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Abstract

The paper deals with the strongly damped nonlinear wave equation of
Kirchhoff type. The existence of a global attractor is proven by using the de-
composition, and moreover, the structure of the global attractor is established.
Our results improve the previous results.
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1 Introduction
The nonlinear evolution equations have been investigated by many authors. We
consider the following problem
ug — M(||Vu|?)Au — Aug + f(ug) + g(u) = h(z), z€Q, t>0, )
u(z,0) =uop(z), u(z,0)=wui(x), x€Q, ulsgo =0,
where M (s) =1+ s%, m > 2, Q C R3 is a bounded domain with smooth boundary
0€). The assumptions on f(u:), g(u) and h(z) will be specified below.
When N = 1, such an equation without the dissipative term Aw; is introduced
to describe the vibration of an elastic string. The original equation is

phug 4 duy = {po + il/oL (gi)zdx}g:; + f,

for 0 < x < L, t >0, where u = u(x,t) is the lateral displacement at the space coor-
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dinate x and the time ¢, F is the Young modulus, p is the mass density, h is the
cross-section area, L is the length, pg is the initial axial tension, ¢ is the resistance
modulus, and f is the external force. When § = f = 0, the equation is firstly
introduced by Kirchhoff [6].

Equation (1) is also mathematically interesting and has been extensively inves-
tigated by many authors. By using asymptotic compactness the authors dealt with
some absorbing properties of global attractor of the Kirchhoff type equation

ug — M(||Vul|*)Au — Ay + g(x,u) = h(z),

where g does not exhibit a critical growth [8].
The paper [13] studied the longtime behavior of the Kirchhoff type equation

Upt — M(HVuH2)Au — Aug +u+ug + gz, u) = h(zx)

on R". It showed that the related continuous semigroup possesses a global attractor
which is connected and has finite fractal and Hausdorff dimensions.

In [9] by using two half invariant sets, the author proved the existence and some
absorbing properties of an attractor in a local sense for the initial boundary value
problem of a quasilinear wave equation of Kirchhoff type

ue — (14 [ Vul3) du + up + g, u) = h(z).

Nonlinear evolution equations have been investigated by many authors, see [1-
5,8-14], but, there are relatively few results on the global attractor for problem (1),
where the functions f and g exhibit a critical growth. The problem considered in this
manuscript is more difficult to be dealt with than those considered in [8,9] because
the difficulty is caused not only by the critical growth of f and g but also by the
nonlinearity of M. The aim of this paper is to improve the main results of [8,9],
that is, by utilizing the decomposition idea [10] we prove the existence of a global
attractor of (1). Still, the structure of the global attractor is established.

2 Preliminary
We first introduce the following notations:
[P =17(Q), H'=H'Q), Hy=HyQ), [I-lp=1lze. [I-1=1"1lz

with p > 1. The notations (-, -) and [-, -] will be used as the L2-inner product and the
duality pairing between dual spaces respectively. For brevity, we use the same letter
C to denote different positive constants, and C(- - -) to denote positive constants
depending on the quantities appearing in the parenthesis. In L? we introduce the
operator —A with the domain D(—A) = H2NH}, where —A is the Laplace operator
in Q with the Dirichlet boundary condition. Below we denote by ey the orthonormal
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basis in L? consisting of eigenfunctions of the operator —A:

—Nep = Ageg, 0< A <A <-ve) lim A = oo.

k—o0

Some assumptions on f, g and h are necessary for formulating problem (1).

(D1) Let f(s) = ¢(s) — As, with ¢ € CL(R), 0 < ¢/(s) < Cs*, A < A\; and
»(0) = 0.

(D2) Let g(s) = v(s) — s, with v € C'(R), § < A1, 0 < [7y(y)dy < s7(s),
17/ (s)| < Cs* and v(0) = 0.

(D3) Let h € L2.

Due to D1 and D2, the functions given by

%wzzél b(y)dyde,  By(u) = [B(u), ul,
Ib(U):=2bl;j[ A(y)dyde and T1(w) = [y(u),

0

fulfill for every u € H& the inequalities
0 < Pp(u) <2®;(u) and 0<To(u) <2I';(u).
Moreover, since
[6(5)]F = [6(5)]7|6(s)] < Clsllé(s)] = Co(s)s,
we deduce that for some C' > 0 sufficiently large
lo(u)ll ¢ < Cl@1(w)]s, e Hy.
We rewrite (1) in the equivalent form
ug — M(||Vul|*) Au — Ay + ¢(ug) + y(u) — Mug — Ou = h. (2)
Given a constant € > 0, we set
I (u) = [|ue]® + (L + ) [[Vul® = (8 + ) [[ul|® + mi2HVUIIW+2 +2e(u,ur) - (3)
and
Ze(u) = [ Vuel|* + M| Vul?) [ Aul® = (6 + Ae)[Vull® + el dul|? + 26(Vu, Vue). (4)

Lemma 2.1 Given k > 1 and C > 0, let A : [0,00) — [0,00) be a family of
absolutely continuous functions satisfying the following inequalities for every e > 0
small enough

1 d
%Ao < A, < kAo, aAe(t) +eA.(t) < CA3(t) + C.
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Then there are constants § > 0, R > 0 and an increasing function J > 0 such that
Ao(t) < J(Ao(0))e % + R.

Lemma 2.2 Let A : R — RT be an absolutely continuous function satisfy-

ing, for some v >0 and k > 0, the following inequality holds
%A(t) +2wA(E) < p()A(E) +

where p: RY — RT fulfills

T
/t p(r)dr <v(T —t)+m

for every T >t >0 and some m > 0. Then
ke™
-

Lemma 2.319 Let V, H, V' be three Hilbert spaces, each space included and
dense in the following one as in V.C H C V', V' being the dual of V. If a function
u belongs to L?(0,T;V) and its derivative ' belongs to L*(0,T;V"), then u is al-
most everywhere equal to a function continuous from [0,T) into H and we have the

A(t) < A(0)e™ M +

following equality which holds in the scalar distribution sense on (0,t)

d
Slll? = 2(u, )

Lemma 2.4 Assume that X, B and Y are Banach spaces with X € B C Y,
where the imbedding X C B is compact.

(1) Let the set F' be bounded in LP(0,T;X) where 1 < p < 0o, and the set QQ =
{f'| f € F} be bounded in L'(0,T;Y). Then F is relatively compact in LP(0,T; B).

(2) Let the set F be bounded in L>=(0,T;X) and the set Q = {f'| f € F} be
bounded in L"(0,T;Y") where r > 1. Then F' is relatively compact in C(0,T; B).

Definition 2.1 A function u(t) is said to be a weak solution of (1) on [0, 7] if

uw€ L0, T; H) N L*(0,T; HY), w € L>=(0,T;L*) N L*0,T; HY),
and for almost every ¢t € [0, 7] and every ¢ € H(% the equality
[use, @] + M (||ul|*)(Vu, Vo) + (Vug, Vo) + [ (ur), 9] + [g(w), @] = (h, ©).
Definition 2.2 A function u(¢) is said to be a strong solution of (1) on [0, 7] if
u € L0, T; HiNnH?), w; € L0, T; H)NL*(0,T; HYNH?), wuy € L*(0,T;L?),
and for almost every ¢ € [0, 7] and every ¢ € LS the equality

(usey ) = M([Ju]|*)(Au, ) = (Aug, ) + [f(wr), ] + [9(w), @] = (h, p).
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3 The Existence of A Strong Solution

We first make a prior estimate to the solution of (1).
Lemma 3.1 Assume that (D1), (D2) and (D3) hold. If (uo;u1) € (H2N HE) x

H}, we have
luel® + Vul® < C(IVuoll, [lur [)e™* + R.

Proof Taking the dual product of (2) with 2u; + 2eu, we easily obtain

d A1 —A At—0
—A A

where Definition 2.2 and the facts
Ac(u) = e (u) + Co(u),
2e(p(ur), u] < 2e|ullLsl[p(ur)l] ¢ < Cel® (ur)]5 | Vul| < D1 (ug) + CeOA3(w)

and
Al — A
2(h,ut +eu) < 12>\1

| Ve |2 + e[ Vul> + @1 (u) < CSA2(u) + C, (5)

A —0
4\

IVl |* + ellVul* + C

are used. And (5) implies
el + [ Vull? < O Vuoll, [lusl)e ™ + R,

according to Lemma 2.1.
Lemma 3.2 Assume that (D1), (D2) and (D3) hold. If (uo;u1) € (H2N HE) x
H&, we have

t
/ |Vus(r)|2dr < C.
0
Proof Taking the dual product of (2) with 2w, we get

221 —2A

N Vg || +2®1 (u) <0,

(6)

d IVul?
Sl [ M(e)s o2, by -0lul?] +

where we use (D1), (D2) and Definition 2.2. And (6) implies

/0 [ Vue(7)|2 + 1 (e (r)))dr < C.

Lemma 3.3 Assume that (D1), (D2) and (D3) hold. If (ug;u1) € (H?*NHE)x HE
and h = 0, we have

t
/ |Vu(r)||?dr < C.
0

Proof Taking the dual product of (2) with 2u, we have

A1—0
1/\1 IVullP+2[ V| ™ 2420y (u), u] < CP1(ue)+2l|ue |,

(7)

d
UVl 420w, w)=Aful "]+
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where we use Definition 2.2 and the fact
AL—0
A1
It is apparent that (6) and (7) imply fg [Vu(r)||2dr < C, since [y(u),u] > 0.
Lemma 3.4 Assume that (D1), (D2) and (D3) hold. If (uo;u1) € (H2N HE) x
H&, we have

20p (), u] < C[O1(w)]? | Vul| < C[®1(u)]F [Vl < IVl + CP1(u).

Vu (8[| < C.
Proof Using Definition 2.2 and taking the dual product of (2) with 2us, we
obtain
3 2 = 200 wr) + 20| + 2fuee* = 2" (w)us, ]
= 2M ([[Vul®) Vel |* + 4M (| Vu]|*) (Vt, V),

where

() = [ Vuel|? + 20 (), ] — A2 + Q/Q/Du o(s)dsde

—20(u, ut) + 2M (|| Vul|*)(Vu, Vuy) + D,
with D > 0 being sufficiently large. The estimates
20 (wug, wg] + 2(h, ug) < Cf| V|| + |Juyl® + C

and

2M (| Vul®) [ Vue|* + 40" ([ Vul*)(Vu, Vue)* < O V||
give
Ly < ovu|?+ .

dt
Thus, for every fixed T > 0, integrating the above inequality over [t,T] for some

positive t > T — 1 and using Lemma 3.2, we arrive at
[Vue(T)|P < 29 (u(T)) < 2 (u(t)) +C < C(1+ [[Vue(8)]%),

by noting ||[Vu(t)||? < 2¥(u(t)) < C(1 + [|[Vu(t)]|%). If T < 1 we choose t = 0.
Otherwise we observe that, in view of fot Vu(7)||?dr < C, there exists a K =
K(||Vugl|, |u1]]) > 0 such that, for some t7 € [T'— 1, T, ||Vue(t:)|| < K. Choosing
t = tp the proof is finished.

Lemma 3.5 Assume that (D1), (D2) and (D3) hold. If (up;u1) € (H*>N HE) x
H}, we have

T
IVuel* + [ Aul? < C, /O [lAu®)? + A (t)|*)dt < C(T). (8)
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Proof Using Definition 2.2 and taking the dual product of (2) with —2Awu; —
eNu, we get

d A —0
dt@( u) +e0(u) + STV

< 2[p(ur), Aug + eAu) — 2(h, Auy + EAU) + 2M’(|\Vu|| )||Au]| (Vu, Vuy),

)\1

el Al + 22 A2 + 20 (ws, 0]

where
O(u) = Ze(u) — 2[y(u), Aul.

Therefore, we arrive at
Al —

-
L e Au)? +

£56(u) +£0(u) + 21

dt

where the estimates

< C+CllAullP| V], (9)

2M'(||[Vul]?) | Aul*(Vu, Vug) < C||Au|l?|| Vg,
)\1

—0
—2(h, Aug + eAu) < 2 : ellAul® + HAutH?JrC

1 1
2y (w)ur, Au] < C([| Aul|2 HWH?)QHWHQHAUHHVWH < Ol Aul?|[ Ve

and
4 Al —0 2 >\1 2
2e[@(u), Sl < Cel| V[T Aullf| Aul] < g5l Aul” + HAUtH
are used. Thus (9) implies (8), according to Lemma 2.2 and the fact
1
o/ V(7 ||dr < VT [/ [Vu@ldar]* < S@ -1+

Theorem 3.1 Assume that (D1), (D2) and (D3) hold. For every T' > 0 and
every (uo;u1) € (H2NHL) x HE, there is a strong solution u of problem (1) on [0, T].

Proof To prove the existence of strong solutions, we use the standard Galerkin
method. We seek for approximate solutions of the form

n
:Zﬂn(t)e]7 TL:172,"‘,
k=1
where —Ae; = Aje; and Tj,(t) = (u”, ej) with

(uit, )+ (M ([[Vu" ) Vu", Vey)+(Vuy', Vey)+[6(uf)—Aup +(u") —0u" ~h, ;] = 0,
(10)
where
(u™(0); u(0)) = (ug;uy) in (H?*NHY) x HY as n — oo.
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Obviously, in Lemmas 3.1-3.5, the estimates with respect to w still hold for «".
Hence, we can extract a subsequence, still denoted by u", such that

u" = u in L®(0,00; H* N H}) weak™, (11)
ul — uy in L(0,00; Hy) N L*(0,00; HY) weak®, (12)
ull = ugy in L2(0,T;L?) weak (13)
and
M(||Vu™||*)Au™ — x in L™®(0,00; L?) weak*. (14)

We must show M (||Vul[?)Au = x. In fact the facts
y(u") = y(u) in Lg(QT) weak

and 6
d(uy) = ¢p(uy) in L5(Qr) weak

follow from (11)-(13), where Q7 = Q x (0,7).
For any 1 € Cy(0,00; L?) and T' > 0, using Lemma 2.4 we have as n — oo

T
/0 (x — M([Vu(n)][?) Au(r), n)dr
T
_ /0 MV ()]]?) — M([Vu(n)]2)(Aur(r), n)dr
T
n / M(IVu(r)|2) (Du(7) — Au(r), m)dr
T
+ /0 (x = M(|Vu" () [2) A (7), m)dr — 0,

since

| [ e 1) - MO ), man
< C/o |(Vu" (1) — Vu(r), Vu" (1) + Vu(r))|dr
T
< 0/0 V() — Va(r)|dr — 0 as n - oo.

4 The Semigroup

In this section we give the existence and uniqueness of a weak solution of (1).

Theorem 4.1 Assume that (D1), (D2) and (D3) hold. For every T' > 0 and
every (up;u1) € Hg x L2, there is a unique weak solution u of (1) on [0, T]. Moreover,
there exists a constant C (T, e) such that the difference w = u—v satisfies the estimate

lwell* + [ Vwl® < O, &) [[[wi(0)]]* + [|Vaw(0)[[],
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where u and v are two solutions of (1) in the space C(R*; H} x L?) with initial datas
(uo;u1) and (vo;vy) respectively.
Proof Let u and v be two solutions of (1) with to initial datas (uo;u1) and
(vp; v1) respectively. Then w = u — v satisfies
wiy — Awy — M([|[Vul*) Aw + ¢(ur) — ¢(vr) + () — (v) — Aw; — Ow
= [M([|Vu]]?) = M(||Vv]*)]|Av. (15)
Using Definition 2.1 and taking the dual product of (15) with 2w; 4+ 2ew, we get

d
&[llthZ +el V) + 2¢(w, we)] + 2| Vel |* + 2M (| V| (Vw, Ve + V)
= 2(e + N)lwell? + 2[p(ve) — p(ue) +7(v) = 7(u),wy + cw] + 26| wl|?
+F2[M(||[Vu|?) — M(|Vu|®)](Vv, Vws + eVw) + 2(0 4+ Ae)(w, wy). (16)
Using (16), we have
d
el + el Vwll® + 2e(w, w)] < Cllwe* + el Veoll? + 2¢(w, w), (17)

where the facts

1
2M(|[Vol*) = M| Vul®)|(Vo, Ve + eVw) < §HthH2 + OV,
1
2e[p(ur) — d(vr), w] < QHthH2 +C|Vuwl?,

1
2M([|Vul*) (Vw, Vur) < 4[| V[|* + C[| V]|

and

1
2ly(u) = Y(v), wr + ew] < L[ Vu[* + Ol Vul?
are used. And (17) implies
lwe]l? + [Vawl? < C(T, &) [lwe (0)|* + [[Vw(0)[|]. (18)

Therefore, we arrive at the uniqueness of a strong solution of (1).

By using limit process and (18) we can prove the existence of a weak solution
with initial data (ug;u1) € H x L2 Indeed, we can choose a sequence (uf; u7) from
(H?N H}) x H} such that (u; ut) — (uo;u1) in H} x L2. Due to (18), the solutions
u™(t) with initial data (ug;u?) converge to a function wu(t) in the sense that

max [||ufl(t) — u(t)]|? + | Vu"(t) — Vu(t)||})] = 0 as n — oc.

t€[0,T
From the boundedness provided by Lemmas 3.1 and 3.2 we also have weak* conver-
gence of (u™;u}) to (u;us) in the space

[L>(0,T; Hy) N L*(0, T Hy)] x [L>(0,T; L*) N L*(0, T; Hy)).
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This implies that u(t) is a weak solution. By (18) we get the uniqueness of a weak
solution of (1). Therefore, we have

(u(t); ue(t)) € C([0,T]; Hy x L?),

according to Lemma 2.3. The arbitrariness of T' proves the existence of the solution
when ¢ € (0, 00).

A semigroup of operators is a family of operators S(¢), ¢ > 0, that map the space
E into itself and enjoy the properties: S(t + s) = S(t)S(s), s,t > 0 and S(0) = I.
The main consequence of Theorem 4.1 is that the mappings

S (ugyur) = (u(t);w(t)), t>0,

define a strongly continuous semigroup (or dynamical system) on E = H} x L?,
where u is the weak solution of (1).

5 The Existence of A Global Attractor

In this section we shall give the definition of the global attractor and prove that
the dynamical system possesses a global attractor.
Definition 5.1 The global attractor of a semigroup S : X — X is a compact
set A C X satisfying
(i) A is fully invariant for S(t¢), that is, S(t)A = A for every t > 0;
(ii) A is an attracting set for S(¢), that is,
lim o0x(S(t)B,A) =0,

t—+00

for every bounded set B C X, where dx denotes the usual Hausdorff semidistance
in Banach space X.

Remark 5.1 Definition 5.1 implies that the global attractor is a compact set,
but in [3] the global attractor is a bounded closed set.

In order to obtain the existence of a global attractor we need a lemma.

Lemma 5.1 Let X be a Banach space and S(t) be a continuous semigroup
on X. Then S(t) possesses a global attractor which is connected if the following
conditions are satisfied:

(i) There exists a bounded absorbing set By in X, that is

lim 0x(S(t)B, Bp) =0,

t—+o00
for every bounded set B C X.
(ii) S(t) = Si(t) + Sa(t), where S; : X — X, i = 1,2, Si(t) is precompact for
t > Tp, for some Ty, and Sa(t) is a continuous mapping from X into itself with the
property that, for any bounded set B C X,
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rg(t) = sup ||S2(t)e|| =0 as t — +oo.
peB

Theorem 5.1 Assume that (D1), (D2) and (D3) hold. Let h = 0. Then the
dynamical system S(t) on E admits a global attractor A contained and bounded in
(H2NH}) x Hy.

Proof From Lemma 3.1 we conclude that

By = {(u;v) € Bl |(wv)||E = | Vul® + [lv]* < R+ 1}

is an absorbing set of S(t).
We define operators Sy : E — E, S1(t)(0;0) = (w(t); w(t)) with
wy — M(||Vw||*) Aw — Awy + (wy) +v(w) — Awy — 6w = 0, (19)
w(z,0) =0, w(x,0)=0, z€Q, wlgg=0. (20)

We learn from Lemmas 3.2, 3.3 and 3.5 that
T
[Aw @) + [[Vwe(0)[| < C, /0 [ Awe(7)[|? + || Aw(r)|[*)dT < C(T) (21)

and
/0 [[Vwy(7)|* + [[Vew(r)||?)dr < C.

And we define operators Sy : E — E, Sa(t)(ug; u1) = (v(t);ve(t)) with

vi — M([|Vul?) Av — Avg + ¢(ur) — dlwp) +y(u) = y(w)
= vt + 0v + [M(||Vul[*) = M (|| Vw|*)] Aw, (22)
v(z,0) =up(x), v (z,0)=ui(z), x€Q, v|sg=0. (23)

Taking the dual product of (22) with 2v; 4+ 2ev, we obtain

d_ —
a:(v) +e2(v) + QHVthz — (22 + 35)HUtH2 + (e — 52)HV1)H2 + (/\52 — Ha)HUHQ

= 262(v, v¢) + 2[p(wy) — d(ug) +y(w) — y(w), ve + ev] — 2| Vul|™(Vv, Vg + Vo)
F2[M([|Vw|?) = M([|Vul*)](Vw, Vo, + Vo),
where
E(v) = [Joel|* + (14 )| Vol|? + 2e(v, ve) — (8 + Xe)|v]|*.
Therefore, we arrive at
4
dt

where the estimates

(1]

(v) +€E(v) < C(|Vul® + [[Vw]*)Z(v), (24)
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AL—0

2e[p(wr) — d(us), 0] < Ce||Vur|[| Vo] < A M

22 + e lvule,

20 () — y(w), ] < C / (ut + w4>|v|rvt\dw

)\1
||V el? + CUIVull? + [Vw|*) [ Vol

2e[y(u) = y(w), v] < CE/Q(U +wh)vPdz < O(|Vul]? + [[Vwl*)[Vo]?,

)\1

2|Vl ™(Vv, Vo, + Vo) < Hv vel|? + C||V? || Vul?

and

2[M (HVwIIQ) M (|[Vul)](Vw, Vo + Vo)
)\
L9012 4+ C(Vul? + Vw2 Vol

are used. And from Lemma 2.2 (24) implies

I(w(®); v ()lle < Cli(uos u)|lpe™",

since wgy > 0.
Since the embedding (H? x H}) x H < H} x L? is compact, (21) implies that

for any bounded set B C E, |J Si(t)B is relatively compact in F, that is, Si(¢) is
>0
precompact. Therefore, according to Lemma 5.1, S(t) possesses a global attractor

A contained and bounded in (H? N H}) x H}. Moreover A is connected.

6 Structure of the Global Attractor

We finally discuss the structure of the global attractor.

Definition 6.1 The continuous function L(y) defined on Y is called the Lya-
punov function of the dynamical system (S(¢), X) on Y if the following conditions
hold:

(a) For any y € Y the function L(S(t)y) is a nonincreasing function with respect
tot > 0;

(b) if for some ty > 0 and y € X the equation L(y) = L(S(to)y) holds, then
y = S(t)y for all ¢ > 0, that is, y is a stationary point of the semigroup S(t).

Let Y C X be an invariant set of the dynamical system (S(¢), X). Then the
unstable set M, (Y) of Y is the set of points w, which belong to a complete orbit
T = {u(t) | t € R} such that

t_lir_noo dist(u(t),Y) = 0.

Lemma 6.10) Let the dynamical system (S(t), X) possess a global attractor A.
Assume also that the Lyapunov function L(y) exists on A. Then A = M (N), where
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N is the set of stationary points of the dynamical system.
Theorem 6.1 Assume that (D1), (D2) and (D3) hold. Let h = 0. Assume that
A is the global attractor for the dynamical system (S(t),E). Then A= My(N).
Proof It follows from (6) and Theorem 5.1 that

[Vul|?
L((u;v)) = o]]? + /0 M(s)ds + To(u) — 0]Jul®

is a Lyapunov function on A. Therefore, we arrive at A = M, (N ), where Lemma
6.1 is used.
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