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Abstract. The regularity for 3-D MHD equations is considered in this paper, it
is proved that the solutions (v,B,p) are Hölder continuous if the velocity field
v∈L∞(0,T;L3,∞

x (R3)) with local small condition

r−3
∣∣∣
{

x∈Br(x0) : |v(x,t0)|> εr−1
}∣∣∣≤ ε

and the magnetic field B∈L∞(0,T;VMO−1(R3)).
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1 Introduction

In this paper, we will consider the following MHD equations in R
3×(0,T):





∂tv+v·∇v−∆v+∇p=B·∇B,

∂tB−∆B+v·∇B−B·∇v=0,

divv=0, divB=0,

(1.1)

where v is the fluid velocity field and B is the magnetic field. The function p de-
scribes the scalar pressure. The MHD equations (1.1) reduce to the incompress-
ible Navier-Stokes equations when there is no electromagnetic field, that is, B≡0.
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There is a very rich literatures dedicated to the mathematical study of the Navier-
Stokes system by many researchers; see, for example, [1,3–5,8–10,13–15,18,20,22].
Compared with Navier-Stokes equation, the MHD equation (1.1) is a combination
of the incompressible Navier-Stokes equations of fluid dynamics and Maxwell’s
equations of electromagnetism. Such a system depicts the motion of many con-
ducting impressible immiscible fluids without surface tension under the action of
a magnetic field.

For a point z=(x,t)∈R
3×R+, we denote

Br(x) :=
{

y∈R
3 : |y−x|< r

}
, Qr(z) :=Br(x)×

(
t−r2,t

)
, Qr =Qr(0,0),

and define the space

Lq,p(Qr)=Lq
(

t−r2,t; Lp
(

Br(x)
))

with the norm

‖u‖
q

Lp,q(Qr(z))
=
∫ t

t−r2
‖u(t)‖

q

Lp (Br(x))
dt.

Let Ω⊂R
3. The Lorentz space L(p,q)(Ω) with p,q∈ (0,∞) is the set of measurable

functions f on Ω such that the following quasi-norm is bounded:

‖ f‖L(p,q)(Ω) :=





(
p
∫ ∞

0
αq
∣∣{x∈Ω : | f (x)|>α}

∣∣
q
p

dα

α

) 1
q

, if q<∞,

supα>0α
∣∣{x∈Ω : | f (x)|>α}

∣∣ 1
p , if q=∞.

Lorentz spaces can be used to capture logarithmic singularities. For example, in
R

3, for any β>0 we have

|x|−1

(
log|x|

2

)−β

∈L(3,q)
(
R

3
)
, if and if q>

1

β
.

It is known that L(p,p)(Ω)=Lp(Ω) and L(p,q1)(Ω)⊂L(p,q2)(Ω) while q1≤q2. If |Ω|
is finite then L(p,q)(Ω)⊂Lr(Ω) for all 0<q≤∞ and 0< r< p,

‖g‖Lr(Ω)≤|Ω|
1
r −

1
p ‖g‖L(p,q)(Ω). (1.2)

In the classical literatures, Leray [9] and Hopf [8] established the existence
weak solution to the Navier Stokes system. However, the smoothness of the
Leray-Hopf weak solution is still a challenging open problem. Serrin [18] proved
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that if the weak solution to the Navier-Stokes equation satisfies the well-know
Ladyzhenskaya-Prodi-Serrin type condition

u∈Lq
(
0,T;Lp

(
R

3
))

with
2

q
+

3

p
=1, p>1,

then the weak solution u is regular in R
3×(0,T). Later, for p = 3, q = ∞ (i.e.,

u∈ L∞(0,T;L3(R3))), Escauriaza-Seregin-Šverak [3] established the regularity of
the Navier-Stokes equation by using backward uniqueness for the parabolic op-
erator. In [14], Phuc established the regularity when the velocity field belongs to

L∞
t (L

(3,q)
x ) (q 6=∞), it is due to that L

(3,q)
x contains L3

x, thus the result is an improve-
ment of the result by Escauriaza et al. [3].

For mathematical questions related to the MHD equations we refer the reader
to [17]. He-Xin [7] established some regularity criterions to the MHD equations
(1.1). Wu [23] promoted Ladyzhenskaya-Prodi-Serrin type criterions to the MHD
equations (1.1) in the term of both the velocity field v and the magnetic field
B, and Mahalov et al. [12] established the limiting case. Recently, Wang and
Zhang [21] proved that any weak solution (v,B) of MHD equations is regular
if v ∈ L∞(0,T;L3(R3)) and B ∈ L∞(0,T;VMO−1(R3)). For general Lorenz space

L(3,q)(R3), 3< q < ∞ case, we prove in [11] if v∈ L∞(0,T;L(3,q)(R3)) and B(t) ∈
VMO−1(R3) for any t, then (v,B) is smooth. For L(3,∞)(R3) case, Choe et al. [2]

proved that if u∈L∞(0,T;L(3,∞)(R3)) and an additional local small condition

1

r3

∣∣∣
{

x∈Br(x0)||u(·,t0)|>
ǫ

r

}∣∣∣≤ǫ, (1.3)

then weak solution u of Navier-Stokes equations is smooth on Qǫr(z0), also see
Seregin [16].

In this paper, we shall established the regularity of weak solutions of MHD

equations in Lorentz space L(3,∞), the technicality is different from Navier-Stokes
equations.

Under the condition v∈ L∞(0,T;L(3,∞)(R3)), we can get C(v,z0,r)≤ M(∀r ∈
(0,1)). The main difficulty of this paper is to obtain C(B,z0, r

2)+D(p,z0, r
2)≤C(M).

The main technic is to deal with the new norms. Our main results can be stated
as following.

Theorem 1.1. Assume that the triplet functions (v,B,p) is weak solution to the MHD

equations (1.1) in QT :=R
3×(0,T) with

v∈L∞
(
0,T;L(3,∞)(R3)

)
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and

B∈L∞
(

0,T;BMO−1
(
R

3
))

, B(t)∈VMO−1
(
R

3
)

for t∈ (0,T).

Then there exists a positive constant ε with the following property. Let N > 0 be a con-

stant. If z0=(x0,t0)∈QT and R>0 such that QR(z0)⊂QT , (B,p) satisfy

C(B,z0,R)+D(p,z0,R)≤N,

and for some 0< r≤R/2,

r−3
∣∣∣
{

x∈Br(x0) : |v(x,t0)|> εr−1
}∣∣∣≤ ε.

Note that here ε is dependent with N. Then (v,B) is smooth in Qεr(z0). Here C(B,z0,R)
and D(p,z0,R) are dimensionless quantities in Section 2.

Remark 1.1. In Theorem 1.1, for fixed z0 and R>0, naturally, the scaling quantity

C(B,z0,R)+D(p,z0,R) is finite. We add the condition C(B,z0,R)+D(p,z0,R)≤N

just to make the proof more convenient.

Theorem 1.2. Let (v,B) be a suitable weak solution to MHD equations in QT :=R
3×

(0,T) with v∈ L∞(0,T;L(3,∞)(R3)), B∈ L∞(0,T;BMO−1(R3)), B(t)∈VMO−1(R3)
for t∈(0,T). Then there exist at most finite number N of singular points at any singular

time t.

We can change the condition of B to get following theorem.

Theorem 1.3. Assume that the triplet functions (v,B,p) is weak solution to the MHD

equations (1.1) in QT :=R
3×(0,T). Suppose that

v,B∈L∞
(

0,T;L(3,∞)
(
R

3
))

.

There exists a positive constant ε with following property. If z0=(x0,t0)∈QT and R>0

such that QR(z0)⊂QT , (B,p) satisfy

C(B,z0,R)+D(p,z0,R)≤N,

for some 0< r≤R/2,

r−3
∣∣∣
{

x∈Br(x0) :
∣∣(v(x,t0),B(x,t0))

∣∣> εr−1
}∣∣∣≤ ε.

Then (v,B) is smooth in Qεr(z0). Here C(B,z0,R) and D(p,z0,R) are dimensionless

quantities in Section 2.
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We need the following small energy regularity proposition ([7, 12]).

Theorem (A). Let the triple (v,B,p) be a suitable weak solution to system (1.1). There

exists a small constant ǫ0>0, such that if

∫

Q1

|v|3+|B|3+|p|
3
2 <ǫ0,

then v and B are smooth in Q 1
2
. In particular, for any z0 if

1

r2

∫

Qr(z0)
|v|3+|B|3<ǫ0 for all 0< r≤1,

then z0 is a regular point.

We can drop the pressure p by Wolf’s method of local suitable weak solutions,
the proof to see Section 5.

Proposition 1.1. Let the triple (v,B,p) be a suitable weak solution to system (1.1). There

exists a small constant ε0>0, such that if

∫

Q1

|v|3+|B|3< ε0,

then v and B are smooth in Q 1
2
.

2 Preliminaries and local estimates

At present, we introduce some useful space and properties. We call a local inte-
grable function f ∈BMO(R3), if f satisfies

‖ f‖BMO(R3) := sup
R>0,x0∈R3

1

|BR(x0)|

∫

BR(x0)
| f (x)− fBR(x0)|dx<∞,

where and in what follows we denote

fΩ =
1

|Ω|

∫

Ω
f (x)dx.

A remarkable property of BMO function is

sup
R>0,x0∈R3

1

|BR(x0)|

∫

BR(x0)
| f (x)− fBR(x0)|

qdx<∞
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for any 1≤ q<∞. A function f (x)∈VMO(R3) if f (x)∈ BMO(R3) and for any
x0∈R

3

limsup
R↓0

1

|BR(x0)|

∫

BR(x0)
| f (x)− fBR(x0)|dx=0.

We say that a function f ∈ BMO−1(R3), if there exists Uj ∈ BMO(R3) such that

f =∑
3
j=1∂jUj. The definition of VMO−1(R3) is similar.

We will use the following scaling invariant quantities:

A(v,z0,r)= sup
−r2+t0≤t≤t0

r−1
∫

Br(x0)
|v(x,t)|2dx,

A(B,z0,r)= sup
−r2+t0≤t≤t0

r−1
∫

Br(x0)
|B(x,t)|2dx,

C1(v,z0,r)= r−2
∫

Qr(z0)
|v(x,t)|3dxdt, C1(B,z0,r)= r−2

∫

Qr(z0)
|B(x,t)|3dxdt,

C(v,z0,r)= r−
16
7

∫ t0

t0−r2
‖v‖4

L
14
5 (Br(x0))

dt, C(B,z0,r)= r−
16
7

∫ t0

t0−r2
‖B‖4

L
14
5 (Br(x0))

dt,

E(v,z0,r)= r−1
∫

Qr(z0)
|∇v(x,t)|2dxdt, E(B,z0,r)= r−1

∫

Qr(z0)
|∇B(x,t)|2dxdt,

D1(p,z0,r)= r−2
∫

Qr(z0)
|p(x,t)|

3
2 dxdt, D(p,z0,r)= r−

16
7

∫ t0

t0−r2
‖p‖2

L 7
5
(Br(x0))

dt.

For simplicity, we write

A(v,B,z0,r)=A(v,z0,r)+A(B,z0,r),

E(v,B,z0,r)=E(v,z0,r)+E(B,z0,r),

C(v,B,z0,r)=C(v,z0,r)+C(B,z0,r),

C1(v,B,z0,r)=C1(v,z0,r)+C1(B,z0,r).

If z0=(0,0) we shall simplify to rewrite C(v,r)=C(v,z0 ,r), C(B,r)=C(B,z0 ,r), and
so on.

Definition 2.1. Let Ω⊂R
3 and −∞< a< b<∞. A triplet (v,B,p) is called a suitable

weak solution to the MHD equations (1.1) in Q=Ω×(a,b) if the following conditions

are valid:

(i) (v,B)∈L∞(a,b;L2(Ω))∩L2(a,b;W1,2(Ω)) and p∈L
3
2 (Ω×(a,b));

(ii) (v,B,p) satisfy the MHD equations in the sense of distributions in D ′(Q);
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(iii) For each real-valued 0≤φ∈C∞
0 (Q), the following generalized energy inequality is

valid:
∫

Ω

(
|v|2+|B|2

)
φdx+2

∫ t

a

∫

Ω

(
|∇v|2+|∇B|2

)
φdxds

≤
∫ t

a

∫

Ω

(
|v|2+|B|2

)
(∆φ+∂sφ)dxds+

∫ t

a

∫

Ω
v·∇φ

(
|v|2+|B|2+2p

)
dxds

−
∫ t

a

∫

Ω
(B·v)(B·∇φ)dxds,

for a.e. t∈ [a,b].

A weak solution (v,B) of the MHD equation (1.1) satisfies the energy inequal-
ity, for a.a. t∈ (a,b)

‖v(t)‖2
L2 +‖B(t)‖2

L2 +2
∫ t

0
‖∇v(s)‖2

L2 ds+2
∫ t

0
‖∇B(s)‖2

L2 ds

≤‖v0‖
2
L2+‖B0‖

2
L2 ≡ c0.

First we have the following standard local estimates for MHD equations.

Lemma 2.1. Assume that the triplet functions (v,B,p) is a suitable weak solution to the

MHD equation in Q=Ω×(a,b). Let z0 =(x0,t0) and ρ> 0 be such that Qρ(z0)⊂Q.

For every r∈ (0,ρ], we have

C1(v,z0,r)≤ c
(ρ

r

)3
A(v,z0,ρ)

3
4 E(v,z0,ρ)

3
4 +c

(
r

ρ

)3

A(v,z0,ρ)
3
2 , (2.1)

C1(B,z0,r)≤ c

(
ρ

r

)3

A(B,z0,ρ)
3
4 E(B,z0,ρ)

3
4 +c

(
r

ρ

)3

A(B,z0,ρ)
3
2 . (2.2)

We also need the so-called decay estimate for pressure.

Lemma 2.2. Let (v,B,p) be a suitable weak solution to the MHD equations (1.1) in

Q=Ω×(a,b). Let z0 =(x0,t0) and let ρ>0 be such that Qρ ⊂Q. For every r< (0,
ρ
4 ],

we have

D1(p,z0,r)≤ c
(ρ

r

) 3
2
[

A(v,z0,ρ)
3
4 E(v,z0,ρ)

3
4 +A(B,z0,ρ)

3
4 E(B,z0,ρ)

3
4

]

+c
r

ρ
D(p,z0,ρ)

3
4 , (2.3)

D(p,z0,r)≤ c

[(
r

ρ

)2

D(p,z0,ρ)+
(ρ

r

) 16
7

C(v,B,z0,ρ)

]
, (2.4)

K(B,z0,r)≤ c
(ρ

r

)3
C1(v,z0,ρ)

2
3
[
A(B,z0,ρ)+E(B,z0,ρ)

]
+

(
r

ρ

)2

K(B,z0,ρ), (2.5)
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where

K(B,z0,r)=
1

r3

∫

Qr(z0)
|B|2.

Proof. Let z0=(0,0), we decompose p so that

p= p1+p2,

where p1 satisfies in Bρ for a.e. t∈ [−ρ2,0], in the weak sense,
{

∆p1 =−divdiv(v⊗v−[v⊗v]Bρ)−divdiv(B⊗B−[B⊗B]Bρ),

p1|∂Bρ
=0,

(2.6)

and p2 is a harmonic function in Bρ, i.e.

∆p2=0.

Regarding p1, by theory of Laplace operator and Calderón-Zygmund theorem,

we have

(∫

Bρ

|p1|
3
2 dx

) 2
3

≤ c

(∫

Bρ

(
|v⊗v−[v⊗v]Bρ |

3
2 +|B⊗B−[B⊗B]Bρ |

3
2

)
dx

) 2
3

≤ c
∫

Bρ

|∇v||v|+|∇B||B|

≤ c
[
‖∇v‖L2(Bρ)‖v‖L2(Bρ)+‖∇B‖L2(Bρ)‖B‖L2(Bρ)

]
,

∫

Qρ

|p1|
3
2 ≤ cρ2

[
A

3
4 (v,ρ)E

3
4 (v,ρ)+A

3
4 (B,ρ)E

3
4 (B,ρ)

]
.

For x∈B ρ
2
,

|p2(x,t)|≤ c−
∫

Bρ

|p2|≤ c

(
−
∫

Bρ

|p2|
l

) 1
l

, l>1,

i.e. for r≤ ρ
2 ,

1

r2

∫

Qr

|p2|
3
2 ≤

cr

ρ
45
14

∫ 0

−ρ2
‖p2‖

3
2

L
7
5 (Bρ)

,

D1(p,r)≤
1

r2

∫

Qρ

|p1|
3
2 +

1

r2

∫

Qr

|p2|
3
2 ≤ c

(ρ

r

)2[
A

3
4 (v,ρ)E

3
4 (v,ρ)+A

3
4 (B,ρ)E

3
4 (B,ρ)

]

+
cr

ρ
45
14

∫ 0

−ρ2

(
‖p‖

3
2

L
7
5 (Bρ)

+‖p1‖
3
2

L
7
5 (Bρ)

)
.
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Now

r

ρ
45
14

∫ 0

−ρ2
‖p1‖

3
2

L
7
5 (Bρ)

≤
r

ρ
D1(p1,ρ),

r

ρ
45
14

∫ 0

−ρ2
‖p‖

3
2

L
7
5 (Bρ)

≤
r

ρ
D(p,ρ)

3
4 ,

so that

D1(p,r)≤ c
(ρ

r

)2[
A

3
4 (v,ρ)E

3
4 (v,ρ)+A

3
4 (B,ρ)E

3
4 (B,ρ)

]
+c

r

ρ
D(p,ρ)

3
4 .

On the other hand, ∫

Br

|p1|
7
5 ≤ c

∫

Br

|v|
14
5 +|B|

14
5 ,

we have

D(p1,r)≤ c
(ρ

r

) 16
7

C(v,B,ρ).

For x∈B ρ
2
,

|p2(x,t)|≤ c

(
−
∫

Bρ

|p2|
7
5 dx

) 5
7

,

we have

D(p2,r)= r−
16
7

∫ 0

−r2
‖p2‖

2

L
7
5 (Br)

≤ c

(
r

ρ

)2

D(p2,ρ)

≤ c

(
r

ρ

)2

[D(p,ρ)+D(p1,ρ)] .

Therefore,

D(p,r)≤ c[D(p1,r)+D(p2,r)]

≤ c
(ρ

r

) 16
7

C(v,B,ρ)+cD(p2,r)

≤ c

[(
r

ρ

)2

D(p,ρ)+
(ρ

r

) 16
7

C(v,B,ρ)

]
.

Let η be a smooth function such that

0≤η≤1, |∇η|≤
C

ρ
, η≡1 in Q ρ

2
and η=0 in Qc

ρ.
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We decompose the magnetic field B so that

B= B̂+ B̃,

B̂ satisfies in R
3×(−ρ2,0),

(∂t−∆)B̂=∂j(vjBi−viBj)η
2,

and B̃ satisfies in Qρ

(∂t−∆)B̃=0.

Therefore,

B̂(x,t)=−
∫ 0

−ρ2
ds
∫

Bρ

∂jΓ(x−y,t−s)
[
(vjBi−viBj)η

2
]

dy,

where Γ(x,t) is the heat kernel. By Young’s inequality, we get

‖B̂(·,t)‖L2(Bρ)≤ c
∫ 0

−ρ2
‖∇Γ(·,t−s)‖Lα(B2ρ)

‖v(·,s)‖L3(Bρ)‖B(·,s)‖Lp(Bρ)ds,

where 1
2 =

1
α+

1
3+

1
p−1. And by Young’s inequality again, we have

‖B̂‖L2(Qρ)≤ c‖∇Γ‖Lα,β(Q2ρ)
‖v‖L3(Qρ)‖B‖Lp,q(Qρ),

where 1
2 =

1
β+

1
3+

1
q −1. Taking α= 9

7 , β=1, p= 18
7 , and q=6, it is clear 3

α+
2
β =

13
3 ,

and 3
p+

2
q =

3
2 ,

‖∇Γ‖Lα,β(Q2ρ)
≤ cρ

3
α+

2
β−4

= cρ
1
3 .

Thus

K(B̂,ρ)≤ cC1(v,ρ)
2
3 ρ−1‖B‖2

Lp,q(Qρ)
≤ cC1(v,ρ)

2
3 [A(B,ρ)+E(B,ρ)] .

Since B̃ meets the heat equation in Qρ, we have for r≤ρ

−
∫

Qr

|B̃|2≤ c−
∫

Qρ

|B̃|2,

i.e.

K(B̃,r)≤ c

(
r

ρ

)2

K(B̃,ρ),



X. Liu, Y. Liu and Z. Liu / Commun. Math. Res., 39 (2023), pp. 107-135 117

so that

K(B,r)≤ c
[
K(B̂,r)+K(B̃,r)

]

≤ c
(ρ

r

)3
C1(v,ρ)

2
3
[
A(B,ρ)+E(B,ρ)

]
+

(
r

ρ

)2

K(B,ρ).

The proof is complete.

As in [14], we use following analysis Lemma 2.3 which can be found in [6] to
prove local estimate Lemma 2.4.

Lemma 2.3. Let I(s) be a bounded nonnegative function in the interval [R1,R2]. Suppose

that for any s, ρ∈ [R1,R2] and s<ρ, the following inequality holds

I(s)≤
[

a1(ρ−s)−α+a2(ρ−s)−β+a3(ρ−s)−γ+a4

]
+θI(ρ)

with α>β>γ>0, ai >0, i=1,2,3,4 and θ∈ [0,1). Then,

I(R1)≤ c(α,β,γ)
[

a1(R2−R1)
−α+a2(R2−R1)

−β+a3(R2−R1)
−γ+a4

]
.

Lemma 2.4. Let (v,B,p) be a suitable weak solution to the MHD equation (1.1) in Q=
Ω×(a,b). Assume that z0 = (x0,t0) and r > 0 with Qr(z0)⊂ Q. Then the following

holds:

A
(

v,B,z0,
r

2

)
+E

(
v,B,z0,

r

2

)
(2.7)

≤ c
[
C(v,z0,r)

1
2 C(B,z0,r)

1
2 +C(v,B,z0,r)

1
2 +C(v,z0,r)+D(p,z0,r)

7
10 C(v,z0,r)

3
20

]
.

Proof. Let r
2 ≤ s < ρ ≤ r < 1, and Qr ⊂ Q1 ≡ Q. Choosing test function φ(x,t) =

η1(x)η2(t) with η1∈C∞
0 (Bρ(x0)), 0≤η1≤1 in R

3, η1≡1 on Bs(x0), and

|∇αη1|≤
C

(ρ−s)|α|

for all multi-index α, with |α| ≤ 3. And η2 ∈ C∞
0 (t0−ρ2,t0+ρ2), 0≤ η2 ≤ 1 in R,

η2(t)≡1 for t∈ [t0−s2,t0+s2], with

|η′
2(t)|≤

C

ρ2−s2
≤

C

r(ρ−s)
.
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From the local energy inequality we have

∫

Ω

(
|v|2+|B|2

)
φdx+2

∫ t

a

∫

Ω

(
|∇v|2+|∇B|2

)
φdxds

≤ c
∫ t0

t0−ρ2

∥∥|v|2+|B|2
∥∥

W−1,2(Bρ(x0))
‖∇(φt+∆φ)‖L2(Bρ(x0))

dt

+c
∫ t0

t0−ρ2

∥∥|v|2
∥∥

W−1,2(Bρ(x0))
‖∇(v·∇φ)‖L2(Bρ(x0))

dt

+c
∫ t0

t0−ρ2
‖|v||B|‖W−1,2(Bρ(x0))

‖|∇B||∇φ|+|B||∇2φ|‖L2(Bρ(x0))
dt

+c
∫ t0

t0−ρ2

∫

Bρ

|pv·∇φ|dxdt

=: J1+ J2+ J3+ J4. (2.8)

Here we rewrite the term

∫ t0

t0−ρ2

∫

Bρ

|B|2v·∇φdxdt=
∫ t0

t0−ρ2

∫

Bρ

(v⊗B) : (∇φ⊗B)dxdt.

Denote

I(s)= sup
t0−s2≤t≤t0

∫

Bs(x0)
|B|2dx+ sup

t0−s2≤t≤t0

∫

Bs(x0)
|v|2dx

+
∫ t0

t0−s2

∫

Bs(x0)
|∇B|2dxdt+

∫ t0

t0−s2

∫

Bs(x0)
|∇v|2dxdt

= sA(B,s,z0)+sA(v,s,z0)+sE(B,s,z0)+sE(v,s,z0)

=: I1(B,s)+ I1(v,s)+ I2(B,s)+ I2(v,s),

and

I(v,s)= I1(v,s)+ I2(v,s), I(B,s)= I1(B,s)+ I2(B,s).

Estimate J1, J2, J3, and J4 as follows. For J1, we get

J1≤
cρ

3
2

(ρ−s)3

∫ t0

t0−ρ2

∥∥|v|2+|B|2
∥∥

W−1,2(Bρ)
dt

≤
cρ

5
2

(ρ−s)3

[∫ t0

t0−ρ2

∥∥|v|2+|B|2
∥∥2

W−1,2(Bρ)
dt

] 1
2

.
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By Young’s inequality, we get

J2≤ c
∫ t0

t0−ρ2

[
∥∥|v|2

∥∥
W−1,2(Bρ)

(
‖∇v‖L2(Bρ)

ρ−s
+
‖v‖L2(Bρ)

(ρ−s)2

)]
dt

≤
c

ρ−s

[∫ t0

t0−ρ2

∥∥|v|2
∥∥2

W−1,2(Bρ)
dt

] 1
2

I2(v,ρ)
1
2

+
cρ

(ρ−s)2

[∫ t0

t0−ρ2

∥∥|v|2
∥∥2

W−1,2(Bρ)
dt

] 1
2

I1(v,ρ)
1
2

≤
1

4
I(v,ρ)+

[
c

(ρ−s)2
+

cρ2

(ρ−s)4

]∫ t0

t0−ρ2

∥∥|v|2
∥∥2

W−1,2(Bρ)
dt.

Similarly, we have

J3≤ c
∫ t0

t0−ρ2

[
∥∥|v||B|

∥∥
W−1,2(Bρ)

(
‖∇B‖L2(Bρ)

ρ−s
+
‖B‖L2(Bρ)

(ρ−s)2

)]
dt

≤
1

4
I(B,ρ)+

[
c

(ρ−s)2
+

cρ2

(ρ−s)4

]∫ t0

t0−ρ2

∥∥|vB|
∥∥2

W−1,2(Bρ)
dt.

For the term J4, using Hölder’s inequality and Sobolev inequality, we have

J4≤ c
∫ t0

t0−ρ2
‖p‖

L
7
5 (Bρ(x0))

‖v∇φ‖
L

7
2 (Bρ(x0))

≤ c
∫ t0

t0−ρ2
‖p‖

L
7
5 (Bρ)

‖∇(v∇φ)‖
4
7

L2(Bρ)
‖v∇φ‖

3
7

L
9
4 (Bρ)

≤ c
∫ t0

t0−ρ2
‖p‖

L
7
5 (Bρ)

[
‖∇v∇φ)‖L2(Bρ)+

∥∥v∇2φ
∥∥

L2(Bρ)

] 4
7
‖v∇φ‖

3
7

L
9
4 (Bρ)

≤
c

ρ−s
‖∇v‖

4
7

L2(Qρ(z0))

[∫ t0

t0−ρ2
‖p‖

7
5

L
7
5 (Bρ)

‖v‖
3
5

L
9
4 (Bρ)

] 5
7

+
c

(ρ−s)
11
7

sup
t
‖v‖

4
7

L2(Bρ)

∫ t0

t0−ρ2
‖p‖

L
7
5 (Bρ)

‖v‖
3
7

L
9
4 (Bρ)

≤
1

4
I(v,ρ)+

c

(ρ−s)
7
5

∫ t0

t0−ρ2
‖p‖

7
5

L
7
5 (Bρ)

‖v‖
3
5

L
9
4 (Bρ)

+
c

(ρ−s)
11
5

[∫ t0

t0−ρ2
‖p‖

L
7
5 (Bρ)

‖v‖
3
7

L
9
4 (Bρ)

] 7
5
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≤
1

4
I(v,ρ)+

cρ
16
35

(ρ−s)
7
5

[∫ t0

t0−ρ2
‖p‖2

L
7
5 (Bρ)

] 7
10
[∫ t0

t0−ρ2
‖v‖4

L
14
5 (Bρ)

] 3
20

+
cρ

44
35

(ρ−s)
11
5

[∫ t0

t0−ρ2
‖p‖2

L
7
5 (Bρ)

] 7
10
[∫ t0

t0−ρ2
‖v‖4

L
14
5 (Bρ)

] 3
20

.

From (2.8), using estimates above with respect to J1, J2, J3 and J4 we get

I(s)≤
1

2
I(ρ)+

cr
5
2

(ρ−s)3

[∫ t0

t0−r2

∥∥|v|2+|B|2
∥∥2

W−1,2(Br)

] 1
2

+

[
c

(ρ−s)2
+

cr2

(ρ−s)4

]∫ t0

t0−r2

[∥∥|vB|
∥∥2

W−1,2(Br)
+
∥∥|v|2

∥∥2

W−1,2(Br)

]

+
cr

16
35

(ρ−s)
7
5

[∫ t0

t0−r2
‖p‖2

L
7
5 (Br)

] 7
10
[∫ t0

t0−r2
‖v‖4

L
14
5 (Br)

] 3
20

+
cr

44
35

(ρ−s)
11
5

[∫ t0

t0−r2
‖p‖2

L
7
5 (Br)

] 7
10
[∫ t0

t0−r2
‖v‖4

L
14
5 (Br)

] 3
20

. (2.9)

By Lemma 2.3, we have

I
( r

2

)
≤ cr−

1
2

[∫ t0

t0−r2

∥∥|v|2+|B|2
∥∥2

W−1,2(Br)

] 1
2

+cr−2
∫ t0

t0−r2

(∥∥|vB|
∥∥2

W−1,2(Br)
+
∥∥|v|2

∥∥2

W−1,2(Br)

)
dt

+cr−
33
35

[∫ t0

t0−r2
‖p‖2

L
7
5 (Br)

] 7
10
[∫ t0

t0−r2
‖v‖4

L
14
5 (Br)

] 3
20

.

Finally, we get

A
(

v,B,
r

2
,z0

)
+E

(
v,B,

r

2
,z0

)

≤ cr−
3
2

[∫ t0

t0−r2

∥∥|v|2+|B|2
∥∥2

W−1,2(Br)

] 1
2

+cr−3
∫ t0

t0−r2

(∥∥|vB|
∥∥2

W−1,2(Br)
+
∥∥|v|2

∥∥2

W−1,2(Br)

)

+cr−
68
35

[∫ t0

t0−r2
‖p‖2

L
7
5 (Br)

] 7
10
[∫ t0

t0−r2
‖v‖4

L
14
5 (Br)

] 3
20

. (2.10)



X. Liu, Y. Liu and Z. Liu / Commun. Math. Res., 39 (2023), pp. 107-135 121

For f ∈L
7
5 (Br(x0)) and ϕ∈C∞

0 (Br(x0)), we have
∣∣∣∣
∫

Br(x0)
ϕ f (x)dx

∣∣∣∣≤ c
∫

Br(x0)

[∫

Br(x0)

|∇ϕ(y)|

|x−y|2
dy

]
| f (x)|dx

= c
∫

Br(x0)
|∇ϕ(y)|

[∫

Br(x0)

| f (x)|

|x−y|2
dx

]
dy

≤ c‖∇ϕ‖L2(Br(x0))
‖I1(χBr(x0)| f |)‖L2(Br(x0))

,

where I1 is the first order Riesz’s potential defined by

I1(µ)(x)= c
∫

R3

dµ(y)

|x−y|2
, x∈R

3.

By using Hardy-Littlewood-Sobolev inequality, we have

‖ f‖W−1,2(Br(x0))
≤‖I1(χBr(x0)| f |)‖L2(Br(x0))

≤ c‖ f‖
L

6
5 (Br(x0))

≤ cr
5

14 ‖ f‖
L

7
5 (Br(x0))

. (2.11)

Applying (2.11) with f = |v|2+|B|2 and f = |v||B|, we obtain

r−3
∫ t0

t0−r2

∥∥|v|2+|B|2
∥∥2

W−1,2(Br)

≤ r
−16

7

∫ t0

t0−r2

(
‖v‖4

L
14
5 (Br)

+‖B‖4

L
14
5 (Br)

)
=C(v,B,z0,r),

r−3
∫ t0

t0−r2

(∥∥|vB|
∥∥2

W−1,2(Br)
+
∥∥|v|2

∥∥2

W−1,2(Br)

)

≤
[

C(v,z0,r)
1
2 C(B,z0,r)

1
2 +C(v,z0,r)

]
.

The proof is complete.

We need the bounded estimates for C(B,r) and D(p,r) with the help of the
bounded of C(v,r).

Lemma 2.5. Suppose that (v,B,p) is a suitable weak solution in Q1(z0)=B1(x0)×(t0−
1,t0). Let

C(v,z0,r)≤M for any 0< r<1

for M>0. Then for every 0< r< 1
4 , we have the following estimates:

A
(

v,B,z0,
r

2

)
+E

(
v,B,z0,

r

2

)
+C

(
B,z0,

r

2

)
+D

(
p,z0,

r

2

)
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≤ c

(
M,C

(
B,z0,

1

2

)
,D

(
p,z0,

1

2

))
,

C1(v,B,z0,r)+D1(p,z0,r)≤ c

(
M,D

(
p,z0,

1

2

)
,C

(
B,z0,

1

2

))
.

Proof. Without loss of generality, we consider z0=(0,0). Suppose that η is a smooth

function with

0≤η≤1, |∇η|≤
c

r
, η≡1 in Q r

2
and η=0 in Qc

r.

Owing to B∈L∞(0,T;BMO−1), there exists U(x,t)∈L∞(0,T;BMO) such that B=
∇·U. Using Hölder and Sobolev inequalities, we obtain

1

r
16
7

∫ 0

−r2

(∫

Br

|B|
14
5 η2dx

) 10
7

dt=
1

r
16
7

∫ 0

−r2

(∫

Br

3

∑
j=1

∂jUj ·B|B|
4
5 η2dx

) 10
7

dt

≤
1

r
16
7

∫ 0

−r2

(∫

Br

|U−UBr |
(
|∇B||B|

4
5 +|B|

9
5 |∇η|

)
dx

) 10
7

dt

≤
1

r
16
7

∫ 0

−r2

(∫

Br

|U−UBr |
6dx

) 5
21
(∫

Br

|∇B|2dx

) 5
7
(∫

Br

|B|
12
5 dx

) 10
21

dt

+
c

r
26
7

∫ 0

−r2

(∫

Br

|U−UBr |
14
5 dx

) 25
49
(∫

Br

|B|
14
5 dx

) 45
49

dt

≤
c

r
67
49

(∫∫
|∇B|2

) 5
7



∫ 0

−r2

(∫

Br

|B|
14
5 dx

) 10
7

dt




2
7

+
c

r
72
49



∫ 0

−r2

(∫

Br

|B|
14
5 dx

) 10
7

dt




9
14

.

Thus, we have

C
(

B,
r

2

)
≤ c
[

E(B,r)
5
7 C(B,r)

2
7 +C(B,r)

9
14

]
. (2.12)

Combining with (2.7) and (2.12) we obtain

C
(

B,
r

2

)
≤ c(M)

[
1+C(B,r)

1
2 +D(p,r)

7
10

] 5
7

C(B,r)
2
7 +cC(B,r)

9
14 . (2.13)
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Let r= θρ with θ≤ 1
4 . From (2.4) and (2.13), we have

C(B,r)+D(p,r)
5
6 ≤ c(M)θ−

32
49

[
1+θ−

8
7 C(B,ρ)

1
2 +θ−

8
5 D(p,ρ)

7
10

] 5
7

C(B,ρ)
2
7

+cθ−
72
49 C(B,ρ)

9
14 +cθ

5
3 D(p,ρ)

5
6 +cθ−

40
21 C(B,ρ)

5
6 +c(M,θ).

Using Young’s inequality, we have

C(B,r)+D(p,r)
5
6 ≤ηC(B,ρ)+

(
η+cθ

5
3

)
D(p,ρ)

5
6 +c(θ,η,M).

Set F(r)=C(B,r)+D(p,r)
5
6 . Choose η>0 and θ>0 small enough, we have

F(r)≤
1

2
F(ρ)+c.

By the standard iterating argument

C(B,r)+D(p,r)
5
6 ≤ c

(
M,D

(
p,

1

2

)
,C

(
B,

1

2

))
, r∈ (0,1/4],

so that for 0< r≤ 1
4 ,

A(v,B,r)+E(v,B,r)+C(B,r)+D(p,r)≤ c

(
M,C

(
B,

1

2

)
,D

(
p,

1

2

))
.

The estimates of C1(v,B,r) and D1(p,r) are immediate results.

3 Proof of Theorem 1.1 and Theorem 1.3

We shall prove the following Proposition 3.1. Theorem 1.1 is an immediate result.

Proposition 3.1. Let (v,B,p) a weak solution of (1.1) with

‖v‖L∞(0,T;L(3,∞)(R3))+‖B‖L∞(0,T;BMO−1(R3))≤M

and B(t)∈VMO−1(R3) for t∈(0,T), for z0=(x0,t0) and R>0 such that QR(z0)⊂QT ,

(B,p) satisfy

C(B,z0,R)+D(p,z0,R)≤N.

There exists a positive number ε(M,N)< 1
4 such that if for some 0< r≤ R

2 ,

r−3
∣∣∣
{

x∈Br(x0) : |v(x,t0)|> εr−1
}∣∣∣≤ ε, (3.1)
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then there exists ρ∈ [2rε,r] such that

1

ρ2

∫

Qρ(z0)
|v|3+|B|3< ε0, (3.2)

where ε0 is the same number in Proposition 1.1.

Proof. Let (v,B,p) be a weak solution of (1.1) and assume

sup
0<r<T

‖v(t)‖L(3,∞)(R3)+‖B‖L∞(0,T;BMO−1(R3))≤M. (3.3)

Note that B∈BMO−1, we have

‖B‖4
L4(R3)=‖BB‖2

L2(R3)≤ c‖∇B‖2
L2(R3)‖B‖2

BMO−1(R3).

Also since the real interpolation L4=[L(6,∞),L(3,∞)] 1
2 ,4 holds, then

‖v‖L4
x
≤ c‖v‖

1
2

L
(6,∞)
x

‖v‖
1
2

L
(3,∞)
x

≤ c‖∇v‖
1
2

L2
x
M

1
2 .

From energy inequality and estimates above we get

‖(v,B)‖L4(QT)
≤ c(M,c0), (3.4)

which yields that (v,B,p) is a local suitable weak solution of Eqs. (1.1) and v ∈
C([0,T];L2(R3)).

We use a contradiction argument for z0=(0,0) and R=1. Fixed N,M>0 if the

assertion of the proposition were false, then there would exist ǫk ↓0, and suitable

weak solutions (vk,Bk,pk) of (1.1) and rk ≤
1
2 such that

‖vk‖L∞(−1,0;L3,∞(R3))≤M, (3.5)

C(Bk,1)+D(pk,1)≤N, (3.6)

r−3
k

∣∣∣
{

x∈Brk
(0) : |vk(x,0)|>ǫkr−1

k

}∣∣∣≤ǫk, (3.7)

and for all ρ∈ [2rkǫk,rk],

1

ρ2

∫

Qρ(0)
|vk|

3+|Bk|
3
>

ε0

2
. (3.8)

Since for 0< r≤1

C(vk ,r)= r−
16
7

∫ 0

−r2
|Br|

2
21‖vk‖

4
L(3,∞)(Br)
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≤ c‖vk‖
4
L∞(−1,0;L(3,∞)(B1))

≤M4,

combining the estimate and (3.6) with Lemma 2.5, we get, for 0< r≤ 1
2 ,

A(vk,Bk,r)+E(vk,Bk,r)+C(Bk,r)+D(pk,r)≤ c(M,N).

Similarly, for any z0∈Q 1
2

and 0< r≤ 1
2 , we have

A(vk,Bk,r,z0)+E(vk ,Bk,r,z0)+C(Bk,r,z0)+D(pk,r,z0)≤ c(M,N).

Define, for (x,t)∈Qr−1
k

,






Uk(x,t)= rkvk

(
rkx,r2

kt
)
,

Dk(x,t)= rkBk

(
rkx,r2

kt
)
,

Pk(x,t)= r2
k pk

(
rkx,r2

kt
)
.

(3.9)

Obviously, (Uk,Dk,Pk) are weak solutions to system (1.1). Now for a > 0, and

ark ≤
1
2 ,

‖Uk‖L∞(−r−1
k ,0;L(3,∞)(B

r−1
k

))=‖vk‖L∞(−1,0;L(3,∞)(B1))
≤M,

C(Dk,a)+D(Pk,a)=C(Bk ,ark)+D(pk,ark)≤N,

C(Uk,a)=C(vk ,ark)

≤ (ark)
− 16

7

∫ 0

−(ark)2
|Bark

|
2
21‖vk‖

4
L3,∞(Bark

)

≤ c‖vk‖
4
L∞(−1,0;L(3,∞)(B1))

≤M4.

We have by Lemma 2.5 again

A(Uk,Dk,a)+E(Uk ,Dk,a)+D(Pk ,a)

+C1(Uk,Dk,a)+D1(Pk,a)≤ c(M,N), (3.10)

so that

‖Uk‖
4
L4(Qa)

≤ c
∫ 0

−a2
‖Uk‖

2
L(3,∞)(Ba)

‖Uk‖
2
L6(Ba)

≤ c
∫ 0

−a2
‖Uk‖

2
L(3,∞)(Ba)

‖∇Uk‖
2
L2(Ba)

+c
∫ 0

−a2
|Ba|‖Uk‖

2
L(3,∞)(Ba)

‖Uk‖
2
L2(Ba)

≤ caM2
(

A(Uk,a)+E(Uk ,a)
)
,

‖Dk‖
4
L4(Qa)

≤ ac(M,N)
(

A(Dk,a)+E(Dk,a)
)
.
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Thus the Lp estimate holds for (Uk,Dk,Pk) in Qa, for any a>0,

∫

Qa

|Uk|
4+|Dk|

4+|∂tUk|
4
3 +|∂tDk|

4
3 +|∇2Uk|

4
3

+|∇2Dk|
4
3 +|∇Pk|

4
3 ≤ c2(a,M,N). (3.11)

By Aubin-Lion’s lemma, there exists a triplet (u,e,q) such that





Uk→u in L3(Qa),

Dk→ e in L3(Qa),

Pk ⇀q in L
3
2 (Qa),

(3.12)

and

Uk →u, Dk→ e in C
([

−a2,0
]
;L

4
3 (Ba)

)
.

Using estimates above, the limit function (u,e,q) satisfy, in the sense of suitable

weak solutions on R
3×(−∞,0),






ut−∆u+u·∇u+∇q= e·∇e,

∇·u=0,

et−∆e+u·∇e= e·∇u.

(3.13)

From (3.7) and (3.8), we get

∣∣{x∈B(0) : |Uk(x,0)|>ǫk}
∣∣<ǫk, (3.14)

and for ρ∈ [2ǫk,1]
1

ρ2

∫

Qρ

|Uk|
3+|Dk|

3
>

ε0

2
. (3.15)

Taking limit we get

u(·,0)=0 in B1(0), (3.16)

and for ρ∈ (0,1]
1

ρ2

∫

Qρ

|u|3+|e|3≥
ε0

2
. (3.17)

The crucial point here is a reduction to backward uniqueness for the heat op-

erator with lower order terms as [3]. Set

uk =ρku
(
ρkx,ρ2

kt
)
, ek=ρke

(
ρkx,ρ2

kt
)
, qk =ρ2

kq
(
ρkx,ρ2

kt
)
.



X. Liu, Y. Liu and Z. Liu / Commun. Math. Res., 39 (2023), pp. 107-135 127

Then (uk,ek,qk) satisfy (3.13), and similar to (3.10) for any a>0

A(uk ,ek,a)+E(uk ,ek,a)+D(qk,a)+C1(uk,ek,a)+D1(qk,a)≤ c(M,N). (3.18)

As before there exists a triplet (ṽ, ẽ, q̃) is suitable weak solution of (3.13) such that






uk → ṽ in L3(Qa),

ek → ẽ in L3(Qa),

qk ⇀ q̃ in L
3
2 (Qa),

(3.19)

and

uk → ṽ, ek → ẽ in C
([

−a2,0
]
;L

4
3 (Ba)

)
. (3.20)

From (3.16) we get

ṽ(·,0)=0 in R
3, (3.21)

from (3.17) and take ρ=ρk ∫

Q1

|ṽ|3+|ẽ|3≥
ε0

2
. (3.22)

On the other hand, for fixed z0 and 0<R≤ 1
2rk

, as (3.18)

A(uk,ek,z0,R)+E(uk ,ek,z0,R)+D(qk,z0,R)

+C1(uk,ek,z0,R)+D1(qk,z0,R)≤ c(M,N). (3.23)

By the Fubini theorem, we have, for dṽ(t)= |{x∈R
3 : |v(x,t)|>γ}|,

∣∣∣
{
(x,t)∈R

3×(−T,0) : |ṽ(x,t)|>γ
}∣∣∣

=
∫ 0

−T
dṽ(t)(γ)dt≤γ−3 M3T.

Hence for any η>0, there exists a BR such that
∣∣∣
{
(x,t)∈

(
R

3\BR

)
×(−T,0) : |ṽ(x,t)|>γ

}∣∣∣<η.

Let Q1(z0)⊂ (R3\BR)×(−T,0], by (3.23), we have

A(ṽ, ẽ,z0,θ)+E(ṽ, ẽ,z0,θ)≤C(M,N)

for any 0< θ≤1. Thus, by the interpolation inequality we have

θ−
5
3

∫

Qθ(z0)
|ṽ|

10
3 +|ẽ|

10
3 ≤ c(M,N).
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Thus

C1(ṽ,1,z0)≤γ3|Q1(z0)|+
∫∫

Q1(z0)∩{|ṽ|>γ}

|ṽ|3dxdt

≤ cγ3+‖ṽ‖
L

10
3 (Q1(z0))

∣∣Q1(z0)∩{|ṽ|>γ}
∣∣ 1

10

≤ c
(

γ3+η
1
10

)
.

For any ǫ>0 we choose γ and η such that C1(ṽ,1,z0)<ǫ.

It is easy to see that, by (2.5),

K(ẽ,z0,θ)≤ cθ−3C1(ṽ,z0,1)
2
3
[
A(ẽ,z0,1)+E(ẽ,z0,1)

]
+θ2K(ẽ,z0,1). (3.24)

Utilizing (3.24) and Hölder’s inequality we have

C1(ẽ,z0,θ)≡ θ−2
∫

Qθ(z0)
|ẽ|3≤

[
θ−

5
3

∫

Qθ(z0)
|ẽ|

10
3

] 3
4
[

θ−3
∫

Qθ(z0)
|ẽ|2
] 1

4

≤ c(M,N)K(ẽ,z0,θ)
1
4 ≤ c(M,N)

(
θ−

3
4 ǫ

1
8 +θ

1
2

)
. (3.25)

Thus

C1(ṽ, ẽ,z0,θ)≤ θ−2ǫ+c(M,N)
(

θ−
3
4 ǫ

1
8 +θ

1
2

)
.

First, we take θ such that c(M,N)θ
1
2 ≤ ε0

2 , then take ǫ such that

θ−2ǫ+c(M,N)θ−
3
4 ǫ

1
8 ≤

ε0

2
,

i.e.

C1(ṽ, ẽ,z0,θ)≤ ε0,

which implies that z0 is a regular point by Proposition 1.1. Therefore, (ṽ, ẽ, q̃)
are smooth and their derivatives are bounded in (R3\B2R)×(−T/2,0). Next we

show

ẽ(·,0)=0. (3.26)

For any B(y) and φ∈C∞
0 (B(y)), we have

∣∣∣∣
∫

B(y)
ẽ(x,0)φdx

∣∣∣∣≤
∫

B(y)
|ẽ(x,0)−ek(x,0)|dx+

∣∣∣∣
∫

B(y)
ekφ

∣∣∣∣.
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Note that e(·,t)∈VMO−1(R3) for t∈ (−T,0], e(·,0)=∂jUj,Uj∈VMO(R3),

∫

B1(y)
ek(x,0)ϕ(x)dx

= rk

∫

Brk
(rky)

∂jUj(w)ϕ

(
w

rk

)
r−3

k dw

=−r−3
k

∫

Brk
(rky)

(
Uj(w)−(Uj)Brk

)
∂j ϕ

(
w

rk

)
dw.

From (3.20) and Uj∈VMO(R3) we get

ẽ(x,0)=0, x∈R
3.

The backward uniqueness theorem of parabolic equations [3], we conclude

ẽ(x,t)=0 in R
3\B̄2R(0)×(−T/2,0].

Using unique continuation theorem of parabolic equation in the bounded domain

again [3], we conclude that

ẽ(x,t)=0 in R
3×(−T/2,0).

Thus, ṽ satisfies Navier-Stokes equations in R
3×(−T/2,0)

{
∂tṽ−∆ṽ+ ṽ·∇ṽ+∇q̃=0,

divṽ=0.

Using (3.21) and backward uniqueness of heat operator again [3], we get

ṽ(x,t)=0 in R
3×(−T/2,0),

which is a contradiction with (3.22).

Theorem 1.3 is obvious from the process of proof before.

4 Proof of Theorem 1.2

Define for any r>0 such that Qr(z0)⊂QT ,

C2(v,z0,r)= r−1
∫

Qr(z0)
|v|4, C2(B,z0,r)= r−1

∫

Qr(z0)
|B|4.
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By interpolation inequality we have

C(B,z0,R)≤A(B,z0 ,R,)
6
7 C2(B,z0,R)

4
7 ≤ c(c0,R),

C2(v,z0,R)≤ cM2
[
A(v,z0,R)+E(v,z0,R)

]
,

where ‖v‖L∞(−1,0;L3,∞(R3))≤ M. On the other hand, by Calderón-Zygmund theo-
rem,

‖p(t)‖s
Ls (R3)≤ c‖(v,B)(t)‖2s

L2s (R3) for 1< s<∞,

and
(v,B)∈L4

(
0,T;L3

(
R

3
))

,

which implies

p∈L2
(

0,T;L
3
2
(
R

3
))

,

we have
D(p,z0,R)≤ c(c0,R).

Since for any 0< r≤R,

C(v,z0,r)≤ cM4,

by Lemma 2.5, we have for any 0< r≤ R
2 and z0∈Ω×(0,T), Ω⊂⊂R

3,

A(v,B,z0,r)+E(v,B,z0,r)+C1(v,B,z0,r)+C2(v,B,z0,r)

+C(B,z0,r)+D(p,z0,r)+D1(p,z0,r)

≤ c(M,R,c0)≡N. (4.1)

The number ε(M,N) of Proposition 3.1 can be determined.
Let S be a singular points set of (v,B) at {(x,T) : x∈R

3}. Assume that it con-
tains more than M3ε−4 elements. Letting P=[M3ε−4]+1, we can find P different
singular points {(xk,T) : k= 1,.. .,P} of the set S. We can choose R0 ≤R such that
BR0

(xk)∩BR0
(xl)=∅, k 6= l, and bounded domain Ω such that ∪P

k=1BR0
(xk)⊂Ω.

According to Proposition 3.1, for all r∈ (0, R0
2 ], it holds true

ε≤
1

r3

∣∣∣
{

x∈Br(xk) : |v(x,T)|>
ε

r

}∣∣∣ (4.2)

for all k=1,.. .,P. In particular, taking r= r0=
R0
2 , we have

Pε≤
P

∑
k=1

1

r3
0

∣∣∣∣
{

x∈Br0(xk) : |v(x,T)|>
ε

r0

}∣∣∣∣
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≤
1

r3
0

∣∣∣∣
{

x∈∪P
k=1Br0(xk) : |v(x,T)|>

ε

r0

}∣∣∣∣

≤
1

r3
0

∣∣∣∣
{

x∈Ω : |v(x,T)|>
ε

r0

}∣∣∣∣

≤ ε−3‖v(·,T)‖3
L(3,∞)(Ω)

≤ ε−3M3,

i.e. P≤M3ε−4
<P, which is a contradiction.

5 Proof of Proposition 1.1

According to the Lp theorem of Stokes system in [4], if f∈W−1,q(Ω;R3), 1<q<∞,
and Ω is a C1 bounded domain, the following Stokes equations:





−∆v+∇p= f,

divv=0,
∫

Ω
p=0,

v|∂Ω =0,

(5.1)

there exists exactly one solution (v,p)∈W1,q(Ω)×Lq(Ω), and

‖∇v‖Lq(Ω)+‖p‖Lq(Ω)≤ c(q)‖f‖W−1,q(Ω). (5.2)

The Wolf’s local pressure projection Pq tell us,

Pq :W−1,q(Ω)→W−1,q(Ω), Pq(f)= p.

As in [22], we have following lemma.

Lemma 5.1. Let (u,B) be a weak solution of (1.1), then for every C2 bounded sub-domain

Ω and any φ∈C∞
0 (Ω×(0,T)), there holds

−
∫ T

0

∫

Ω
(u+∇ph)·φt−

∫ T

0

∫

Ω
(u⊗u−B⊗B+p1I) :∇φ

+
∫ T

0

∫

Ω
(∇u−p2I) :∇φ=0, (5.3)

i.e. set vΩ=v :=u+∇ph ,

∂tv+div(u⊗u)+∇p1+∇p2=∆v+B·∇B, (5.4)
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where I is identity matrix, and




ph =−P2(u),

p1=−P 3
2
(u⊗u−B⊗B),

p2=P2(∆u).

In addition, the following estimates hold for a.e. t∈ (0,T)





‖∇ph(t)‖Lm(Ω)≤ c‖u(t)‖Lm(Ω), 1<m≤6, (5.5a)

‖p1(t)‖
L

3
2 (Ω)

≤ c‖u⊗u−B⊗B‖
L

3
2 (Ω)

, (5.5b)

‖p2(t)‖L2(Ω)≤ c‖∇u(t)‖L2(Ω). (5.5c)

Here c > 0 depends on the geometry of Ω and in (5.5a) on m only. In particular, if Ω

is the ball BR(x0) then c in (5.5a) depends only on m, while in (5.5b) and (5.5c) c is an

absolute constant.

Hence we have local energy inequality, for ϕ∈C∞
0 (Ω×(0,T))

∫

Ω

(
|v(t)|2+|B(t)|2

)
ϕ+2

∫ t

0

∫

Ω

(
|∇v|2+|∇B|2

)
ϕ

≤
∫ t

0

∫

Ω

(
|v|2+|B|2

)
(ϕt+∆ϕ)+

∫ t

0

∫

Ω

(
|v|2u+|B|2v

)
·∇ϕ

+
∫ t

0

∫

Ω
2(p1+p2)v·∇ϕ+2

∫ t

0

∫

Ω

(
u⊗v :∇2ph ϕ−B⊗v : B⊗∇ϕ

)
. (5.6)

Note that the suitable weak solution of (1.1) satisfies the local energy inequal-
ity (5.6).

From local energy inequality we can get the Caccioppoli-type estimates

‖W‖2

L
10
3 (Q R

2
)
+‖∇W‖2

L2(Q R
2
)≤ cR− 1

3‖W‖2
L3(QR)

+cR−1‖W‖3
L3(QR)

. (5.7)

Here W=(u,B), and

‖W‖2
Lk(Qr)

=‖u‖2
Lk(Qr)

+‖B‖2
Lk(Qr)

,

‖∇W‖2
L2(Qr)

=‖∇u‖2
L2(Qr)

+‖∇B‖2
L2(Qr)

.

Obviously,

C1(W,z0,r)=C1(u,B,z0,r), E(W,z0,r)=E(u,B,z0 ,r).

Proposition 1.1 is an immediate result of following lemma.
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Lemma 5.2. Suppose that (u,B) is a local suitable weak solution of (1.1). Then there

exist universal constants ε∗>0 and θ∈(0, 1
4 ] with following property. For any ε∈(0,ε∗]

if

C1(W,z0,1)≤ ε,

then

C1(W,z0,θ)≤ ε.

Proof. We prove by contradiction. Let θ∈ (0, 1
4 ] be a constant to be specified later.

Suppose there exist a decreasing sequence {εn} converging to 0, and a sequence

of pairs of local suitable weak solutions (un,Bn,pn) such that

C1(Wn,z0,1)= ε3
n, (5.8)

C1(Wn,z0,θ)> ε3
n. (5.9)

Define

(vn,en,qn)=

(
un

εn
,
Bn

εn
,
pn

εn

)
,

then they satisfy

∂tvn+εnvn ·∇vn+∇qn=∆vn−εndiv(en⊗en), divvn=0,

∂ten+εnvn ·∇en−∆en= εnen ·∇vn.

Write wn=(vn,en), then

C1(wn,z0,1)=1, (5.10)

C1(wn,z0,θ)>1. (5.11)

Using the Caccioppoli estimate (5.7) we conclude

‖wn‖
L

10
3 (Q 1

2
(z0))

+‖∇wn‖L2(Q 1
2
(z0))

≤ c, (5.12)

which implies

‖wn ·∇wn‖
L

5
4 (Q 1

2
(z0))

≤‖∇wn‖L2(Q 1
2
(z0))

‖wn‖
L

10
3 (Q 1

2
(z0))

≤ c.

The coercive estimate for the Stokes system (see, e.g., [13]) with a suitable cut-off

function implies
∫

Q 1
3
(z0)

|∂twn|
5
4 +|∇2wn|

5
4 +|∇qn|

5
4 +|wn|

5
4 ≤ c,
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where the constant c is independent of n. Thanks to the compact embedding

theorem and (5.12), there exist w∈L3(Q 1
3
(z0)) and q∈L

5
4 (Q 1

3
(z0)) such that

wn→w=(v,e) in L3
(

Q 1
3
(z0)

)
,

qn ⇀q in L
5
4
(
Q 1

3
(z0)

)
.

Thus (v,e,q) satisfy

∂tv−∆v+∇q=0, divv=0, ∂te−∆e=0.

Moreover

‖w‖L3(Q 1
3
(z0))

+‖q‖
L

5
4 (Q 1

3
(z0))

≤ c.

By the classical estimate of the Stokes system [19], we get

sup
Q 1

3
(z0)

|w|≤ c,

which implies that for 0< θ≤ 1
3

C1(w,z0,θ)≤ cθ3.

This contradicts (5.11), if we choose θ sufficiently small. The lemma is proved.
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