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Abstract

In this paper, we investigate the nonexistence of positive solutions for a
class of four-point boundary value problem of nonlinear differential equation
with fractional order derivative. We give sufficient conditions on nonlinear
term and the parameter such that the boundary value problem has no positive
solutions. Some examples are presented to illustrate the main results.
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1 Introduction

In this paper, we consider the nonexistence of the positive solution for the follow-
ing boundary value problem of differential equation involving the Caputo’s fractional
order derivative

D u(t) + Af(tu(t) =0, te(0,1), (1.1)
W(0) = pru(€) =0, /(1) + pzun) = 0, (1.2)

where l < <2, 0<€<n<1, 0< g, pe <1 and satisfy the following conditions:

(H1) A = pa (1 + pan — p28) + p2 < (@ = 1)(1 — p1f);

(H2) f € C([0, 1] x R, RT).

Due to the development of the theory of fractional calculus and its applications,
such as in the fields of physics, electro-dynamics of complex medium, control theory,
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Bode’s analysis of feedback amplifiers, blood flow phenomena, aerodynamics and
polymer rheology, electron-analytical chemistry, etc, many works on fractional cal-
culus, fractional order differential equations have appeared [1-7]. Recently, there
have been many results concerning the solutions and positive solutions for bound-
ary value problems for nonlinear fractional differential equations, see [8-29] and
references therein.

For example, Bai and Lii [12] considered the following Dirichlet boundary value
problem of fractional differential equation

Dy, u(t) + f(t,u(t)) =0, te(0,1), (1.3)
u(0)=0=u(l), l<a<2. (1.4)

By means of different fixed-point theorems on a cone, some existence and multiplicity
results of positive solutions were obtained. Jiang and Yuan [20] improved the results
in [12] by discussing some new positive properties of the Green function for problem
(1.3). By using the fixed point theorem on a cone due to Krasnoselskii, the authors
established the existence results of positive solution for problem (1.3). Recently,
Caballero et al. [21] obtained the existence and uniqueness of positive solution for
singular boundary value problem (1.3). The existence results were established in
the case that the nonlinear term f may be singular at ¢ = 0.

There are also some results concerning multi-point boundary value problems for
differential equations of fractional order.

Wang et al. [25] considered the boundary value problem of fractional differential
equation with integral condition

Dg,u(t) +q(t)f(t,u(t)) =0, te(0,1), n—1<a<n, (1.5)
1

uw(0) =4/ (0)=--- = u(”_Q)(O) =0, u(l)= / u(s)dA(s), (1.6)
0

where o > 2, fol u(s)dA(s) was given by Riemann-Stieltjes integral with a signed
measure. By using the fixed point theorem, the existence of positive solution for
this problem were established.

Many works deal with the existence and multiplicity of positive solution for
fractional differential equation (1.1) under the boundary conditions (1.2). Zhao,
Chai and Ge [28] considered a class of four-point fractional boundary value problem
of the form

Dg u(t) + f(t,u(t)) =0, te(0,1), (1.7)
W' (0) = pu(§) =0, o'(1) + pau(n) =0,

where 1 <a <2, 0<£<n <1, 0< pg,ue <1 with the condition
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A = (14 pon — p2b) + pe < (o — 1)(1 — u1§), (1.9)
and f:[0,1]x R* — R is continuous. By using fixed-point theorems and successive
iteration method, the authors established the existence results of at least one positive
solution for this problem.

Yang and Zhang [29] considered the positive solution for the following bound-
ary value problem of differential equation involving the Caputo’s fractional order

derivative

Dg u(t) + f(t,u(t),d'(t) =0, te(0,1), (1.10)

W'(0) — pu(§) =0, u'(1) + pau(n) =0, (1.11)
where 1 <a <2, 0<E<n<1, 0< pu,ue <1. By using the Avery-Peterson fixed
point theorem, the existence of at least three positive solutions were established.

To complement the work on the positive solutions of problem (1.1) with (1.2),

in this paper we consider the nonexistence of positive solution for problem (1.1)
with (1.2). Sufficient conditions on the nonlinear term f and the explicit ranges
of parameter A, under which problem (1.1) with (1.2) has no positive solution, are
given in Section 3. Some examples are presented in Section 4 to illustrate the main
results.

2 Preliminary Results

Definition 2.1 The Riemann-Liouville fractional integral of order a > 0 of a
function u : (0,00) — R is given by

IS u(t) = F(l)/o (t — 5)* Tu(s)ds,

(07

provided the right side is point-wise defined on (0, c0).
Definition 2.2 The Caputo’s fractional derivative of order o > 0 of a continuous
function u : (0,00) — R is given by

1 b (s)
D, u(t) = d
B0 = £ ) e
where n — 1 < o < n, provided that the right side is point-wise defined on (0, co).
Lemma 2.1 Let a > 0. Then

I8, Dg u(t) = u(t) +co+ert +eat? + - +ep1t™t, ¢ €R, i=1,2,--- ,n—1

3 Main Results
Lemma 3.128 Given y(t) € C[0,1]. Then following FBVPs
D u(t) +y(t) =0, te(0,1), (3.1)
W(0) = pu(€) =0, /(1) + pau(n) = 0 (32)
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s equivalent to an operator equation

1
ut) = [ 6. s, (33)
where
G(t,s)
(=) (Lt pan — pat) (€ = )"
I'(«) Azf(a) ,
(L= é+mt)(1=5)""2  po(1—pué+pmt)(n—s)*"
+ AT(o — 1) + AT (a) ) 856 854,
pa (14 pron — pat) (€ —5)*~"
Al () ) )
p(l—pm&+mt)(1=s)*"*  pp(l—mé+mt)(n—s)""
Al(a—1) AT(a) ) 858 824
) =)t (- mE )1 - )0
N I'(«) AF(—Oi -1)
+,U/2(1 — MISXF/ZS))(U — S) ’ ‘5 <s< n, s < t7
pr (1= mé+pmt)(1=5)*">  po(l—mé+mt)(n—s)*""
Al(o— 1) + AT(a) , bsssm st
(t—5)" (=€ +mt)(1—s)*?
 T(a) * AT (o — 1) ’ s=m st
a—2
0=

Lemma 3.28 Let G(t,s) be given as in the statement of Lemma 3.1. Then
we find that
(1) G(t,s) is a continuous function on the unit square [0, 1] x [0, 1];

(2) G(t,s) >0 for each (t,s) € [0,1] x [0,1];
(3) G(t,s) < M(1-5)*72, s€(0,1);
(4) there is a positive constant vy € (0,1) such that
min G(t, s) >vM(1 -2 se(0,1), (3.4)
te[1,3
where
(L4 pon) + (= (1 — &+ p) + po(l — mé + )
M = > 0,
Al ()
—1)(1 - Liy—A
7 (Ck )( /'ng + 4,“/1) > 0.

B p1(1 4 pon) + (o = 1) (1 — & + pr) + pa(1 — pr € + 1)
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Here we introduce the following extreme limits:

5 = limsup max ) f = liminf min ¥ (t,u)
0 1 u ’ 0 + 13 m
u—0+ t€[0,1] u—0t te[l 3
t ) ¢
iz = imsup max TE g it g 780
u—oo t€[0,1] U u—oo el 3] U

Let the Banach space F = C]0, 1] be endowed with the norm

lull = max Ju(t)], € E.

We define a cone K C E by

K ={ueElu(t)>0, inf_ut)>ollult)]}.

i
<i<

w00

1
1

Lemma 3.3 LetT : K — E be an operator defined by

1
Tu(t) :== )\/0 G(t,s)f(s,u(s))ds.

Then T : K — K is completely continuous.

75

Proof The operator T': K — FE is continuous in view of the continuity of the
functions G(t,s) and f(t,u(t),u'(t)). Let @ C K be bounded. Then there exists a

positive constant Ry > 0 such that ||ul| < Ry, u € Q.
Denote

— 1.
R I |f(t,u(t))| +

Then for u € €2, we have

AMR
a—1"

1 1
T < )\/0 G(t, 5)|f(s, u(s))|ds < )\R/O M1 — 5)°2ds —

Hence T'(©2) is bounded. For u € Q, t1,t2 € [0, 1], one has

(Tu(ts) — Tu(ty)] < \F(Aa)(/ot (ts — )L 1 (5, u)ds — /Otl(zs1 — ) f(s,u)ds )|

A1 2

¢ a—1
+M(a)/0 (€ — 5)° (s, u(s))ds x |tz — ti]

)\Ml ! a—
Fart s [ s <l

)‘,Ul,UQ n o
+Af(a) /0 (n—8)*"Lf(s,u(s))ds x |ta — t1]

_Altg — 1] M
= T(a+1) '« Al(a+1) 12

EY+nY) + apr) X |ty — ti].
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Thus,
HTu(tg) — T’U,(tl)H — 0 for t1 = t2, u € Q.

By means of the Arzela-Ascoli theorem, we claim that 7' is completely continuous.
Finally, we see that

Thus, we show that T': K — K is a completely continuous operator.

Theorem 3.1 If f§, f5 < 0o, then there exists a positive constant \g such that
for every A € (0,\g), the boundary value problem (1.1) with (1.2) has no positive
solution.

Proof From the definitions of f3, f3 and the condition f3, f5 < oo, there
exists an M7 > 0 such that

f(t,u) < Myu, tel0,1], u>0.

Define a positive constant
a—1

MM,
Let A € (0, A\o), then we suppose that problem (1.1) with (1.2) has a positive solution
u(t), t € [0,1]. Thus,

Ao =

u(t) = Tu(t / G(t,s)f(s,u(s))ds < )\Ml/ M(1 — 5)*2u(s)ds

1
< )\M1/ M1 = ) 2[ufjds = AMi M——Ju]|.
0 a—1
Therefore,
M M
Jull < )\ ||U|| Ao 11 [Jull = [Jul],

which is a contradiction. So the boundary value problem (1.1) with (1.2) has no
positive solution.

Theorem 3.2 If f¢, fi > 0, then there exists a positive constant Xo such that for
every A > X, the boundary value problem (1.1) with (1.2) has no positive solution.
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Proof From the definitions of fé and f, there exists a positive number m;
such that
f(t,u) > miu, tel0,1], u>0.

Define a positive constant

- 1
PY—

YoMmy

Let A > Ao, and suppose that problem (1.1) with (1.2) has a positive solution
u(t), t €[0,1]. Then for ¢ € [1, 2], we have

: ;
u(t) = Tu(t) = A /0 G(t, 5)f (s, u(s))ds > A / G(t, 5)f (s, u(s))ds

|-

3
> Ami1vo ﬁ4 M(1— s)a_zuds > )\mnga —
1

Thus,

[[ul] = Amivo [[ull > Aormiyo [[ul] = [feell,

a—1 a—1

which is a contradiction. So the boundary value problem (1.1) with (1.2) has no
positive solution.

4 Example
Consider a nonlinear FBVPs
“Dgut) + Af(tu(t) =0, te(0,1), (4.1)
u'(0) — pru(€) =0, /(1)

where a = 1.8, m:%, /LQ:%7 52%7 77:%,

14 34
A =L+ pan — pf) +pp < (o = 1)1 — ) = o < = = (a = DI — ),
1 —1)(1-— 1-—
y = Pt o) + (e D= met ) +pp(l=mbtm) 150045
Al(a) 98T'(1.8)
o= (=11 = mé+ ) — A 73
O (T4 pan) + (@ — D)1 — g€+ pa) + pa(l — €+ ) 395
and
£5(40u + 1)(20 + sin t)u
t = .
By simple computation, we have
- 20 , 760 20
F3=20, f5 =840, My =840, fi="", fi="2 my=

45 45 43
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1 - 1
O ~2.9676% 1074, o= -~ ~0.0943.

Ay =
07 MM, ~voMmy

From Theorem 3.1, for every A € (0, ), problem (4.1) with (4.2) has no positive
solution. From Theorem 3.2, for every A > )¢, problem (4.1) with (4.2) has no

positive solution.
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