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Existence Results for Fractional Differential
Equations with the Riesz-Caputo Derivative
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Abstract In this paper, we apply some fixed point theorems to attain the
existence of solutions for fractional differential equations with the space-time
Riesz-Caputo derivative. We study the boundary value problems that the
nonlinearity term f is relevant to fractional integral and fractional derivative.
In addition, the boundary conditions involve integral. Two examples are given
to show the effectiveness of theoretical results.
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1. Introduction

With the progress of modern science and technology and the advancement of frac-
tional order theory, fractional order differential equations have been widely used in
signal and image processing, electromagnetism, mechanics, optics and other fields
of science and engineering. It is of profound significance to solve practical problems.
See [1-3,10-13,15,16] and the references therein.

Specially, there are few papers that studied the fractional differential equations
problems with the Riesz-Caputo derivative. For the Riesz fractional derivative is a
two-sided operator which holds memory effects. In [5], Chen et al. investigated the
following equations:

0 Dyy(r) = g(r.y(r)), 0<T<T0<y<1,
y(o) = Yo, y(T) =T,

where ¢ D7 is a Riesz-Caputo derivative and g : [0,7] x R — R is a continuous

function, yo and yr are two constants. In [7], Gu et al. employed the Leray-Schauder

and Krasnosel’skii fixed point theorems to show the existence of positive solutions

for the above boundary value problems in [5], where 0 < 7 < 1.
In [6], Chen et al. considered the anti-periodic boundary value problems:

{ REDYy(r) = g(r,y(7))
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where ¢ : [0,7] x R — R is a continuous function. It reflected the future and
the past nonlocal memory effects. In [2], Ahmad et al. investigated the existence
of solutions for a nonlinear fractional integro-differential equation involving two
Caputo fractional derivatives of different orders and a Riemann-Liouville integral,
and equipped with dual anti-periodic boundary conditions. The authors introduced
a new concept of dual anti-periodic boundary conditions.

In [14], the authors considered the following singular fractional boundary value
problems of fractional differential equations:

CDngu(t) = f(t,u t)vu/(t)’c D§+U(t))a
u(0) +u(1) =0, «'(0)=0,

where f(t,z,y, z) is singular at the value 0 of its space variables z, y and 2z, 1 < a <
2,0< p <1, CDg+ is Caputo fractional derivative. By using the Vitali convergence
theorems and fixed point theorem, the existence results of monotone solutions are
attained.

In [4], the authors studied the existence of solutions for Caputo type sequential
fractional integro-differential equations and inclusions:

(YD + XD 1) u(t) = f(t,u®),C DPu(t), [%u(t)), te(0,1),
(YD + X°D* 1) u(t) € F(t, ult), ["u(t)), te(0,1),

supplemented with the nonlocal boundary conditions

u(0) = h(u), v (0) = u”(0) = 0, alPu(€) = /0 u(s)dH(s),

where “D® is the Caputo fractional derivative of order o, I9 is the Riemann-
Liouville fractional integral of order ¢, o € (3,4], p € (0,1), A >0, £ € (0,1], a € R,
B > 0, f is a nonlinear function, F' is a nonlinear multivalued function. In [3],
authors studied a new nonlocal boundary value problem of integro-differential e-
quations involving mixed left and right Caputo and Riemann-Liouville fractional
derivatives and Riemann-Liouville fractional integrals of different orders. The ex-
istence of solutions are obtained by using Leray-Schauder nonlinear alternative,
Krasnosel’skii fixed point theorem and Banach contraction mapping principle.

Inspired by the works mentioned above, we study the existence and uniqueness
of solutions of fractional differential equations with Riesz-Caputo derivative:

BCDRu(t) = f(t,u(t).o Fu(t)§ DY tu(t)), 0<t<1,

1 (1.1)
w(0) =0, '(0)+u/(1) =0, u(1):/0 u(t)dt,

where 1 < o <2, 8> 0, BD is a Riesz-Caputo derivative, OItB is the left Riemann-
Liouville fractional integral of order 3, § D?f1 is the left Caputo derivative of order
a—1,and f:[0,1] x R® — R is a continuous function. By using the fixed point
theorems, the existence results for fractional differential equations with the Riesz-
Caputo derivative are obtained under some conditions.

Few literature studied the fractional differential equations with the Riesz-Caputo
derivative. Compared with the existing literature [5—7], the new feature lying in this

paper is that we investigate BVP(1.1), in which the nonlinearity term f is relevant
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to fractional integral and fractional derivative. In addition, the boundary conditions
involve integral. As far as we know, there is no literature that studies this problem.
Our achievements fill this margin to some extension. Moreover, the basic space
used in this paper is the space X = {u € C[0,1],¢ Dgflu € C[0,1]} equipped with
the norm ||ulx = [Jul| + || D35 'ul|. Here, |z|| = sup{|z(t)|,t € [0,1]}, this Banach
space is different from [5-7]. Thus, our results are new and meaningful.

The rest of this paper is organized as follows: In Section 2, we present some
definitions and lemmas, which will be used to prove our main results. In Section 3,
the existence results of solutions are obtained by using the fixed poind theorem. In
Section 4, two examples are given to show the effectiveness of theoretical results.

2. Basic definitions and preliminaries

For the convenience of readers, we present some definitions and lemmas, which will
be used in the proofs of our results. Let & > 0, and n—1 < a <n,n = [a]; [¢]
denotes the integer part of the real number a.

Definition 2.1 ( [10]). The left and right Riemann-Liouville fractional integral of
order o > 0 of a function w : [0,1] — R are given respectively by

0

oIou(t) = ﬁ / (t — 5)°Lu(s)ds,

JIu(t) = ﬁ /t (s — )°Lu(s)ds,

where I is the Euler gamma function defined by I'(a) = f0+°o

te~lte~tdt, a > 0.
Definition 2.2. The Riesz integral of order o« > 0 of a function v € C[0,1] is
defined by

1

1
— — s |* L a(s)ds.
2F(a)/o = s " u(s)d

Remark 2.1. From Definition 2.1 and Definition 2.2, we conclude that

o Iiu(t) =

BIu(t) = 3 oI ult) + o Ifu)]

Definition 2.3 ( [5]). The classical Riesz-Caputo derivative of order o > 0 is given
by

1 ! d\"
RC N« _ o n—a—1
RC Dt _7“”_&)/0 I t—s| <d8> u(s)ds

1 « nC [e3%
=5 [T ru) + (~1" D)
where ¢ D§ is the right hand side Caputo derivative, §'D¢ is the left hand side
Caputo derivative, which are respectively given by

Foru) = s | (- sy (js)nu@)ds,
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£ Diu(t) = F((;y;) /t1 (s—t)" ! (i)nu(s)ds.

Particularly, if 1 < o <2 and u(t) € C[0, 1], the Riesz-Caputo fractional derivative
of order « is given by

1
RCDYu(t) = = (§Dfu(t) +8 Dfult)) .

T2
Lemma 2.1 (Lemma 2.1, [6]). If u(t) € C™[0,1] , then

ol{'6 Ditult) = ult) —

and

I8 D u(t) = (1) [u(t) -

Then, we have

—

FIEFC DY u(t) =5 [ 17§ Diult) +0 17§ Dy ut)]

+

(-1
[ I DRult) + 17 DYu(o)]

=5 [(I2§ D ult) + (=1)" - I§f DYu(t)].

N[ —

Particularly, if 1 < a <2 and u(t) € C*[0,1], then

RI0EC D u(t) = u(t) — %[u(o) ()] - %[u’(o)t — (1)1 - B)].

Lemma 2.2. Assume that p € L'[0,1], 1 < a <2, 0 <t <1, then the problem

6“Diult) = p(t),

has a unique solution

u(®) :ﬁ/o [(1— )" — (@ — 1)(1 — 5)*2]p(s)ds

1

‘ a—1 L ! s — a—1 s)ds
+F(oz)/0 (t—s8)*""p(s)ds + F(a)/t (s —t)* "p(s)ds.

(2.2)

Proof. Lemma 2.1 guarantees that

w0) +u(l) WOt —u()(1—t) 1
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' (0) + /(1) 1

wi) = D e /0 (t—s)aﬂp(s)ds—ﬁ /t (5—1)°=2p(s)ds.

From the boundary conditions «(0) = 0, v/(0) + /(1) = 0, u(l) = fol u(t)dt, we
have

W) = g | (e,

u'(0) = —ﬁ/{) (1 — 5)* 2p(s)ds.
Then,
1 1 B 1
u(t) = /0 u(t)dt—ﬁ /0 (1—8)“72p(s)ds—m /0 (1= )2~ 2p(s)ds

1 t a—1 1 ' — a—1 s)as
ey J, e+ g [ =0 plod

(2.3)
and

1 ! 1 ! a—2 1 ! a—1
5/0 u(t)dt:—m/o (1—s) p(s)ds—&-m/o (1— )" p(s)ds. (2.4)

Substituting (2.4) into (2.3), we obtain the unique solution of (2.1) in [0,1]. O

From Lemma 2.2, we note (1.1) is equivalent to the following equation:

) =g [ 10 =97 = (@ =10 = 9] (e ). 1), DG i) s
+ ey ), 2 )€ D ) s

+ ﬁ/t (s — 1§)O¢—1Jc(t7u(t)7 §+U(t),c Dgflu(lf))ds.

(2.5)
O
For the sake of convenience, in the rest of this paper, we use Ig "+ cDgfl and

RC D to denote oI, § DY~ and £ D2 respectively.

Let the space X = {u € C[0,1],° D$;'u € C[0,1]} equipped with the norm
lullx = Jlull + | Dg ull, where ||z = sup{|a(t)],¢ € [0,1]}. Then, (X,[|-[x) is a
Banach space.

Define an operator A : X — X by the formula

Au(t) :ﬁ/o [(1—5)*" = (a=1)(1—s)*?] fu(s)ds

) . . ) (2.6)
+ () /0 (t—98)* " fu(s)ds + () /t (s —t)* " fu(s)ds.
for t € [0,1], uw € X, where f,(s) = f(s,u(s),[§+u(s),c Dy tu(s)), s € 10, 1].

The function u(t) is a solution of BVP(1.1), if and only if w is a fixed point of
the operator A.
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3. Main results

Let
201 L —
_ 1 2(F(3 Oz)+1)7 L2:1+ 1 .
TMNa)T'(3 — «) rB+1)
We list the following assumptions adopted in this paper.

(Hy) a € (1,2], B > 0, the function f : [0,1] x R* — R is continuous. There is a
constant L1 > 0 such that

A

|f(t7x7y7z)_f(t7xlayl7zl) |SL1(|$—$1 | +|y_y1 | +|Z—Zl |)7

for all t € [0,1], z,z1,y,91,2,21 € R.
(H2) There is a nondecreasing function ¢ € C([0,1],R™) such that

| f(t.z,y,2) [S @(t), VEe€0,1], (v,y,2) ER®.

(H3) There are functions ¢, € C([0,1],RT), where 9 is a nondecreasing function,
satisfying

| f(t,z,y,2) |[< pO)Y(z+2), Vte[0,1], (z,9,2) € R
(H4) There is m > 0 satisfying

m__(3+27IB-a) 270
lpll(m) Ila+1DI(E - a)

Theorem 3.1. Assume that (Hy) holds. Then, BVP (1.1) has a unique solution
on [0, 1], providing that A < 1, L1Ls # 1.

Proof. Put sup,ec(o11[f(£,0,0,0)] = My < oo, and r > I_Afﬁ Suppose B, C X
is bounded, and the set

B, ={ueX:|ul|x <r}.

First and foremost, we prove that A maps B, into itself, A is defined by (2.6).
By the condition (Hy), for any ¢ € [0,1], u € B,., we have

| Fu(®)] = £t u(), I u(t),” Dy ut))|
< [t ul®), Iy ult) + D tult) = f(8,0,0,0)] + | (£,0,0,0)
< Ly (Ju®)] + [fu(t)] + 19 Dg u(b)]) + My

[l C Ha—1
<L _— D¢ M
—1QW+rw+n+ o7l ) + My

< Lyflullx (1 + F(ﬁl‘*‘l)> + M,

S L1L2’I” + Ml.



120 S. Wang & Z. Wang

Then, we obtain

1

1 ! a—1 —g)o~ 2 s
(A0 <gpes [ @ =a el + g [ =9 Aol
+F<1a)/0<ts>“1|fu s + gy [ 6= 00 o
5(L1L2T+M1)
Na+1)

and

|(Au) ()] < \F(al_l) / (t— 9)* fuls)ds - ﬁ / (s — ) fu(s)ds
LiLor + M, ( el (1 - t)a—1>
INa—1) a—1 a—1
2(L1L27’ + Ml)
I'(a)

Hence, we conclude

5(L1L2’I" —+ Ml)
Ma+1) 7

2(L1L2’I" —+ Ml)

JAu] < o

I(Au)|| <

CDgfl is the left Caputo derivative of order o« — 1 with « € (1,2]. Then, we
deduce

D5 () (0] <y | (= 94w (s
<TerE ) €
STl G-
and
2(LyLor + M)
19Dyt Aul| < BONCEDE
Therefore,

[ Aullx =l Aull + DGl
5(LiLor + M) 2(LyLor + M)
P(a+1) Ia)(3 — «)
<r, Vte]|0,1].

Thus, we conclude that the operator A maps B, into itself. Moreover, for all
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s €[0,1], u,v € B,., we have

[Fuls) = Fo()] < La (Juls) = v(s)| + 1 u(s) = 1 0(s)| + |7 D5 uls) =€ Dy tu(s)])

oa— a— u—"v
< I, (u ol 19D € Dol 4 e =l )

L(B+1)
< Liflu — vl x (1 + F(Bl"'l)>

S L1L2||u — ’U”X.

Then,
|(Au)(t) — (Av)(1)] Sﬁ /0 (1= 8)* 7! fuls) = fu(s)lds
1
o A — Ao
g [ =0 ) — o)l
g =0T ) — o)l
claball vl (1), 2, (A0
C(a+1)
and

"(t) — (Av)’ t — )2 s) — fu(s)|ds
(40 () = (A0 ()] S [ (=92 1Aulo) = £l

(=1

1 ! a—1
+m/t (5 = )° 7Y fu(s) — fu(s)|ds

<2L1L2||U — ’U”X

which imply that

LlLQHU—UHX 2L1L2||’LL—’U||X

Jdu — v < ZHEETE () - (Ao < TR
Thus, we obtain
a— a— 1 ! -« / /
“ D5 (Au)(t) = Dyt (Au)(1)] Sm/o (t =) ~*[(Au)'(s) — (Av)'(s)|ds
2L1L2||u — U”X
~ T(a)(3—a)
and
2L1L2H’U,— UHX

CDa—lA _C Da—lA < ]
|| 0+ u 0+ U” — F(OZ)F(S _ a)
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From the above inequalities, we obtain

| Au— Avllx =] Au— Av]| + [ D3 Au € D3 Av|

1 1
S2Lalafju=vlx <r<a> O a))
LG+
IN'a)I'(3 — )
=Alu — v x.

In view of the condition (H;), A < 1, the operator A is a contraction. By
Banach’s fixed point theorem, BVP(1.1) has a unique solution on [0, 1]. O

Lemma 3.3 (Krasnosel’skii fixed point theorem, [8]). Let Q be a closed, convez,
bounded and nonempty subset in Banach space E. Suppose that Ay, As be operators
such that

(i) Arur + Aguz € Q, Yuy,ug € Q;

(ii) Aj is a contraction mapping;

(iti) Ag is compact and continuous.

Then, the equation
Az + Agz =2

has solution in E.

Theorem 3.2. Assume that (Hy) and (Hs) hold. Then, the BVP (1.1) has at least
one solution on [0,1], providing that % <1.

Proof. Define a set B,, = {u € X : |lu]|x < r1}. Let the operators A, Ay :
B,, — X be defined by

Avu(t) = r%z)/o [(t— )21 = (0 — 1)(t — )22 fu(s)ds,
Asu(t) = ﬁ /0 (t — s)o! M@dwﬁ /t (s — )% fu(s)ds,

for any ¢ € [0,1], w € B,,, where f,(t) = f(t,u(t),]@u(t),c Dg‘flu(t)), s € [0,1].
Choose a number 71 > ||¢]| (F(a5+1) + r(a)l"2(3—f¥))’ where ¢ is the function given

by the condition (Hs). Obviously, B, is a closed, convex and bounded set.
For any u,v € B,,, using the condition (H2), we have

[Aru + Agv|| < [[Arull + || Azv]|

< el lell [l el

“T(a+1) T(a) T(a+1) TD(a+1)
5/l

~Na+1)’

/ n < 2llell
||(A1u) + (Azv)'|| < m
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and

2|l ll

S 2l
||CD0+ (A1u+AQU)|| < F(Q)F(Q_OK)/() (tf 8)1 ds < m

From the definition of r;, for all u,v € B,,, we can obtain

| Avu+ Azollx = [ A+ Agvl| + € DI (Aru + Agv)|

< Sl 2|lell
“T(a+1) T()I'B—a)
<71

Thus, Aju + Asv € By, for all u,v € B,,.
Next, we show that A; is a contraction mapping. By the condition (H;), for all
u,v € B,,, s €[0,1], we obtain

1 ! a—1 _
|A1uA1v|§F(a)/O<1s> Fuls) — fuls)lds

1 1
- - 1—3g)*2 —
+ o / (1= )7 21fuls) = fols)lds
L (lu = oll + 115w = I3 oll + DG u = Dg; o)) L
=T(a) 0+ 0+ 0+ o
3L, H —vll e ¢ pa-1
<o—— D' - D
<3L1||U—’U||X
Ia+1)

and
I(Au) — (Av)[ =0, [€Dg " Avu—C DY Aol = 0,

which yield
3L JJu — vl
Aju— A < - =
[Aru — Ayvllx < Tatl)

for all u,v € B,, with < 1. Then, operator A; is a contraction mapping.

F(aJrl)
Next, we prove that the operator Ay is compact and continuous. Obviously, A
is continuous stem from the continuity of f. By the condition (Hs), we can prove

that As is uniformly bounded on B, , as

2|l
)3 —a)

2ol e 2l
()l < 555

4l < 5

1°D55 (Azw)l| <

Thus, for all u € B, we get

1 1
_ C na—1 <
Izl = dzull + 1D (el < 206l (575 + e mi—a )
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For all 0 <t <9 <0, u € B,,, we obtain

|(Agu)(t2) — (A2u)(t1)]

||SD|| “ _ a—1 a1 2 _ a—1
<= (ta — s) (t1 —$)* "ds+ (ta — 8)* ds
0 t1

“T(a)
+ /1(8 — 1) 'ds — /1(8 — 1) ds

to ty

lell o o o o
gm(t2 =17+ (1 —t2)* — (1 —t1)%)

and

D5 (Azu)(t2) = Dy (Azu) (t)]

2”@” h yl—a . o . to . w )

<Starea |, G2 e s [ =0t
I S
_]_"(a)]_"(g 70[) (t2 tl )

(Agu)(t2) — (Agu)(t1)| — 0, and |[“Dg7 " (Azu)(ta) = Dg7 ' (Asu)(t1)] — 0 as
to — t1. This prove that A, is equicontinuous on B,,. By the Arzela-Ascoli
theorem, the operator As is compact. As all the assumptions of Krasnosel’skii
fixed point theorem are satisfied, then there exists a u € X such that the equation
Aju + Asu = u has a solution. Then, the BVP (1.1) has at least one solution in
[0, 1]. O

Lemma 3.4 (Leray-Schauder alternative theorem, [9]). Let Q be a closed, convex
subset in Banach space E, U is an open subset of @ and 6 € U. Suppose that
A:U — Q be a continuous compact map (that is A(U) is a relatively compact
subset of Q), then either:

(i) A has a fized point in U, or

(ii) there is a u € OU and \ € (0,1) with u = A\Au.

Theorem 3.3. Assume that (Hs) and (Hy) hold. Then, the BVP (1.1) has at least
one solution.

Proof. Define a set B, = {u € X : |lul]|x < r2}, By, C X. The proof of that the
operator A : B,, — X is completely continuous, which is similar to that of Theorem
3.1. Therefore, we omit it here. Assume that u be a solution of BVP (1.1). If there
exists u € By, and A € (0,1) such that u = AAu. Then, for all ¢ € [0,1], by (Hs),
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we have

Ju(t)]

AAw) (1)
A 1 a-l # ! _g)e2 $)|ds
<ty Jy O M+ gy [t

(67

o [ =0l

(1= ) Lo(s)e(uls) + Di " uls))ds

+P(a)/0(t—s)°‘_ [ fu(s)|ds +

_— ' — 8)* 2p(8)(u(s) +€ D" 1u(s))ds
+ )/Ou ) 20(s)(u(s) +€ DS tu(s))d

1

t —8)* Y8 (uls) +€ D tu(s))ds
*@/0“ )L (s)p(u(s) +© D2 tu(s))d

1 ! a—1 a—1
+ T / (s — )2 Y (s)p(u(s) +€ DT u(s))ds
lelellulx) (1t (1—pe
éir(a) <a+1+ - +)

o
3 + 21—(1

<llelv () s

and

1

0] <[ [ €92 s = s [0 eas

el (2 (=g
= F(o‘*l)x (041+ a—1 )

22—&
<llelle(lullx)

NN

Hence, we conclude

a— _ a—1 1 ‘ 11—« /
|“Dg u(t)] =X Dy (Au)()] < m/o (t =) ""[(Au)'(s)|ds

<l ) g =y | ()"

22—a

SH@H#J(HUHx)m.

Therefore,
lullx =[lull + D5 u)ll = MAullx = Al Aul| + A D§T" (Au)|

(342"")r@B—a)+2°«
<lelle(lel) = e =

which yields
1]l x < (3+2MT1(3 — a) + 227«
lellv(lulx) = Tla+1DIEB - a)
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Taking (Hs) and (3.1) into account, it implies ||u||x # r2. Therefore, there is no
u € B, such that u = MAwu for A € (0,1). According to Leray-Schauder fixed point
theorem, A has a fixed point in B,,. We deduce that BVP (1.1) has solution. [

4. Examples

Two examples are given to test our results established in the previous section.

Example 4.1. Consider the boundary value problem

1 u(t) 2 s 3 0L
—= 4+ —TI2 u(t)+ — (Y D2 u(t
=y 129 33 0+u( )"' 95( 0+u( ))a

RCD2u(t) =
(4.1)

where a = %, 8= g, the nonlinear term is

#r7 129 83 95

f(t7 x7 y’ z) =

for t € [0,1], x,y,2 € R. There is a constant 1/12 such that

1
|f(t,1:,y,z) - f(tvxlvylazlﬂ < E(‘m - $1| + |y - y1| + ‘Z - Z1|)
After simple calculations, we get
1 1 1
Lh=—, My =—, Ly=1+——— ~1.3009,
YT 12 V. A T(B+1)
2L1L2(F(3 — o)+ 1)
A= ~ 0.5207 <1, LiLs=~0.1084 # 1.
a3 —«) b fade 7

Therefore, all conditions of Theorem 3.1 are satisfied. As a result, Theorem 3.1
guarantees that the problem (4.1) has a unique solution.

Example 4.2. We consider the following problem

RC 13 1 - L 1.4 Lot
0" Dj u(t):ﬁsmt gu(t)+5[0+“(t)+§( Dg.u(t)) ), 0<t<1,

w(0) =0, «(0)+u(1)=0, wu(l)= /o u(s)ds,
(4.2)

where a = %, 8= %, and the function f defined by

. <1 1 1>
simt | -x+-y+ =2/,

ft,z,y,2) =

1
Vt2 43 8 5 3

for t € [0,1], z,y,z € R.
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In addition, we get

Lol 1 C L
2 2 < 2 .
17t u(t), 15 Dgeu®)] < 5o (Il + 1° DGl

For the above functions, we attain

| f(t, 2y, 2) |< o(t)h(x + 2),

with ¢(t) = \/ﬁa lell = 5, and P(z + 2) = 3(z + 2).

Let Ly = L, 7 = 3, we find that

12°

6o (34217 (3 —a) 422

[spll2(72) INCESNCEE) ~ 1.9946.

Now, all conditions of Theorem 3.2 are satisfied. Thus, by Theorem 3.2, we conclude
that problem (4.2) has at least one solutions.
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