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Abstract

In this paper, weak and strong convergence theorems are established by
hybrid iteration method for generalized equilibrium problem and fixed point
problems of a finite family of asymptotically nonexpansive mappings in Hilbert
spaces. The results presented in this paper partly extend and improve the
corresponding results of the previous papers.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm ||-||. Let C be a
nonempty closed convex subset of H, G : C xC' — R be a bifunction and A: C — H
be a nonlinear mapping. The generalized equilibrium problem (for short, GEP) is

to find an x € C such that

G(z,y) + (Az,y —x) >0, foranyyec C.
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The set of solutions of (1.1) is denoted by GEP(G), that is,
GEP(G)={zx € C :G(z,y) + (Az,y —z) > 0, for any y € C'}.

In the case of A = 0, GEP is denoted by EP(G). In the case of G = 0, GEP
is also denoted by VI(C,A). Problem (1.1) covers monotone inclusion problems,
saddle point problems, minimization problems, optimization problems, variational
inequality problems, and Nash equilibria in noncooperative games. Recently, many
authors have studied the problem of finding a common element of the set of fixed
points of a nonexpansive mapping and the set of an equilibrium problem in the
framework of Hilbert spaces and Banach spaces, respectively; see, for instance, [1-8]
and the references therein.

In 2007, to study the strong and weak convergence of fixed points of nonexpansive
mappings, Wang [9] introduced the following hybrid iteration scheme:

Tni1 = anty + (1 — )Tz, n>0, (1.2)

where T2z = Tx — A\uF(Tz) for all # € H and z9 € H is chosen arbitrarily,
F : H — H is an n-strongly monotone and k-Lipschitzian, they obtained that under
some suitable conditions, the sequence {x,} converges weakly to a fixed point of T,
and under the necessary and sufficient conditions, {x, } converges strongly to a fixed
point of T

In 2009, Ceng and Gao [3] introduced the following iterative scheme for a k-strict
pseudo-contraction mapping in Hilbert space: 1 = x € H,

1
G (U, —{Y — Up, Uy — >0, f e C,
(tun,y) + rn <y Up, Un — Tp) or any y (1.3)

Tnt1 = Qi + (1 — ap)Tuy,

for every n € N, where a,, C [a,b] for some a,b € (k,1) and {r,} C (0,00) satisfies
liminf 7, > 0. Further, they proved {z,} and {u,} converge weakly to z € F(T) N

n—o0

EP(G), where z = PF(T)OEP(G):’U'
In 2012, Wang and Huang [10] considered hybrid iteration method for a finite
asymptotically nonexpansive mappings in Banach space:

Tpt1 = Ty + (1 — an)[TZ]ZES)xn — )\nHuf(Ti]zig)xn)], for any n > 1, (1.4)
where 1 € F is chosen arbitrarily, {T1,T5, -+ , Ty} : K — K are N asymptotically
nonexpansive mappings, f : K — K is a L-Lipschitzian mapping. And weak and
strong convergence theorems are obtained under some suitable conditions.

Motivated by those works of [3] and [10], in this paper we introduce the following
hybrid iteration method: z; € C
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1
G(un,y) + (Azp,y — up) + 7<y — Up, Uy — Tp) >0, foranyyeC,
n (1.5)

Tns1 = 0 + (1= an) [T50 wn — At f (T4 wn)],  for any n > 1,

where p is a positive fixed constant, {T1,Ts, - ,Tn} : C — C are N asymptotically
nonexpansive mappings, f : C' — C'is a L-Lipschitzian mapping, A : C — H is an
a-inverse-strongly monotone mapping, {\,} C [0,1], {a,} C (0,1), {rn} C (0, 00).
If {T1,T5,--- ,Tn} : C — C are N nonexpansive mappings, then (1.5) reduces
to hybrid iteration method of a finite family of nonexpansive mappings as follows:
x1 € C,
G(un,y) + (Axp,y — up) + i(y — Up, Uy — Tp) >0, for any y € C,
Tn (1.6)
Tpt1 = QnZp + (1 — ap) [Tnun — Appf (Thuy)],  for any n > 1.

In the case of A =0, (1.5) reduces to hybrid iteration method as follows: x; € C,

1
G(un,y) + —(y — up,up —x,) >0, foranyye C,

n (1.7)
Tpt1 = Ty + (1 — a")[Tz]zg;)“" — )\n/.,éf(Ti]zE’S)un)]v for any n > 1.
In the case of A =0, \,, =0, (1.5) reduces to hybrid iteration method as follows:

$1€C,

1
G(un,y) + —(y — up,up —x,) >0, foranyye C,

™n (1.8)
Tpg1 = @y + (1 — ozn)Tilzg;)un, for any n > 1.

The purpose of this paper is to study iteration scheme (1.5) for finding a common
element of the set of solutions of a generalized equilibrium problem and the set of
fixed points of a finite family of asymptotically nonexpansive mappings. And we
obtain some weak and strong convergence theorems for the iteration method in
Hilbert space. The results presented in this paper partly extend and improve the

corresponding results of [3,10].

2 Preliminaries

Let H be a real Hilbert space and C' be a nonempty closed convex subset of
H. T :C — Cis amapping. F(T) denotes the set of fixed point of mapping 7.
G : C x C — R is a bifunction. For a given sequence {z,} C C, wy(x,) denotes
the weak accumulation set of {z,}, that is, wy(zn) := {z € H : z,; — x for some
subsequence {n;} of {n}}.

To solve GEP(G), we assume that G satisfies the following conditions:

(A1) G(z,z) =0 for all x € C;
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(A2) G is monotone, that is, G(z,y) + G(y,z) < 0 for all z,y € C;

(A3) for each z,y,z € C, %i_IQ%G(tZ + (1 =t)x,y) < G(x,y);

(A4) for each z € C, y — G(z,y) is convex and lower semicontinuous.

Recall that a Banach space F is said to satisfy Opial’s condition [11], if for each
sequence {z,} in E, the sequence z,, — x implies that

limsup ||z, — z|| <limsup ||z, — y|,

for all y € E with y # z. It is well known that every Hilbert space satisfies Opial’s
condition.

Definition 2.1 Let C be a closed subset of H, T : C — C, f : C — C and
A : C — H be mappings.

(1) T is called demiclosed at the origin, if for each sequence {x,} in C, the
condition x, — xg weakly and T'zg — 0 strongly implies T'zg = 0.

(2) T is called semicompact, if for any bounded sequence {z,} in C, such that
|z, — Tay|| — 0 (n — o0), there exists a subsequence {z,,} C {z,} such that
Tn, —+ 2" €C.

(3) T is called asymptotically nonexpansive, if there exists a sequence {k,} C
[1,00) with nh_)rgo k, = 1 such that

|T"z — T"y|| < kullz —yl|, for any 2,y € D,n > 1.

When k,, =1, T is known as nonexpansive mapping.
(4) f is called L-Lipschitzian if there exists a constant L > 0 such that

Ifz = fyl < Lz —yll, forany z,y € C.
(5) A is called a-inverse-strongly monotone if there exists an o > 0 such that
2
(x —y, Ax — Ay) > a||Ax — Ay||®, for any z,y € C.

Remark 2.1 If {Tz}fil : C — C be N asymptotically nonexpansive mappings,
then there exists a sequence {h,} C [1,00) with h,, — 1 such that

HT;,nx_T’znyH < hon_yH7 for any n > 17 T,y € K7 L= 1a27"' 7N' (21)

Lemma 2.112 For a real Hilbert space H, the following identities hold:
(@) llz =yl = 121> = llylI* — 2(z — y,y), for any =,y € H;

(i) ([t + (1 — t)yl* = tlz]|* + (1 = )[yl* — t(1 — t)||lz — yl|®, for any t €
[0,1], =,y € H;
(i

iii) If {xn} is a sequence in H weakly convergent to z, then

limsup ||z, — y||* = limsup ||z, — 2||> + |z —y||>, for any y € H.
n—oo n—oo



22 ANN. OF APPL. MATH. Vol.33

Lemma 2.2 Let {a,}, {b,} and {5,} be three nonnegative sequences satis-
fying
ant1 < (14 0n)an + by, foranyn=1,2,---

If Z op < 00 and E b, < oo, then hm ap exists.

Lemma 2.309 Let C be a nonempty closed convex subset of H and G : C'x C —
R be a bifunction satisfying (A1)-(A4). Let r > 0 and x € H. Then there exists a
z € C such that
G(z,y) + %(y— z,z—xz) >0, foranyyeC.

Lemma 2.4 Assume that G : C x C — R satisfying (A1)-(A4). Forr >0
and x € H, define a mapping S, : H — C as follows:

1
Sp(x) ={z 6C’:G(z,y)+;<y—z,z—ac> >0, foranyye C}, forany z € H.

Then,
(1) S, is single-valued,
(2) Sy is firmly nonexpansive, that is,

1Srz — Seyl|* < (Spx — Spy,x —y),  for any x,y € H;

(3) F(S,) = EP(G);
(4) EP(G) is nonempty, closed and convet.
Lemma 2.5 Let E be a uniformly conver Banach space, b and ¢ be two
constants with 0 < b < ¢ < 1. Suppose that {t,} is a sequence in [b, c] and {xy}, {yn}
are two sequences in E. Then conditions

lim ([t 2, + (1 —to)ynll = d,
n—oo
limsup ||z,| < d,

n—oo

limsup ||yn| < d
n—oo

imply that T}Lrgo |Trn, — yn|| = 0 where d > 0 is some constant.

Lemma 2.61% Let K be a nonempty closed convex subset of uniformly convex
Banach space E and T : K — K be a asymptotically nonexpansive mapping. If T
has a fized point, then I =T is demi-closed at zero, where I is the identity mapping of
H, that is, whenever {x,} is a sequence in K weakly convergent to some x € K and
the sequence {(I —T)x,} strongly converges to some y, it follows that (I —T)z = y.

3 Main Results

Theorem 3.1 Suppose that H is a real Hilbert space, C' is a nonempty closed
convex subset of H. Let {11, T,--- ,Tn}: C — C be N asymptotically nonexpansive
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mappings with Q = ﬂ F(T,,)NGEP(G) # 0, and f : C — C be a L-Lipschitzian

mapping. If hybrid ztemtzon {z,} defined by (1.5), where p is a positive fized con-
stant, {an}, {\n}, {rn} and {hy,} defined by (2.1) satisfy the following conditions:
(i) a < ay < b for some a,b € (0,1);
(ii) Y (h,—1) < o0
n=1

(i) {An} C [0.1), Z An < 00;

(1V)0<c<rn§d<2a
(V) 1 < hyp + App < 2.

Then,
N
(1) {zn}, {un} converge weakly to a common point of (| F(1;) and GEP(G).
n=1

N
(2) {xn}, {un} converges strongly to a common fixed point of (| F(T;) and

n=1
GEP(G) if and only if lim d(xz,,Q) =0, for anyn > 1.
n—oo
Proof We prove this theorem in six steps.
Step 1 ILm ||zn, — q|| exists for each g € Q.
- n—/x
For any ¢ € Q, from the definition of S, in Lemma 2.4, we have u,, = S, (z,
rnAzy) and ¢ = Sy, (¢ — 7 Aq), therefore
[un — qH2 = ISy, (¥n — TnAxy) = Sp, (g — rnAq)HQ
= (@ — 4) ~ ra(Aza — Ag)|?
< len = qll* = 2rp(wn — g, Az — Ag) + || Az, — Aglf?
< |lzn — qH2 — 2rpa Az, — AqH2 + T%"Amn - AqH2
= [|lzn — qH2 + r(rn — 2a) || Az, — AQH2
< |lzn —q|?, for any n > 1. (3.1)
By (3.1), we have
lasr — all = lomn + (1~ @) [Th 0y, nuf@"zi’;)unﬂ 4l

) U
< anllzn — gll + (1= an) [T un — gll + (1 = ) Aupal| F(T )|
< apllzn — gl + (1 - O‘n)hk(n ”un — 4|

+(1 = ) At F(T ) = (@)l + (1= an)Xnpt]| £(9)]
< anllzn — gl + (1 = an)hggoy 170 — gl

+(1 = @) AnpLhgi o = all + (1= )it £ (@)1 (32)

Since Ay C [1,00), hyny — 1 (n — 00), {hy(n)} is bounded, and there exists a
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D > 1 such that
hrmy < D. (3.3)

And we also can set v, = hy(,) — 1, for any n > 1, by condition (ii) we have

ivn < 00. (3.4)
n=1

Therefore we have

[2nt1 = qll < anllzn = gll + (1 = an) (1 + vn) |20 — ql|
+(1 = ap) Mp LD ||z, — gl + (1 — an) Al £ (@)l
< anllzn — gl + (1 = o + vp)|[zn — 4|
FAnpLDlzn — gl + Anpel| f ()]
< (1 +vp + AppuLD) |z — gl + Anpel £ (9) I (3.5)

From condition (iii) and (3.4), it is easy to see that

o0

Z(vn + AMpuLD) < Z Anpt < 00.

n=1

It follows from Lemma 2.2 that lim ||z, — ¢|| exists.
n—oo
Step 2 lim ||z, — uy| = 0.
—— Nn—o0

Since lirn |z, — ¢l exists, {||xn — ¢||}52; is bounded, so are ||u, — ¢| and

Hf( k(n un)|| Then there exists a K > 0 such that
k n
maxe{u — gl |1/ (Z55 )} < K.

Let o, = T, Uy — )\nuf(Ti]zfg)un), then we have

i(n)
k kn
low = all < NTHS un — gl + Aaptl £(T, f )|

< hk(n |tn — gl + Anpul| f(T, i n) Un)”

< llun = qll + vallun = all + Aaptl| F(T3 )|
< [1 = (vn + M)l — gl + (v + )\n,U)2K- (3.6)

k(n

Form (3.1) and (3.6),

Hﬂ?n+1—fJH2 = llan(zn — @) + (1 — an)(on — q)H2 < ap T, — qH2 + (1 = an)llon — q”2

< aglen =gl + (1 =) 1= (vn+Anp)] tn =4l +(1—an) (va+Anp) (2K)
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< anllzn = qll* + (1= an)[1 = (vn + Xep)]lllzn = ql* + ra(rn = 20)|| Azn — Aq|’]
+(1 = ) (vy 4 M) 4K>
<l — gll* + 4 + M) K2 + (1 = an)[1 = (v + Aapt)]ra(rn — 20) || Azy — Ag|?.

(3.7)
Therefore,
(1 =B)[1 = (vn + Anp)]e(2er — d)|| Az, — Ag]?
< (1= an)[L = (vn + Aap)]rn(rn — 20)|| Az, — Ag|®
< lzn = gl = zn41 — qll® + 4(vn + Aup) K2, (3.8)
Taking n — oo in (3.8), we know that
nlggo |Az,, — Aql| = 0. (3.9)
Since uy, = S, (xy, — rpAxy,) and ¢ = S,, (¢ — r,Aq), we get that
lun = all* = |Sr, (20 — rnAzn) = Sy, (¢ — 72 Aq) |
< ((&n = rndzn) — (¢ = TnAG), un — q)
= 2 en — radn) — (g — raAa)|” + un —
~|[(@n = raAwn) = (¢ = raAq) — (un — @)
= %[llxn —ql” + llun = all* = (@n — un) = rn(Azy — Aqg)|]
= 500 — gl + hun — all? = ln
420 (T — Un, Az — Aq) — 12| Az, — Aqg|?].
So we have
lun = all* = llzn — gll” = llzn — unl®
421 (X — U, Az — Aq) — 72| Az, — Ag]?. (3.10)

From (3.7) and (3.10),
2ns1 — gl
< anllzn = ql” + (1 = an)[1 = (vn + Aap)]llun — gl|* + (1 = an) (v + Ao 4K
< anllzn —ql” + (1 = an)[1 = (vn + Aa))lllzn — all* = [l — unl|?
421 (X — U, Az — Aq) — 72| Az — Agl]?] 4+ (1 — ) (Vg + Appn) 4K
<l = ql” + (v + M) 4K — (1= an)[1 = (00 + Aup)]l|2n — un?
421, (1 — ap)[1 = (v + )] 20 — un||||Azn — Aql|, (3.11)

hence,
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(1= b)[1 = (v + Aap)][J2n — un®
< (1 —an)[l = (vn + Anp)]|lzn — unH2
< lzn — QHQ —lzn+1 — q”2 + 4(vn + )‘nﬂ)KQ
+2rn(1 — an)[1 = (vn + Anp)ll|2n — un || Azn — Agl. (3.12)
Letting n — oo in (3.12), form (3.9) we have
lim ||z, — uy,|| = 0. (3.13)
n—oo
Step 3 lim ||zp, — Tjzy| =0, lim ||up, — Tiuy|| =0 (I=1,2,--- ,N).
- n—o0 n—oo
Since {||z, — ¢||}22 is bounded, there exists an M > 0 such that
lzn —q|| < M, for any n > 1. (3.14)
We can assume that
lim |z, —q|| =d, (3.15)
n—oo
where d > 0 is some number. Then
1201 = qll = [lom(zn — @) + (1 = an)(on — ). (3.16)
By condition (iii) and (3.3)-(3.6), (3.14), (3.15),

k(n

lim sup [0, — gl < Timsup [[T 1 — g + Anpal| (T )|
*)

i(n) ¥
n—00

< limsup by |70 — gl + AnM(LDM + 1 f (@)
n—oo

<limsup ||z, — q|| + vnllzn — ql| + Anp(LDM + || f(q)]])
n—oo

<limsup [lz,, — gl| + va M + Xypu(LDM + || f(g)[|]) < d.  (3.17)
n—o0

Thus from (3.15)-(3.17) and Lemma 2.5 we know

lim |0, — x| = 0. (3.18)
n—oo
By (3.18), we have
[zns1 = 2nll = [[(an = Dz + (1 — an)oy||
< (1—ap)|on —znl| =0, n— . (3.19)

It follows from (3.13) and (3.18) that

k(n) x| < hm lxn — onll + |low — T.k(r)b)an

hm |E2S ~Tim) i

< hm Hxn—an|’+HT(n) Un— Tl xn”‘i‘/\n/i”f( Un)H

< hm |z — onll + b, || un — xn|| + A =0, (3.20)
n—oo
and from (3.19) that
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lim ||zp, — 2py ]| =0, forany j=1,2,---,N. (3.21)
n—o0

Since for any positive integer n > N, it can be written as n = (k(n) — 1)N +i(n),
i(n) € [1,2,--- ,N]. Let 7, = ||z, — T, k() Zp||, then 7, — 0 and

i(n)

k
la2n = Tnull < llan — Ty wall + [ Ty @ — T

i(n
=M+M@ww—-%m<m+wﬁ?*%—%n
<Tp+ D(HTW)L) ! TZ(; )N)l”anH

T N = TNl + 20N = al)- (3.22)

Since for each n > N, n = (n — N)(modN), again since n = (k(n) — 1)N +i(n), we
obtain n — N = ((k(n) — 1) = 1)N +i(n) = (k(n — N) — 1)N +i(n — N), that is,

k(n—N)=k(n)—1, i(n—N)=1i(n).

Therefore we have

k(n)—1 k(n)— n)—1
ITE " = T ] = T o = T |
and
HT(n N)J:n N —Zn-nN| = HT(n N))xn N —Tn N| = Tn_n. (3.24)

Substituting (3.23) and (3.24) to (3.22), we have
|Zn — Tnzn|| < 7 + D?||2n — Zp_N|| + DTy + D||Zn_n — z4]|.

By (3.20) and (3.21) we know that
lim |z, — Thx,| = 0. (3.25)
n—oo

Consequently, for any j =1,2,--- , N, from (3.12) and (3.16) we have

120 — Tt jZnll < 120 — Tnagll + |1 Zn4s — TotjTntill + | TntiTnts — Totjnll

<A+ h)llzn — Tptjll + l|[2n+j — TotjTntjll = 0, n— oo (3.26)

This implies that the sequence

U{”xn* n+jfEnH}n 1 —0, n—o0.

Since for each | = 1,2,--- | N, {|lzn, — Tjzp||}22, is a subsequence of U {l|zn —
7j=1
Trtjxnl }o2;, therefore we have

lim |z, — Tijx,|| =0, foranyl=1,2,--- 6 N. (3.27)
n—oo
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By (3.13) and (3.27) we have
im [|uy, — Tiun || < |lun — 20| + |20 — Tizn || + (| Tizn — Tiun||
n—oo
<||zn — Tizn|| + (1 + D)||up — 2] =0, foranyl=1,2,--- N.
(3.28)

Step 4 {ww(xn)} C Q.

Since {x,} is bounded and H is reflexive, wy,(z;) is nonempty. Let u € wy,(xy,)
be an arbitrary element. Then there exists a subsequence {x,,} of {x,} convergent
weakly to u. Hence, from (3.13) we know that u,, — u. As ||un — Tju,|| — 0, we
obtain that Tju,, — u. Next we show u € €. Since

1
G(Un,y) + <A{L'n, Yy— un> + 7<y — Up, Up — xn) Z 07 fOf any y € C

n

From (A2), we have

1
<A33n, Yy — un> + 7<y — Up, Up — xn) > G(yaun)

Tn
Replacing n by n;, we have
Unp,

L — X,
—H > ). .
—) > Gy, un) (3.29)

(A y = un) + (= s =
For t € (0,1] and y € C, let y = ty + (1 — t)u. Since y € C and u € C, we have
y: € C. So from (3.29) we know that
(0=t Ape) 2 (et Age) = (=i, A, = (=, =) Gy, )
= (Yt — Un,, Ayr — Aup,) + (Yt — Up,, Ay, — A:cni)l

Uyp. — Lo
%> + Gy, tn,)-

ng

_<yt - unp

Since ||upn; — n,|| = 0, we have ||Auy, — Azy,|| — 0. Further, from the monotonicity
of A, we have (y; — up,, Ay — Auy,) > 0. Therefore, from (A4) we obtain that

(yt -, A?/t) Z G(yt7 ’l)), (330)
as i — 00. From (A1), (A4) and (3.30), we also have
0= Gy, yr) <Gy, y) + (1 = 1)G(yr, v) < tG(ys,y) + (1 =) (ye — v, Ay)
=tG(ye y) + (1 = )ty — v, Ayy).

And hence
0 é G(yta y) + (1 - t)<y - U7Ayt>'

Letting t — 0, for each y € C, we have
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0 < G(v,y)+ (y — v, Av), (3.31)

which implies v € GEP(G).
On the other hand, since T is a asymptotically nonexpansive mapping, by Lemma
2.6 we know that the mapping I — T is demiclosed at zero. Note that u,, — Tju, — 0
N

and u,, — v. Thus, v € (] F(T},). Consequently, we deduce that v € Q. Since v is
n=1

an arbitrary element, we conclude that wy, (xn) C Q.

Step 5 {zn}, {un} converge weakly to an element of €.

It is sufficient to show that wy(x,) is a single-point set. Let u,v € €, then
lim ||z, —ul and lim ||z, —ov|| exists. If {x,,} and {z,, } are subsequences of {z, }
n—oo n—oo
which converge weakly to u and v, respectively.

Assume that u # v. Since H is a Hilbert space, it satisfies Opial’s condition.
Thus we have

lim ||z, —ul| = lim ||z, —ul < lim |z, — v
n—00 J—00 J—00
= lim ||z, —v| = lim |z, — v
n—r00 k—o0
< lim ||z —ul| = lim |z, — ul,
k—o00 n—00

which is a contradiction. This shows that w,,(zy) is a single-point set. Note that
nh_)r{)lo ||xr, — upn|| = 0, hence, both {z,} and {u,} converge weakly to an element of
Q.

Step 6 {x,} and {u,} converge strongly to an element of € if and only if
liminf d(z,, Q) = 0. From (3.5),(3.14) we have

n—oo

2n41 — qll < (14 vn + ApL D)z — qll + Anpl f(q)]]
< ||:L'n - QH + v, M + )\n,U(LDM + Hf(Q)H) = H:L'n - QH + On, (3-32)

where 6, = v, M + M\ypu(LDM + || f(q)|]). Hence, d(zp+1,) < d(zp, Q) + d,. Since

&)
> 0p < 00, it follows from Lemma 2.2 that lim d(x,, ) exists.
— n—oo

=1
If {z,}22, converges strongly to a common fixed point p of {T1,T5,--- ,Tn},
then lim |z, — p|| = 0. Since
n—oo

0 < d(zn, ) < [lzn —p,

we know that liminf d(x,, Q) = 0.
n—o0

Conversely, suppose lim inf d(z,,2) = 0, then lim d(z,,) = 0. Moreover, we
n—oo n—oo

o0
have > 6, < oo, thus for arbitrary e > 0, there exists a positive integer N such
n=1
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that d(z,,Q) < e/4 and ) §; < €/4 for all n > N. It follows from (3.32) that for
j=n
all n,m > N and for all p € €2, we have

[0 = 2Zml| < |20 = pll + [[2m = P
n

m
<llan —pl+ D di+llan—pl+ > 6

o0
<2llay —pl+2> 45
j=N

Taking infimum over all p € €, we obtain

|xn — || < 2d(zn, 2 +2Z(5 <€, forany n,m > N.

Thus, {z,}5°, is a Cauchy sequence. Let nh_}ngo Zn = u, then from (3.27) and Lemma
2.6 we have u € Q. In view of (3.13), we conclude that both sequences {z,} and
{un} converge strongly to an element of 2. This completes the proof.

Theorem 3.2 Suppose that H is a real Hilbert space, and C is a nonempty

closed convex subset of H. Let {T]_,TQ," JIn}y : C — C be N asymptotically
nonexpansive mappings with Q@ = ﬂ F(T;) NGEP(G) # 0 and there exists a Ty,

1 <1 < N which is semicompact. Let f : C — C be L-Lipschitzian mapping. If
hybrid iteration {x,} defined by (1.5), where u is a positive fized constant, {au,},
{A\n}, {rn} and {h,} defined by (2.1) satisfy the following conditions:

(i) a < ay < b for some a,b € (0,1);

(i) D> (hpn—1) <o

n=1

(iii) {An} C [0.1), Z)\ < o0;

(1v)0<c<rn§d<2a

(V) 1< hp+ A\op < 2.
Then, {xn}, {un} converge strongly to an element of Q.

Proof From the proof of Theorem 3.1, {z,} is bounded, and le |xn —Tixn|| =
0, for any [ =1,2,--- , N. Especially, we have

lim |z, — Thz,| = 0. (3.33)
n—o0

By the assumption of Theorem 3.2, we may assume that 77 is semicomptact, without
loss of generality. It follows from (3.33) that there exists a subsequence {zy, } of
{zn} such that {z,, } converges strongly to p € C' and
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lp —

Tip|| = m{lgloo |n, — Tizn, | = nlin;o |xn — Tizy|| =0, foranyl=1,2,--- N.

This implies that p € 2. In addition, since lim ||z, —p|| exists, therefore lim ||z, —
n—oo n—oo

p|| = 0, that is, {z,,} converges strongly to p € Q. By (3.13) we know that {u,} also

converges strongly to p € Q2. The proof is completed.
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