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Ground States for Singularly Perturbed Planar
Choquard Equation with Critical Exponential
Growth*
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Abstract In this paper, we are dedicated to studying the following singularly
Choquard equation

—Au+ V(@) u=e " [lo* F(u)] f(u), zeR>

where V(z) is a continuous real function on R? I, : R® — R is the Riesz
potential, and F' is the primitive function of nonlinearity f which has critical
exponential growth. Using the Trudinger-Moser inequality and some delicate
estimates, we show that the above problem admits at least one semiclassical
ground state solution, for € > 0 small provided that V(z) is periodic in x or
asymptotically linear as |z| — co. In particular, a precise and fine lower bound

of J;gtt)Q near infinity is introduced in this paper.
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1. Introduction

This paper is devoted to studying the following Choquard equation

—2Au+V(z)u =1, * F(u)] f(u), x€R?
u € H'(R?),
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where ¢ > 0 is a parameter, a € (0,2) and I, : R?> — R is the Riesz potential
defined by
T (ﬂ) A
I,(z) = 2 =% VazecR?\{0},
(@) T () 20faP~  [aFe x \{0}
fo s)ds, V € C(R?%/(0,00)) and f : R — R satisfy the following basic
assumptlons
(V0) 0 < infyepe V(z) := Vo < V(x) < sup,ep: V(z) = Vi < 00;
(V1) V(z) is 1-periodic in 1, xo;
(V2) infepe V(2) := Vo < Vi := limg)00 V(2);
)

€ and there exists 8y > 0 such that
F1) feC(R,R d th By > 0 such th
|f(2)| =0, forall 8> By
[t|—oo Pt
and
lf@) .

lim — = 400, forall 8 < fBo;
[t|—oo €Bt

(F2) [£(t)] = o([t[*/*) as [t] — 0.

The majority of the literature focuses on the study of equation (1.1) in RV (N >
3). Let us recall some of them as follows. The singularly perturbed elliptic equation

—?Au+V(z)u =N [1, x G(x,u)] g(z,u)

appears in the theory of Bose-Einstein condensation, and is used to describe the
finite-range many-body interactions between particles. Here, G(z, u) fo x, s)ds.
For more related results, see, for example, [6,7,12,14,15,17,18 22] and so on.

In particular, the above equation is the so-called Choquard equation, when
N =3. Fore=1,a=1,V(z) =1 and g(z,u) = u, the autonomous equation

—Au+u=[l*[uf]u inR?

arises from the quantum theory of a polaron by Pekar [27]. Choquard [20] applied it
as an approximation to the Hartree-Fock theory of one-component plasma. In [24],
Penrose proposed it as a model of self-gravitating matter. We also mention [38],
where the fractional case is treated. Concerning other mathematical and physical
background on Choquard problems, see [3,25,28,29,31,33,34] the references therein.

It is well-known that when N > 3 the Sobolev embedding yields H!(RY) —
L*(RN) for all s € [2,2%], where 2* = 2. Different from N > 3, the case
N = 2 is very special. In such case, the Sobolev exponent 2* becomes oo, but
H'(R?) ¢ L°°(R?). Thanks to the Trudinger-Moser inequality below, it provides
us a perfect replacement, which was first established by Cao in [8] (also seen in
other works [4, 5] and reads as follows).

Proposition 1.1 (Cao [8]). i) If 8 > 0 and u € H'(R?), then

/ <65“2 — 1) dz < oo;
]RQ

il) if u € HY(R?), |[Vull3 < 1, |lulls £ M < oo, and B < 4w, then there exists a
constant C(M, B8), which depends only on M and 3 such that

/]R? (65“2 — 1) dz < C(M, B).
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Involving the above Trudinger-Moser inequality, we refer the readers to previous
works [9,10,13,19,26,31,37]. To state our main results, in addition to (F1) and (F2),
we suppose that f verifies the global growth Ambrosetti-Rabinowitz superlinear
condition, i.e.,

(F3) there exists i > 1 such that f(¢)t > pF(t) > 0 for all t € R\{0}.
We also introduce the following assumption.

(F4) there exist My > 0 and t¢ > 0 such that
F(t) < Mo |[f(D)], ¥ [t] = to,

which is satisfied for f behaving as exp (ﬁotQ) at infinity.
Performing the scaling u(x) = v(ex), we can easily deduce that problem (1.1) is
equivalent to
—Au+V(ex)u = [Io * F(u)] f(u). (1.2)

In view of Proposition 1.1 i), under assumptions (V0), (F1) and (F2), the weak
solutions to equation (1.2) correspond to the critical points of the following energy
functional defined in E. by

O, (u) = %/R? [[Vul® + V(ez)u?] dz — %/R? [Io * F(u)] F(u) da. (1.3)

Define ¢, := inf,cnr. ®c(u), where

N :={u e E.\ {0} : (®L(u),u) = 0} (1.4)

is the Nehari mainfold of ®.(u), and E. is defined in Section 2.

Now, we give a review of some results related to our work. When 0 lies in a gap
of the spectrum of the operator —A +V and (V1) holds, the authors [16,30] proved
the existence of a nontrivial solution of equation (1.2) with e =1

(1.5)

At Via)u = (Lo x Fw) f(u), = €2,
u € HY(R?).

Precisely, the nonlinearity f(¢) satisfies (F1)-(F4) and the following condition.

Nope f@&) Vea(l+a)(2+a) eA(2+a)m(14+p)° B3/ (2+
t—o0
(F5') liminf K > (2+)m(140)°B3/(2+) | where p > 0

ePot? V2w A, pl“"l/2
satisfies 2(2 + a)wp2BO < 1, and By > 0 is an embedding constant defined
by [30, 4.17].

This together with (F4) can help overcome the difficulties caused by the fact that the
embedding of the Sobolev space H'(R?) into the Orlicz space L¥(R?) determined
by the function p(t) = exp (47rt2) — 1 is not compact. It is worthwhile to mention
(t)

that they gave a precise estimation of lower bound of lim inf; ., ~Fo . In this work,

we only use the special case of condition (F5'), namely,

. . \/ @ 1+a 2+a
(F5) liminf; eﬁth)Q =K \/2£er1(+5¥/2 , where p =

Vp 1= supjy <, V(2).

2 > 2
V@)V, T /(2+a)Ve >0,
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Assumption (F5) plays a crucial role to estimate our threshold of the mountain pass
(2+a)m
2Bo
Alves et al., [2] showed the existence and concentration of semiclassical ground

state solutions of problem (1.1) under (F3) and the following assumptions on f :

minimax level ¢y < , where ¢y will be defined later (see Section 3).

(f1) (i) f(t) =0,V ¢t <0and 0 < f(t) < Ce'™ V1> 0;
(ii) 3 ¢4 > 0, M7 > 0 and ¢ € (0,1] such that 0 < t2F(t) < My f(¢), V [t| > t1;

(f2) there exist p > a/2 and C}, > 0 such that f(t) ~ Cpt?, as t — 0;

(£5) limy— oo tfé?%z(” >1>inf,50 a(ig:f);girf)z6(2+0‘)Vﬂp2/4;

(f6) t — f(t) is strictly increasing on (0, +00).

By using the mountain pass lemma, the authors showed the mountain pass level
shall be less than (2 4 «)/8, which can be derived from condition (f5). Condition
(f1)-(ii) guarantees the weak limit of a Palais-Smale sequence is nonzero which lies
at the heart of the proof (see [2, (2.20), (2.30)]). We also point out that there are two
crucial points in their arguments. First, to show the weak limit of a Palais-Smale
sequence is a solution they used Radon-Nicodym theorem by considering a sequence
of measures which has uniformly bounded total variation. Second, (f2) imposes
strict growth restriction on f near zero which guarantees that the corresponding
energy functional associated with problem (1.5) possesses mountain pass geometry.
Instead of the strict monotonicity condition (f6), we only assume a weak version of
it. That is,

(F6) t — f(¢) is nondecreasing on (—oo,0) U (0, +00).

In the present paper, we will further study the existence of nontrivial ground
state solutions to problems (1.5) and (1.1). To the best of our knowledge, it seems
that all the previous existence results concerning the ground state solution of Nehari
type for equation (1.1) depend heavily on the monotonicity condition (f6) using the
method introduced in [30], and we will weaken condition (£6). Due to the appearance
of the convolution term and critical exponential growth, we need to overcome the
following three difficulties:

1) giving a detailed estimate for the minimax level and showing that the moun-
tain pass level shall be less than a threshold value under which one can restore the
compactness for the critical case;

2) certifying that the Cerami sequence {u, } does not vanish. This requires some
deep analysis in order to use the Trudinger-Moser inequality;

3) showing the weak limit @, of the sequence {u,} is a nontrivial solution for
the energy functional of ®..

Now, our main results can be stated as follows.

Theorem 1.1. Assume that V and f satisfy (V0), (V1) and (F1)-(F6). Then,
problem (1.5) has at least one ground state solution @ € E \ {0} such that

q)v(ﬂ) = ulerjl\;v (bv(u),

where Ny will be given in (2.6).

Theorem 1.2. Assume that V and f satisfy (V0), (V2) and (F1)-(F6). Then, for
any € > 0 small, problem (1.1) has at least one ground state solution u. € N such
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that

D (ue) = uler}\ffg D (u),

where N is given in (1.4).

Remark 1.1. Conditions (F1), (F2), (F4)-(F6) are much more general than (f1),
(f2), (f5) and (f6). Thus, Theorems 1.1 and 1.2 improve and extend the [2, Theorems
1.3 and 1.4] and the related results in the literature.

The paper is organized as follows. In Section 2, we give the variational setting
and some preliminaries. In Section 3, we establish the minima estimates of the
energy functional associated with equation (1.5). Theorems 1.1 and 1.2 shall be
proved in Section 4.

Throughout the paper, we make use of the following notations:

e H'(R?) denotes the Sobolev space with the norm ||ul| = [ [z. (|Vul? + |u]?)
dx]1/2;

e L*(R%*)(1 < s < o) denotes the Lebesgue space with the norm |jul|s =
(fee ful* )"
e for any r € R?2 and r > 0, B,.(z) := {y € R? : |y — z| < r} and B, = B,.(0);
e (1,Cy, - denote positive constants possibly different in different places.

2. Variational framework and preliminaries

In this section, we first give some preliminary propositions.
Proposition 2.1 (Hardy-Littlewood-Sobolev inequality, [21]). Let s, > 1 and
0 < p <2 with %—i— % = 4_7”, g e L? (R2) and h € L” (RQ). Then there exists a
sharp constant C(u, s,r), independent of g, h such that

/R Loy g) b e < o, gl

In particular,

[, e ) dz < Collgllaasn /40

where Co :=C (2 — a,4/(2+ a),4/(2+ «)).

Proposition 2.2 (Cauchy-Schwarz type inequality, [1] and [23]). Forg,h€ L} (RQ) ,
there holds

2

[ enlabinl d < | [ duela ol s [ (s o as]

Let Q be an open subset of R2. Just for the convenience of description, we
denote

Vo (u) = %/Q (I, * F(u)] F(u) de, (¥ (u),v) = / [I, * F(u)] f(u)v dz

Q

for any u,v € H*(R?). In particular, when Q = R?, Wg2(u), and (Vg (u),v) are
simply written by ¥(u) and (¥’(u),v) respectively.
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Fixing 8 > By, for any € > 0 and g > 0, it follows from (F1) and (F2) that there
exists C' = C(¢, B8, ¢) > 0 such that

|F(1)] < €]t|*/? + CJt|at (eﬁt? - 1) , VteR. (2.1)
Consequently,
|F(1)] < elt|3+)/2 4 o)) (eﬂt2 - 1) . ViteR (2.2)

By virtue of (2.2), Propositions 1.1 and 2.1, we can demonstrate that the energy
functional

Dy (u) = %/RQ (IVul]® + V(2)[ul?) dz — %/R? [Io * F(u)] F(u) do
= Sl —w(w) (23)

associated with equation (1.5) is of class C'(H! (R?) ,R), and
(D (u),v) = / (VuVo + V(z)uv)dz — / [Io % F(u)] f(u)v dz
R2 R2

= /}R2 (VuVv + V(z)uv)dz — (' (u), v) (2.4)

for all u,v € H'(R?).

Let E denote the space H' (RQ) equipped with the norm || - ||y, which is equiv-
alent to the standard Sobolev norm. In addition, for s € [2,00), there exists 7, > 0
such that

llulls < 7sllully, VwueE. (2.5)

Define
Ny :i={ue E\{0}: (P} (u),u) =0}, (2.6)

which is the Nehari mainfold of ®y (u).
Under assumption (V0), for € > 0, the set

E. .= {u €cE: [ V(ex)|ufdr< oo} (2.7)

R2

is a Hilbert space endowed with the norm

fulles= | [ (90 + VcoluP) as "

which is equivalent to the standard Sobolev norm. Note that conditions (V0), and
(V2) were introduced by Rabinowitz in [32]. Hereafter, we will denote by

M:={zeR*:V(z)=Vo} (2.8)

the minimum points set of V(z).
By Sobolev embedding theorem, for s € [2, 00), there exists 7, > 0 such that

lulls <sllulle, ¥V ue E. (2.9)
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Particularly, 79 < 1/4/Vh. By (V0), (2.2) and Proposition 1.1, we know that the
functional ®. defined by (1.3) is well defined on E.. Moreover, by standard argu-
ments, . € C'(E.,R) with

(@ (u), v) = /R [Vt V(] de — (W(),0), Vuue B (210)

Hence, the solutions of equation (1.2) are the critical points of function (2.10).
In order to prove our results, we give the following preliminary lemmas.

Lemma 2.1. Assume that (V0), (F1) and (F2) hold. Then, there exists o > 0,
independent of € such that

lulle > 0, ¥V u €N
Proof. By (V0), there exists ¥9 = 1 > 0 such that
[Vaullz < [lulls, YV ue E.. (2.11)

Let u € M. Tt follows from (2.1) and (2.2) that there exist constants 5 > Sy and
C1 > 0 such that

a/2
t )
lf(t)] < <\/|§|> + Cy |t (eﬁt - 1) , VYteR (2.12)
Y2
and
o\ @t ,
IF(t)] < (ﬂ> + Oyt (eﬁt - 1), VteR. (2.13)
72

In view of Proposition 1.1 ii), one has

R2 R2
<C(v2,2m), V||lulle £ var/26.
Similarly,
/ (72 ~1)dr <Cl.2m), ¥ |ull. < Vor/4B.  (215)
R2

Then, from (2.12)-(2.15) and the Hoélder inequality, we obtain

|F (u)| YT dz
R2

NG 4/(2+0)
< +Cy (e = 1) [uf? do
/R? (\@72>
1 N 4/(2+a) N
< 2/ s uf? + OB (e 1) a3 | (2.16)
r2 [ 273
a/(2+a)

1 o 4/
< 2{2 5 [lull3 + 1/ [ [ (e =) dx] |u||i/<2+“)}
72 R2
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1 (e
= )2 + 20/ @) U (e45“2/a - 1) dm]
Y3 R2

2 o 1/(2+) 8/(24+a
< Jlul? +2 (H5C1C (72, 27)) [
[l + Co ull¥ TV ulle < Var/28,

and for all |Jull. < y/am/40, one has
[\ ds
R2
4/

< /R l(\);'ﬁ)a/acn (e = 1) |u|] do

1 o 4/ o
< 24/a/ [22 ul* + ¢y (eW —1) Jul ¥/ }daz
R2 [ <72

4/ 1 2 4/ Bu? 8/a 1/2 4/
<o d el | [ (e =)l ey ean

g4/e-1 4/a u? V2 e
<2t o | [ (@9 - 1) as] s
Y2 R2

_ 4/ @
< 2907 ull2 + (298/aC1) 7 €2 (g, 2m)

e )
[l 4

IN

Hence, combining with (1.4), (2.16), (2.17), u € N, Proposition 2.1 and the Holder
inequality, we have

Jul = [ o s ) f (00

< COHF(U)||4/(2+a) ||f(u)u||4/(2+a)
< CollF()lla/c2) 1) sl
(2+a) /4
2 8/(24«
< 7€ [lull2 + Ca ull/ T )

-~ 4 o a/4
o [0l + (21570C1) 7 €Y (30,27) [

< dyaCollul| 2 + Cs]lull.

Therefore, there exists 0 < o < y/am /48 such that the conclusion holds. O

Lemma 2.2. Assume that (V0), (F1), (F2) and (F3) hold. Then, there exist a
sequence {u,} C E. and ko > 0 independent of € such that

P (un) — = > Ko, [@% (wn) |l (1 + [lunlle) — 0, (2.18)
as n — +o0o, where c. is given by

¢ = Inf max @ (v(®))

with
I'={yeC([0,1], Ec) : 7(0) = 0, . (v(1)) < 0}.
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Proof. By using the argument which is used in the proof of Lemma 2.1, one can
easily obtain that there exists kg, p > 0 independent of £ such that

D .(u) > ko, VYueS:={ueckE.:|ule=p}. (2.19)

On the other hand, for any fixed ug € E-\{0}, we set

Ct)=w ( o ) , YV teR\{0}
l[uolle
Obviously, ¢(t) > 0, by (F3) and
) _ 2n
=t

¢(t)

which implies that TiEe is increasing on (—o0,0) U (0, +00). Consequently, choosing

t > 1/|luolle, we have
Uo

ww@zwwmﬁw(). (2.20)

[[uolle
Hence, by (1.3) and (2.20), for any ¢ > 1/|luo||e, one has

]. 2 Qﬂ ( uo )
—||tugl|2 — (t||w v
2” 0”5 ( || 0”6) ||UOHE

ﬁ|22W*HWW<u°ﬂ
= — () — () .
7 |uoll <Y Tl

(I)s (tUO)

IN

Then, o > 1, and we assert lim;_, o, @ (tug) = —oo. Thus, combining with (2.19),
we can choose T' > 0 independent of € such that e = Tug € {u € E. : ||ul]|le > p}
and ®.(e) < 0. Then, in view of the mountain pass lemma [35], we deduce that
there exist ¢ € [ko, supyso Pc(tug)] and a sequence {u,} C E. satisfying (2.18).

O

Lemma 2.3. Assume that (V0), (F1), (F2), (F3) and (F6) hold. Then,
2

2

D, (u) > P (tu) + (®L(u),u), VYuekE,t>0, (2.21)

1—¢2

S, (u) > P (tu) + (®L(u),u), VueEN\{0}, t>0andt#£1. (2.22)

Proof. It is easy to see that (F3) implies

F(t)
t

strictly increasing on (—oo,0) U (0, 4+00). (2.23)

For every t > 0, let

1—1¢2
2

E(t) == V(tu) — U(u) + (U (u),u) .
Then, it follows from (F6) and (2.23) that

¢'(t) = (¥'(tu),u) — (¥'(u), tu)
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= / [Io * F(tu)] f(tu)u da — / [Io * F(u)] f(u)tu dz
R R?

_ [ R
_/Rz/RzIa( y)|: tu(y) f(tu(z)) u(y) flu(z)) | tu(z)u(y) dedy

SR {F““(y” F(tue)) — f(u(@))]
2 R?

. tu(y)
[
>0,t>1; (2.24)
<0,0<t<1, |

which derives £(t) > £(1) = 0 immediately. Moreover, the above inequality is strict,
if ue E.\ {0} and ¢t = 1. Hence, from (1.3) and (2.10), one has

1—¢
c(u) — D (tu) = —5—||ullZ — U(u) + ¥(tu)
1—t2 1—t2
= —5— (@c(u),u) — V(w) + P(tu) + (W' (u), u)
11—t
> 5 (PL(u),u), VYuekE.,t>0.
This shows that (2.21) holds. O

From Lemma 2.3, we have the following corollary at once.

Corollary 2.1. Assume that (V0), (F1), (F2), (F3) and (F6) hold. Then,

O (u) > max D (tu), VueMN,
>0

and the above inequality is strict, if t #Z 1.

Lemma 2.4. Assume that (V0), (F1), (F2) and (F6) hold. Then, for any u €
E.\ {0}, there exists a unique t, > 0 such that t,u € N:.

Proof. Let u € E. \ {0} be fixed and define a function ¢(¢) := ®.(tu) on [0, c0).
Clearly, by (1.3), we have for t # 0

S =0 & dull2— (W (), u) =0
& |ul]2 — (WL(tu), tu) =0
& (DL(tu),tu) =0
& tu €N

By (F1), (F2) and (2.19), one has ¢(0) = 0 and ¢(¢) > 0 for ¢ > 0 small and ¢(t) < 0
for ¢ large. Therefore, max;¢ (0,00) S(t) is achieved at some ¢, > 0, so that ¢'(t,) =0
and t,u € N.. By Corollary 2.1, t, is unique. O

From (2.19), Corollary 2.1 and Lemma 2.4, we can similarly prove the following
lemma as in [36, Lemma 2.6].

Lemma 2.5. Assume that (V0), (F1), (F2), (F3) and (F6) hold. Then,

Ce = 5\1}5 P (u) = ueg:{‘{o} I?Zaé( P (tu) > Ko.
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Lemma 2.6. Assume that (V0), (F1), (F2), (F3) and (F6) hold. Then, any se-
quence {uy} satisfying (2.18) is bounded in E..

Proof. To prove the boundedness of {u, }, arguing by contradiction, suppose that
||tunl|le = 00 as n — oo. From (F3), (1.3), (2.10) and (2.18), one has

e+ 0(1) = By () — & (@ (1), )

2
= % (U (wp), un) — ¥ (uy) (2.25)
> B () ).
Then, it follows from (2.18) and (2.25) that
= Tz (V). ) + 0(1) = o(1).
This contradiction shows that {u,} is bounded in FE.. O

3. Minimax estimates

In this section, we will estimate the minimax level of the energy functional defined

by (2.3). Let
2

Y . — 3.1
2+ )V, 3.1)
Then, (F5) implies that
s a(l+a)2+a)’ (2+a)V,p2 /4
ke > Smedopite e A (3.2)

As in [11], we define Moser type functions w,, (z) supported in B, as follows:

[ Viosn, 0 < |z[ < p/m;
— log(p/|z|) .
wn(z) = Von Jlogn p/n < |z < p; (3:3)

0, 2| > p.

By an elemental computation, we have

[Vw, |13 =/ |Vw,|* doz =1 (3.4)
R2
and
V(z)w? dz <V, / w2 dz = V,p*5,, (3.5)
R2 B,

where

V,:= sup V(x), &, := L _ ! —L>O (3.6)
r \z\gpp " 4logn 4n2logn 2n2 ‘ :

In view of the proof of [2, (2.11)], one has

dy 472 Py 2+
d > P 3.7
/Bp/n x/B |z =yl T a(l+a)(2+a) (n) (3.7)

p/n
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Applying Lemma 2.2 to the functional @y, there exists a sequence {u,} C E:
such that

1% (un)ll (1 + JJunllv) =0, @y (un) = cv, (3.8)

where ¢y can be characterized by
0 = inf d t 3.9
<ey = inf max v(y(t)) (3.9)

with
I':= {7 € Cl([(), 1]3E) : 7(0) = Oa (I)V(V(l)) < 0} .
We shall control the minimax-levels ¢y by a fine threshold, which can help
restore the compactness.
Lemma 3.1. Assume that (V0), (F1), (F2), (F3) and (F5) hold. Then, there exists
n € N such that

2+ a)r
max Dy (twy) < T (3.10)
Proof. By (3.2), we can choose € > 0 such that
(2+a)V,p® (1+ea(l+a)(2+a)?
— 41 1. 3.11
4 +log 2 A (k — €)2p?te < (3:.11)
Note that .
R o fosf(s)ds o f(b)
htrglogf ot > htrglogf T = hgégf FgePo (3.12)
It follows from (F5) and (3.12) that there exists t. > 0 such that
Ft) > (k— )Pt th(t) > %eﬂ°t2, V>t (3.13)
0
From (2.3), (3.4) and (3.5), one has
t2 "
Py (twn) = EHU’HHV — W(twn) (3.14)

2

t
5 (14 V,p%0,) — ¥(tw,), Vt=>0.

There are four possible cases as follows. From now on, in the sequel, all inequalities
hold for large n € N.

Case (i). t € {O, (2+O‘)W]. Then, it follows from (F3) and (3.14) that

IN

20
t2 )
Dy (twy,) < bl (1 +Vop 6n) — U(twy,)
24+ a)r 5
< .
<% (1+V,p%,)

Clearly, there exists 7 € N such that (3.10) holds.

Case (ii). t € [\/(2;;:)”, \/(222‘)”] Let M,, = \/%\/logn. Then tw, () > t

for x € B, and for large n € N, it follows from (F3), (3.3) and (3.13), and we
have

U (twy,)
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2 \I]Bp/n (twn)
1
= —/ F(tw,(z / T Ftw,(y)) dy| do
P/T? Bp/n |m_y‘
> F(tMn)]Q/ d:c/ — (3.15)
Bp/n Bom 1T —yl?e
212 A p*te 9
F(tM,
- a(1+a)(2+a)n2+0‘[ ( )
> T2 Aok — €)*p* e 02Bo(tMy)?
T 20(1 4+ a)(24 a)BZn2ta(tM,)?
’/TzAa(H — 6)2p2+a 7 Bot? logn
a(l+a)(2 + a)2Bon2talogn ’
which together with (3.14) that
Dy (twy,)
t2 2 A (k —g)?prte “1g 42
— (1+V,p% = m Pottlosm (316
-2 (14 Voron) = a(l+ a)(2+ «)?Bon?tlogn (3.16)
= @n(t).
Let £, > 0 such that @, (f,) = 0. Then,
14V,p%, = 2,4& B0 1083 10w, (3.17)

n2to

where Ay, = 12 A4 (k — )22t /[a(1 + @) (2 + a)?By]. Tt follows from (3.17) that

lim f M
n— oo Bo
Let )
Dy :=log (1+ )
2Aa pﬁO
Then, (3.11) and (3.19) imply that
2 2
w +D;—1<0.

From (3.17), (3.18) and (3.19), one has

2 _ 2+ a)m [1 log (1 + Vpp 1) ) T — 10g(2f1a7pﬁo)]

Bo (24 a)logn

2+ o) D, 1
=" h [”@M)logn}w(bg%)

and

™

ﬁo logn

). vizo

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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In view of (3.18), (3.21) and (3.22), we get

1 ~ T
Sn(t) < = (1 26,) | 12 —
Bult) < 3 (148 (2 - )
2+ a)m 5 [ Dy -1 ( 1 )]
<———(14+V,pbp) |1+ ———+ 0| —— 3.23
- 2B (L Voron) 2T aogn log®n (328)
(24 a)m T [(Q—i—oz)Vpp2 ] ( 1 )
< +D;—-1{+0 .
=28, 280 logn 4 ! logZn

Hence, combining (3.16) with (3.23), one has

2+ a)m ™ (24 a)V,p?
Dy (twy,) < Dy -1
v(twn) < 280 + 2080 logn 4 +1a
1
+0 ( 5 ) . (3.24)
log”n

Clearly, in this case, (3.20) and (3.24) show that there exists 7 € N such that (3.10)
holds.

Case (iii). ¢ € [\/W, \/(2270‘)”(1 + e)] Then, tw,(z) > t. for x € B,,

0

and for large n € N, it follows (3.15), and then one has

U (tw,,)
’iTQAa(H—E)Qp2+a e2ﬁo(tMn)2 (325>
T 20(1+ @)(2 4 a)BEn2ta(tM,)?
7T2AO£(H — 6)2p2+a 7 Bot? logn
T (1+ea(l+a)(2+ a)2Bon2telogn '
(14 e)a(l + @) (2 + a)?Bon**t log
Using (F3), (3.14) and (3.25), we have
@\/(twn)
t2 A S 2
< S (L4 Vpp0p) — —g=f—em fotlogn 3.26
) ( + pP n) n2+a10gn€ ( )
= @n(t%
where
i - 72 Ao (K — €)2p?te
A+ 9a(l+a)(2+a)fo’
Let t,, > 0 such that ¢, (¢,) = 0. Then,
244,80 157
1+ Vpp25n = mﬁe Botn logn, (327)
which yields
. 24 a)w
lim #2 = (7 3.28
Let
Dy = log ——. (3.29)
2Aa,pﬁ0
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Then, (3.11) and (3.29) imply that

(2 + a)V,p?

1 +Dy—1<0. (3.30)

It follows from (3.27), (3.28) and (3.29) that

log (1 + V,p26,) m — log(24,
P - (24 )7 - og (14 V,p%8,) ™ —log(244,,60) (3.31)
Bo (24 a)logn
24+ a)r { D, } ( 1 )
< 1+ +O0| ——
- B (2+a)logn log® n
and
Bu(t) < Bulln) = = (14 V0265, (2 — =T V>0 (3.32)
Pn > Pnlln D) pP n Bologn s = U. .
From (3.28), (3.31) and (3.32), we have
on (t)
1 T
<-(1 2 2 —
-2 ( +Vor 6n) (tn Bo 10gn>
2+ a)r 9 { Dy —1 ( 1 )}
< ——— (14 V,p%,) |1 )
- 2050 ( +Vep ) + (2—|—O{) logn + loan
24+ a)r n {(2+a)Vpp2 } ( 1 )
< +D;—1{4+0 ,
- 2B 208y logn 4 ? log®n
which together with (3.26) that
2+ a)m ™ (2 + a)V,p?
Py (tw,) < Dy —1
v(twn) < 2080 + 2080 logn 4 LG
1
+O< s ) (3.33)
log“n

Clearly, in this case, (3.30) and (3.33) imply that there exists i € N such that (3.10)
holds.

Case (iv). t € (1/(2;:)”(1 +e),+oo). Then, tw,(z) > t for z € B,/,, and

for large n € N, it follows from (F3), (3.3) and (3.15) that

t2
Py (tw,) < 5 (1+ Vpp26 ) — ¥(tw,)
< ﬁ _ 7T3Aa(ﬁl — 6)2p2+a ew71B0t2 logn
-2 410g n a(l+ a)(2 + a)B3t2n2talogn

2
L Ata@ta)m (1 Vip
2050 4logn
_ 2A ( )2p2+a e(l+e)(2+o¢)logn
(1+e)a(l+ )2+ a)?bylogn ’
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which implies that there exists 7 € N such that (3.10) holds. In the above derivation
process, we use the fact that the function

ﬁ 1+ Vpp2 _ 7T3AOA(’€ B 6)2p2+a e‘n'*lﬂot2 logn
2 4logn a(l+a)(2 + a)B2t2n?telogn

is decreasing on t € ( (2';73‘)”(1 + e),—l—oo), since its stagnation points tend to
(24a)m
Bo
Now, we deduce the following corollary from (3.9) and Lemma 3.1.
Corollary 3.1. Assume that (VO0), (F1), (F2), (F3) and (F5) hold. Then,
2+ a)r
260
Lemma 3.2. Assume that (V0), (F1), (F2), (F5) and (F6) hold. Then,

,as n — oo. O

cy <

lim ¢, = ¢y,
e—0 ¢ 0’

where cy, is the minimaz value defined in (3.9) with V(x) = V.

Proof. By virtue of Lemma 3.1 and [30, Theorem 1.3], it is not complicated to
verify that there exists w € E being the nontrivial solution of equation (1.5) with
V(z) = Vp. In fact, by a standard argument, we can easily check that w is a ground
state solution of equation (1.5), and then w € My,. In what follows, for any given
§ >0, ws € C§°(R?) being fixed and verifying

ws ENy,, ws > w inE and Py, (ws) < ey, + 0. (3.34)

Without loss of generality, let us suppose 0 € M, where M is given in (2.8).
Consequently, we choose a smooth cut-off function ¢ € C5° (R?,[0,1]) to be such
that « = 1 on By and ¢ = 0 on R?\By. Further, we choose v, (z) = ¢ (e,2) ws(x),
where €,, — 0 as n — +o0o. Then, we obtain

Uy, — W in F,

which implies ||vn|lv, = ||ws||v,. From Lemma 2.4, there exists ¢, > 0 such that
tnun € N,. We claim that {¢,} is bounded. Otherwise, we assume |t,| — +oo.
Combining with (F5), (3.7), (3.13) and Fatou’s Lemma, one has

[vnll2 =32 (W' (ty0n) , tavn) + o(1)
— fiminf /R 2 /R oo = 5 E(tuon () (tnn ()1 v () dady (3.35)

n—roo
/ / liminf I, (x — y) F (tnvn (y) f (tnon (2))t, o, (z) dady
Rz R2 n—oo

— +OO,

which shows that {¢,} is bounded. Thus, up to a subsequence, we may assume
{tn} — to > 0. Note that there exists a constant ko > 0 independent of & such that
Ce, > Ko > 0, which yields ¢ > 0. Using this and (3.34), we have

(U (w), w) = lim (¥’ (ws), ws)

§—0
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= lim (|Vu)5|2 +W |w5|2) dz
§—0 R2

= lim lim (\VUH\Z + Vienz) |vn|2) dz

d—=0n—00 Jp2

= lim i £,% [ (VG0 4 V() o) do
R?

§—0n—o0

= lim lim t:LQ <\I//(tnvn)atnvn>

§—0n—o0

= lim ta2 <\I/’(t0w5), tows)
§—0

=ty 2 (V' (tow), tow) -

Together with the monotonicity assumption (F6), we derive o = 1. Hence, by
(2.19), (3.34) and Lemma 2.5, we can deduce

Ce, < (I)sn (tnvn)

n

t2 2 2
-5 /. (|vvn\ TV (e02) |vn] )dx W (tun)

t 2 2 12 5
= 5”/ (lwn\ + Vo [on| )dx—‘l/(tnvn)-i-?"/ [V (enz) — Vo] |on|* dz

R2 R2
t2 )
= @y (tavn) + 2 [V (e0) = Vol jnf? d
RQ

= Vo(wts) + On(l)
<ecy, + 9.

As ¢ is arbitrary, we have

limsupece, < cy,.
n—oo

This shows that
limsup c. < ey, (3.36)

e—0

On the other hand, it follows from (V0) that
ce > cy,, Ve>0,

which implies
liminf ¢, > ¢y . (3.37)
e—0

From (3.36) and (3.37), we get the conclusion

lim ¢c. = cy,.
e—0 c 0

O
Using Corollary 3.1 and Lemma 3.2, we can get the following lemma immediately.

Lemma 3.3. Assume that (VO0), (F1), (F2), (F3), (F5) and (F6) hold. Then, there

exists eg > 0 such that

2+ a)m
260

Moreover, since cy, < cy,_, we also have
— =)

Veel0,e). (3.38)

ce <

lime. <cy_ .
es0 T Voo



264 L. Zhang, F. Liao, X. Tang & D. Qin

4. The proofs of main results

In this section, we give the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Applying Lemmas 2.2 and 2.6 with € = 1, we deduce
that there exists a sequence {u,} C F satisfying (3.8) and |lu,|? < C4/2 for the
constant Cy > 0, it follows from (F3), (1.3) and (2.18) that for n large

2% (uy) < (W' (up), upn) < Cy. (4.1)
Set

n—oo yeR2

 := limsup sup / [, |? dz.
B1(y)

We claim § > 0. The proof is essentially contained in [30, proof of (4.92)]. We give
the details here for the convenience of readers. If § = 0, then by Lions’ concentration
compactness principle [35, Lemma 1.21], u, — 0 in L*(R?) for 2 < s < oo.

For any given € > 0, we choose M, > max{MyCy/e, to}, and then it follows
from (F3), (F4) and (4.1) that

W o () < My /{ o e )] da
Un | > M.
MO /
<L <\I/{\un\2Ms}(un)vun> (4.2)
< 2 W), )
< €.

Define € = efi'/2/ [63/27£2+a)/2ci3+a)/2]. Using (F2), (F3), (2.5), (4.1), Proposi-
tions 2.1 and 2.2, we can choose N, € (0, 1) such that

1
< - !
U< (un) < 2 <‘I’{|un|g1vf}(“n)7”n>

= E/ Lo F(un)] |ug| *+/2 da (4.3)
{lun|<Ne}
1/2
< E(Q\Il(un))l/Z {/ |:Io¢ * ‘Un|(2+a)/2 ‘un‘(2+0¢)/2 dlﬁ}
CoCy\ 2 .
<e () [ P
n
~ C C 1/2 N .
<é <04) 72(2+ )/2”%“5/24r )/2
I
<e

)

By (F1), (F3), (4.1), Propositions 2.1 and 2.2, we have

1
WiN, <fun|<M.} (Un) < 7 <q’f{Neg|u,L|gwfe}(un)7“n>

< 05/ [Io * F(uy)] |uﬁ|3 dz
{Ne<|un|<Mc}
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1/2

< C5 (20 (u,))? {/ [Io  [un)?] |unl? d:c} (4.4)
{Nc<|un|<Mc}

CoCi\ 2
Scs( 7 ) ||Un||?2/(2+a)

< o,(1).

Following from (4.2), (4.3) and (4.4), one has
U(up) = 0,(1). (4.5)

Then, we can deduce from (2.3), (3.8) and (4.5) that there exists v € (0,1/2) small
enough such that for n large

2+ a)m

0 < 20 < |Junl|? = 2cy +0,(1) < 5 (1—v). (4.6)
0
Let us choose ¢ € (1,2) such that
(1-v?)g < 1. (4.7)
By (F1), there exists Cg > 0 such that
If(1)] < Co [eﬂo<1+u>t2 - 1} . Y=L (4.8)
In view of (4.6), (4.7), (4.8) and Proposition 1.1 ii), we have
4 2 Sk
/ |f (un) |75 do < Ci / [eﬁv(1+v)“n - 1] 7 da (4.9)
{lunl21} {lun|=1}
4Bo(1 alf ()
<o [ o (00 (e YY) ],
R2 2+a leen ||V
< (7.

Let ¢’ = q/(¢ —1). Then, from (4.9), Propositions 2.1 and 2.2, we get

<\Iﬂ{|un|21}(un), un>

< (20 (uy,))? l/{ - [Ta * (f (un)unX{jun|>11)] f(un>UnX{un>1}d$1

24a
4

/ [ f ()| CH0 |y, |4/ (2 H ) (4.10)
{lun>1)

2+a 24a

/ |f(un)|4q/(2+“>] [/ |un|4‘1//(2+"‘)] ’
{Jun|>1} {Jun|>1}

< Csllunllag /2+4a)
= o,(1).

By (4.3), (4.4) and (4.10) that

<V C4Cy

<V CaCo

<\I//(un), un> = On(l)v
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which together with (3.8) implies

[l = o0n (1),

which contradicts with (4.6). Thus, 6 > 0.
Going if necessary to a subsequence, we may assume that there exists {y, } C Z?
Ky ~
such that fBl+\/§(yn) |un|*dz > §. Let us define @y, (2) = uy(x + yn). Then, there

exists 4 € E such that u,(-+y,) = @ # 0in E. By (V1), we have ||, ||v = [|un|lv,
@4 (@n)|| (1 + [|tn]v) =0 and @y (4,) — cv. (4.11)
By [30, Lemma 4.8], for any ¢ € C5°(R?), we have

lim (W, (i), ) = (W (@), ). (4.12)

n— oo

Thus,
on(1) = (Py (i), ) = (21 (@), ),

which shows that @ is a solution of equation (1.5). Using the information and (F3),
(2.3) and Fatou’s Lemma, one has

ev = Jim [y () - 5 (@) (@),

n— oo

= liminf B (W, (i ), i) — \va(ﬂn)]

n—oo

Y

5 (W (@), ) — Wy ()

= By(@) - 5 (@ (@), )
¢y,

which yields ®v (@) = ¢y. Thus, @ is a ground state solution of equation (1.5).
Proof of Theorem 1.2. Applying Theorem 1.1 to ®y._, we can deduce that
®y._ has a critical point us, € Ny . That is,

Uoo €ENv., Py (Uoe) =0, Py (uss) =cv. . (4.13)
Since @y, is autonomous and Vp < V., there exist € R? and 7 > 0 such that
Voo = V(x) >0 and |us(x)| >0 for ae. |z —Z| <7 (4.14)

From Lemma 2.4, there exists to, > 0 such that ¢, us € N.. Then, following from
(V2), (1.3), (2.3), (4.13) and Corollary 2.1, one has

Cy, = ‘I)Vw (uoo) > (I)Voc (toouoo)
2
=P, (tooloo) + %’"/ Ve — V(ex)] Juso)® dz
2 R (4.15)
>t -2 [ [V — Vien)] |usl® da
2 R2

> Ce.
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In virtue of Lemmas 2.2, 2.5, 2.6 and 3.3, we get that there exists a bounded
sequence {u,} C E. satisfying (2.18) and ||u,||? < Cy/2 for some constant Cy > 0
and

2
Ko < ¢ < m, Vee(0,e0). (4.16)
260
It follows from (F3), (1.3) and (2.18) that
2% (uy) < (W' (up), upn) < Coy. (4.17)

Passing to a subsequence if necessary, we may assume u,, — . in E., u, — U in
) )

L (R?) for s € [2,00) and u,, — 1. a.e. on R% For any n € N, from Lemma 2.4,

there exists t,, > 0 such that t,u, € Ny_. Hence,
Py (tpun) > ey and (@Y (taun) ,taun) = 0. (4.18)

Letting us define
0 := limsup sup / |, |? da
Bi(y)

n—00 y€R2

by using an argument which is in the proof of Theorem 1.1, we deduce § > 0. Going
if necessary to a subsequence, there exists {y, } C R? such that [, ) [up|?de >
1+v2(Un

¢. Defining 1, (z) = un(z + yn), and then we have

)
/ |, |2d > —. (4.19)
By, y3(0) 2

By the equivalence of the norm || - || and the standard Sobolev norm, then we have
{||tin|lc} is bounded and

Uy — Ue, 10 E,
Up — Ue, in Lj (R?) for s € [2,00),

Up — Ue, a.e. on R
Clearly, following from (4.19) that 4. # 0. By (F3) and (4.18), one has

0 =1, (P} (tntn),tntn)
=12 (P} (tnln) , tnln)

= / (|van|2 + Voo |an|2) Az — 1,2 (V' (tniin), tnin) (4.20)
R2

< / <|v71n|2 + Voo |an|2) do — 20t 2V (t,tiy,).
R2

Thereby, combining with (F1), (4.20) and the boundedness of {||%,||}, we derive
that {t,} is bounded. Thus, up to a subsequence, we may assume 0 < t,, < .

Now, we prove 4. # 0. Arguing by the contradiction, suppose u. = 0, and then
u, = 01in E., u, = 01in Lj_ (R2) for s € [1,00) and u,, — 0, a.e. on R%. From
(2.18), (4.14), (4.15), (4.16) (4.18) and Lemma 2.3, we have

ce + on(1) (4.21)
= D, (uy)
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> d. (tnun) +
=&, (tnun) + On(l)

t2

1—12
2

= (I)VOQ (tnun) + */
2 R2

2

<<I)/5 (un) ,un>

[V (ex) — Voo| [tn|? dz 4 0, (1)

> ey, + o [V (ex) — Vio] [un|? d
2 Jizl<R/e
ti 2
—&—5 [V(ex) — Voo [un|” dz + 0n (1)
|z|>R/e

2

72

Voo — Vo) t2 t
> ey, — (Ve = Vo) o / [un|>dz — 2 sup  [Vao — V(ex)] |lunll3 + 0n(1)
2| <R/e 2

|z|>R/e

2 72
> et = [ WV - Vo) lumf do = 2 sup (Vo = Ve funl} +0n(1)
R2

|z|>R/e

2
> et %”/ Vao = Vi(ea)] [uso|? do + 0r(1) + on (1)
R2

> Ce.

This contradiction shows @ # 0. From (4.17) and [30, Lemma 4.8], one has

lim (V. (up), ) = (VL(t:), ), Ve (R?),

n—oo

which yields

on(1) = (PL(un), ) = (L (Ue), @) -
Hence, 1. is a solution of equation (1.2). Using this and (F3), (1.3), (2.18) and

Fatou’s Lemma, we have

Ce —

Y

>

which implies ®.(u.) = ¢
of equation (1.2).

i [0 (0) — 3 (0 (0). )

n—oo

n—oo

lim inf B (U (), up) — \Ija(un):|

% <\P'€(ﬂs),ﬂs> - q’s(@s)
@.(ac) — 5 (@L(52), )

. Therefore, for € € (0,¢9), U is a ground state solution
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