q−m

[
ϕ̄(p,q,s)−

m−1
∑

k=0
qkSα

xSγ
t

(
∂βk

∂yβk ϕ(x,0,t)
)]

.

4. Sα
xSβ

y Sγ
t

(
∂γn ϕ

∂tγn

)
= s−n

[
ϕ̄(p,q,s)−

n−1
∑

k=0
skSα

xSβ
y (ϕ(x,y,0))

]
.

The following theorem gives the conformable triple Sumudu transform of the frac-
tional partial derivatives xα

α
∂γ ϕ
∂tγ and xα

α
∂2γ ϕ
∂t2γ .

Theorem 4.4. Let Sα
xSβ

y Sγ
t

(
ϕ
(

xα

α , yβ

β , tγ

γ

))
=ϕ(p,q,s). If the conformable triple Sumudu trans-

form of the function xα

α
∂γ ϕ
∂tγ and xα

α
∂2γ ϕ
∂t2γ are given by:

For 0<α,β,γ≤1.

1. Sα
xSβ

y Sγ
t

(
xα

α

∂γ ϕ

∂tγ

)
=

p
s

(
d

dp
(p ϕ(p,q,s))− d

dp
(p ϕ(p,q,0))

)
.
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2. Sα
xSβ

y Sγ
t

(
xα

α

∂2γ ϕ

∂t2γ

)
=

p
s2

(
d

dp
(p ϕ(p,q,s))− d

dp
(p ϕ(p,q,0))

)

− p
s

d
dp

p Sα
xSβ

y Sγ
t

∂γ ϕ
(

xα

α , yβ

β ,0
)

∂tγ

.

Proof. By using the definition of triple Sumudu transform, we have

Sα
xSβ

y Sγ
t

(
∂γ ϕ

∂tγ

)
=

1
pqs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ ) ∂γ ϕ

∂tγ
xα−1yβ−1tγ−1dxdydt.

Now differentiating with respect to p, we get

d
dp

(
Sα

xSβ
y Sγ

t

(
∂γ ϕ

∂tγ

))

=
d

dp

 1
pqs

∫ ∞

0

∫ ∞

0

∫ ∞

0

 e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ )

∂γ ϕ
∂tγ xα−1yβ−1tγ−1

dxdydt


=

1
qs

∫ ∞

0

∫ ∞

0
e
−
(

yβ

qβ

)
−( tγ

sγ ) ∂γ ϕ

∂tγ

(∫ ∞

0

∂

∂p

(
1
p

e−
(

xα

pα

))
xα−1dx

)
yβ−1tγ−1dydt

=
1
qs

∫ ∞

0

∫ ∞

0
e
−
(

yβ

qβ

)
−( tγ

sγ ) ∂γ ϕ

∂tγ

(∫ ∞

0

(
1
p3

xα

α
− 1

p2

)
e−
(

xα

pα

)
xα−1dx

)
yβ−1tγ−1dydt

=
1

p3qs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ )
(

xα

α

∂γ ϕ

∂tγ

)
xα−1yβ−1tγ−1dxdydt

− 1
p2qs

∫ ∞

0

∫ ∞

0

∫ ∞

0
e
−
(

xα

pα

)
−
(

yβ

qβ

)
−( tγ

sγ )
(

∂γ ϕ

∂tγ

)
xα−1yβ−1tγ−1dxdydt. (4.16)

Therefore,

Sα
xSβ

y Sγ
t

(
xα

α

∂γ ϕ

∂tγ

)
= p2 d

dp

(
Sα

xSβ
y Sγ

t

(
∂γ ϕ

∂tγ

))
+pSα

xSβ
y Sγ

t

(
∂γ ϕ

∂tγ

)
.

We use Theorem 4.3 and simplifying, we get

Sα
xSβ

y Sγ
t

(
xα

α

∂γ ϕ

∂tγ

)
= p2 d

dp

((
s−1[ϕ̄(p,q,s)− ϕ̄(p,q,0)]

))
+p

(
s−1

[
ϕ̄(p,q,s)

−ϕ̄(p,q,0)

])
.

Sα
xSβ

y Sγ
t

(
xα

α

∂γ ϕ

∂tγ

)
=

p2

s
d

dp
(ϕ̄(p,q,s))− p2

s
d

dp
(ϕ̄(p,q,0))+

p
s
(ϕ̄(p,q,s)− ϕ̄(p,q,0)).

Sα
xSβ

y Sγ
t

(
xα

α

∂γ ϕ

∂tγ

)
=

p
s

(
d

dp
(pϕ̄(p,q,s))− d

dp
(pϕ̄(p,q,0))

)
.
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Hence, result-1 is proved. In a similar manner, one can prove result-2.

5 The fractional conformable triple Sumudu and Laplace
transform and Adomian decomposition method

In this section we propose conformable triple Sumudu Adomian decomposition method.
Similarly, conformable triple Laplace Adomian decomposition method can be followed.
Consider nonlinear non homogeneous partial fractional differential equation,

∂γn

∂tγn

(
u
(

xα

α
,
yβ

β
,
tγ

γ

))
+R u

(
xα

α
,
yβ

β
,
tγ

γ

)
+N u

(
xα

α
,
yβ

β
,
tγ

γ

)
= g
(

xα

α
,
yβ

β
,
tγ

γ

)
, (5.1)

where m=1,2,3,.. . and γ∈ (0,1] with the initial conditions,

∂γn−1

∂tγn−1

(
u
(

xα

α
,
yβ

β
,0
))

= fγn−1

(
xα

α
,
yβ

β
,0
)

, (5.2)

where R is the linear differential operator, N addresses the non-Linear partial fractional

operator and g
(

xα

α , yβ

β , tγ

γ

)
, is the source term.

To solve equation (5.1) follow the following steps:

Step 1: Take fractional conformable triple Sumudu Transform to the Eq. (5.1)on both
sides, and applying standard result. we have,

Sα
xSβ

y Sγ
t

∂γn

∂tγn

(
u
(

xα

α
,
yβ

β
,
tγ

γ

))
+Sα

xSβ
y Sγ

t

(
Ru
(

xα

α
,
yβ

β
,
tγ

γ

))
+

Sα
xSβ

y Sγ
t

(
Nu
(

xα

α
,
yβ

β
,
tγ

γ

))
=Sα

xSβ
y Sγ

t

(
g
(

xα

α
,
yβ

β
,
tγ

γ

))
.

∴ s−n

[
ū(p,q,s)−

n−1

∑
k=0

skSα
xSβ

y (u(x,y,0))

]
+Sα

xSβ
y Sγ

t

(
Ru
(

xα

α
,
yβ

β
,
tγ

γ

))
+

Sα
xSβ

y Sγ
t

(
Nu
(

xα

α
,
yβ

β
,
tγ

γ

))
=Sα

xSβ
y Sγ

t

(
g
(

xα

α
,
yβ

β
,
tγ

γ

))
.

Step 2: Using the derived result and applying the fractional conformable inverse triple
Sumudu transform. we get,

u(x,y,t)=G(x,y,t)−S−1
p S−1

q S−1
s

sn

Sα
xSβ

y Sγ
t

 R u
(

xα

α , yβ

β , tγ

γ

)
+N u

(
xα

α , yβ

β , tγ

γ

) , (5.3)
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where G(x,y,t) represents the term coming from the source term and prescribed initial
conditions.

Step 3: Apply the Adomian decomposition method, let the solution of the Eq. (5.1) series,

u
(

xα

α
,
yβ

β
,
tγ

γ

)
=

∞

∑
n=0

un

(
xα

α
,
yβ

β
,
tγ

γ

)
, (5.4)

and the nonlinear term can be decomposed as

Nu
(

xα

α
,
yβ

β
,
tγ

γ

)
=

∞

∑
n=0

An, (5.5)

where An is called Adomian Polynomials of u1,u2,u3,..,un and it can be calculated by the
following formula:

An =
1
n!

[
∂n

∂σn (N
∞

∑
i=1

σiui)

]
σ=0

, (5.6)

where n=0,1,2,3,4,.. . . . . . . .
Substituting Eqs. (5.5) and (5.6) in the Eq. (5.4), we have

∞

∑
n=0

un

(
xα

α
,
yβ

β
,
tγ

γ

)

=G(x,y,t)−S−1
p S−1

q S−1
s

sn

 Sα
xSβ

y Sγ
t

(
R

∞
∑

n=0
un

(
xα

α , yβ

β , tγ

γ

))
+Sα

xSβ
y Sγ

t

(
N

∞
∑

n=0
An

)

. (5.7)

Step 4: The recursive relation is given by,

u0

(
xα

α
,
yβ

β
,
tγ

γ

)
=G(x,y,t).

um+1

(
xα

α
,
yβ

β
,
tγ

γ

)
=−S−1

p S−1
q S−1

s

{
sn
[

Sα
xSβ

y Sγ
t

(
R un

(
xα

α
,
yβ

β
,
tγ

γ

)
+N An

)]}
,

where n=1,2,3,.. .and m=0,1,2,3,.. .
At the end, we can approximate the dynamic analytical solution, as

u
(

xα

α
,
yβ

β
,
tγ

γ

)
=

∞

∑
m=0

um

(
xα

α
,
yβ

β
,
tγ

γ

)
.
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6 Applications

In this section, we do experiment and analyzed by both the proposed method.

Example 6.1: Solve by Fractional conformable Sumudu transform decomposition method.
Consider dynamic nonlinear non homogeneous partial fractional differential equation:
For α,β,γ∈ (0,1],x,y,t∈ [0,∞).

∂βu
∂yβ

∂γu
∂tγ
− ∂2αu

∂x2α
=u(x,y,t), (6.1)

with the initial conditions,

u(0,y,t)=yt, ux (0,y,t)=−1. (6.2)

Solution: Applying the conformable fractional triple Sumudu transform to both sides
of Eq. (6.1)

Sα
xSβ

y Sγ
t

(
∂2αu
∂x2α

)
=Sα

xSβ
y Sγ

t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

)
. (6.3)

Recalling Lemma-4.1 (i), we obtain,

ϕ(p,q,s)= ϕ(0,q,s)+pϕx (0,q,s)+p2Sα
xSβ

y Sγ
t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

)
. (6.4)

Using initial condition Eq. (6.2) and the inverse triple Sumudu transform, we obtain

u(x,y,t)=S−1
p S−1

q S−1
s (qs−p)+S−1

p S−1
q S−1

s

(
p2Sα

xSβ
y Sγ

t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

))
.

u(x,y,t)=yt−x+S−1
p S−1

q S−1
s

(
p2Sα

xSβ
y Sγ

t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

))
. (6.5)

Applying the proposed method, we get the recursive formula,

u0=yt−x,

un+1=S−1
p S−1

q S−1
s

(
p2Sα

xSβ
y Sγ

t

(
∂βun

∂yβ

∂γun

∂tγ
−un

))
=S−1

p S−1
q S−1

s

(
p2Sα

xSβ
y Sγ

t (An−un)
)

, (6.6)

where An is the Adomian polynomial to decompose the nonlinear terms by using the
relation;

An =
1
n!

[ ∂n

∂σn (N
∞

∑
i=1

σiui)
]

σ=0
, (6.7)

where n=0,1,2,3,4,.. . . . . . . .
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Let the nonlinear term can be represented as,

f (u)=
∂βu
∂yβ

∂γu
∂tγ

. (6.8)

Eqs. (6.6)-(6.8) gives,

u1=
x2

2!
y2−βt2−γ− x2

2!
yt+

x3

3!
.

u2=(4−γ−β)
x4

4!
y3−2βt3−2γ− x4

8
y2−βt2−γ+

x4

4!
yt− x5

5!
. (6.9)

And so on. . .
The approximate series solution is,

u(x,y,t)=(yt−x)+
(

x2

2
y2−βt2−γ− x2

2
yt+

x3

3!

)
+


(4−γ−β)

x4

4!
y3−2βt3−2γ

− x4

8
y2−βt2−γ

+
x4

4!
yt− x5

5!

+ . . .. (6.10)

for α,β,γ∈ (0,1],x,y,t∈ [0,∞).
Note that for α,β,γ=1, the solution of Eq. (6.1) from Eq. (6.10), as

u(x,y,t)=yt−
(

x− x3

3!
+

x5

5!
+ . . .

)
=yt−sinx,

which is exact solution of integer order of partial differential equation.

Example 6.2: Solve by fractional conformable Laplace decomposition method. Con-
sider nonlinear non homogeneous partial fractional differential equation, for α,β,γ ∈
(0,1],x,y,t∈ [0,∞).

∂βu
∂yβ

∂γu
∂tγ
− ∂2αu

∂x2α
=u(x,y,t), (6.11)

with initial conditions,

u(0,y,t)=yt, ux (0,y,t)=−1. (6.12)

Solution: Rewriting, Eq. (6.11) as:

∂2αu
∂x2α

=
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t). (6.13)

Imposing the fractional conformable triple Laplace transform to both sides,

Lα
xLβ

y Lγ
t

(
∂2αu
∂x2α

)
=Lα

xLβ
y Lγ

t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

)
. (6.14)
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Recalling Theorem 3.4 (4): Lα
xLβ

y Lγ
t

(
∂2α

∂x2α (u(x,y,t))
)
= p2U(p,q,s)−pU(0,q,s)−Ux (0,q,s),

Eq. (6.14) becomes,

p2U(p,q,s)= pU(0,q,s)+Ux (0,q,s)+Lα
xLβ

y Lγ
t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

)
. (6.15)

Using initial condition (6.12) and taking the inverse triple Laplace transform on Eq. (6.15),
we obtain:

u(x,y,t)=L−1
p L−1

q L−1
s

(
1

pq2s2−
1

p2qs

)
+L−1

p L−1
q L−1

s

(
1
p2 Lα

xLβ
y Lγ

t

(
∂βu
∂yβ

∂γu
∂tγ

−u(x,y,t)

))
,

u(x,y,t)=yt−x+L−1
p L−1

q L−1
s

(
1
p2 Lα

xLβ
y Lγ

t

(
∂βu
∂yβ

∂γu
∂tγ
−u(x,y,t)

))
. (6.16)

Applying the proposed method, let

u0=yt−x.

And the recursive relation is,

un+1=L−1
p L−1

q L−1
s

(
1
p2 Lα

xLβ
y Lγ

t

(
∂βun

∂yβ

∂γun

∂tγ
−un

))
=L−1

p L−1
q L−1

s

(
1
p2 Lα

xLβ
y Lγ

t (An−un)

)
, (6.17)

where An is the Adomian polynomial to decompose the nonlinear terms by using the
relation;

An =
1
n!

[ ∂n

∂σn

(
N

∞

∑
i=1

σiui

)]
σ=0

, (6.18)

where n=0,1,2,3,4,.. . . . . . . .
Let the nonlinear term be represented as,

f (u)=
∂βu
∂yβ

∂γu
∂tγ

.

Note that, in Adomian relation, the linear term can be considered, in place of nonlinear.
So, you may take f (u)=u and it leads to the same answer. So, this method is also valid
for linear partial fractional differential equation.

For n=0,

A0= f (u0)=
∂βu0

∂yβ

∂γu0

∂tγ
=
(

y1−βt
)(

yt1−γ
)
=y2−βt2−γ.
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Therefore,

u1=L−1
p L−1

q L−1
s

(
1
p2 Lα

xLβ
y Lγ

t

(
y2−βt2−γ−(yt−x)

))
=

x2

2
y2−βt2−γ− x2

2
yt+

x3

3!
.

For n=1,

A1=
∂

∂σ
[ f (u0+σu1)]

∣∣∣∣
σ=0

=
∂

∂σ

(
∂β (u0+σu1)

∂yβ

∂γ (u0+σu1)

∂tγ

)∣∣∣∣
σ=0

=
∂βu0

∂yβ

∂γu1

∂tγ
+

∂βu1

∂yβ

∂γu0

∂tγ

=
(

y1−βt
)(

(2−γ)
x2

2
y2−βt2−2γ− x2

2
yt1−γ

)
+

(
(2−β)

x2

2
y2−2βt2−γ− x2

2
y1−βt

)(
yt1−γ

)

=

(
(2−γ)

x2

2
y3−2βt3−2γ− x2

2
y2−βt2−γ

)
+

(
(2−β)

x2

2
y3−2βt3−2γ− x2

2
y2−βt2−γ

)
.

Therefore,

u2=L−1
p L−1

q L−1
s


1
p2 Lα

x Lβ
y Lγ

t





(
(2−γ)

x2

2
y3−2βt3−2γ− x2

2
y2−βt2−γ

)
+

(
(2−β)

x2

2
y3−2βt3−2γ− x2

2
y2−βt2−γ

)
−
(

x2

2
y2−βt2−γ− x2

2
yt+

x3

3!

)



−

 (2−γ)
x4

4!
y3−2βt3−2γ

− x4

4!
y2−βt2−γ

+

 (2−β)
x4

4!
y3−2βt3−2γ

− x4

4!
y2−βt2−γ

−


x4

4!
y2−βt2−γ

− x4

4!
yt+

x5

5!


=(4−γ−β)

x4

4!
y3−2βt3−2γ− x4

8
y2−βt2−γ+

x4

4!
yt− x5

5!
. (6.19)

The approximate series solution is,

u(x,y,t)=(yt−x)+
(

x2

2
y2−βt2−γ− x2

2
yt+

x3

3!

)
+

 (4−γ−β)
x4

4!
y3−2βt3−2γ

− x4

8
y2−βt2−γ+

x4

4!
yt− x5

5!

+ . . ., (6.20)
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Figure 1: 3D Plot of Eq. (6.20) for γ=0.50; β=0.25; y=1.

Figure 2: 3D Plot of Eq. (6.20) for γ=0.75; β=0.50; y=1.

for α,β,γ∈ (0,1],x,y,t∈ [0,∞).
Note that f or α,β,γ=1, the solution of Eq. (6.11) from Eq. (6.20) as,

u(x,y,t)=yt−
(

x− x3

3!
+

x5

5!
+ . . .

)
=yt−sinx.

Figs. 1-4 show the 3D graphical representations for both the proposed methods, of Eq.
(6.20) with various values of β and γ.

7 Conclusion

In this work, the definition of fractional conformable triple Laplace and Sumudu trans-
form are defined and investigated using all our obtained novel results and theorems with
its systematic proofs. The new fractional conformable triple Laplace and Sumudu trans-
form decomposition methods are given in the generalized form, to find the solution of
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Figure 3: 3D Plot of Eq. (6.20) for γ=0.50; β=0.50; y=1.

Figure 4: 3D Plot of Eq. (6.20) for γ=0.75; β=0.75; y=1.

nonlinear partial fractional differential equations. Finally, a numerical experiment has
been conducted using the proposed methods - conformable Sumudu and Laplace de-
composition method, and analyzed it. Noted the outcome of both methods: Laplace and
Sumudu transforms decomposition method yields the same results and mentioned with
the graphical representation as fig. 1, 2,3,4. which leads to the answer of question raised
in [31]. Infect, these methods can be led to solve simultaneous linear and nonlinear partial
fractional differential equations.
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