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Abstract. In this paper, we consider the following Schrédinger-Poisson system

—Au+npu=f(x,u)+u’, x€Q,
—A¢:u2, xeq),
u=¢=0, x €00,

where () is a smooth bounded domain in R3, # = +1 and the continuous function f
satisfies some suitable conditions. Based on the Mountain pass theorem, we prove the
existence of positive ground state solutions.
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1 Introduction
In this paper, we study the following Schrédinger-Poisson system with general nonlin-
earity and critical exponent on bounded domain

—Au+npu=f(x,u)+u’, xeQ,
—Ap=1?, xe(), (1.1)
u:4):0, anQ,
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where Q) is a smooth bounded domain in R3, n = =1, and the continuous function f
satisfies some suitable conditions.

The Schrodinger equation, which is the first equation in system (1.1), describes quan-
tum particles interacting with the electromagnetic field generated by the motion. An in-
teresting class of Schrodinger equation is the case where the potential ¢(x) is determined
by the charge of the wave function itself, that is, when the second equation in system
(1.1) holds, see [1]. From [2-5] and the references therein, we can learn more information
about the physical relevance of the Schrodinger-Poisson system.

To the best of our knowledge, researchers only obtained a few results about the Schro-
dinger-Poisson system with critical exponent on bounded domain, see for instance [1],
[6-11].

In [6], assuming that y=A, f(x,u) =Aul"1, A>0and 1<g<2, via using the variational
method, the authors proved that system (1.1) has at least two positive solutions and one
of the solutions is a ground state solution for all A€ (0,A..), where A, is a positive constant.
In[7], let y=—1, f(x,u) =Afa(x)ui™!, f=Af"+f", A>0and 1<q<2, by using the
variational method and analytic techniques, they got that system (1.1) has at least two
positive solutions and one of the solutions is a ground state solution for all A € (0,A.),
where A, is a positive constant. In [8], when y=—1, f(x,u) =AM 1, A>0and 2< g<6,by
the Mountain pass theorem and the concentration compactness principle, they obtained
that if 2 < g <4, system (1.1) has at least one positive ground state solution for all A > A,,
where A, is a positive constant; if 4 < g <6, system (1.1) has at least one positive ground
state solution for all A >0.

In[9], let =A, f(x,u) =2, A>0and 0 <r <1, the author got that system (1.1) has
at least two positive solutions and one of the solutions is a ground state solution for all
A€ (0,A,), where A, is a positive constant. In [10], assuming that y = —1, f(x,u) = %,
A>0and 0<r<1, the authors proved that system (1.1) has at least two positive solutions
for all A € (0,A,), where A, is a positive constant. In [11], let y =1, f(x,u) = ‘x%u,, A>0,
O0<r<land 0<B< %, combining with the variational method and Nehari manifold
method, two positive solutions of system (1.1) are obtained.

In [1], assuming that 7=1, the nonlinear term f:()x R— R and its primitive F satisfies
the following conditions:

(f1) |f(x,8)| <C(1+]|s|P~1) for some p € (2,6), where C is positive constant;

(f2) f(x,s)=o0(]|s|) uniformly in x as |s| —0;

(f3) s+ % is nondecreasing on (—o0,0)U(0,4o0);

(fa) F‘(;]f) — +oco uniformly in x as s — +oco.
Via the variational methods, the authors got that system (1.1) has at least one nontrivial
ground state solution.

On the basis of the above literature, especially [1], we continues to study system (1.1)
with general nonlinearity and critical exponent on bounded domain. We assume that
7 ==+£1 and the nonlinear term f:() x R — R satisfies the following assumptions
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(F) fEC(OXR,R),f(x,s)>0if s>0and f(x,s)=0if s<0 for all x€ ();

(F2) limg_,q+ f();’s) =0and limg_, f(sxgs) =0 uniformly for all xe ();
(F3) there exists 0 <a < A; such that f(x,s)s—4F(x,s) > —as? for all x€ Q) and s >0,

where F(x,s) = fos f(x,t)dt and A is first eigenvalue of the operator —A;

(Fs) there exists a nonempty open set w C Q) with 0 € w such that lim,_, | @ =400
uniformly for x € w.
Now, we give our main result.

Theorem 1.1. Assume that ==£1and (Fy)-(Fy) hold, then system (1.1) has at least one positive
ground state solution.

Remark 1.1. Compared with [1], on one hand, our assumptions (F3)-(Fs) for the non-
linear term f are weaker than assumptions (f3)-(f1) in [1]. On the other hand, we also
consider the case of = —1.

This paper is organized as follows. In Section 2, we give some necessary notations
and important preliminaries. The proof of Theorem 1.1 is given in Section 3.
2 Notations and preliminaries

Let H:= H}(Q) be the Sobolev space equipped with the inner product and the norm
(u,0) = /Q(Vu,VU)dx, ]| = (1t,u) 2.

LP(Q)(1<p<+o0) denotes a Lebesgue space, the norm in LV (Q}) is denoted by

1
4
lul, = (/Q|u]pdx> .

Ci(i=1,2,3,...) denote various positive constants, which may vary from line to line.
Let S be the best Sobolev constant, namely,

/]Vu]zdx
S:i= inf 22 (2.1)

ueH\ {0} 3
</ ]u|6dx>
0

Via Lax-Milgram theorem, for every u € H, the Poisson equation —A¢ = u? has a u-
nique solution ¢, € H. We insert ¢, into the first equation of system (1.1), then system
(1.1) is translated into the following problem

(2.2)

—Au+npu=f(xu)+u’, xeQ,
u=0, x €90
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The energy functional I corresponding to problem (2.2) is given by

I(u) ——Hqu /cpu T)2dx— / (,u+)dx—%/0(u+)6dx.

So for all u,v € H, it holds

(I’(u),v):/Q(Vu,Vv)dx—l—iy/Q(pu(qu)vdx—/Qf(x,uJ“)vdx—/Q(qu)Svdx.

Recall that u is called weak solution of problem (2.2) if

/Q(Vu,Vv)dx—kn/Q(pu(u*)vdx:/()f(x,u*)vdx—k/ﬂ(u*)g’vdx, YveH.

We need the following lemma from [12,13].

Theorem 2.1. For every u € H, there exists a unique element ¢, € H solution of
—Ap=u?, x€Q,
¢=0, x€0Q),

nd

1984 * = [ purdx;
0
¢u >0, Yu € H. Moreover, ¢, >0 when u #0;

for each t #0, pp, = t>¢py;
there exists Cy such that ||¢, || < Cq||u||* and

()
(b)
(¢)
()

[IVoudr= [ guidx<cilult, vuet;
(e) assume that u, —u in H, then ¢, — ¢, in H and

/Q(Pununvdx—>/0<puuvdx, for every veH;
(f) set F(u)= [ puu*dx, then F:H— H is C' and

(F'(u), 4/ ¢yuvdx, VveH.

3 Proof of Theorem 1.1

71

(2.3)

(2.4)

(2.5)

First of all, we claim that the functional I has the geometry of the Mountain pass theorem.

Theorem 3.1. Suppose that f satisfies (Fy) and (F,), then there exist some constants p,u >0

such that I(u) > a> 0 whenever ||u||=p.
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Proof. By (F;) and (F,), there exists C, > 0 such that
+ M o4 +15 + Mo +16 ~
flosT) <587 +6Ca(sT)”,  [F(xsT)[< 2 (s7)"+Cals7)", V(xs)€QxR. (3.1)

Consequently, by Lemma 2.1(d), (2.1), (3.1) and the Holder inequality, when = —1, we

have
I(u) _—H = /(])u )2dx— / dx——/ )edx

> gl = = [ PGt )dn—g [ t)ax
> 2= =G [ (e Pdx—Ca [ ()= [ ()
= 2l 1Hur|4—% [ pax =25 [ (u)odn
> L= S - 2 s e
— ol { 3 - S~ s 5. 62)

Similarly, via Lemma 2.1(a), (2.1), (3.1) and the Holder inequality, when 17 =1, we obtain

I(u ——|| 124 4/([)1, )2dx— /F(x,u*)dx—%/ﬂ(u*fdx
> 2l = [ Pt ydv—g [ (u)°dx
2%” Hz—% (u+)2dx—C2/ 6dx—6/ TYedx
=gl [ =2 [ (e
> L2 E 2
=|\un2{§—6@%15-3uuu4}. 63)

Therefore, when n = %1, using (3.2), (3.3) and choosing p = ||u|| > 0 sufficiently small,
there exists a constant « > 0 such that I(u) >« >0 whenever ||u|| =p. This completes the
proof. O
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Theorem 3.2. Assume that (Fy) and (F,) hold, there exists a function e € H with ||e|| > p such
that I(e) <O0.

Proof. By (F;) and (F,), there exists C, >0 such that
IF(x,57)| <e(sT)®+Ce.

Letuc H and u™ #0, we have

/F(x,ttﬁ)dx £t6/ (ut)®dx+Ce|Q
lim 22 < lim —22

ttoo 16 T t54o0 16

:s/ﬂ(u+)6dx.

Using the arbitrary of ¢, one gets

/ F(x,tu™)dx
0

lim =0.
t— o0 i’6

Thus, we have

I(tu) jull, 1 Jy el P [ FGontyde [ )
lim = lim + 20 _J0 _Jo
t—4co 0 t5teo | 24 412 16 G
__! (u™)®dx <0
6.Jo /

which implies that I(tu) — —oco as t— +oco. Thus we can find #; >0 large enough such that
e=|[tou|| >p and I(e) <0. So we complete the proof. O

Next, we prove that the functional I satisfies (PS). condition.

Theorem 3.3. Assume that (Fy)-(F3) hold, then the functional I satisfies the (PS). condition for
all ce (O,%S% ).

Proof. Let {u,} C H be a (PS). sequence of I, that is,
I(uy)—c and I'(u,)—0,n—oco. (3.4)

Then the sequence {u,} is bounded in H. In fact, since §(1— i) >0, by (F), (2.3), (24)
and (3.4), we can get

4 1ko(ful]) > Tota) — 3 (1 () 1)
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1 a
> S r_? / )6
= gl =7 T dx
1 a
>_(1—— 2 )
>4 Al)HunH , (3.5)

which implies that {u,} is bounded in H. Up to a subsequence, still denoted by {u,} ,
there exists u, € H such that

u, —u, weaklyin H,
u, —u, stronglyin L°(Q), s€[1,6), (3.6)
un(x) —u(x) a.e onQ.

Since {u,} is a (PS). sequence of I and u, —u, in H, we can infer

<I,(M*),M*>:O. (3.7)
Consequently, by (F3), one has
1) > 1) = 2 (1 (1) 2)
4
1 SIS VRN B ey
= gl = [ (Foud) = 3Gl )dx+1 [ (w)d
=gl 2= [ (e s o5 [ ax
4"y * 12/)a" "
1
> (=) s >0 (38)

Using (3.6) and Lemma 2.1(e), we get that

[ 9w Pdx= [ g (uf)Pdx+o(1), (3.9)
where 0(1) — 0 as n— +o0. Set v, = u, — u,, the Brézis-Lieb lemma (see [15]) means that

[[nl|? = [[on 1+ [l ]| +0(1).

(3.10)
/(u,f)édx / 6dx—I—/ Fédx+o(1).
o)

By (F,) and (3.6), we get that

I /F,,jd:/zf,jd
im Q(xu)x Q(xu)x

n—-4oo

lim /Qf(x,u,f)undx:/Qf(x,uj)u*dx.

n—r+00

(3.11)
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Moreover, using (3.4), (3.9)-(3.11), we can deduce that

e o(1) =un) = g ltnlP+ T [ g, e [ Pyt [ ()0
g Ll P lon 2} +2 [ gt Vo= [ PGt x
6{/ 6dx+/ 6dx}
—{—Ilu*l\z D[ s [ Fend)dr—g [ (s
+lonlP—¢ [ (o)edx

=1(e) +5llonlP = [ (@), (3.12)

From (3.12), one gets

]2~ 6/ D)edx=c—I(w.)+o(1). (3.13)
Similarly, by (3.4), (3.9)-(3.11), we obtain
0(1) =(I"(un),un)
=l Py (02— || Flx wact— [ (1)0ix
_ 2 2 +\2 _ +
= (e P+ loalPY 1 [ g ()P [ flxas .y
{/ bedx+ | (v 6dx}
{|M*HZ+77/ pu, (uf)?dx— /f x,u udx— /( j)édx}
ol [ (o)
_7 2 +16
=(1'(w) ) + ol P~ [ (v)°dx
_ 2 16
=oal*~ [ (v (614
From (3.14), one has
ol [ (0i)°dx=o(1). (3.15)
Q

Let
|va]|>—=1% and / edx — 12, (3.16)
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Using the Sobolev inequality and (3.16), we get that /=0 or 12> S3.If1 =0, this completes
the proof. Assume that > > S3. Then, passing to the limit in (3.13) and taking into the
account (3.8) and (3.16), we obtain

]. ].
>_lz__12_
C > =

> .
=283, (3.17)

which is a contradiction. Therefore, ] =0 and we conclude that u,, — u, in H. This com-
pletes the proof. O

Next, we estimate the level value of functional I.

Theorem 3.4. Assume that y==1 and (F;)-(Fy) hold, there exists u, € H such that

1
supl(tu,) < =S,
>0 3
Proof. As is known to all, the function
24\ 1
X :7(36)4 -, x€R3,
(2 +|x[?)2

is a positive solution of the problem —Au=u’, Vx€R3. Define a cut-off function p€CJ*(Q)
such that 0 <y <1, |V¢| < Cs. For some é >0, we define

po={ M=
o, |x|>29,

and {x:|x| <26} Cw, where w is defined by (Fy). Set u.(x) =¢(x)U(x). As well known
(see [16,17]), one has

e[ > = [ U] +O(e) =S +0(e), (3.18)
el =U[§+0(£) =82 +0(&%), (3.19)
and
O(e?), 1<s<3,
/Q]u,glsds: O(e?|Ing|), s=3, (3.20)
O(e7), 3<s<6.
For any € >0 and ¢ >0, we define I(tu,) by

12 t t
It = el P+ [ (Pt [ Pl )dx—c [ (o
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Since lim;_, 4 o I(f1t;) = —00 and I1(0) =0. By Lemmas 3.1 and 3.2, there exist two constants
t1,t2>0, which independent of ¢, such that 0< t; <t, <tp <400 and max;>o I (tu) =1 (tee).
Let I(tue) =1I.1(t) +nl2(t) — L 3(t), where

2 e _t 2
Loa ()= lnelP— [ (u)d, La(t)=7 [ gl
Ia(t) :/ F(x,tu )dx.
0
First, we estimate the value of I, 1 (t). Since

t6

< ( Dedx, £>0,

Is,l(f)z—llueH2

we have

L) =t ue|2— £ /Q (uF)edx, >0,

Let I/, (t) =0, that is, [|ue||*—° [ (uf)°dx=0. One obtains

1
e |2 )z A
= ———— | =T..
<f0(u€+)6dx y

Then I{,(t) >0 forall 0<t < T and I; , (#) <O for all ¢ > T, so I;1(t) attains its maximum
at T;. Thus from (3.18) and (3.19), one gets

Juel?\?
Jot) hoa(T) = 5 P~ % [ =1 ( e )6dx>;>

_1(_5240() 2:1%
_3<(Sz+o(€3))%> 357 +0(0). (3.21)

Secondly, we estimate the value of I.»(t). Using (2.1), (3.20) and the Holder inequality,

we have
Lo(te) = /4)”8 2dx< </ ¢S d ) </ (uj)léolx)2

12 3
<G ( / us dx> —0(&). (3.22)
0
Thirdly, we estimate the value of I 3(f;). One has that
/ F(x,teu) )dx
lim 22 = +-o00. (3.23)

e—07T &
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Let m(t) =infyc, f(x,t), via (F;) and (Fy), we have

flx,t)>m(t)>0,  lim m(t)

—+
4o 13 !

for almost x € w and t> 0 So for any u >0, there exists A >0 such that M(t) > ut* for all
t> A, where M(t f o M(s)ds. Thus, one obtains

F(x,teul)d / Fx,tgujdx/
/Q (0 tes) x> \x\<5( ) <

M(tuf)dx
|x|<é
€ € - €
5 ¢ 11 Se1 # 11
:e’l/ M &74821 rzdr:s2/ M Ak 21 r’dr
0 (e24712)2 0 (1+72)2
1 - 11
82/ t534e - rzdr—eszf8 | 13T 2d (3.24)
0 (1+r2) de1 (1472)2

We prove that M(t) is increasing for all £ >0 since m(t) >0 for all ¢ > 0. Using (F,), one
has M(t) < Cyt? for all t>0 small enough. Consequently, we have

-1 11

) [ te31e2

s S
de1

r2dr
(1+12)3

<Cue 'M(t3ie2) < Cpe ' M(T.34e2) < Cy,

(3.25)
for all e >0 small enough. Fixed A, there exists B >0 such that 2*345 )2 >Aforall1<r<
1472
Be 1. Therefore, one obtains
1 pale} Be 3 3k
timinfe [* M 2 * | 24r> liminfe? [ m LCACL Ry
e—=0T 0 (1‘F72)7 e—0t 1 (1—Fr2)7
. Be? 2,2 too 42
> liminfC / £ dr= / I dr= 3.26
l.srgtl)r+1 e (1472)2 =k (147r2)2 r=ee. (3:26)
Thus, from (3.22)-(3.23), when =1, we have
Supl(tug) S I(tgug) — grl (tg) +Ig,2(t8) - 18,3(t€)
£>0
13 2 1 3
<352 +0(e) +0(e7) ~ Lea(te) < 35% (3.27)
while 7=—1, one has
Supl(tug) S I(tgug) - gll(tg) - 18,2(t€) - 1513(tg)
£>0
1 3 1 3
S Ie,l(tg) —I£’3(tg) S 552 +O(€) — 15,3(tg) < 552 . (328)
This completes the proof.



Positive Ground State Solutions for Schrédinger-Poisson System 79

Now, we give the proof of Theorem 1.1.
Proof of Theorem 1.1. We divide two steps to prove Theorem 1.1.

Step 1. We prove that there exists a positive solution for problem (2.2).

Via Lemma 3.1 and Lemma 3.2, we obtain that the energy functional I has the geom-
etry of Mountain pass theorem. By Mountain pass theorem (see [14]), we get that there
exists a sequence {u,} C H satisfying I(u,) — c,I'(u,) — 0. Moreover, combining with
Lemmas 3.3 and 3.4, we not only have 0 <a <c < %S%, but also get that there exists a
sequence {u, } C H possesses a strongly convergent subsequence (still denoted by {u,,}).
Let u* € H, satisfying u, — u* and I(u*) =c>a >0. So u* is a nontrivial solution for
problem (2.2).

We difine (#*)~ =max{—u*,0}. By (I'(u*),(u*) ") =0, one gets (u*)~ =0. Thus, u*>0.
By the strong maximum principle, we have u* >0 in H. Thus u* is a positive solution of
problem (2.2).

Step 2. We obtain that there exists a positive ground state solution for problem (2.2).
Let
m=inf{I(u):u€ H,u#0,I'(u)=0}.

By the definition of m, there exists {u, } C H such that u, #0, and
I(uy)—m, I'(uy)—0 asn— oo. (3.29)

From (3.5), one can easily get that {u, } is bounded in H. Then there exists a nonnegative
subsequence of {u,} (still denoted by {u,} ) and u € H such that u,, — u weakly in H.
We claim that u #0 . Arguing by contradiction, u,, — 0 weakly in H, it follows that

u,—0, inLP(Q)(1<p<6).
In particular,
| gu i P=o), [ Flou=ot), [ flrudu=on). (330
Therefore, by (3.29) and (3.30), one gets
i~ | (u)°dx=0(1). (331)
Let limy,_,c0 || t4n || =1, this together with (3.31), we obtain
> S? or [=0.

Using (3.29) again, it follows that

—tim d Yz +z_/ +_1/+6
=t {3l [ (e [ P [ ()

.1 1
:,}gr;og\\unllzz 512-
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If =0, then m =0, this contradicts to the definition of m. Consequently, m = }1*>
According to Lemma 3.4, one gets %S% <m< %S%, this is a contradiction. So one gets
u, —u#0 weakly in H.

Moreover, using Lemmas 3.3 and 3.4, we can get that u, —u in H and I(u) =m. So u
is a nontrivial solution of problem (2.2). Similar to u* in Step 1, by the strong maximum
principle, we obtain that u is a positive solution of problem (2.2), and I(u)=m. Thus, u is
a positive ground state solution of problem (2.2). Then (u,¢,) is a positive ground state
solution of system (1.1). Therefore, we finish the proof of Theorem 1.1. O
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