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Abstract. In this paper, we propose a residual-based a posteriori error estimator of
embedded-hybridized discontinuous Galerkin finite element methods for the Stokes
problems in two and three dimensions. The piecewise polynomials of degree k (k>1)
and k—1 are used to approximate the velocity and pressure in the interior of ele-
ments, and the piecewise polynomials of degree k are utilized to approximate the ve-
locity and pressure on the inter-element boundaries. The attractive properties, named
divergence-free and H(div)-conforming, are satisfied by the approximate velocity field.
We prove that the a posteriori error estimator is robust in the sense that the ratio of the
upper and lower bounds is independent of the mesh size and the viscosity. Finally, we
provide several numerical examples to verify the theoretical results.
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1 Introduction

In this paper, we consider the following Stokes problems: find the velocity # and pressure
p such that

—vAu+Vp=f, in Q,
V-u=0, in Q, (1.1)
u=g, on 0Q).
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Here Q CR? (d=2,3) is an open, bounded, polygonal/polyhedral domain, v > 0 is the
dynamic viscosity and f is the external body force. To keep compatibility, the boundary
data g needs to satisfy

a0S " =0, (1.2)

where 7 is the unit vector normal to the boundary 0Q).

Stokes problems are used to describe steady viscous incompressible flow, and the
corresponding development of reliable and efficient a posteriori error analysis for finite
element discretizations has been a very active field in recent decades, see [7,8,29,31,32,45,
46] and the references therein for more detail. We note that a framework for a posteriori
error estimation for the Stokes problems has been provided in [29] based on the H'-
conforming velocity reconstruction and the H(div)-conforming locally conservative flux
(stress) reconstruction.

The hybridizable discontinuous Galerkin (HDG) method [14] provides a unifying
strategy for hybridization of finite element methods for second order elliptic problems.
By the local elimination of the unknowns defined in the interior of elements, the HDG
method leads to a system where the unknowns are only the globally coupled degrees
of freedom describing the introduced Lagrange multipliers. We refer to [3,15,17,20,21,
24,27,28,33,37,38,40,47] for some developments and applications for the HDG method.
As for a posteriori error analysis of the HDG method, the authors in [2, 18, 19] estab-
lished a posteriori error estimates for second-order elliptic equations. For Stokes and
Brinkman equations, the residual-based a posterior error estimator based on the gradient-
velocity-pressure, velocity-pseudostress and velocity-pressure formulations were proved
by [3,23,30]. Other related studies can be found in [9,12,13, 36].

The embedded discontinuous Galerkin (EDG) methods were proposed in [16,26]. The
main difference between EDG and HDG methods is that the approximation spaces for
Lagrange multipliers are continuous or not. Some developments of EDG methods could
been found in [11,22,35,39,48]. On the other hand, we mention [10,43] for an embedded-
hybridized discontinuous Galerkin method for Stokes and Stokes-Darcy problems. It is
worth noting that the approximate velocity field obtained by the embedded-hybridized
discontinuous Galerkin method is H(div)-conforming and divergence-free. To the best
of authors knowledge, there is no literature for a posteriori error analysis for this method.

In this paper, we develop a residual-based a posteriori error estimator for hybridized
discontinuous Galerkin (HDG) and embedded-hybridized discontinuous Galerkin (E-
HDG) methods for the velocity-pressure formulation of Stokes problems in two and three
dimensions. We have the following features:

e The piecewise polynomials of degree k (k> 1) and k—1 are used to approximate
the velocity and pressure in the interior of elements, and the piecewise polynomi-
als of degree k are adopted to approximate the velocity and pressure on the inter-
element boundaries. Certainly, the approximate velocity field is divergence-free
and H(div)-conforming.
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e We introduce a posteriori error estimators for HDG and E-HDG methods, and we
prove that the error estimators are reliable up to a data oscillation caused by the
Dirichlet boundary condition. Moreover the efficiency of the error estimators are
also obtained.

e Since the approximate space of numerical trace for velocity in E-HDG method is
continuous, an extra error estimator (see (3.3)) needs to be introduced to ensure the
reliability and efficiency.

The rest of the paper is organized as follows. Section 2 provides some notations and
the HDG/E-HDG discrete schemes. We present a posteriori error estimator and discuss
its reliability and efficiency in Section 3. We give the adaptive algorithm and confirm its
results through several numerical examples in Section 4. Finally, we conclude this paper
with some conclusions in Section 5.

2 Embedded-hybridized DG method

2.1 Notation and space

For any open and bounded domain D C R? (d =2,3), let H" (D) be the standard Hilbert
spaces on the domain D with the norm ||-||,,p and seminorm |-|,, p. If m =0, the space
H°(D) will be abbreviated by L?(D) with the inner product (-,-)p for DCR? or (-,-)p for
DCRY1. When D=0, weset || ||m:="[lm,q, |- |m:=|"lmq,and (-,-):=(:,-)q. Furthermore,
we define the following spaces:

L§(Q)={q€L*(Q): (4,1) =0},
H(div,D):={ve [[2(D)]": V-vel?(D)},
H} (Q):={ve H(Q): v=0 on 0Q}.

Based on the domain (), we consider a conforming and shape-regular partition 7. Let 7,°
denote the union of elements which have edge/face lying on the boundary of the domain
Q. Denote ¢, the set of all edges/faces of Ty, € the set of all boundary edges/faces, and
¢ the set of all interior edges/faces. We set 97, := {0K: K € T;,}, where 0K is the set of all
edges/faces of K. For any K € 7, and F € ¢, hx and hr denote respectively the diameters
of K and F, and ng denotes the outward unit normal vector on dK. Moreover, we denote
by h:=maxgcT; hx the mesh size of 7j,, and by V), and V- the piecewise-defined gradient
and divergence operators with respect to 7j,. To define the discrete scheme, we introduce
the following mesh-dependent inner products and norms

1/2
(w,0)a7,:= ¥ (w,v)ak, |ulloar, = <KZ H”H3,3K> ,

KeTy, €T

1/2
(w,0)7:= L (u,0)k, !Iullo,n:( D HuH%,K> :
K KeT,

€Th
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The jumps for tensor-valued function w and vector-valued function v and the average
for v on the interior edge/face F € ¢), are defined as

[wn] | := (wn)|g+np+ (wn) [k-F,

[o-n]|r:=(v-n)|k+nr+(v-n)|k-rF,

1
{v}E:= E(U|K+QF+0’K—OF)/

where K* are two adjacent elements sharing a common face F.

Throughout the paper, we use a Sb (a 2 b) to denote a < Cb (a > Cb), where C is
a generic positive constant independent of mesh parameters h,hg,hr and the viscosity
coefficient v.

2.2 The embedded-hybridized DG scheme

Now we give the following finite element spaces:

Vii={on € (L*(Q))?: vp| € (P(K))?, ¥V KE T},
Qu={qn € L§(Q), qulx € P_1(K), VKE T},
Vie={pn € (L* (&))" : p|F € (P(F))*, ¥ F €y},
VE={ueV,:plr=1g VFee},
Qn={8,€1%(e;): dn|r € Pc(F), VF ey},

and L
Vf X Qn, HDG method,

$x Q=< (VNC(To)) x Qn, E-HDG method, (2.1)
(VENCO(To)) x (QxNC°(Tp)), EDG method,

A

where Ps(D) denotes the set of polynomials of degree no larger than s on the domain D,
[y is the union of all edges/faces in ¢, I}, is L>-projection onto V}, for HDG method or a
continuous interpolation for E-HDG and EDG methods.

Next, we define a bilinear form as follows:

B(wp, By, 0, Prson i, 9nGn) :=an ((up, an), (on,p1)) +0n((Pr, Pn), (0n, 1))
— by ((qn,9n), (un,0y)), (2.2)

where

an((wn ), (O pn)) ==V utan, Vo) 7, + (T — ), o — pin) o,
— (up— 1, v(Viop)n)or, — (V(Vun)n,op—pn)ar,  (2.3)
b ((pr D), (Onn)) :=— (P, V- on) 7, + (Putt, on— pin) o, - (2.4)
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Then the discrete scheme of problem (1.1) seeks (uy, @y, pn,Pr) € Vi X Vf x Qp x Qy, such
that

B(uy, fi, pr, Prson i G dn) = (fon) 75,0 (2.5)
for all (v, p,qn,41) € Vi X V;? x Qp x Qy. Here the stabilization function 7 is defined by
T=va,hg' on 9K with KET}, (2.6)

where the penalty parameter a, > ag >0 (a9 is a positive constant defined in [41, Lemma
4.2] and [43, Lemma 2]). In implementation, the penalty parameter is taken as «, = 6k>
for HDG method, and as «, =4k? for E-HDG and EDG methods.

Remark 2.1. For the discrete scheme (2.5), the following properties hold:
o Consistency, i.e.
B (u—wp, =, p—pn,p— Pui0n i n,Gin) =0, (2.7)
for all (o, pt,qn,Gn) € Vi X V2 X Qp X Q.
e By taking (vp,un,qn,4n) =(0,0,V},-u;,0) in (2.5), we can get
IV uy|5. =0, (2.8)

which indicates that the approximate velocity field is pointwise divergence-free
within an element.

e For the HDG and E-HDG methods, the facet pressure pj, is discontinuous. By taking
(0n,p,q1) = (0,0,0) and

3, = [[uh-n]]p, on FGSZ,
! (uh—ﬁh)~n, on FGS‘Z,

in (2.5), we have
[uy-n]r=0, on FESZ, (2.9)
(uh—ﬁh)-npzo, on FGE(Z. (2.10)

This shows that the discrete scheme (2.5) is H(div)-conforming for HDG and E-
HDG methods.

e By taking (v;,q5,45) = (0,0,0) in (2.5), we have
— (T (up =), ) o, + (v (V) )or, =0, Vpp € V. (2.11)
Then for the HDG method, we have from (2.11)
[v(Vyup)n] —2{t(u,—#,)} =0, on Fcel. (2.12)
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3 A Posteriori error estimation

This section is devoted to a posteriori error analysis for the discrete scheme (2.5) for HDG
method and E-HDG method with g=0. Moreover, in the following analysis, we need to
assume that the pressure p is continuous across the interior face F € ¢} .

Now we define a posteriori error estimator 7 by

n?= Y {nk+mic+ni},

KeTy
where
] 0, HDG method,
773 1, E-HDG method,

and

’712<:V_1h%<Hf"’VAuh—vhth%,K/ 3.1)

1 .
5k =172 (un— 1) |15 o 3.2)
1 =v " | [V = prD)al|If 550 0 (33)

Here I is the identity tensor and

I o= 2 DSk

FeoK\ed
Next, we define the data oscillation corresponding to the source term f by

osc(f;Tn) = (Zosc fK),

KeTy,

osc(f;K)ZV_%hKHf_P’fsz,K’

where P: (L?(Q))?—Vj, is the standard L2-projection operator. For the nonhomogeneous
Dirichlet boundary condition, we define

0sc(8,00) =} v(hy g~ Tng 6.+ I8~ gl p)-

Fesh

Now we introduce some well-known results that will play an important role in the sub-
sequent proofs.
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Lemma 3.1 (42, Definition 1]). (BDM lifting operator) For any d;, € Ri(dK):={¢ € L?(9K):
¢|r € P(F), F€0K}, there exists a BDM lifting operator LBPM: Ry(9K) — (Py(K))4, which is
a local lifting of the normal trace defined via BDM interpolant (c.f. [4, Example 2.5.1]) with zero
on the interior, and has the properties:

1
(LM gu) = and (LM Ggullox Shilanlloar, Vin€Re(K).  (34)
In addition, by an inverse estimate and the trace inequality, it also holds

IV LEPM a4 15 i S ILPPM a5 < i | GnlIE ok (3.5)

ILEPManl15 o P ILPPMau 15 < 11 nlI5 k- (3.6)

Lemma 3.2. For each element K& Ty, and any given nonnegative integer j, the following estimates
hold

’v|1,K5h[Z1HvHO,K/ VUGPJ(K)/ (37)
olloax She 2 ollox +1 2| Volox, YoeH'(K), (3.8)
lo-n||-1/20x Slollox+hk||V-2llox, VoeH(div,K). (3.9)

Proof. The result (3.7) is the inverse estimate, which can be found in [44]. With trace
theorem and the Cauchy-Schwarz inequality, we can obtain the approximation result
(3.8). The last estimation (3.9) can be found in [25]. O

Lemma 3.3 ([6, Lemma 2.4]). Let F be a face of the element K € Ty, nr the unit vector normal
to F, and s > 0. Assume that v is a given function in H'™(K) and Av € L*(K). Then for any
wy, € P*(F) we have

(Vo-ng,wy)p Shp ' {[wyllg (1 Vollox +hk | Av]lok).-

Following the [44], we give the definition of projection-mean operator. Given any
point a € ), let S¢ (a) := {K|K € Tj,a € K} and N (a) be the number of elements in 5S¢ (a).
Then we define I : (L*(Q))4 — V;N(H}(Q))?. For any K € Ty, v € L*(Q), Lv|x € P (K)
satisfying

Iiv|k(aix) =0, forany a,x€dQ, (3.10)
- 1 .
Lio|k(aigx)= Nela Z (P,’fv) |k (aix), foranya;kisonodKand a;g ¢0Q),
i(@ik) K'eS; (aik)
(3.11)
Io|k(a;x) :P;l‘v|K(ailK), for any a;  is not on 9K but in K. (3.12)

Then the following error estimates hold.
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Lemma 3.4 ([44, Lemma 3.5.7]). Let I,: (L2(Q))? — VN (HL(Q))? be the projection mean
operator defined above. We have

Nl—=

. 1 .
HZ’_IhUHo,K+hIZ<Hv_IhUHO,aKrghK( Y HVUHO,K') , Voe(Hy(Q)), (3.13)

K'eS;(K)
forany KeTy,. And Sy (K):={K": K'€T,, KKNK#Q}.
Now we introduce the Oswald interpolation as: for gp € C(Q)NVy |50,
e v, = Vi gp={v€C(Q): v[x €P(K), VKE Ty, v|on=8p}-
Then we have the following results.

Lemma 3.5 ([34]). If the Dirichlet data gp is contained in C(Q)NV,|aq, then for any v, €'V,
and any multi-index « with |«| =0,1, the following estimate holds:

= 1-2 1-2
Y 1D (on— o) 3¢S Y by 2N Tond 136+ Y iy 2 lgp —onl3 - (3.14)

KeTy Feel, Fee)

Lemma 3.6 ([4,43]). If the partition Ty, consists of triangles in two dimensions or tetrahedra in
three dimensions, there exists an interpolation operator Tgpy: (H'(Q))?— Vy, with the following
properties for all u € H*1(K) where k> 1

o [n-Igpmu] =0 on interior edges/faces.

° ||u—HBDMuHm,K§cth_m|u]l,K withm=0,1,2 and m <1 <k-+1.

o HV-(u—HBDMu)]|m’K§cth’m|V-u|1,K with m=0,1and m <I<k.
o [q(V-u—V Tgpyu)dx=0 for all g€ Pe_1(K).

o [pq(n-u—n-Tgpyu)ds=0 for all € P(F), where F is a face on oK.

3.1 Reliability

Now we are ready to prove the reliability of a posteriori error estimator 7. Before this,
we first provide a property in the following lemma between local error estimators.

Lemma 3.7. Let yx and 1 be defined in (3.1) and (3.2), then for each K € T}, we have

_1.4 R
v 2hic|[pn—Pnllopx <ok 11k (3.15)
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Proof. By taking (p1,q1,41) = (0,0,0) in the equation (2.5), we have for any v}, € (P (K))“

((pn—pPn)n,on)ox =— (f+vAuwy —Vypp,on) k + (T(up — ), o) ox
—(up— 1y, v(Vyop)n) ok

Since pj, — P, € Rk (9K), from Lemma 3.1 we know that there exists a lifting operator LEPM
such that (LBPM(p;, —py,))-n=py,— py,. Then setting v, =LEPM(p, — p;,) in the above equal-
ity, we can get

10— Pnll§ o
=—(f+vAuy —Vypy,on)k+(T(uy—1y),0) ok
— (up,— 1, v(Vyop)n) ok

1. _ N
Sixv2hILPPM (py—pn) ok

_1
v (h ||LBDM<ph—m>||o,aK+h}</2||vh<LBDM<ph—m>>||o,aK>

_1
SOrx+na)v 2 | pw = pulloa
by (3.4)-(3.6) and (3.8). Then we conclude the proof. O

Lemma 3.8. Let (u,p) and (uy, 4y, py,, Pr,) be the solutions of problems (1.1) and (2.5). We assume
here that the pressure p is continuous, and g =0 for E-HDG method. Then for any é >0, it holds

v (T~ Tl + 17 () o, S 5 (1-+05¢(8,0) 48] (p—pu) 7. 3.16)

Proof. Firstly we set

dy=u—uy,—ppm(u—uy),

dp=p—pu=P; ' (p—pn),

So=u—t,—py, VeV,

Sp=p—Pn—an YV an€Qn
where P} is the scalar version of the operator P;. Then with the definition of operator 3,
we have

B(u—up,u—y,p—pp,p— Pt — iy, u—ay,p—pn,p—pn)
=2V (=) |13 7+ 172 (g — )12 7 — 208 — 0y, vV (= 1y ) )
By integration by parts and (2.7), we yield
B(u—wp,u—ty,p—pn,p— Ppth—wp,u— iy, p— pn,p— Pn)
:B(u _uh/u_ﬁth_ thp_ pAh,'(Su,(Sﬁ,(Sp,(Sﬁ)
:(vvh(u—uh),vhéu)n+(T(ﬁh—uh),5u—5ﬁ>37h— <1/Vh(u—uh)n,<5u—5ﬁ)a¢h
—(dy—up,v(Vidu)n) o, — (0=, Vi-0u) 7, + (P — Pr)n,0u—a)ar,
+(Vi-(u—uy),0p) 7, — (h — 1y, 0pm) 57,



Y. Han and H. Leng / CSIAM Trans. Appl. Math., 3 (2022), pp. 82-108 91

Since the approximate velocity field is divergence-free, we have
Vi (u—uy)=0.
From (2.9)-(2.10), we know that
(d, —uy,0pm) 57, =0,

for HDG and E-HDG methods under the assumption that p is continuous. Then integra-
tion by parts and the above two equalities result in

B(u—up,u—1y,p—pn,p—Phidu,00,0p,9p)
=(f+vAuy—Vupn,0u) 7, + (T(An—up),0u—a)or, + (Vi (u—up)n,da)ar,
— (O —up, v(Vidu)n)or, + ((pn—Pr)n,ou)ar, — ((p— Pu)n,0a)or,-

Hence

lv™2 (=) 8 7+ 1172 (=00 3
=B(u—up,u—1p,p—pn,p— Pridu,00,0p,6p) +2(fy—uy, vV, (u—uy)n)a7,
=(f+vAuy—Vpp,du)T,

A (g — By, v (Vi) 1) o7, + (P — Pr) 1, 0u) o7, — (T (1 — ), 0u) a7,

+ (Vi (u—uy)n,80) a7, + (T (un—a1),00) a7, — ((P— Pu)1,0a)ar;

+2(d, —up, vV (u—uy)n) 57

4
~YE.
i=1
With Cauchy-Schwarz inequality and Lemma 3.6, we have

1 1
Er < ) v 3| fHvau,—Viplloxv? 16ullox
KeTy,

1
<Y kv [ Vu— Vo
KeT,

Using (2.9)-(2.10), Lemma 3.3 and Lemma 3.7 to deduce that

Ep = (uy, — 1y, v(V 0w )n) o7, +((pr— Pr)n,0u) a7, — (T(wn —y),0u) o,
= (up, — Ay, (VV36u— (p—pr) Dn)ar, + (un — i, (P — pr)n)ar,
+((pn—Pn)n,0u)or, — (T(up—11),0u)a7,
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<) ||h (un— 1) ||o,0x (Vi (e —up)|lox + || p—Pullox)

KeTy,

+) ||h (up =) ||ooxhx | Vi-(vVi(w—uy)) = Vi(p—pu) llox
KeTy,

Y (I (i uh>r|oaK<hK2vH5 oo+t th—phuoaK>
KeTy,

+lpn—pulla; [10ula7;

< Y o (IvEValu—m)llox+vHlp—pllox)
KeTy

1 _1,1 .
+ Y o ( Uil f4+-viay — Vi) o +v zhlznph—phno,aK)
KeT,

+) e ‘e —pnlloaxll Vi —up)llox
KeTy,

S Y (k1) (7 ax+ 12 Vo (=) ok +v 2 [ p—pallok) -
KeTy,

In HDG method, with the Cauchy-Schwarz inequality, (3.9) and (2.11) infer that
Es= (v (u—up)n,00)o7, + (T(un—n),00)a7, — ((p— Pr)n,0a)ar,
= (Vi (u—up)n—(p—pp)n+t(un—ay),u—ty) o —((pp—Pn)nu—1n) o
<Y llg—Iglh/2r (vIIVi(u—up)llo k. +1p—pullok:

Feez
+hi, V- (vV (u—uy) = (p—pi) D) llo ;)
+ Y 12 g— Iugllor (v 21T (uy — ) lo,e + | pn — Pallo,e)

0
Feej

1/2
Soselg20) (29—l +v 2 p=pulo +{ T 0+i0} -
KeT?

In E-HDG method, taking pj, = Iu— fhfgsuh +fgsuh —h,eV),

Es= vV (u—my)n,60)a7, + (T(uy,—ty),0a) a7, — ((P—Pr)n,0a)ar,
=((—vVpup+pul)n,0a) a7, + (T (wn—1n),00) a7, — ((Pn— Pn)n.da)ar,
=((—vVpup+ppI)n+t(uy—ay) — (pp— pn)n,u— I w,— L, (u—Luy)) o7, -

We note that
(—vVup+puD)nu— L uy, — I (u— I wy)) o7,
< Zh2||[[ vV —ppD)n]llor Y IV (u—Iuy)||ok-

Fee), KeTy
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So we have

1 -
Es<S Y hE[(vVup—puDalllor Y IV (u—Iuy) ok
Feeil KeTy,

1 N 1 1 ” 1 -
+ Y (72 (un—1n) [loox +v ™ 2hE | (pn— D) llo,ox ) V2 |V (e — T uy,) ||o,x
KeT,

1 o
<Y O+ naxtv 2R (on—pn) o) v (I (=) o + |V (ot — I [ )
KeTy,

By using Lemma 3.5, we have
1 = 1 -1 1 -1
vz Y IV (= Lu) lox Sv2 Y he 2 [1lmal G e +v2 Y he 2 I —unllor S ) Hax-
KeTy Feel, Feed KeTy
Then Lemma 3.7 results in
1/2 1/2
Bs( X i) (IV@—mlon+( L) )
KeT, KeT,
Similarly, with (2.9)-(2.10) and Lemma 3.3, we have
Ey=2(@ty —up, vV (u—up)n) o7,
=2(dy —uy, (VVi (u—up) — (p—pn) Dn)ar, +2(dn —un, (Pr— pu)n)ar,

1
<Y v ek (Vi (u—up) ok + |l p—pallox
KeT,

1
Fhe| Vi (v (—un)) =NV (p=pu) ok +hg | pw = Palloax)

<Y nak(Iv2Va(u—my) ok +v2 |p— pullo g+ 1k +7ax)-
KeTy,

Finally, with Holder inequality, we can complete the proof. O

Lemma 3.9. Let (u,p) and (uy, @y, py,, Pr,) be the solutions of problem (1.1) and (2.5), respectively.
Then we have

V2| p—pull7 SV (=) |17, (3.17)

Proof. Since p—pj € L3(Q)), the inf-sup condition [5] implies

lp-pillns sup PRV T

(3.18)
vemin oy 1VOlI7
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Then with integration by parts and Eq. (1.1), we can obtain

(p=pn,V-0)7,

—(Vu(p=pn), )7+ {(p—pu)n,v)or,

—(f+vAuy, —Vupn,o) 7+ ((p—pu)n,v)ar, — (Vi (vVi(u—uy)),0) 7,
— (fHvAuy—Vypp,0)7,+ WV (w—uy), Vo)1, — WV (u—uy)n,0)7,
+{(p—pn)n,v)ar;

By taking (vy,,fin, q1,41) = (IIgpm©,0,0,0) in Eq. (2.5), we have

(f+1/Auh — vhph/HBDMv)ﬂ
=(T(uy— 1), Mppm0) a7, — ((Pn — Pn)1, MepM©) o7, — (0 — B, vV, (TIgpM© ) 1) 575,

Then we can get

(P—Ph,V'U)Th
—(f+vAu,—Vypp,o—Tepmo) 7, + vV (u—uy), Vo) 7

vV (u—up)n,0)o7,+((p—pn)n,v)or, — (t(up— ) Meomo) a7,
(pn— pn)n,gpm©) a7, + (1 — iy, vV, (Tlgpmo ) 1) 57,

f+vAu, —Npp,o—Mgpmo) 7, + (VVy (e —uy), Vo)1,

vV (u—uy)n,0) o7, +((p—Pu)n,v) a7, — (T(wy — ), Mgpm©) o7,
(pn—pn)n,Xgpmo —0) o7, + (1 — i, vV, (TIgpmo ) 1) 57, -

+

(
—(
(
—(
=
(

_|_

For HDG method, from (2.11) and v € H} (Q2), we have

— (Vi (u—up)n,0)a7, +((p—pn)n,v)a7, = (t(un—y),0) a7,

Hence Lemma 3.6 results in

(P_Ph,V‘v)ﬁ,
=—(f+vAu, —Vypy,v—Mppmo) 7, + vV (u—up), Vi),
+(t(up—y) — (pr—pu)n, 0 —Mppmo) a7, + (wp — i, v Vi (lppmo ) 1) 57,
<Y ( 7K+ V3V (=) ok +70x)V || V0 o k-
KeT,

For E-HDG method, we can just get

— (Vi (u—wy)n, Lyo)ag, +((p— pu)n, Iyo)ar, = (T(uy — a), Io)ar, -
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Then

(p=pn, V-0)7,
=—(f—(=Vu-(vVyuy)+Vypy),o—Mepmo) 7, + (Vi (u—uy), Vo)1

vV (u—up)n,0—L0)a7, +((p—pu)n,o—Lo)ar, + (T(w —y), Iyo —ppmo)ar,
(pn—Pn)n, Xgpmo — ) o7, + (uy — 1, vV, (gpmo ) 1) 57,

f= =V (vVyuy)+Vupp),o—Oppmo) 7, + (vVi (u—uy), Vo) 7,
vVy(u—up)n,0—Lo)ar +{((p—pn)n,o— Lo)or, + (T(uy,—ay,),I,o — Mpmo) o,
(pn—pn)n,Mppmo — Ihv)afrh—k( — 15, vV, (TlgpMmo) 1) 57, -

(
—{
+<
—(
=
{

+

With the fact that vVu—pI€ H(div,Q), v€ H} (Q)), and the definition of I;,, one can obtain

— (Vi (u—up)n,v—Io)ar, +{(p—pr)n,v—Iv)ay,
= Z ([vVi(u—uy)n— (P—Ph)n]]/v—fhv>o,F

Feel,

=Y (l(=vVyup+ppI)n],o—Io)or
Fes’h

<Y 0 kWY, —prI)ndllo o e [IVollo k-
KeTy,

So we have

(P Vo)1 S Y O+ v2 Vi (=) ok +7ax+177)v2 | Voo
KeTy,

Finally, the inf-sup condition (3.18) concludes the proof. O

According to the results in Lemma 3.8 and Lemma 3.9, we can obtain the following
upper bound by choosing a suitable 6 > 0.

Theorem 3.1. Let (u,p) and (uy,, @iy, py, Pr) be the solutions of problem (1.1) and (2.5), respec-
tively. We assume that the pressure p is continuous, and g =0 for the E-HDG method. Then we
have

1 _1
HVth(u—uh) 7 +v " 2[lp—pull7 S17+o0sc(g,00Q2), (3.19)
Evp S11+0sc(g,002), (3.20)

where
1 _1 1 N
Eup= VIV (u—wy) |7, +v" 2 p—pull7+ 107 (en— 1) 15 o7
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3.2 Efficiency

In this subsection, we prove that the a posteriori error estimator # also provides a lower
bound for the errors in the pressure and the velocity gradient. In order to achieve this, we
introduce the element bubble functions by By := H‘fjll)\i for K € 7j,, where A; denotes the
Lagrange basis function at i-th vertex in K. Moreover it holds some properties as follows.

Lemma 3.10 ([46, Lemma 3.3]). For each K € Ty, let Bx be the bubble function on element K.
Then for any v € Py(K), we have

19[[5 x < (v, Bko)g, (3.21)
1Bkl x <[lvllox, (3.22)
IV (Bko)lo.x St 1ollox- (3.23)

In order to estimate the local error estimator #; for E-HDG method, we provide the
following lemmas.

Lemma 3.11 ([1, Page 220, Theorem 7.23] and [5, Page 373, Proposition 14.1.5]). For given
two pairs of Banach spaces A; and B; (i=0,1), and the maps KC: A; — B; is a bounded linear

operator. Then it holds
KC: A9,t — B9,t'

Moreover,
-0 0
1 Agy 8o < NN, 5, N, 5, (3.24)

where Agy:=[Ao,A1lgt Bot:=[Bo,Bilas for 1 <t <oo. The definitions of Ag, By are referred
to [5, Page 372].

Lemma 3.12 ([5, Page 374, Theorem 14.2.3]). Let 0<6 <1and 1<t <oo, if D has a Lipschitz
boundary, then

1-60)k+6(k+1
Wi (D) = W (D), WE (D)
and the norms are equivalent.

Then we have the following inverse inequality on edge/face F of element for real
number.

Lemma 3.13. For real number 0<s<1and s=(1—0)x0+60x1, we have

e lls,p SH Nlnllop, Vo € Pe(F). (3.25)

Proof. By taking Ao = A; = L?>(F)NP(F) and By = L?(F)NP.(F),B; = H'(F)NP(F), set
KC: A;j— B; (i=0,1). Then with the standard inverse inequality, we have

|Kpn e = llpn e < Cobg | pnllo,Fs
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which implies
1K 2y (F) s 1 () me(F) < Cihig
and obviously, it holds
I 2 (Fynpe ()= 12 ey < Co
where Cy,C; are some bounded positive constants.
Then with Lemma 3.12 and Lemma 3.11, we have for any real number 0 <60 <1, and
s=(1-0)x0+6x1,
K:L*(F)NP(F) = Ags— Bgp=H*(F)NP(F),
then with Lemma 3.11, it also holds

H]CHLzﬁPk(F)%HsﬂPk <HKHL2r1pk —L2NP(F H HL2mpk —HINP(F)
<CyCh:? <Chp.

Therefore,
pnlls,p = 1 K ||,
< H’CHLZ B)np(E)— B (). (F) | o, F
he* llpnllo,rs
which complete the proof. O

Remark 3.1. By taking Ag=L?(F)NP(F), Ay=H'(F)NP(F) and By=B;=H'(F)NP(F),
and following the same routine in Lemma 3.13, we can also get

lpnlle SE N unllse, Yun€P(F) and 0<s<1. (3.26)
Lemma 3.14. For all pj, € Py(F), we have

Flanllor Slipnll—se, 0<s<1. (3.27)

Proof. With Lemma3.13, we have

() E (i) F (o) F )
pnl| —sp= su > >C—= > Ch |l llo,r-
Ml e R nlse = Tinllor = iy pnllor ="

This completes the proof. O

Then we have the following results.
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Lemma 3.15. It hold the following estimations

1k SvEV (=) |lox+v 2 |[p—pullox +osc(£;K), (3.28)
1
( ) W%)z SlvaValu—m) |7 +v=2 lp—pall7 +osc(f:Th), (329)
KeTy,
1
(¥ )" SEup (3.30)
KeTy,

Proof. We set v="Pff—(—V ), (vVu;,)+ V,py), with triangular inequality, then we have

1
nk <osc(f;K)+v~ 2hk||v]ox,

then with the Lemma 3.10 and integration by parts, we can obtain

0115k < (v, Bko)k
= (P f = f,Bko)x— (V- (vVy (u—u,)) =V (p—pu),Bxv)k
=(P}f — f,Bxv)x+ (vVi(u—uy) = (p—pn) I, VBxo)k
Sosc(fiK)v 2 o) | Brollo g+ ([vV (=) o+ | — pullox) | VBxo ok
<(ose(fiK)v2 I+ hg vV (=) o+ p—pullo) I[ollo
which yields the result of (3.28).
With the fact that vWu—pI € H(div,Q)), Lemma 3.14 and (3.9), yields

Y i< Y v I Vvh”h_PhI)"]]H

Keﬂx FGEh

-y V*1||[[(vvh(u—uh)—(p—Ph)D"ﬂllz_%,p

i
Feg),

<1<Z‘%V NV h (=) — (p—p) D5 x +x |V - (v i (w—1) = (p—pi) D |[5 )

1 _1
S Y (veVi(u—w) G +Ilv- 2 (p—pn) 15 +1%),
KeTy,

together with (3.28), we have (3.29).
Finally, together with the definition of E, ;,, we can get the result of (3.30). Then we
complete the proof. O

In light of Lemma 3.15 and the definition of estimator 77, we have the following effi-
ciency result for error estimator.

Theorem 3.2. Let (u,p) and (uy,, @y, py, Pr) be the solutions of problem (1.1) and (2.5), respec-
tively. Then we have the following result

1 SEuptosc(f;Tn). (3.31)
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4 Numerical experiments

In this section, we will give several examples to verify the performance of the obtained a
posteriori error estimators by the following adaptive algorithm.

Adaptive Algorithm

Step 1. Given 6 € (0,1], the initial mesh 7.?, and the iteration number M.
Set i=0.
Step 2. Solve the system (2.5) on the mesh 7;:'.
Step 3. Compute the error estimator # defined in Section 3.
Step 4. Select the marking set M}, C 7T}, such that
r ng=0n%,
KeM,,
where 7 is the restriction of 7 on the element K.
Step 5. If i>M
Stop
else
Refine the marking set M, by bisection to generate a new mesh 7;"“.
Seti=i+1 and go back to Step 2.
end

Here we recall that in the implementation of numerical scheme (2.5) the penalty
parameter is taken as «a, = 6k? for HDG and as a, = 4k? for E-HDG method. Note
that the convergence history is plotted in log-log coordinates in this section. And ej:=

VA (=) | v =l

Example 4.1. We set Q= (0,1)2. The analytical solution to the problem (1.1) is given by
(xy) =—x*(x=1)%y(y-1)(2y 1),
wp(x,y) =x(x—1)(2x-1)y*(y—1)%,
plxy) =x"=y",

and the external body force f and the boundary condition g can be derived explicitly.

We adopt N x N uniform triangular meshes (c.f. Fig. 1) in this example. Table 1 shows
the convergence histories for the error estimator 7, the error e, the effectiveness index
11/ ey, and the divergence of the approximate velocity ||V} -uy|lo7, with v=1,10"% and
k=1,2. Then we get the following results:

e For HDG/E-HDG methods with different parameter v, the error estimator # and
the error e;, can get the convergence of order k on the uniform meshes.

e The effectiveness index el,, is in the intervals [5,9] for k=1 and [12,15] for k=2.
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Table 1: The error estimator 7, the error ey, the effectiveness index 77/ e, and the divergence of the approximate
velocity ||V, -uyllo,7; for different v.

(a) v=1

method k mesh 1 order ey order 1/ey IVi-unllo
4x4 9.0691E-01 - 1.4715E-01 - 6.16 3.4694E-17
k=1 8x8 4.5451E-01 1.00 7.9856E-02 0.88 5.69 3.3168E-15
16x16 2.2731E-01 1.00 4.0827E-02 0.97 5.57 6.9389E-17
32x32 1.1365E-01 1.00 2.0474E-02 1.00 5.55 6.5364E-15
64 x 64 5.6819E-02 1.00 1.0223E-02 1.00 5.56 4.4728E-14
HDG 128 x128  2.8408E-02 1.00 5.1074E-03 1.00 5.56 6.7143E-12
4x4 2.9283E-01 - 2.2916E-02 - 12.78  6.9670E-16
k=2 8x8 7.6052E-02 1.95 6.1319E-03 1.90 1240 2.3611E-15
16x16 1.9181E-02 1.99 1.5583E-03 1.98 12.31  1.9324E-15
32x32 4.8043E-03 2.00 3.9093E-04 2.00 12.29  8.2265E-14
64 % 64 1.2015E-03 2.00 9.7782E-05 2.00 12.29  2.4841E-13
128 x128  3.0038E-04 2.00 2.4444E-05 2.00 12.29  2.7464E-12
4x4 1.1326E-00 - 1.4696E-01 - 7.71 1.3878E-17
k=1 8x8 6.3135E-01 0.84 7.9458E-02 0.89 796  4.1633E-17
16x16 3.3910E-01 0.90 4.0506E-02 0.97 8.37 3.4694E-17
32x32 1.7637E-01 0.94 2.0349E-02 0.99 8.67 1.9082E-15
64 % 64 9.0050E-02 0.97 1.0186E-02 1.00 8.84 9.2093E-14
E-HDG 128 x128  4.5513E-02 0.98 5.0945E-03 1.00 8.93 1.0494E-12
4x4 3.3116E-01 - 2.3030E-02 - 14.38  5.3296E-16
k=2 8x8 8.6548E-02 1.94 6.2142E-03 1.89 13.93  1.4157E-15
16x16 2.2039E-02 1.97 1.5901E-03 1.97 13.86  2.6709E-15
32x32 5.5689E-03 1.98 4.0037E-04 1.99 1391  8.5888E-13
64 x 64 1.4011E-03 1.99 1.0030E-04 2.00 13.97 5.7137E-13
128 x128  3.5152E-04 1.99 2.5088E-05 2.00 14.01 1.3878E-12

(b) v=10"3
method k mesh 7 order ey order 1/ey IV5-upllo
4x4 2.8536E+01 - 4.6104E-00 - 6.19 1.1258E-13
k=1 8x8 1.4300E+01 1.00 2.4926E-00 0.89 5.74 2.3559E-13
16x16 7.1509E-00 1.00 1.2712E-00 0.97 5.63 9.1036E-13
32x32 3.5755E-00 1.00 6.3876E-01 0.99 5.60 2.2146E-13
64 x 64 1.7877E-00 1.00 3.1978E-01 1.00 5.59 7.3217E-10
HDG 128128  8.9387E-01 1.00 1.5994E-01 1.00 5.59 2.0141E-13
4x4 9.2037E-00 - 6.9264E-01 - 13.29  4.9460E-14
k=2 8x8 2.3898E-00 1.95 1.8511E-01 1.90 1291  9.7659E-13
16 x16 6.0322E-01 1.99 4.7048E-02 1.98 12.82  1.2628E-12
32x32 1.5117E-01 2.00 1.1811E-02 1.99 12.80  7.5910E-12
64 x 64 3.7814E-02 2.00 2.9557E-03 2.00 12.79  9.7546E-12
128128  9.4550E-03 2.00 7.3911E-04 2.00 12.79  1.1251E-10
4x4 3.5356E+01 - 4.6104E-00 - 7.67 3.0212E-14
=1 8x8 1.9783E+01 0.84 2.4926E-00 0.89 7.94 2.6809E-13
16x16 1.0621E+01 0.90 1.2712E-00 0.97 8.36 1.8839E-12
32x32 5.5283E-00 0.94 6.3876E-01 0.99 8.65 2.2524E-11
64 x 64 2.8237E-00 0.97 3.1978E-01 1.00 8.83 1.5396E-12
E-HDG 128128  1.4274E-00 0.98 1.5994E-01 1.00 8.93 1.3203E-10
4x4 1.0264E+01 - 6.9264E-01 - 14.82  4.0106E-14
k=2 8x8 2.6634E-00 1.95 1.8511E-01 1.90 14.39  7.1093E-13
16x16 6.7652E-01 1.98 4.7048E-02 1.98 14.38  7.8953E-13
32x32 1.7072E-01 1.99 1.1811E-02 1.99 14.46  4.1957E-12
64 x 64 4.2912E-02 1.99 2.9557E-03 2.00 14.52  5.1149E-12
128 x128  1.0760E-02 2.00 7.3911E-04 2.00 14.56  9.4008E-11
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Figure 1: Regular triangular meshes: 4 x4 mesh.
e The divergence of the approximate velocity is almost zero, which shows that HDG
and E-HDG methods are pointwise divergence-free.
Example 4.2. We set Q= (0,1)2. The analytical solution to the problem (1.1) is given by
uy (x,y) =5xy* —x°,
(%) =55y —y’,
1
plry)=30(=y),
then the force term f and boundary condition g can be derived explicitly.

The initial mesh is taken as Fig. 1. We plot the convergence histories of 77 and e,
and the effectiveness index 7 /e, for different k and v in Figs. 2-3, which shows that the
adaptive algorithm can get the convergence rate O(N~*/2) for both the error estimator 7
and the error e,.

Example 4.3. We set Q= (0,1)2. The analytical solution to the problem (1.1) is given by

1—e¥/v
(oY) =y 1o

1—ex/v
uz(x,y) =X

plxy)=x"—y",
then the force term f and boundary condition g can be derived explicitly. Note that this
example possesses the boundary layers on the boundaries x=1 and y=1.

The initial mesh is taken as Fig. 1. Then we have the following conclusions:

e The adaptive meshes after 25 iterations are presented in Fig. 4 for 6 =0.5. We can
observe that the mesh nodes are concentrated around the boundary layers, which
means that the obtained a posteriori error estimator can grad the boundary layers
well.



102

Y. Han and H. Leng / CSIAM Trans. Appl. Math., 3 (2022), pp. 82-108

*ne=1)
10t =1 1o o8 (=1)
o-e,(=1) *—v=1e-4)
o f=1e-4) o ey(=1e-4)
10° o8 (r=Te-4) 10° n=1e-8)
i=1e-8) ey(v=1e-8)
e, (r=1e-8) O(N'Vz)
10° N3 10%
- T o
-, ,‘o*ﬁ* .
\ IR
10 . . . 10 g *w *— .
o * I *
O ¥ w — . *
oo E, *- Spe0, e — -
o * o * *
100 o O~ o* — —, 10 E5e . e —,
° ° * * R0 E—
o o * o *
et et | 8y
107 T 107! — %5
. —_ 5o
i, -
10? 102
10° ek 10 ok -
102 10° 10 10° 10 10? 10° 10 10°
Dofs Dofs
6 pe=cs & & = T % 5 T e
° . o - i
%
55 4
8
5 ¢
r 7
* r]/eh(u=1)
45 |
—o— r//eh(u=1 e-4)| |
1 6
r]/eh(1/=1e-8) 1 x
% —
4 | * -
. N ¥
35 \
1 1 I
| 4 | \/ e w=1) |
| \
3 | “ 4 o /e, (=1e-4)
\ 1 | e, (v=1e-8) |
| { | I s |
| | |
| | ]
[ e N % 1 It
‘0\ ‘02 103 106 105 10" 10? D\Z: 10* 10°
s
Dofs

Figure 2: Here we set v=1,1e—4,1e—8, k=1 and §=0.5. Top: The convergence history of #,e; for HDG (left)
and E-HDG (right). Bottom: The effectiveness index #/ej, for HDG (left) and E-HDG (right).

e The convergence histories of the error estimator 7 and the error e, are provided in
Fig. 5 for k=1,2 and v =0.005. Obviously, the error estimator and the error can
achieve the convergence rate O(N~*/2). Moreover, seemingly, the numerical error
has not significantly difference for HDG and E-HDG methods. Hence the E-HDG
method outperforms the HDG method in the sense that the number of nodes for
the E-HDG method is smaller than the HDG method.

Example 4.4. We set Q= (—1,1)2\[0,1) x (—1,0], f =0 and v=1. The analytical solution
to the problem (1.1) in polar coordinates (7, ¢) is

u1(r,@) =r*[(14A)sin(@) ¥ () +cos(9)¥' (¢)],
uz(r, @) =r*[sin(9) ¥’ (¢) — (1+A)cos(9)¥ ()],
p(r,e)=—r""(1+A)¥ (@) +¥" (9)]/ (1-A),
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Figure 3: Here we set v=1,1e—4,1e—8, k=2 and §=0.5. Top: The convergence history of #,e}, for HDG (left)
and E-HDG (right). Bottom: The effectiveness index #/ej, for HDG (left) and E-HDG (right).

Figure 4: Adaptive meshes after 23 iterations: HDG k=1 (left) and k=2 (right).
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Figure 5: The convergence history of Example 4.3 with v=0.005, 6 =0.5: k=1 (left) and k=2 (right).

Figure 6: The initial mesh (left) and the adaptive meshes after 20 iteration for HDG (middle) and E-HDG
(right) methods. Here we set k=1 and §=0.5.

where

¥ (@) =sin((14+A)¢@)cos(Aw)/(14+A)—cos((1+A)p)
—sin((1—A)@)cos(Aw)/(1—A)+cos((1—A)g),

with the parameters A =0.54448373678246 and w =37 /2. The boundary condition g can
be derived explicitly.

Note that the velocity gradient Vu and the pressure p are singular at the original
point. Indeed, u ¢ (H2(Q)))? and p ¢ H'(Q). For this example, we have the following
results:

e Fig. 6 shows the initial mesh and the adaptive meshes after 20 iterations for HDG
and E-HDG methods. Obviously, the mesh nodes are concentrated around the orig-
inal point. Moreover, the effect of refinement has not significantly difference for
HDG and E-HDG methods.
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Figure 8: The convergence history with 8=1,0.7,0.5,0.3 for HDG (left) and EHDG (right) methods.

The convergence histories of the error estimator # and the error e, and the effec-
tiveness index 77/ ey, are given in Fig. 7 for 6 = 0.5, which shows that the adaptive
refinement achieves the convergence rate O(N~1/2) for the error and the error esti-
mator for HDG and E-HDG methods.

In Fig. 8, we plot the convergence histories of the error estimator 7 and the error
ey, for different 6, which shows that for both HDG and E-HDG methods, the error
estimator 17 and the error e, can get the convergence rate O(N~1/2) if 9 is less than
a suitable value. Moreover, we find that the adaptive refinement outperforms the
uniform refinement.
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5 Conclusions

In this paper, we proposed a posteriori error estimator of embedded-hybridized Discon-
tinuous Galerkin methods for the Stokes equations. The attractive properties, named
divergence-free and H(div)-conforming, can be obtained for the approximate velocity
field. Moreover, the pressure-robustness, which means that a priori error estimates for
the velocity is independent of the pressure, is also satisfied. By interpolation error esti-
mates, the efficiency and reliability of the a posteriori error estimators are proved. Finally,
several numerical examples are provided to show the performance of the a posteriori er-
ror estimators.
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