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Abstract. In this paper, we study the well-posedness and blow-up solutions for the
fractional Schrodinger equation with a Hartree-type nonlinearity together with a power-
type subcritical or critical perturbations. For nonradial initial data or radial initial data,
we prove the local well-posedness for the defocusing and the focusing cases with sub-
critical or critical nonlinearity. We obtain the global well-posedness for the defocusing
case, and for the focusing mass-subcritical case or mass-critical case with initial da-
ta small enough. We also investigate blow-up solutions for the focusing mass-critical
problem.
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1 Introduction

In this paper we consider the following Cauchy problem for the fractional nonlinear
Schrodinger equation

{ idpu=(=A) u+ A (Julfut (Ix[~7uf* Ju), (£x) ERFxRY, (1.1)

u(0,x)=¢(x), xeRN,
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where N>1,0<a<1,0<y<N,0<k< %", A =41, x denotes the convolution in RY, i is
the imaginary unit and u=u(t,x):R x RN — C is the unknown complex-valued function.
The fractional Laplace operator (—A)" is defined by

1

() 4= g [ 1P Flul@dg=F " [|g* Flu (@)] 20

where F and F~! are the Fourier transform and the Fourier inverse transform in RY,
respectively. When A =1, (1.1) is referred to be defocusing fractional NLS, while A = —1,
(1.1) is referred to be focusing fractional NLS.

In recent years, there has been wide interest in applying fractional Laplacians to mod-
el physical phenomena. By extending the Feynman path integral from the Brownian-like
to the Lévy-like quantum mechanical paths, Laskin in [1,2] used the theory of functionals
over functional measure generated by the Lévy stochastic process to deduce the follow-
ing nonlinear fractional Schrédinger equation

idpu=(—A)*u+f(u), (1.2)

where 0 < a < 1,f(u) = |u[*u. The parameter 0 < « <1 is the corresponding index of
the Lévy stable processes, see [1,2]. Eq. (1.2) with a =} has been also used as models
to describe Boson stars. Recently, an optical realization of the fractional Schrodinger
equation was proposed by Longhi [3]. For the nonlinearity |u|Pu, the well-posedness and
ill-posedness in the Sobolev space H* have been investigated in [4,5]. In [6], Boulenger,
Himmelsbach and Lenzmann have obtained a general criterion for blow-up of radial
solution of (1.1) with k> %" and N >2. Although a general existence theorem for blow-
up solutions of this problem is still an open problem, it has been strongly supported by
numerical evidence [7].

Also, Eq. (1.2) has attracted more and more attention in both physics and mathemat-
ics, see [4-6,8-16]. For the Hartree-type nonlinearity

fu)= (|77 uf?)u,

Cho et al. in [8] proved existence and uniqueness of local and global solutions of (1.2).
In [9] the authors showed the existence of blow-up solutions. The dynamical proper-
ties of blow-up solutions have been investigated in [10,11]. The stability and instability
of standing waves have been studied in [12]. For other kinds of fractional Schrodinger
equations in which the Hartree-type nonlinearity being replaced by a sublinearity, the
orbital stability of standing waves has been studied in [13,14].

Recently, Bhattarai in [17] employed the concentration compactness techniques to
prove existence and stability of standing waves for the following nonlinear fractional
Schrodinger-Choquard equation

{ i0pu = (—A)*u—|ulfu— (x|~ *|ul?) |u|P~2u, (t,x)€[0,T) xRN,
u(0,x) = ¢(x),
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where 1:[0,T) X RN —C is the complex-valued function, N>2, pc H*, 0<a<1,0<T <oo,
0<k<$,2<p< 1+%, 7€ (0,N). Feng and Zhang in [18] proved existence and
stability of standing waves with k=3%. We remark that when p=2, it reduces to (1.1); and
when 0<k< 3¢, k=% and k> 3¢ the equation is referred as the L?-subcritical, L?-critical
and L%-supercritical.

In this paper, we are going to prove the well-posedness and blow-up solutions of the
above fractional Schrodinger-Choquard equation with p=2, i.e. (1.1).

We write the Cauchy problem (1.1) in the following integral form

u(t):ll(t)(p—i/otll(t—t') (F(u)+G(u)) (') at’, (1.3)

where
G(u)=Alul*u, F(u)=A (]x]_7*]u|2> u=AK, (u)u,

and U(t) is the unitary group defined by

U(1)9(x)= (e 9) (1) =z [, @O o)z

Here ¢ denotes the Fourier transform i.e. ¢(&) = [pne o (x)dx.
We note that (1.1) possesses some conservation laws. If the solution u of (1.1) has
sufficient decay at infinity and smoothness, it satisfies the conservation of mass

M(u(t)):=l[u(®)ll 2= l@ll 2, (14)

and the conservation of energy

Ew(t) =E(), 5
where E(u(t)) is defined by
1 a 2 )\
E(u(i))zi RN (—A)iu(t,x)‘ dx+k+—2 IRN’u(t’x”kJrzdx

A _
£ o 7 (e 0) ) (e ) Pt
= ey sue |+ 2 e 522
=5 |m5ue)| 5 It

+%/uw(|x|_7*|“(ffx)!2)Iu(f/x)lzdx (1.6)

and the energy space is H*.
A pair (p,q) is said to be (general) admissible if they satisfy

pe(2,00, ge[2,00), (p,gN)#(20,2), —+—< (1.7)
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For any pair (g,h), we define

’)’ghE__ﬁ__' (1.8)
Specially, for radially symmetric data, (p,q) satisfy the radial admissible condition,

AN—2\ 2
N ) 2« N_N (1.9)

pE(2,00], g€(2,0), (P/Q)#<2/72N_3 y T T2

We denote that [s] is the integer part of s, i.e. s={[s]+0, where 0 <o < 1.

We will use Strichartz estimates in (general) admissible condition and radial admissi-
ble condition to prove the well-posedness.

Our first result is the following local well-posedness for (1.1) with nonradial data in
the sub-critical and critial nonlinearities.

Theorem 1.1. (Nonradial Local Well-posedness) Let N >1, a € (0,1)\{3}, 0<y <N and
0<k<4. Letse[,Y) such that

s> % -5, N=1,

s> % —x, N>2,

and if k is not an even integer, [s] <k holds. Then for all ¢ € H®, there exist T >0 and a unique
solution u to (1.1) satisfying
ucC([o,T],H)NL!

loc

([0,T),We~m4)

for p>4 when N=1, p>2when N >2and s>N/2—2ua/p, where (p,q) is an admissible pair

satisfying (1.7) and 7y, satisfy (1.8).
Moreover, if T < co, then ||u||ygs — oo when t— T~ .

Next theorem is about the global well-posedness for the defocusing fractional NLS
and focusing fractional NLS with subcritical and critical nonlinearities.

Theorem 1.2. (Nonradial Global Well-posedness) Let N>1,0<a <1,0<y<N,0<k< 4W“
and s=u >y /2 with
a>L N=1
{ o> %, 2<N<4.

Then for any ¢ € H®, the solution u to (1.1) exists globally if one of the following conditions is
satisfied:

L. A=1, i.e. defocusing case,

ILA=-1, N>2,0<k< %" and y < 2a, i.e. focusing subcritical nonlinearity case,

L A=—1, N>2, k=28, y=2a and ||| 1 is small enough, i.e. focusing critical nonlinearity
case.
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Then, we give the local and global well-posedness for (1.1) with radial data in the
sub-critical and critial nonlinearities.

Theorem 1.3. (Radial Local Well-posedness) Let N>2, 0 <y <N, 0<k< da e [WN_l,l)
and s€ [3,5). If k is not an even integer, [s] <k holds. Define

_ 4a(k+2) ~ N(k+2)
“k(N—25)” 7T Ntsk
Then for any ¢ € H;

rad’

there exist T >0 and a unique solution u to (1.1) satisfying

ueC([0,T),Hs ,)NL!

rad loc

([0,T], Wrza)-
Moreover, if T < oo, then ||u||gs — oo when t—T~.

Theorem 1.4. (Radial Global Well-posedness) Let N>2,0<a<1,0<y<N, 0<k< %" and
s=wa>y/2. Then for any ¢ € H; ,, the solution u to (1.1) exists globally if one of the following
conditions is satisfied:

L. A=1, i.e. defocusing case,

IL A=—1,0<k< % and v <2« , i.e. focusing subcritical nonlinearity case,

L A=—1,k=2, y=2aand ||¢||;2 is small enough, i.e. focusing critical nonlinearity case.

Finally, we consider the blow-up dynamics of focusing fractional NLS (1.1) with A =
-1

Theorem 1.5. Let N>2, a € (%,1), k= %", Yy=2a, A=—1and ¢ € Hf‘ad. Let u be such that
the corresponding solution to (1.1) exists on the maximal time T*. If E(¢@) <O, then one of the
following statements holds true:

(1) u(t) blows up in finite time in the sense that T* < +oco must hold.

(2) u(t) blows up infinite time such that

sup
£>0

— oo (1.10)

[CSEIED

Remark 1.1. Content of your remarks. As explained by Boulenger, Himmelsbach and
Lenzmann [6], it is hard to expulse the possibility that the solutions may blow up at
infinite time. We can only show that the solutions can not be uniformly bounded if they
exist globally.

The rest of the paper is organized as follow. In Section 2, we introduce some important
facts and tools. In Section 3, we prove the local and global existence of nonradial solutions
via standard Strichartz estimates when 0 <k < 4W“ (for k=0, we refer to [8]). In Section 4,
we obtain the local and global existence of radial solutions via radial Strichartz estimates
when 0 <k < 3. In the last section, we study the blow-up of radial solutions for the
focusing fractional NLS in the critical case, i.e. k= % and y=2a.
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We will use the notations |V|=+/—A, W = |V|=SL"(RN) (H* =W*%?) and W% =
(1—A)~/2L"(RN) (H*=W?%?). The norm || F||14(x) means ( [ [|F(t,-) ||§(dt)1/q. We denote
the space L%.(IB) by L1(0,T;B) and its norm by |- | LB for some Banach space B, and also
L9(B) with the norm ||-|[14(g) by L7(0,00;B),1 < g < oco. If not specified, throughout this
paper, the notation A <B and A > B denote A <CB and A > C~ !B, respectively. A~ B
means that both A SBand A 2 B. C is a generic positive constant possibly depending on
N,x and 7.

2 Preliminaries

In this section, we present some facts which will be used to prove the local well-posedness.
Firstly, we give the Strichartz estimates.

Lemma 2.1. ([19,20]) For N >1and a € (0,1)\{3}, the following estimates hold

—it(=A)" < gt
iy S [\ s e 1)
t R
/ e i=D(=8)" (1)t SNV =22 £ s (2.2)
0 LP(R,LA) (RLY)
where (p,q), (a,b) are admissible pairs defined as (1.7), with
11 11,
PR e i
and 7y pq and 7y are defined as (1.8), i.e.
N N 2« N N 2«
qu:?_ﬁ_?’ ’Ya’b’zf—y—?- (2.3)

It is worthy noticing that for a € (0,1)\ {3 } the admissible condition %—1—% <& implies
Ypq > 0 for all admissible pairs (p,q) except (p,q) = (c0,2). This means that the above
Strichartz estimates have a loss of derivative. For radial data, the estimates (2.1) and (2.2)
hold true for N>2,a € (0,1)\{3} and (p,q),(a,b) satisfy the radial admissible condition:

2 2N-1 2N-1

—+ < .

P4 2
This condition allows us to choose (p,q) so that v,; =0. More precisely, we have next
lemma.

Lemma 2.2. ([20-22]) For N >2 and 7N <a <1,

He—it(—A)”‘q)

<
s Sl 24
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to
/ e (=0 () dr
0

Sl (r 0y (2.5)

LP(R,L1)
where @ and f are radially symmetric and (p,q),(a,b) satisfy the radial admissible condition (1.9).
The following is the Leibniz rule for fractional derivatives.

Lemma 2.3. ([8,23]) Let a € (0,1) and 1< p,p; <0, 1 < g; < c0 satisfying + p = 1 —|— . Then,

IV o)l STV * sl o ([0 Lo TV 0l oo ] 2

|a-a)two)| s||a-m)tu|| ol +]|1-8)%0

|l
The following fractional chain rule is basic for the estimates of the nonlinear terms.

Lemma 2.4. (Fractional Chain Rule [24]) Let FECY(C,C) and a€(0,1). Then for 1<q<g,<oo
and 1< g1 < co satisfying 1= 1 L1 1

IV IE@O) L STE @)l V0] a2 -

Applying the above chain rule to F(z) = |z|Fz, we have

Lemma 2.5. ([23]) Let F(z) = |z|*z with k>0, s >0 and 1< p,p; < 0, 1 < g1 < oo satisfying

% = % + q_k1 If k is an even integer or k is not an even integer with [s] <k, then there exists C >0

such that for allu €.,
1) s < CllaelEan Nl

A similar estimate holds with WP, WP1-norms replaced by W*P, W*Pt norms.

Next, we recall a sharp Gagliardo-Nirenberg type inequality established by Boulenger,
Himmelsbach and Lenzmann [6] and Zhu [14].

Lemma 2.6. Let N>2,0<a<1and 0<p< 2. Then, for all u€ H*,

& m 2)—
/. N|urp+2dxscoptu< &) % 26)

where the optimal constant C,; is given by

o <2a(P+2)—PN> 2(p+2)
opt N (2a(p+2)—pN)[1QI%

and Q is a ground state solution of the following elliptic equation
(—48)"Q+Q=[QIFQ in RN

In particular, in the L2-critical case p= 2%, C,pp = 22EN_
P P=N ot = Njgp?
12
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Similarly, Feng and Zhang in [15] established the following sharp generalized Gagliardo-
Nirenberg type inequality for Hartree-type nonlinearities.

Lemma 2.7. Let « € (0,1), N>1, 0< < N such that ?VN_—EZ > 2, the following generalized
Gagliardo-Nirenberg inequality
4oa—y

N de—y
[ reluP) pax<c, [ ‘(—A)%u‘zdx : [ lufax )
RN =T \Ury RN

x

n 4—%
=Co [lull o 1]l 2 2.7)

holds and the best constant is

402 [da— % _
C'Y:4 < ,Y> ||R||L22/
=y ay

where R is the ground state of the elliptic equation
(—A)*R+R—(|x|”7%|R|*)R=0.

Lemma 2.8. ([6]) Let N>1and f:IRN —R satisfy V f €W (RN). Then, for all ue Hz (RV),
it holds that
L2> ’

2 1
e[V 1

/R () Vf(x) Vu(x)dx

<C<HyV|iu

with some constant C > 0 depending only on ||V f || w1~ and N.

3 Well-posedness for Nonradial Data

In this section, we show the local and global well-posedness for (1.1) in nonradially sym-
metric Sobolev spaces.

First we are going to prove Theorem 1.1, the local well-posedness, by applying the
contraction mapping argument via Strichartz estimates (2.1) and (2.2). The proof is di-
vided in two steps.

Proof. Step 1. First we note that, by the assumptions, s —p,; > % and p>k. Let
X(T,p):= {u € L ([0,T), H*)NLP ([0,T], W) || o+ [t 2y §p},
equipped with the distance

dx (u,0):= Hu_UHL‘;’LZ"' H”—U||L§W*W‘H
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where p,T > 0 to be chosen later. It is easy to see that (X(T,p),dx) is a complete metric
space. Now we define a mapping .4": u— .4 (u) on X(T,p) by

t
,/V(u)(t):U(t)q)—i/ U (t—t) (F(u)+G(u)) () dt.
0
By the Strichartz estimates (2.1) and (2.2),
1A | Lo s pw—rvas SN @l +1F @) 11 s +11G @) [l 11 gy (3.1)

Now we estimate the right hand of (3.1). For s > /2, using the Hardy-Littlewood-
Sobolev inequality, Lemma 2.3, the Hardy type inequality

sup

xeRN

u(x— 2
Jo O ) < 62

and the Sobolev embedding H7Y/2y [2N/(N *7), we have
IF ()l 1 s S TINE () || Ly
ST (HK“Y (Mz) HL‘;"L‘” [l s+ HK’)’ (WZ) HL%OWSINM ||”||L;°L2N/<N—v>)
ST (4l g 1 18 v ]
STl el
ST’ (3.3)

For the last term of (3.1), we apply the fractional chain rule given in Lemma 2.5, the
Holder inequality and the fact p >k to get

1G G0 ey = |l

<1

LLHs

LlTLwH”HL‘?HS
k
Sl o llllsre
1-k k
ST 7 lullpp pollel s
Note the fact s—y,; > N/g and the Sobolev embedding W*~ 74 — L=, we get
=5k 1-£
G s ST 7t ppallttll i ST 70" (34)

Hence, putting (3.3) and (3.4) into (3.1), we get

1—k
Hf/V(“)HL?HsmU;wS*Wﬂ SC(H(/’|‘H5+TPS+T pPkH)'
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Let p=2C||¢||gs and choose T such as C(sz—le*%pk) <3, then .#" maps X(T,p) into

itself.

Step 2. Now we show that .4 is a contraction map for sufficiently small T. Let
u,ve X(T,p), using (2.2), we have

dx (A (u), A (0)) S|F(u)=F(0)|| 11 2+ G (1) =G (0) [ 11 12 (3.5)
Now, we start to estimate the right hand of (3.5). For the first term, we have

IF(u) = F(0)]| 1112
STy (Jul?)u—K, (|v’2)vHL‘}°L2

ST([|Ky (2) (=) [ g+ 1K ([P = [01) 0] 12 )
ST <H“H%$sz [(u=0)|| o2+ 1Ky (Jul? = [ol?) HL‘T’?LQN/W HUHL;°L2N/(N—7>)
ST (H“Hi%om/z | (u—0) HU;’LH' ” ’”|2_ ’U|2HL%°L2N/(2N77> ||U||L9F°L2N/(N—'Y)>

ST <H“H%$Hv/2 | (u—0) HL‘}"LZ—’_ HM_UHL‘;’LZ ||“+U||L%°L2N/<N—v) HUHL‘}"LZN/(N—W))

SToPdx (u,0). (3.6)
For the last term of (3.5), we get

1G () =G (@)l 2=l u[ol*

Lir2
< k k —
~ HMHLI%LOO—FHUHU%LOO HM vHL‘}"LZ

1-k
ST (Hllty o+ 0l o ) =2l 1
<Tl-% k k _
ST (1l s 10l ) el

k

,STl_?pkdX(u,v). (3.7)

From (3.5)-(3.7), we have
dx (N (u), N (v)) <C (Tp2+T1—% pk) dx (1,0).
Then we choose T small enough such that
C(TP*+ TV 7ok < %

the above estimate implies that the mapping .4 is a contraction. Then .#” admits a unique
fixed point in X(T,p), which is the solution of (1.1). This completes the proof of local
well-posedness. O
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Next, we will prove Theorem 1.2, the global well-posedness for (1.1) in two cases:
A =1, the defocusing case and A = —1, the focusing case with subcritical/critical nonlin-
earities.

Proof of Theorem 1.2.

Proof. First we consider the defocusing case A =1. Let T* be the maximal existence time.
We will prove that T* = co by contradiction. Suppose that T* < oo, then the local well-
posedness shows that

HMHL‘%* We—pga = 0. (3.8)

From Theorem 1.1, the conservation laws (1.4) and (1.5), for any t < T*, the solution u
satisfies

S (t) e < S u(t) 3+ E o) = 2191+ E ).

From the estimate (3.1) with s=a, we have
1—k
el ygs-rmns <@l + Tlloe e e+ T2 aallFp - rpga 1l e 1
Sl +E(9) 2 +T(llol2+E(9))?

+T *F(|\¢|\L2+E(¢))7IIMIIL;WWW'

Thus for sufficiently small T depending only on ||¢||?,+E(¢), we have

3
2

H”HLP( L TEW ) <C(H§0H 2 tE(9))*,

where T;—T;_1=T. If T* <oo, then there exists M € N such that (M—1)T<T*<MT. Let
Ti= (j—1)T,j=1,...,M—1and Ty =T*. Then we have

|| ||Lp(0 T*; W™ quq) < Z ||u||Lp(T T A ’ypqq)
1<j<M

< (MC (ol )} ) <o

This contradicts to (3.8), and thus completes the proof of the defocusing case .
Next we consider the focusing case, A = —1. From Lemmas 2.6 and 2.7,

(k+2
[l < Copeal 5 57,

LA
[ e el 2 =5

[LN(hﬂfv*|ur>ruFdxfzcwnu
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we get

1, 0 k2 1 _
Ft) =g g it [l 7sfu?) e

k+2
2 opt (k+2) _7 C 4—7
> 5 [l — k+2” H - HLz ’ ——7|\M|\HWI\M|IL2
opt (k+2)— 47—
> S [l — k+p2|\ H HGOH ||M|\Ha|\(P||Lz

For the condition I in Theorem 1.2, i.e. 0<k< 3¢ and *y < 2a, using the Young inequality,
we can easily get

Hu(t)llimf, E(9)]

For the condition III in Theorem 1.2, i.e. k=57, v =2a and ||¢||;2 is suffciently small, the
above inequality still holds true. Therefore,

()7 < lu(D)l|72+E(w) =@l 7+ E(9).

Similar to the defocusing case, we can apply the contradiction argument to prove the
global well-posedness. This completes the proof of Theorem 1.2. O

4 Well-posedness for Radial Data

In this section, we will show the local and global well-posedness for (1.1) with radial
initial data in Sobolev spaces. The proof is also based on the contraction mapping ar-
gument via Strichartz estimates (2.4) and (2.5). In the radial case, thanks to Strichartz
estimates without loss of derivatives, we have better local well-posedness comparing to
the nonradial case.

The proof of Theorem 1.3 is divided in two steps.

Proof. Step 1. It is easy to check that when (p,q) satisfies the radial admissible condition
(1.9), we can choose (m,n) so that

1 1 k 1 k
—=—+—, — ==+,
p p m qg 4q n
and we see that
k k k(N —2s) gN
=5 _f_q_ <n= .
T p 1 i €(0,1), g<n N—sa

The later fact gives the Sobolev embedding W*7— L". Let (Y(T,p),dy) be the complete
metric space

Y(T,p) = { C([0,T],H3og) NLE (W) [l e+ |l e < }
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equipped with the distance
dy (u,0):= || =0l g2+ [lu =0l 1y 1

As before we define a mapping .4": u+— .4 (u) on Y(T,p) by

t
,/V(u)(t):u(t)q)—i/ U (t—t) (F(u)+G(u)) () dt.
0
From the radial Strichartz estimates (2.4) and (2.5), we obtain
H=/V(“)HL;°HsmL§WS/q§Hﬁ”HHs‘FHF(”)HL}HS‘i‘HG(”)HL;’WWII (4.1)
Now we estimate the right hand of (4.1). For s>y /2,
IE Q)L g STIE ()1
ST <HK7 (Mz) HL‘}“L‘” ||”||L°%°HS+ HKW (Mz) HL‘;’ws,zN/v ||”||L;°L2N/<N—v>)
ST (110 v el 1 oo el
STl e |
<TpP. (4.2)

Here we have used the Hardy-Littlewood-Sobolev inequality, Lemma 2.3, the Hardy type
inequality (3.2) and the Sobolev embedding H7/2 < L2N/(N=7),
By the fractional chain rule in Lemma 2.5 and the Holder inequality, we get

k
GG,y = 8]

S H“Hli';fm ||”||L§ws,q
5T9H”HI£;U H”HL?WW
<l
< TPk, (4.3)
Hence, putting (4.2) and (4.3) into (4.1), we get
|4 (1) HL;"HsmL;ws/q <C([lgllps+Tp? +T9Pk+l)~
Let p=2C||¢|| s and choose T such as C(Tp?+T9pk) <1, then .4 maps Y(T,p) into itself.

Step 2. Now we show that .4 is a contraction map for sufficiently small T. Let
u,v€Y(T,p), then we have

dy (A (), (0)) SIIF(u) = F(0) || 12 +[1G(#) = G (o) (4.4)

m
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Now we estimate the right hand of (4.4). For the first term, we have

|F() = F(2) 112
ST|[Ky (|uf?) u—Ky (Jof?) UHL;°L2
57ﬂ<HK7(V42)(”—“OHL$B'*HKd(h42—WUF)UHL$B)

ST (102 (=) szt | Ky (112 = 102) [z 0 2w

5T<H”H%%°Hv/2 | (u—20) HL;°L2+ H |“’2— ’U|2HL;«L2N/(2N—7) HUHU;’LZN/(N—w)

§T<H”H%$sz | (u—0) HL‘;’U—’_ H”_UHU;’LZ ||“+U||L;°L2N/(Nw> HUHLfszN/(N—w)

< szdy(u,v).
For the last term of (4.4), we have

16w =Gy, = |l u—lol*

L
S (HullEpps ol ) =2l
N Lo Lnr LhLa

(e L | e

§T9pkdy(u,v).

Hence
dy (N (1), (v)) <C (Tp2+T9pk) dy (1,0).

Then we can choose T small enough such that C(Tp?+T%") <1, the above estimate
implies that the mapping .4 is a contraction. Then .#" admits a fixed point in X(T,p),
which is the solution of (1.1). This completes the proof of Theorem 1.3. O

Next, we will prove the global well-posedness for (1.1) with radial initial data in two
cases: A =1, the defocusing case and A = —1, the focusing case.

Proof of Theorem 1.4.

Proof. First we consider the defocusing case A =1. Let T* be the maximal existence time.
We will prove that T* = co by contradiction. Suppose that T* < co, then the local well-
posedness shows that

HuHL‘%*ws,q =co. (4.5)

From Theorem 1.3, the conservation laws (1.4) and (1.5), for any t < T*, the solution u

satisfies . . .
e B <5 (0 + Eu) = lgl/3+Eo).
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From the estimate (4.1) with s=a, we have

k
el e S Nl T el g + Tl 75 e

3
2

1
Sl +E(9)* + TNl ey + T (l@lE+E(9))

Thus for sufficiently small T depending only on ||¢||?,+E(¢), we have

3
HuHLP( 1TWW])<C(||¢|| 2+E( ))
where T;—T; 1 =T. If T* <o, then there exists M € N such that (M—1)T<T*<MT. Let
Ti=(j—1)T,j=1,...,M—1and Ty;=T*. Then we have

p P
u Wy S u ,
el 0,7y . <].Z<”“ “U’(T/fl,Tj;wafq)

< (MC (ol +Elg) ) <o

This contradicts to (4.5), and thus completes the proof of the defocusing case.
Next we consider the focusing case, A =—1. Similarly to the proof of the focusing case
in Theorem 1.2, we have also

() [ < ()17 +E(w) = @[l 72+ E(g)-

This completes the proof of Theorem 1.4.

5 Blow-up Solutions

In this section, we are going to give the proof of Theorem 1.5.
According to Theorem 1.3, for a radial initial function ¢ € H; ;, (1.1) admits a local
solution u € HY ,. If T* < oo, then we are done. If T* =00, we show (1.10).

Let i € C3°(RN) be radial and satisfy

P(r)= and ¢"(r)<1 forr=|x|>0. (5.1)

%1’2, forr<1
0, forr>=2

For a fixed R >0, we define the rescaled function ¢z : RN — R by setting

YR(r):==R% (%) 52)

We readily verify the inequalities

/
1—9g(r) =0, 1—¢R7(r)>0, N—Aygr(r) >0 forall r>0. (5.3)
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Indeed, this first inequality follows from ¢ (r) =¢" (r/R) < 1. We obtain the second in-
equality by integrating the first inequality on [0,7] and using that ¢; (0) =0. Finally, we
see that last inequality follows from

N=8() =1=94()+(N-D { 1= 194 (r) } 0.

Besides (5.3), r admits the following properties, which can be easily checked.

x forr<R,
Vo) =RV () 5 ={ § orrsak
[Vigr||, SR* for 0<j <4,

‘ {]x| <2R} forj=1,2,
]
supp (V ¢R)C{ {R<|x|<2R}  for3<j<4.

We define
Mg [u()]:=2Im /IR () Vg Vu(t)dx =2Im /R ()9 yraju(t)dx.
Define the self-adjoint differential operator
Typ:=—1(V-VYr+Vyr-V),
which acts on functions according to

Dy f=—i(V-((VYr) ) +(Vipr)- (V).
It’s easy to check that
My [u(#)] = (u(t), Typu(t)).
First, we give the following lemma.
Lemma 5.1. Let N>2, a € (%,1), k= %", v =2«, and u € H}, ; is a solution of (1.1) with

A=—1. Let g be as in (5.2), T* be the maximal existence time of solution u(t) in H ;. Then
for sufficiently large R, we have

& Mo [u(t)] <4aE(u(t)), te0,T)

Proof. By taking the derivative of My, [u(t)] with respect to time t and using the equation
of u(t), forany t€[0,T), we get

& My (1)) = ((0), [(~8)* Ty () + (w0, [l Ty, (1)

+(u(t), [ Ky (u),iTy ] u(t))
= L+DL+]1;, (54)
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where [X,Y] = XY —YX denotes the commutator of operators X and Y.
From [6] , k= % , we get

= (u(e), [(~ M) Ty, u(e)) <dal|(~A) ulfa+ CR,

L= <u, {—]u|k,iI“¢R} u>
= <u, [|uy’<,wR.v+v-wR] u>
:2/RN|u]2V1/JR-V<|u]k)dx

and

2k
=10 RN(AtpR)|u]k+2dx
2kN o 2k .
__ = dx— ——— A _ +2
oo [l — 2 - R( PN ful+2x
2kN -1 a (k/2a)+ey
<2 ]u|k+2dx+CR tarll(—A)z2u - ,
where 0<¢1 < (2a—1)k/2a.
From [25] and v =2a, we get
I=(u(t),[—K,(u),iTy. u(t))
C o (12
< —y 2 2 s _ 5 a
<= [ (] “fuft) Juo) P+ s et
where 0 < ep <2x —1 < N. Therefore,
d 2kN P
— < — +2
M) <4al(~8)Sulf— 2 [l 2
—7/(|x|*u|ur ) lu(x)dx
o |1(k/20)F
+CR™ 2a+CR +€1ac (_A)Eu ;2 a)+eq
—-
T TN e (2) %N 1- 82 % H
From (1.4) and (1.5), we have
d _
%MW [u(t)] <8aE(u(t))+CR™ %
T ] [EUNEM
2
C i 2+'Y(1+€2)
T (G SET (5.5)
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where the constant C > 0 is independent of R. When R >1 is sufficiently large, £; and
g2 <1 are sufficiently small, then

& My, u(t)] <4aE(u(t)) =4aE(p). (5.6)

The proof of Lemma 5.1 is completed. O

Now we begin to prove case (2) of Theorem 1.5. We suppose that u(t) exists for all
times t >0, i.e. T* =o00.
It follows from Lemma 5.1 and conservation of mass, for R >1 large enough,
d
dt

From (5.7), we infer that

My, [u(t)] <4aE(p)=—A* <0, t>0. (5.7)

My [u(t)] < —A*t+My,[g], t>0.

On the one hand, let Ty = w >0, then for any t > Ty, we have

Mg ()] g—%A*t<0. (5.8)

On the other hand, by Lemma 2.8 and the conservation of mass, we see that for any
te0,40),
;)

\Mmua)]!scwm( 1) ez | 91t
sco) ([Iviuo)}, +Ino13:)

sciyn) ([i7tue)|,+1)

s (-t +1).

Here we have used the interpolation estimate

NI=

= 1
H|V]%u u iHuHiz x  for a>-.

p5 )

This combined with (5.8) yields that for any t > Ty,

At< -2 My fut) S (| (-0) o)
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This shows that

s

>CtY, t>T,.
L2

It means that

sup
£>0

(=)3u(b)

The proof of Theorem 1.5 is completed.
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