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Abstract

This paper studies the symmetry of a class of fractional Sturm-Liouville
differential equations with right and left fractional derivatives. We give the
Hermitian boundary condition description of this problem. Furthermore, the
density of minimal operator is given. Then the symmetry of this problem is
obtained.
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1 Introduction

Recently, fractional differential equations have drawn much attention. It is
caused both by the theory of fractional calculus itself and by the applications in
various fields of science and engineering such as control, electrochemistry, electro-
magnetic, porous media, viscoelasticity, etc, for detail, see [1-5].

In this paper, we consider the following fractional Sturm-Liouville operator:

(ly)(z) = “Di_p(z) Dy y(x) + q(x)y(x), (1.1)

acting on the Hilbert space L?[0,1] with the following boundary condition:
a11157*y(0) + a12D§, y(0) + bi1 1y “y(1) + b1 D, y(1) = 0,
{02113?@(0) + a2 Dg, y(0) + bialpy “y(1) + b2 D, y(1) = 0,

where p(z) # 0, p(z) € C1(0,1), g(z) € C(0,1), 0 < o < 1 and a;j,b;; € R (i,j =
1,2). I&;O‘, Dg, and “Df_ are fractional integral operator, fractional derivative and

(1.2)

Caputo fractional derivator acting on given functions respectively. Our purpose is
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to find sufficient conditions on the coefficients matrices A and B to guarantee a
symmetric operator, where

A <a11 a12> . B= <bn bm) .
az a bo1 a2
We know that, the second-order Sturm-Liouville differential expression
ly=—(py) +ay. (1.3)

where p(x) # 0, %, q € L(0,1), with the following boundary condition:

a11y(0) + a12y/(0) + b11y(1) + b12y/(1) = 0, (1.4)
a21y(0) + a2y’ (0) 4 ba1y(1) + bazy'(1) = 0, '
when the coefficient matrices satisfy
AQ(0)"'A* = BQ(1)"' B, (1.5)

generates a self-adjoint operator, where

(a1 a2 _(bir b2 (0 —p(x)
A= <G21 a22>  B= <521 b22>’ Q) = <p(30) 0 > '
This result has great significance in the spectral theory of Sturm-Liouville operator.
A nature thought is to imitate the second-order Sturm-Liouville problem, and
thereby the self-adjoined description of the fractional Sturm-Liouville problem is
given. However, a fractional derivation operator is quite different from an ordinary
differential operator in some properties, especially we fail to get the existence and

uniqueness of the fractional equation till now. Therefore, the method can not be
completely applied to study our problem.

2 Preliminaries

We will use the following properties of fractional integrals and derivatives.
Definition 2.1 For given a with R(a) > 0, the left and right Riemann-
Liouville integrals of order « are defined as

(15, f)(a) = F(la) /0 @) f(s)ds, x e (0,1),
1 1
1D = 7 / (s — ) f(s)ds, € [0,1).

Definition 2.2 Let R(a) € (n — 1,n), where n € N, D = L. The left and

right Riemann-Liouville derivatives of order « are defined as
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(Do f) (@) = D™ (Ig 7 f)(x), = € (0,1,
(Di-f)(x) = (=D)"(=“f)(z), z€[0,1).

In particular, when 0 < a < 1, we have
(D§} f)(z) = D(Ipz*f)(z), = €(0,1],
(DI_f)(2) = (=D)([=*f)(z), «<[0,1).
Definition 2.30 Let R(a) € (n —1,n), where n € N, D = f—z. The left and
right Caputo derivatives of order a are defined as
(“Dgf)(x) = Iy D" f)(x), « € (0,1],
(“DY_f)(z) = (I{=*(=D)"f)(x), z€[0,1).
In particular, when 0 < o < 1, we have
(“Dgf)(@) = (L *Df)(@), =€ (0,1],
(“DE_f)(x) = (LZ*(=D)f)(z), = €[0,1).

Lemma 2.18! Let R(a) € (n — 1,n), where n € N. If y € AC"[0,1], then
the fractional derivatives Df, and D¢ _ exist almost everywhere on [0, 1] and can be

represented in forms

n—1 (k) z (n)
o _ vy 0)  ka 1 y™ (t)dt
(D0+y)($)—kzor(1+k_a)l“k +T(n—a)/0 (e—ta—n+1’ z € (0,1],
n—l 1\k, (k) _1\n 1 (n)
(Di_y)(@) = (I’(i)—i—i—(cvl))(l_x)ka—’_I’((nl—)a)/ (t— x)a( )(:zt—f-l’ z€(0,1];

Lemma 2.2B Let o € (n — 1,n), where n € N. Then operators Dg,, Df_,
Dg, and °DY_ satisfy the following integrations by parts,

1 1 n—1
| @)Dt gta)dz = [ glayDg. sa)ia + >V @D )

1 1
/0 f(2)Dg, g(x)dz = /0 o(2)DY_f dx+2 1) £8) () Db g ()220,

Lemma 2.38 Fractional integration operators I§, and I with R(a) >0 are
bounded in LP(0,1) (1 <p < 00):

1
1164 f lp< K|l fllps (| DY f [lp< K[ fllp with K = .
0+ p p 1 p P R(Oé)|F(O£)|
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Corollary 2.1 Fractional integration operators I, and I{*_ are operators de-
fined on LP(0,1) (1 < p < 0).
Proof For all f € LP(0,1), it is easy to see that f satisfies

1= ([ iPdn)” < o,

11550 = lg ) < Kl = K / ) <o

Therefore, the integral operator I, is an operator from LP(0,1) to LP(0,1)(1 < p <
00).

Lemma 2.48 If R(a) > 0 and f(x) € LP(0,1) (1 < p < o0), then the following
equalities

SO

(Do Lo (@) = f(z) and  (DY_IT_f)(z) = f(x)

hold almost everywhere on [0, 1].
Lemma 2.58 If o ¢ N, then the Caputo fractional derivatives coincide with
the Riemann-Liouville fractional derivatives in the following cases:

(“D§, f)(@) = (DG, f)(z),

y(D)=y'(1)=---=y™ V1) =0, n=[R()]+1.

Lemma 2.6 The space AC™[0,1] consists of those and only those functions
f(x) which can be represented in the form

n—1
(@) = (I3e0) (@) + 3 exa,
k=0

where p € L(0,1), ¢x(k=0,1,--+ ,n— 1) are arbitrary constants, and

n 1 * e
(I30)(@) = o=y, /0 (x — )" T p(t)dt.

Consider the following fractional differential equation

(ly)(z) = DY_p(x) Dgyy(x) + q(z)y(z). (2.1)
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Assume that p(x) # 0, p(z) € C1(0,1) and ¢q(x) € C(0,1), obviously, I cannot act
on the whole space L]0, 1].

Definition 2.4 The subset of L2[0, 1] which satisfies:

(1) D,y € AC[0,1],

(2) ly € L?[0,1]
is called the maximal operator domain of [, denoted by Z);. The operator generated
by it is called maximal operator, denoted by Z.

Definition 2.5 The subset of &), which satisfies:

(1) (Iox*y)(@)|o=0 = 0,

(2) (DG y)(@)|e=0 = 0,

(3) (Dgy ) (2)]z=1 =0
is called the minimal operator domain of I, denoted by Z,. The operator generated
by it is called minimal operator, denoted by .%,.

Let y and z be two functions of Z;. Using Lemma 2.2, we obtain

1 1 1
(Iy),7) = /0 I(y) - 2dz = /0 (DS pDg,y+ qy) - = — /0 (DS pDgy- =+ qy - 2)da

1 1
= / pDgyyDf, zdx — pDfyylo =g + / qyzdz
0 0

and
1 1 1
(y,1(2)) :/0 y-l(z)dx :/0 y - (‘DY_pDg, z + qz)dx :/0 (y-DY_pDg,z+y - qz)dx

1 1
:/ pDg, y Dy, zdx —ng“Jeré;ay!é +/ qyzdz.
0 0

So,
1 1
(1(4),7) - (1,1(2)) = /0 pDS YD, =dz — pDg, yIio® (b + /0 ay=da

1 1
—(/0 pDg, yDy, zdx —pD8‘+zI§;ay|[1) —I—/O qyzdaz)
= p(DS‘erIé;O‘z - D6”+zfé;°‘y)|[1).
Denote
[y2)(z) = p(a)[Ij; y(x) - D§y 2(z) — 1j7=(x) - DG, y(x)]. (2.2)

[yz](x) is called the lagrange bilinear form about [, and it is also called the fit function
of y and z. We denote by [yz]|3 = [y2](1) — [y2](0). Then we obtain

1 1
/0 (y) - = /0 y-U(z)de = [z}, (2.3)



No.1  S.Y. Li, etc., Symmetry of Fractional Sturm-Liouville Operator 63
Denote
I}y ez 0 —pzx)
c<y>=<°z ) c<z>=<°; ) Q(a:):( :
D¢,y Dg, = p(x) 0

lyz](z) = (QC(y), C(2)). (2.4)

Q(x) is called the fit matrix of [.
Definition 2.6 Let y € L?[0, 1], the boundary type of y is defined as

Ui(y) = anly; “y(0) + ainDgy(0) + bin Iy “y(1) + bio gy (1), (2.5)
where a;;,b;; € C (i =1,2,---,r;1 <r <4).
Denote
Ui(y)
Uy =| : |, A=layl, B=1[yl, i=12j=1---r
Ur(y)

So U(y) can be expressed in the following form

U(y) = AC(y)o + BC(y)1,

where C'(y)o = C(y)|z=0, and C(y); is defined in the same way. We call U(y) the
boundary type vector.
Let

ai1 a2 b bi
( D )— : : : : ) (y)— .
C(y)
ar1 ar2 br1 bpo

Moreover,

Uly) = (AeB) C(y). (2.6)
If rank(A® B) = r, U(y) is called of r-dimensional, or Uy, ---,U, are linearly
independent. We always assume they are linearly independent in the following
discussion.
For r = 1,2,3, let Uy41,--- ,Us be 4—r linearly independent boundary types,
and their vector form is U.y. If the boundary type vector

- U
U(y) = (U((Z))>

is 4-dimensional, we say that U(y) and U.(y) are complementary. Apparently, it is
possible to find complementary boundary type vector of any boundary type vector.
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3 Main Results

Theorem 3.1 For given r-dimensional boundary type vector U(y) and its com-
plementary (4—r)-dimensional boundary type vector U.(y), there is a unique r-dimen-
sional Ve(z) and its (4—r)-dimensional boundary type vector V(z), which satisfy

w2l =U(y) - Ve(z) + Uely) - V(2),

where 1s the inner product of Fuclidean space.
Proof Let

lé' 2

U(y) = AC(y)o + BC(y)1 = [A&B|C(y),
Udly) = AC(y)o + BC(y)1 = [A®BIC(y),

where A and B are (rx2)-dimensional matrices, A and B are (4 — r)x2-dimensional

- (i3)

Since U and U, are complementary, H is a non-singular matrix, so we obtain

matrices.
Let

- U - - ~
() = (U((y;)) — HO(y), C(y)=H 'T(y).

By (2.4),
[y2]ls = (Q(1)C(y)1, C(2)1) — (QO)C(y)o, C(2)o).

- [-Q() 0
Q_< 0 Q(l))’

then [yz]|} can be changed into

2]l = (QC(y),C(2)) = (QH'U(y), C(2)) = (U(y), (RH)*C(2)).

Apparently, Q is a non-singular matrix. So (QH~!)* is a non-singular matrix. Let
7= () = @uyae
V(z) ’

then it is a 4-dimensional boundary type vector, where V,(z) is an r-dimensional

Let

boundary type vector, V'(z) is its complementary (4—r)-dimensional boundary type
vector. Since V/(z) is determined by H,

[y2]l6 = U(y) - Ve(2) + Uely) - V(2)
is determined by U and U..
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Definition 3.1 V/(z) is called the adjoint boundary type vector of U(y), where
V(z) and U(y) are defined as above.

If V(2) is an adjoint boundary type vector of U(y), then U(y) is an adjoint
boundary type vector of V(y), and they are adjoint boundary type vectors of each
other.

Definition 3.2 If two boundary type vectors V(y) and V'(y) satisfy V'(y) =
CV(y), where C is a non-singular matrix, then they are called equivalent; if a
boundary type vector V(y) is equivalent with its adjoint boundary type vector, we
call it is self-conjugate.

Obviously, a boundary type vector is self-conjugate, then its dimension r must
satisfy r =4 — r, that is r = 2.

Definition 3.3 If U(y) and V(z) are adjoint boundary type vectors of each
other, we say that U(y) = 0 and V(z) = 0 are adjoint boundary conditions of each
other; if U(y) is self-conjugate, we say that U(y) = 0 is a self-conjugate boundary
condition.

Definition 3.4 Assume that Hy and Hs are Hilbert spaces, T is an operator
from H; into Hy, and S is an operator from Hs into Hi. The operator S is called a
formal adjoint of T if we have

(9. Tf) = (Sg,f) forany fe2(T), ge Z(9).

T is then a formal adjoint of S, too.

Theorem 3.2 Let £ and £’ be operators generated by l(y). The domain of £
is defined by the boundary condition U(y) = 0, and the domain of £’ is defined by
the boundary condition V(y) = 0. If U(y) = 0 and V(y) = 0 are adjoint boundary
conditions of each other, then & and £’ are formal adjoints of each other.

Proof For all y € 9(¥), z € (<), we have U(y) = 0, V(z) = 0. Since
U(y) = 0 and V(z) = 0 are adjoint boundary conditions of each other, by Theorem
3.1, there is

(Uy).2) = (9,1(2) = [y2llg = U(y) - Ve(2) + Uely) - V(2),

so we conclude that (I(y),z) — (y,I(z)) = 0, that is (I(y),2) = (y,l(z)), for any
y € P(%) and z € 2(&’). Therefore, £ and £’ are formal adjoints of each other.
Theorem 3.3 Let the domain of £ be defined by U(y) = 0. If U(y) = 0 is
self-conjugate, then £ is a Hermitian operator.
Proof For the above U(y) and any of its complementary boundary type vector
Uc(y), there exists one and only one V(z) and V,(z), satisfying

wzllo = U(y) - Ve(2) + Uely) - V(2).
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Since U(y) = 0 is self-adjoint, there is a non-singular matrix C satisfing V(z) =
CU(Z). Therefore,

[y2llo = U(y) - Ve(2) + Ue(y) - CU(Z).

For all y,z € 2(%), we have U(y) = V(z) = 0. Therefore, (I(y),2) — (v,1(2)) =
[yz]|§ = 0. So

(I(y),z) = (y,l(2)) for any y,z € Z(ZL).

We conclude that . is a Hermitian operator.

Theorem 3.4 Let U(y) = AC(y)o + BC(y)1 and V(y) = SC(y)o+TC(y)1 be
an r-dimensional and the corresponding (4 —r)-dimensional boundary type vectors
respectively, if

AQTH0)S* = BQTH(L)T™,

then U(y) = 0 and V(y) = 0 are adjoint boundary conditions of each other, where
Q(z) is a fit matriz of l(y).

Proof We only need to prove that if there are (4—7)x 2 matrices S; and T}
with rank(S; @ T1) = 4 — r, which satisfy AQ(0)~1S} = BQ(1)~'Ty, then we can
find a non-singular matrix C' satisfying S1 = CS, 11 = CT, thereby

Vi(z) = 51C(2)o + T1C(2)1

is equivalent to V' (z). So U(y) = 0 and V(y) = 0 are adjoint boundary conditions
of each other.

Since we assume that rank(A® B) = r, the linear space spanned by r linearly
independent row vector of (A® B) is denoted by .7. Since

—AQ™H(0)ST + BQ™H ()T} =0,
we have

I

(405) (—Q1(0)5T>

Q' (1)Ty
which shows that the column vectors of matrix
-Q1(0)S;
Rl - -1 *
Q™ ()T}

all belong to .7+ Since
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and rank(S; + T1) = 4 — r, we conclude that rankR; = 4 — r, which shows that all
(4—7) column vectors of Ry are linearly independent, therefore they make up the
basis of T .

Since S, T and S7, T satisfy the above conditions, we can get that the rank of

ne (—Q1(0)5*>
QT

is (4—r), and all (4—7) column vectors make up the basis of 7+. Therefore we can
find a (4 —r) x (4 —r) non-singular matrix C satisfying S; = CS, T} = CT, and this
shows that V;(z) is equivalent to V(z), thereby U(y) = 0 and V(y) = 0 are adjoint
boundary conditions of each other.

Corollary 3.1 If the boundary condition U(y) = AC(y)o + BC(y)1 satisfies
AQ™Y0)A* = BQ71(1)B*, then U(y) = 0 define a Hermitian operator.

Lemma 3.1 (lNZ)(x):CDf‘_p(ac)Dz(x) is an operator from AC?(0,1) into L?(0,1).

Proof The operator

matrix

(Iz)(z) = “Df_p(z)Dz(x)
could be rewritten as
(12)() = (I}=*Dp(z) Dz)(x).
We known that, for the two-order Sturm-Liouville operator, the maximum operator
map AC?(0,1) into L%(0,1). So when z(z) € AC%(0,1), (Dp(x)Dz)(x) € L?(0,1).
By Corollary 3.1, (I} =®Dp(x)Dz)(x) € L*(0,1).
Remark 3.1 By the definition of fractional derivative, I(y) can be rewritten as
Iy = 1= Dp(a) DIL;y(w) + qla)y(a). (3.1)
In order to make sure that [ is an operator on L2[0,1], we confine that z(z) =
I&;O‘y(az) belongs to AC?[0,1], since we limit D,y € AC[0,1] in the definition of
9. Based on the above discussion, we describe Z); in more detail:
Iur = {y(x) € L*(0,1)| L7 *y(x) € AC?[0,1]}. (32)
Consider a subspace of Z);:
& ={y(z) € Zu| Ty(z)|s=0 = 0}. (3.3)
Now we define a new operator:
T: & — AC?0,1],

y(x) — Iy y(x).
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Theorem 3.5 T is an invertible operator from & to AC?(0,1], further, T~! =
Dy
Proof By Lemma 2.4, when y(z) € & C L?(0,1),
(Do3“Ty)(x) = (Dgi Iy ) (x) = y(=),
that is Dy “T = I. When z(z) € T&,
(TDY2)(w) = (14 Dh;2)(@) = (12 DIg, 2)(x) = (°DE, I, 2)(x).

Since z(0) = 0, by Lemma 2.4, (°Dg, I§, z)(z) = z(z), that is TDé_T_O‘ = I. Therefore
T is an invertible operator from & to AC?[0,1] , and T~ ! = Dé;o‘.

Lemma 3.2 Space AC?|0,1] is a subspace of AC[0,1].

Proof For all y(z) € AC?[0,1], |¢/ ()| has a upper bound K, therefore y(z) is
a Lipschitz continuous function on [0, 1], thus it belongs to ACI0, 1].

Corollary 3.2 AC[0,1] is a dense subspace of L?(0,1).

Proof For the second-order Sturm-Liouville operator, the minimum operator
domain

@O = {y(l’) € AC? [07 1” y(x)|x:0 = 0§y($)‘x:1 =0 y/(l’)‘x:() =05 y/(x)’le = O}

is a dense subspace of L?(0,1), however D, is a subspace of ACI0,1].

Theorem 3.6 The maximal operator Ly is a densely defined operator.

Proof Since & is a subspace of %y, it is necessary to prove that & is a dense
subspace of L?(0,1).

For all y(z) € T&, by Lemma 2.1, (Dj;*y)(z) = (I§,y')(z). Denote F =
D(T¢&), then & = I§,.%. By Lemma 2.3, I, is a bounded operator on L?(0,1),
thus we only need to prove that .# is a dense subspace of L?(0,1). In fact, T& =
{2(z) € AC?[0,1]| 2(0) = 0}, by Lemma 2.6, D(T&) = D(AC?[0,1]) = AC[0,1]. By
Corollary 3.2, it is a dense subset of L?(0,1).

Theorem 3.7 The minimal operator £, is a densely defined operator.

Proof According to the definition of Minimal operator,

TP, ={z(x) € ACz[O, 1] 2(2)| =0 = 0; 2’ (2)|z=0 = 0; 2’ (2)|z=1 = 0}.

thus
Dy =T Hz(x) € AC?[0,1]| 2(x)| =0 = 0; 2'(x)|s=0 = 0; 2'(x)]p=1 = O}

= Dy *{z(z) € AC?[0, 1]| 2(2) o=0 = 0; 2/ (2)]3=0 = 0; 2'(2)|s=1 = O}.
Similarly to the above discussion, we obtain
DY {2(x) € AC[0,1]] 2(2)lam0 = 05 #/(2)|am0 = 0; #/(2)|acr = 0}
= I8, D{z(z) € AC?[0,1]| 2(2)[as=0 = 0; 2/ () s—0 = 05 2'(2)|s—1 = 0}
— I, {=(x) € AC[0,1]| 2(2)|s—0 = 0; (2)—1 = O}.
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By Corollary 3.2,
{z(z) € AC[0,1]| 2(2)[x=0 = 0; 2()[s=1 = 0}

is a dense subspace of L?(0,1). Combined with the boundedness of 1§, , we finish
the proof.
Remark 3.2 If we confine I&;ay(xﬂx:l = 0 in addition, that is

1
F(ll—oz)/o (1—s5)"%y(s)ds = 0.

When a € (0, 3), y(z) € (££-)*. These functions can not be dense in L2[0, 1], since

-z
I&;O‘y(az)]le = 0 does not hold in the definition of minimal operator.

Theorem 3.8 The boundary conditions of l(y):

a111g*y(0) + a12Dg, y(0) + bi2 D y(1) = 0, (3.4)
az Iy *y(0) + a2 D, y(0) + b2 D, y(1) = 0 '
satisfing
AQ(0)™'A* = ByQ(1) "' Bg, (3.5)

generate a symmetry operator by I, where

A (an a12>  By— (0 b12> '
as a2 0 b2
Proof Since the minimal operator .Z, is a densely defined operator, that is,
o = {y(x) € Dl (17 *y) () |o=0 = 05 (D§,y) (@) a=0 = 0; (DG y)(#)]a=1 = 0}
is a dense subspace of L?(0,1), therefore the functions with
a11157*y(0) + a12D§, y(0) + b12Dg, y(1) = 0,
21157 *y(0) + aze DG, y(0) + baa Dg, y(1) = 0,
as 137 y(0) + az D, y(0) + b3, y(1) = 0
are dense in L?(0,1), thus the functions with
anly;*y(0) + b1 D§, y(0) + bi2 D, y(1) = 0,
{“21Ié+a?/(0) + b21D§, y(0) + ba2 D, y(1) = 0

are also dense in L?(0,1).
By Theorems 3.3 and 3.4, if

AQ(0)'A* = ByQ(1) "' By,

the operator with the above boundary condition is symmetry.



70 ANN. OF APPL. MATH. Vol.34
References

[1] R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singapore,
2000.

[2] R.L. Magin, Fractional Calculus in Bioengineering, Begell House Inc, 2006.

[3] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

[4] D. Baleanu, Diethelmk, E. Scalas, J.J. Trujiuo, Fractional Calculus Models and Numer-
ical Methods, Series on Complexity, Nonlinearity and Chaos, Boston World Scientific,
2012.

[5] F.Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College,
London, 2010.

[6] M. Klimek, O.P. Agrawal, Fractional Sturm-Liouville problem, Computers and Math-
ematics with Applications, 66(2013),795-812.

[7] Jing Li, Jiangang Qi, Eigenvalue problems for fractional differential equations with right
and left fractional derivatives, Applied Mathematics and Computation, 256(2015),1-10.

[8] Zhijiang Cao, Ordinary Differential Operator, Science Press, China, 2016. (in Chinese)

(edited by Mengzin He)



