
Commun. Math. Anal. Appl.
doi: 10.4208/cmaa.2023-0008

Vol. 2, No. 4, pp. 421-468

November 2023

Global Regularity of the Vlasov-Poisson-

Boltzmann System Near Maxwellian

Without Angular Cutoff for Soft Potential

Dingqun Deng*

Department of Mathematics, Pohang University of Science and Technology,
Pohang, Republic of Korea.

Received 14 September 2023; Accepted 8 October 2023

Abstract. We consider the non-cutoff Vlasov-Poisson-Boltzmann (VPB) system
of two species with soft potential in the whole space R3 when an initial data is
near Maxwellian. Continuing the work Deng [Comm. Math. Phys. 387 (2021)]
for hard potential case, we prove the global regularity of the Cauchy problem to
VPB system for the case of soft potential in the whole space for the whole range
0<s<1. This completes the smoothing effect of the Vlasov-Poisson-Boltzmann
system, which shows that any classical solutions are smooth with respect to
(t,x,v) for any positive time t > 0. The proof is based on the time-weighted
energy method building upon the pseudo-differential calculus.
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1 Introduction

The Vlasov-Poisson-Boltzmann system is an important physical model to de-
scribe the time evolution of plasma particles of two species (e.g. ions and elec-
trons). In this work, we study the smoothing effect of solutions to non-cutoff
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Vlasov-Poisson-Boltzmann system with −3/2−2s < γ ≤−2s and 0< s < 1. We
find that the solutions enjoy the same smoothing phenomenon as the Boltzmann
equation, which gives the regularity of the Vlasov-Poisson-Boltzmann system.
Since Duan and Liu [17] found the global solution for non-cutoff soft potential
with 1/2≤ s< 1, the smoothing effect for the VPB system is an open interesting
problem. In [14], the author finds out the smoothing effect for hard potential. In
this work, we finally recover the smoothing effect for non-cutoff soft potential
with the whole range 0< s<1.

1.1 Equations

We consider the Vlasov-Poisson-Boltzmann system of two species in the whole
space R3, cf. [22, 26]

∂tF++v·∇xF++E·∇vF+=Q(F+ ,F+)+Q(F− ,F+),

∂tF−+v·∇xF−−E·∇vF−=Q(F− ,F−)+Q(F+ ,F−).
(1.1)

The self-consistent electrostatic field is taken as E(t,x)=−∇xφ, with the electric
potential φ given by

−∆xφ=
∫

R3
(F+−F−)dv, φ → 0 as |x|→∞. (1.2)

The initial data of the system is

F±(0,x,v)=F±,0(x,v). (1.3)

The unknown function F±(t,x,v)≥ 0 represents the velocity distribution for the
particle with position x∈R

3 and velocity v∈R
3 at time t≥0. The bilinear collision

term Q(F,G) on the right-hand side of (1.1) is given by

Q(F,G)(v)=
∫

R3

∫

S2
B(v−v∗,σ)

(
F′
∗G′−F∗G

)
dσdv∗,

where

F′=F(x,v′ ,t), G′
∗=G(x,v′∗,t), F=F(x,v,t), G∗=G(x,v∗,t).

Velocity pairs (v,v∗) and (v′,v′∗) are velocities before and after binary elastic col-
lision respectively. They are defined by

v′=
v+v∗

2
+
|v−v∗|

2
σ, v′∗=

v+v∗
2

−
|v−v∗|

2
σ.

These two pairs of velocities satisfy the conservation law of momentum and
energy

v+v∗=v′+v′∗, |v|2+|v∗|
2= |v′|2+|v′∗|

2.
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1.2 Collision kernel

The Boltzmann collision kernel B is defined as

B(v−v∗,σ)= |v−v∗|
γb(cosθ)

for some function b and γ determined by the intermolecular interactive mecha-
nism with cosθ=((v−v∗)/|v−v∗ |)·σ. Without loss of generality, we can assume
B(v−v∗,σ) is supported on (v−v∗)·σ≥0, which corresponds to θ∈(0,π/2], since
B can be replaced by its symmetrized form

B(v−v∗,σ)=B(v−v∗,σ)+B(v−v∗,−σ)

in Q( f , f ). The angular function σ 7→ b(cosθ) is not integrable on S2. Moreover,
there exists 0< s<1 such that

1

C
θ−1−2s ≤sinθb(cosθ)≤Cθ−1−2s on θ∈ (0,π/2]

for some C > 0. It is convenient to call soft potential when γ+2s< 0, and hard
potential when γ+2s≥0. In this work, we always assume

0< s<1, −3/2<γ≤−2s.

In this paper, we are going to establish the smoothing effect of the solutions
to the Cauchy problem (1.1)-(1.3) of the Vlasov-Poisson-Boltzmann system near
the global Maxwellian equilibrium. For global existence, Guo [22] firstly in-
vestigates the hard-sphere model of the Vlasov-Poisson-Boltzmann system in
a periodic box. Since then, the energy method was largely developed for the
Boltzmann equation with the self-consistent electric and magnetic fields. Duan
and Strain [19] analyzes the optimal time decay rate for the Vlasov-Maxwell-
Boltzmann system with cutoff hard potential. Guo [24] gives the global existence
of the Vlasov-Poisson-Landau system by using an elegant weight e±φ. Duan
and Liu [17] investigated the Vlasov-Poisson-Boltzmann system without angu-
lar cutoff for the case of soft potential when 1/2≤ s<1. For the smoothing effect
of the Boltzmann equation, since the work [1] discovered the entropy dissipa-
tion property for the non-cutoff linearized Boltzmann operator, there have been
many discussions in different contexts. See [2, 5, 7, 21, 29] for the dissipation es-
timate of collision operator, and [3, 4, 8, 10, 11, 13] for C∞ smoothing effect for
the solution to Boltzmann equation in a different aspect. We refer to [9, 16] for
the Gevrey smoothing effect for the spatially inhomogeneous Boltzmann equa-
tion. Recently, the author [14, 15] established the smoothing effect of the Cauchy
problem for VPB system with hard potential and VPL system for Coulomb in-
teractions. These works show that the Boltzmann operator behaves locally like
a fractional operator
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Q( f ,g)∼ (−∆v)
sg+lower order terms.

More precisely, according to the symbolic calculus developed by [2], the lin-
earized Boltzmann operator behaves essentially as

L∼〈v〉γ
(
−∆v+|v∧∂v|

2+|v|2
)s
+lower order terms.

We also mention [25] for global regularity of the Boltzmann equation without
angular cutoff.

1.3 Reformulation

We will reformulate the problem near Maxwellian as in [22]. For this, we denote
a normalized global Maxwellian µ by

µ(v)=(2π)−
3
2 e−

|v|2

2 .

Set F±(t,x,v)=µ(v)+µ1/2 f±(t,x,v). Denote f =( f+, f−) and f0=( f+,0, f−,0). Then
the Cauchy problem (1.1)-(1.3) can be reformulated as

∂t f±+v·∇x f±±
1

2
∇xφ·v f±∓∇xφ·∇v f±±∇xφ·vµ

1
2 −L± f =Γ±( f , f ), (1.4)

−∆xφ=
∫

R3
( f+− f−)µ

1
2 dv, φ → 0 as |x| → ∞ (1.5)

with initial data
f±(0,x,v)= f±,0(x,v). (1.6)

The linearized operator L=(L+ ,L−) and bilinear collision operator Γ=(Γ+ ,Γ−)
are given by

L± f =µ− 1
2

(
2Q
(
µ,µ

1
2 f±
)
+Q

(
µ

1
2 ( f±+ f∓),µ

))
,

Γ±( f ,g)=µ− 1
2

(
Q
(
µ

1
2 f±,µ

1
2 g±

)
+Q

(
µ

1
2 f∓,µ

1
2 g±

))
.

For later use, we introduce the bilinear operator T by

Tβ(h1,h2)=
∫

R3

∫

S2
B(v−v∗,σ)∂β

(
µ

1
2
∗

)(
h1(v

′
∗)h2(v

′)−h1(v∗)h2(v)
)

dσdv∗

for two scalar functions h1,h2, and in particular, we set T =T0. Thus,

L± f =2T
(
µ

1
2 , f±

)
+T

(
f±+ f∓,µ

1
2
)
,

Γ±( f ,g)=T ( f±,g±)+T ( f∓,g±).
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1.4 Notations

Through the paper, C denotes some positive constant (generally large) and λ de-
notes some positive constant (generally small), where both C and λ may take
different values in different lines. For any v∈R3, we denote 〈v〉= (1+|v|2)1/2.
For multi-indices α=(α1,α2,α3) and β=(β1,β2,β3), write

∂α
β=∂α1

x1
∂α2

x2
∂α3

x3
∂

β1
v1

∂
β2
v2

∂
β3
v3

.

The length of α is |α|= α1+α2+α3. The notation a≈ b (respectively a& b, a. b)
for positive real function a,b means there exists C>0 not depending on possible
free parameters such that C−1a ≤ b≤ Ca (respectively a ≥ C−1b, a ≤ Cb) on their
domain. S denotes the Schwartz space. Re(a) means the real part of complex
number a. [a,b]=ab−ba is the commutator between operators. {a(v,η),b(v,η)}=
∂ηa1∂va2−∂va1∂ηa2 is the Poisson bracket. Γ=|dv|2+|dη|2 is the admissible metric
and S(m)=S(m,Γ) is the symbol class. For pseudo-differential calculus, we write
(x,v) ∈ R

3×R
3 to be the space-velocity variable and (y,η) ∈ R

3×R
3 to be the

corresponding variable in frequency space (the variable after Fourier transform).
The L2

v,x space is defined as L2
v,x=L2(R3

v×R3
x). L2(BC) is the L2

v space on Euclidean
ball BC of radius C at the origin. For the usual Sobolev space, we will use the
notation

‖ f‖Hk
v Hm

x
= ∑

|β|≤k,|α|≤m

∥∥∂α
β f
∥∥

L2
v,x

for k,m ≥ 0. We also define the standard velocity-space mixed Lebesgue space
Z1=L2(R3

v;L1(R3
x)) with the norm

‖ f‖Z1
=
∥∥‖ f‖L1

x

∥∥
L2

v
.

In this paper, we write Fourier transform and inverse Fourier transform on x as

f̂ (y)=
∫

R3
f (x)e−ix·y dx, f∨(x)=

1

(2π)3

∫

R3
f (y)eiy·x dx.

(i) As in [23], the null space of L is given by

kerL=span
{
[1,0]µ

1
2 , [0,1]µ

1
2 , [1,1]viµ

1
2 (1≤ i≤3), [1,1]|v|2µ

1
2

}
.

We denote P± to be the orthogonal projection from L2
v×L2

v onto kerL, which is
defined by

P f =
(
a+(t,x)[1,0]+a−(t,x)[0,1]+v·b(t,x)[1,1]+(|v|2−3)c(t,x)[1,1]

)
µ

1
2 , (1.7)
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or equivalently by

P± f =
(

a±(t,x)+v·b(t,x)+(|v|2−3)c(t,x)
)

µ
1
2 .

Then for given f , one can decompose f uniquely as

f =P f +(I−P) f .

The function a±,b,c are given by

a±=
(
µ

1
2 , f±

)
L2

v
=
(
µ

1
2 ,P± f

)
L2

v
,

bj=
1

2

(
vjµ

1
2 , f++ f−

)
L2

v
=
(
vjµ

1
2 ,P± f

)
L2

v
,

c=
1

12

(
(|v|2−3)µ

1
2 , f++ f−

)
L2

v
=

1

6

(
(|v|2−3)µ

1
2 ,P± f

)
L2

v
.

(ii) To describe the behavior of linearized Boltzmann collision operator, [6] in-
troduce the norm ||| f ||| while [20] introduce the norm N

s,γ
l . The work [2] give the

pseudo-differential-type norm ‖(ã1/2)w f‖L2
v
. They are all equivalent and we list

their results as follows.

Let S ′ be the space of tempered distribution functions. Ns,γ denotes the
weighted geometric fractional Sobolev space

Ns,γ={ f ∈S
′ : | f |Ns,γ <∞}

with the anisotropic norm

| f |2Ns,γ :=
∥∥〈v〉

γ
2 +s f

∥∥2

L2+
∫
(〈v〉〈v′〉)

γ+2s+1
2

( f ′− f )2

d(v,v′)d+2s
1d(v,v′)≤1

with

d(v,v′) :=

√
|v−v′|2+

1

4
(|v|2−|v′|2)2.

In order to describe the velocity weight 〈v〉, as in [20], we define

| f |2
N

s,γ
l
=
∣∣wl〈v〉

γ
2 +s f

∣∣2
L2

v
+
∫

R3
dvwl〈v〉

γ+2s+1
∫

R3
dv′

( f ′− f )2

d(v,v′)d+2s
1d(v,v′)≤1,

which turns out to be equivalent with |wl f |Ns,γ . This follows from the proof of [20,
Proposition 5.1] since the ψ therein has a nice support.
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On the other hand, as in [6], we define

||| f |||2 :=
∫

B(v−v∗,σ)
(

µ∗( f ′− f )2+ f 2
∗

(
(µ′)

1
2 −µ

1
2
)2
)

dσdv∗dv.

For pseudo-differential calculus as in [2], one may refer to the [14, Appendix] as
well as [28] for more information. Let Γ= |dv|2+|dη|2 be an admissible metric.
We say that a∈S(M)=S(M,Γ), if for α, β∈N

d,v,η∈R3,

∣∣∂α
v∂

β
ηa(v,η,ξ)

∣∣≤Cα,βM

with Cα,β a constant depending only on α and β. The space S(M,Γ) endowed
with the seminorms

‖a‖k;S(M,Γ)= max
0≤|α|+|β|≤k

sup
(v,η)∈R2d

∣∣M(v,η)−1∂α
v∂

β
ηa(v,η,ξ)

∣∣

becomes a Fréchet space. Define

ã(v,η) := 〈v〉γ(1+|η|2+|η∧v|2+|v|2)s+K0〈v〉
γ+2s (1.8)

to be a Γ-admissible weight, where K0>0 is chosen as the following. Applying [2,
Theorem 4.2] and [12, Lemmas 2.1, 2.2], there exists K0 > 0 such that the Weyl
quantizations ãw : H(ãc)→H(c) and (ã1/2)w : H(ã1/2c)→H(c) are invertible, with
c being any Γ-admissible metric. The weighted Sobolev space H(c) is defined by

H(M,Γ) :=
{

u∈S
′ : ‖u‖H(M,Γ)<∞

}
,

where

‖u‖H(M,Γ) :=
∫

M(Y)2‖ϕw
Y u‖2

L2 |ΓY|
1
2 dY<∞,

and (ϕY)Y∈R2d is any uniformly confined family of symbols which is a partition

of unity. If a∈S(M) is a isomorphism from H(M′) to H(M′M−1), then (awu,awv)
is an equivalent Hilbertian structure on H(M). The symbol ã is real and gives the
formal self-adjointness of Weyl quantization ãw. By the invertibility of (ã1/2)w,
we have equivalence ∥∥∥(ã 1

2 )w(·)
∥∥∥

L2
v

≈‖·‖
H(ã

1
2 )v

,

and hence, we will equip H(ã1/2)v with norm ‖(ã1/2)w(·)‖L2
v
, see [14, Appendix].

Also, ∥∥wl(ã
1
2 )w(·)

∥∥
L2

v
≈
∥∥(ã 1

2 )wwl(·)
∥∥

L2
v

due to Lemma 2.1.
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The three norms defined above are equivalent since for l∈R,

∥∥(ã 1
2
)w

f
∥∥2

L2
v
≈||| f |||2 ≈| f |2Ns,γ ≈ (−L f , f )L2

v
+‖〈v〉l f‖L2

v
,

which follows from [20, Eqs. (2.13), (2.15)], [6, Proposition 2.1] and [2, Theo-
rem 1.2]. An important result from [12, Section 3] is that

L∈S(ã),

where S(ã)= S(ã,Γ) is the pseudo-differential symbol class, see [28, Chapter 2].
This implies that

|(L f , f )L2
v
|.
∥∥(ã 1

2
)w

f
∥∥2

L2 .

For brevity, we denote dissipation norms

‖ f‖L2
D
=
∥∥(ã 1

2
)w

f
∥∥

L2
v
, ‖ f‖L2

x L2
D
=
∥∥(ã 1

2
)w

f
∥∥

L2
xL2

v
.

In order to extract the smoothing effect on x, we define a symbol b̃ by

b̃(v,y)= 〈v〉l0 |y|δ1 , (1.9)

where l0,δ1 are defined by (3.16). This symbol will help us find out the smoothing
rate on spatial variables.

1.5 Main results

To state the result of the paper, we let K≥0 to be the total order of derivatives on
v, x and define the velocity weight function wl for any l∈R by

wl(α,β)= 〈v〉l−p|α|−q|β|+Kp, (1.10)

where p,q>0 are given by

p=−γ−
2γ(1−s)

s
+1, q=−

2γ

s
+1.

For brevity, we write wl =wl(0,0) and w(|α|,|β|)=w(α,β). To extract the smooth-
ing effect, as in [14], we define a useful coefficient

ψk =

{
1, if k≤0,

ψk, if k>0,
(1.11)
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where ψ=1 in Theorem 2.1 (for existence) and ψ=tN with N=N(α,β)>0 large in
Theorem 1.1 and Section 3 (for regularity). When considering ψ= tN in proving
regularity, we always assume 0≤ t≤1, since regularity is a local property. In any
case, we have ψ≤1. The motivation of this weight is that when ψ= tN , the initial
high-order energy functional defined in (1.12) would vanish at the initial time
t=0. This shows that high-order energy for any t>0 is controlled by low-order
initial energy and we obtain the regularizing effect.

Corresponding to given f = f (t,x,v), we introduce the instant energy func-
tional EK,l(t) satisfying the equivalent relation

EK,l(t)≈ ∑
|α|≤K

∥∥ψ|α|−4∂αE
∥∥2

L2
x
+ ∑

|α|≤K

∥∥ψ|α|−4∂αP f
∥∥2

L2
v,x

+ ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
β(I−P) f

∥∥2

L2
v,x

. (1.12)

The precise definition will be given in (3.14). Also, we define the dissipation rate
functional DK,l by

DK,l(t)= ∑
|α|≤K−1

∥∥ψ|α|−4∂αE
∥∥2

L2
x
+ ∑

1≤|α|≤K

∥∥ψ|α|−4∂αP f
∥∥2

L2
v,x

+ ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4

(
ã

1
2
)w

wl(α,β)∂α
β(I−P) f

∥∥2

L2
v,x

. (1.13)

Here E=E(t,x) is determined by f (t,x,v) in terms of E=−∇xφ and (1.5). Notice
that one can change the order of (ã1/2)w and wl(α,β) due to Lemma 2.1. The main
result of this paper is stated as follows.

Theorem 1.1. Let −3/2−2s<γ≤−2s,0<s<1,0<τ<T≤∞ and l≥0. For any K≥4

and multi-indices |α|+|β|≤K, assume ψ=tN with N>1 large if |α|=0 or |α|+|β|≤4,

and N = N(α,β)> 1 defined by (3.19) or (3.22) or (3.23) otherwise. Let ( f ,E) be the

solution to (1.4)-(1.6) satisfying that for n>0, there exists Cn>0 such that

sup
0≤t≤T

‖〈v〉n f (t)‖L2
v,x
≤Cn<∞. (1.14)

Then the following holds true:

(1) If

ǫ1=
(
E4,l(0)

) 1
2 (1.15)
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is sufficiently small, then for |α|+|β|≤K, T<∞,

sup
τ≤t≤T

(∥∥wl(α,β)∂α
β f
∥∥2

L2
v,x
+
∥∥∂α∇xφ

∥∥2

L2
x

)
≤ǫ2

1Cτ,T,K,l, (1.16)

where Cτ,T,K,l >0 depends on τ, T,K, l.

(2) There exists CK,l>0 such that if E4,CK,l
(0) is sufficiently small, then for |α|+|β|≤

K, k≥0, T<∞, we have

sup
τ≤t≤T

(∥∥wl(α,β)∂α
β∂k

t f
∥∥2

L2
v,x
+
∥∥∂α∂k

t∇xφ
∥∥2

L2
x

)
≤Cτ,T,k,K,l <∞, (1.17)

where Cτ,T,k,K,l is a constant depending on τ, T,k,K, l. Consequently, we obtain that

f ∈C∞(R+
t ×R3

x×R3
v).

(3) If additionally, the initial data satisfies that

ǫ0=
(
E4,l+l1(0)

) 1
2 +‖wl2 f0‖Z1

+‖E0‖L1
x

(1.18)

is sufficiently small, where

l>max

{
−

3(γ+2s)

4
,K

}
, l1=−

5(γ+2s)

4(1−p)
, l2>−

5(γ+2s)

4

are constants. Then the constants in (1.16) and (1.17) can be chosen independent of T

and T can take the value ∞.

(4) Suppose that there exists sufficiently large CK,l>0 such that if the solution ( f ,E)
satisfies that,

ǫ0,K,l =
(
E4,CK,l+l1(0)

) 1
2 +‖wl2 f0‖Z1

+‖E0‖L1
x

(1.19)

is sufficiently small. Then the condition (1.14) can be removed and we have (1.16) and

(1.17). Also, the constants in (1.16) and (1.17) can be chosen independent of T and T can

take the value ∞.

One way to obtain the existence of solutions to the VPB system with soft po-
tentials satisfying (1.14) could be provided for example by using the weighted
arguments in [18], which is for the Vlasov-Maxwell-Boltzmann system with an-
gular non-cutoff and soft potentials, if we replace the weight function 〈v〉γτ×
exp{λ/(1+t)ϑ〈v〉} by 〈v〉γτ exp{q〈v〉+λ/(1+t)ϑ〈v〉} (with 0< q≪ 1) in which
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case we can obtain the sub-exponential decay in v. However, this is not the main
topic of the current work, so we do not give detailed proof.

Notice that (1.16) gives the smoothing effect on velocity and spatial variables.
If we assume the initial data has more velocity decay, then we have the smoothing
effect on the time variable as (1.17). If we assume the initial data as in the exis-
tence theory (cf. Theorem 2.1), then the constants can be independent of time T.
Moreover, if we assume higher velocity decay, then we can derive (1.14) from ex-
istence theory instead of assuming it at the beginning. These results show that
the solutions to the Vlasov-Poisson-Boltzmann system enjoy a similar smoothing
effect to the Boltzmann equation, see [3,11]. That is, whenever the initial data has
algebraic decay in any order, the solution f is smooth in (t,x,v) for any positive
time t.

In what follows let us point out several technical points in the proof of The-
orem 1.1. We use K ≥ 4 because H2

x(R
3) is a Banach algebra when controlling

(2.4), where there are already second derivatives on v, and H2
x is useful to con-

trol the spatial variable when dealing with the trilinear estimate. The next tech-
nical point concerns the choice of ψ = tN in Theorem 1.1 and the usage of b̃,
ψ|α|+|β|−4 is Section 3. Recall (1.11) for the definition of ψk. Whenever |α|+|β|>4,

ψ|α|+|β|−4= tN(|α|+|β|−4) is equal to 0 at t= 0. Plugging this into energy estimate,
the higher order derivatives are canceled at t= 0 and one can control the higher
order instant energy by lower order initial data. Then one can easily deduce the
smoothing effect locally in time. By using the global energy control obtained
in Theorem 2.1, the local-in-time regularity becomes global-in-time regularity.
Notice that we use −4 to eliminate the index arising from Sobolev embedding
‖·‖H2

v L∞
x
.‖·‖H2

v H2
x
, where the latter has derivatives of forth order. However, after

adding ψ|α|+|β|−4, one need to deal with the term

(
∂t(ψ|α|+|β|−4)∂

α
β f ,e±φw2

l (α,β)∂α
β f
)

L2
v,x

. (1.20)

This is where we need b̃ given in (1.9). By choosing N=N(α,β) properly, one has
interpolation

ψ|α|+|β|−4− 1
2N

.δ b̃
1
2 ψ|α|+|β|−4+C0,δ〈v〉

−l0|α|
δ1 |y|−|α|ψ|β|−4− 1

2N
.

The first term can be absorbed while the second term eliminates α derivatives
on x. Applying a similar interpolation on v with ã, we can control (1.20) by a high-
order term and an algebraic decay term

δ2
∥∥ψ|α|+|β|−4b̃

1
2 wl(α,β)

(
∂α

β f
)∧

(v,y)
∥∥2

L2
v,y
+δ2DK,l+Cδ‖〈v〉

CK,l f‖2
L2

v,x
.
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Defining θ by (3.18), using the Eqs. (1.4)-(1.6) and Poisson bracket {v·y,θ}, one
can control the high-order term by using functional EK,l and DK,l, where δ1 in b̃
should be chosen properly. Hence, we can obtain a closed energy estimate lo-
cally. Here, when dealing with soft potential, there occurs an algebraic decay
term in v :‖〈v〉CK,l f‖L2

v,x
and we need to assume such norms are bounded initially,

as observed in the Boltzmann equation, cf. [11]. After obtaining a local regularity,
we can combine it with the global energy control from existence theory, cf. [17].
Then one can deduce the regularity globally in time.

The rest of the paper is arranged as follows. In Section 2, we present some
basic lemmas for existence theory, estimate on L,Γ, and some tricks in energy
estimates. In Section 3, we present the proof for regularity.

2 Preliminaries

In this section, we list several basic lemmas corresponding to the existence theory
of the Vlasov-Poisson-Boltzmann system, linearized Boltzmann collision term L±

and the bilinear Boltzmann collision operator Γ±. The following theorem comes
from [17, Theorem 1.1], except that we improve the index K ≥ 8 to K ≥ 4 and
1/2≤ s<1 to 0< s<1.

Theorem 2.1 ([17, Theorem 1.1]). Let −3/2−2s<γ≤−2s,0<s<1,K≥4, p∈(1/2,1).
Assume l≥0, l>−3(γ+2s)/4, l1 =−5(γ+2s)/(4(1−p)) and f0(x,v)=( f0,+(x,v),
f0,−(x,v)) satisfying

F±(0,x,v)=µ(v)+
√

µ(v) f0,±(x,v)≥0.

Assume ψ=1. If

ǫ0=
(
EK,l+l1(0)

) 1
2 +‖wl2 f0‖Z1

+‖E0‖L1
x

(2.1)

is sufficiently small, where E0(x)=E(0,x), l2 >−5(γ+2s)/4 is a constant. Then there

exists a unique global solution f (t,x,v) to the Cauchy problem (1.4)-(1.6) of the Vlasov-

Poisson-Boltzmann system such that

F±(t,x,v)=µ(v)+
(

µ(v)
) 1

2 f±(t,x,v)≥0,

and
EK,l+l1(t).ǫ2

0 ,

EK,l(t).ǫ2
0(1+t)−

3
2 ,

E h
K,l(t).ǫ2

0(1+t)−
3
2−p,

(2.2)

for any t≥0. Here, EK,l(t) is defined by (1.12) with ψ=1.
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Here the instant energy functional E h
K,l is given by

E h
K,l(t)≈ ∑

|α|≤K

‖∂αE(t)‖2
L2

x
+ ∑

1≤|α|≤K

‖∂αP f‖2
L2

v,x

+ ∑
|α|+|β|≤K

∥∥wl(α,β)∂α
β(I−P) f

∥∥2

L2
v,x

,

and we assume ψ=1 in this theorem.

Proof. The proof is similar to [17, Theorem 1.1] and we only illustrate the differ-

ence. The first one is that we use ‖E0‖L1
x

in (2.1) instead of ‖(1+|x|)ρ0‖L1 , where

ρ0=
∫

R3

(
f+(0)− f−(0)

)
µ

1
2 dv.

The only place involving this term is estimate (4.25) in [17, Theorem 1.1]. One can

use

‖Ê0(y)‖L∞
y
≤‖E0‖L1

x

instead and hence, in (2.1), we can use ‖E0‖L1
x

instead.

The second difference is that we use K≥4 instead of K≥8. This is because, in

Corollary 2.1 below, we only require K≥4. Replacing estimate in [17, Theorem 7.1,

Eqs. (7.11)-(7.12)] by Corollary 2.1 below, we can use such index on K instead.

The third difference is to improve index from 1/2 ≤ s < 1 to 0 < s < 1. The

work [17] is restricted to 1/2 ≤ s < 1 because of [17, Lemmas 3.6, 3.7], where

the authors used Fourier transform on v ∈ R3 to control the gradient ∇v. Us-

ing Lemma 2.10 below instead, we are able to obtain the result for 0< s<1. Then

following the same proof of [17, Lemma 7.1 and Theorem 1.1], we complete the

proof of Theorem 2.1.

Here we introduce the following lemmas from [12] on pseudo-differential cal-
culus, which will be frequently used in our analysis. Notice that the condition
l≤m in [12] is unnecessary.

Lemma 2.1 ([12, Lemma 2.3]). Let m,c be Γ-admissible weight and a∈S(m). Assume

aw : H(mc)→H(c) is invertible. If b∈S(m), then there exists C>0, depending only on

the seminorms of symbols to (aw)−1 and bw, such that for f ∈H(mc)

‖b(v,Dv) f‖H(c)+‖bw(v,Dv) f‖H(c)≤C‖aw(v,Dv) f‖H(c).

Consequently, if aw : H(m1)→ L2 ∈Op(m1),b
w : H(m2)→ L2 ∈Op(m2) are invertible,

then for f ∈S
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‖bwaw f‖L2 .‖awbw f‖L2 ,

where the constant depends only on seminorms of symbols to aw,bw, (aw)−1, (bw)−1.

Lemma 2.2 ( [12, Lemma 2.4]). Denote aK,l := a+Kl,mK,l :=m+Kl for K> 1, where

m, l are Γ-admissible weights. Assume a∈S(m),∂η (aK,l)∈S(K−κ mK,l) uniformly in K

and aK,l &mK,l. Let ρ> 0 and b∈ S(εmK,l+ε−ρl), uniformly in ε∈ (0,1). Then there

exists K0>0 such that for f ∈H(mc), ε∈ (0,1),

‖b(v,Dv) f‖H(c)+‖bw(v,Dv) f‖H(c)

≤CK,l

(
ε‖aw(v,Dv) f‖H(c)+ε−ρ‖lw f‖H(c)

)
.

For composition of pseudodifferential operator we have awbw =(a#b)w with

a#b= ab+
1

4πi
{a,b}+ ∑

2≤k≤ν

2−k ∑
|α|+|β|=k

(−1)|β|

α!β!
Dα

η∂
β
xaD

β
η ∂α

xb+rν(a,b), (2.3)

where X=(v,η),

rν(a,b)(X)=Rν

(
a(X)⊗b(Y)

)
|X=Y,

Rν =
∫ 1

0

(1−θ)ν−1

(ν−1)!
exp

(
θ

4πi
〈σ∂X,∂Y〉

)
dθ

(
1

4πi
〈σ∂X ,∂Y〉

)ν

.

Let a1(v,η)∈S(M1 ,Γ), a2(v,η)∈S(M2 ,Γ), then aw
1 aw

2 =(a1#a2)
w, a1#a2∈S(M1M2,Γ)

with

a1#a2(v,η)= a1(v,η)a2(v,η)+
∫ 1

0
(∂ηa1#θ∂va2−∂va1#θ∂ηa2)dθ,

g#θh(Y) :=
22d

θ−2n

∫

R3

∫

R3
e−

4πi
θ σ(X−Y1)·(X−Y2)(4πi)−1〈σ∂Y1

,∂Y2
〉g(Y1)h(Y2)dY1dY2

with Y=(v,η),σ=

(
0 I

−I 0

)
. For any non-negative integer k, there exists l,C inde-

pendent of θ∈ [0,1] such that

‖g#θh‖k;S(M1 M2,Γ)≤C‖g‖l,S(M1,Γ)‖h‖l,S(M2,Γ).

Thus, if ∂ηa1,∂ηa2 ∈S(M′
1 ,Γ) and ∂va1,∂va2 ∈S(M′

2,Γ), then [a1,a2]∈S(M′
1 M′

2,Γ),
where [·,·] is the commutator defined by [A,B] := AB−BA. As a consequence of
composition and Lemma 2.1, we have the following.
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Lemma 2.3. Let m,c be Γ-admissible weight and a1/2 ∈ S(m1/2). Assume (a1/2)w :

H(mc)→H(c) is invertible and L∈S(m). Then

(L f , f )L2 =
(((

a
1
2
)w)−1

L︸ ︷︷ ︸
∈S(m1/2)

f ,
(

a
1
2
)w

f
)

L2
.
∥∥(a 1

2
)w

f
∥∥2

L2 .

The following lemma concerns with dissipation of L±, whose proof can be
found in [20, Lemma 2.6, Theorem 8.1].

Lemma 2.4. For any l∈R, multi-indices α,β, we have the followings:

(i) It holds that

(−Lg,g)L2
v
&‖(I−P)g‖2

L2
D

.

(ii) There exists C>0 such that

−
(
w2

l Lg,g
)

L2
v
&‖wlg‖

2
L2

D
−C‖g‖2

L2
v(BC)

.

(iii) For any η>0

−
(
w2

l (α,β)∂α
β Lg,∂α

βg
)

L2
v
&
∥∥wl(α,β)∂α

βg
∥∥2

L2
D
−η ∑

|β1|≤|β|

∥∥wl(α,β1)∂
α
β1

g
∥∥2

L2
D

−Cη‖∂αg‖2
L2(BCη )

.

Notice that in Carleman representation (cf. [2, Appendix]), the derivative on v
will apply to f , g and µ1/2 respectively. Then

ψ|α|+|β|−4∂α
βT ( f ,g)

= ∑
α1+α2=α

∑
β1+β2+β3=β

Cα1,α2
α C

β1 ,β2,β3

β ψ|α|+|β|−4Tβ3
(∂α1

β1
f ,∂α2

β2
g)ψ|β3|.

The next lemma concerns the estimates on the nonlinear collision operator Γ±,
which comes from [17, Lemma 2.2] and [30, Proposition 3.1].

Lemma 2.5. Assume γ+2s≤ 0. For any l ≥ 0,m≥ 0 and multi-index β, we have the

upper bound
∣∣∣
(
w2

l (α,β)∂α
βΓ±( f ,g),∂α

βh
)

L2
v,x

∣∣∣

. ∑
α1+α2=α
β1+β2≤β

∫

R3

∥∥∂α1
β1

f
∥∥

L2
v

∥∥wl(α,β)∂α2
β2

g
∥∥

L2
D

∥∥wl(α,β)∂α
βh
∥∥

L2
D

dx
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+ ∑
α1+α2=α
β1+β2≤β

∫

R3

∥∥wl(α,β)∂α1
β1

f
∥∥

L2
v

∥∥∂α2
β2

g
∥∥

L2
D

∥∥wl(α,β)∂α
βh
∥∥

L2
D

dx

+ ∑
α1+α2=α
β1+β2≤β

∫

R3
min{A1,A2}

∥∥wl(α,β)∂α
βh
∥∥

L2
D

dx, (2.4)

where

A1= ∑
|β′|≤2

∥∥w−m∂α1
β1+β′ f

∥∥
L2

v

∥∥wl(α,β)∂α2
β2

g
∥∥

L2
D

,

A2=
∥∥w−m∂α1

β1
f
∥∥

L2
v

∑
|β′|≤2

∥∥wl(α,β)∂α2
β2+β′g

∥∥
L2

D
.

Let i=1 if 0< s<1/2 and i=2 if 1/2≤ s<1, then

‖〈v〉lΓ( f ,g)‖L2
v

.min
{∥∥〈v〉l+ γ+2s

2 f
∥∥

H2
v

∥∥〈v〉l+ γ+2s
2 g
∥∥

Hi
v
,
∥∥〈v〉l+ γ+2s

2 f
∥∥

L2
v

∥∥〈v〉l+ γ+2s
2 g
∥∥

Hi+2
v

}
. (2.5)

In order to obtain a suitable norm estimate of T on x. We write a fundamental
estimate, which is very useful throughout our analysis.

Lemma 2.6. For any u,v∈H2
x , we have

‖uv‖L2
x
.min

{
‖∇xu‖H1

x
‖v‖L2

x
,‖∇xu‖L2

x
‖v‖H1

x

}
. (2.6)

Proof. The proof is straightforward. Notice that this lemma gives that H2
x is a Ba-

nach algebra. By Gagliardo-Nirenberg interpolation inequality and Sobolev em-

bedding, cf. [27, Theorem 12.83] and [31, Proposition 2.2, Lemma 5.1], we have

‖u‖L∞ .‖∇xu‖
1
2
∥∥∇2

xu
∥∥ 1

2 .‖∇xu‖H1 ,

‖uv‖L2 .‖u‖L6‖v‖L3 .‖∇xu‖L2‖v‖H1 .

Then (2.6) follows from Hölder’s inequality.

The following corollary describes the behavior of nonlinear terms in the Vla-
sov-Poisson-Boltzmann system.
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Corollary 2.1. Let l ≥ 0 and K ≥ 4. Define i = 1 if 0 < s < 1/2 and i = 2 if 1/2 ≤
s < 1. Assume l > max{−3(γ+2s)/4+i+1,−5(γ+2s)/4+2}. Then, there exists

l∗>−5(γ+2s)/4 such that

∥∥〈v〉l∗g±
∥∥

Z1
+
∥∥〈v〉l∗∇xg±

∥∥
L2

v,x
.EK,l,

where

g±=±∇xφ·∇v f±∓
1

2
∇xφ·v f±+Γ±( f , f ).

Proof. By using (2.5) and Young’s inequality, we have

‖〈v〉l∗Γ( f , f )‖Z1
.

∫
dx
∥∥〈v〉l∗+

γ
2 +s f

∥∥
H2

v

∥∥〈v〉l∗+
γ
2 +s f

∥∥
Hi

v

.
∥∥〈v〉l∗+

γ+2s
2 f
∥∥2

H2
v L2

x
.EK,l,

whenever l≥ l∗+(γ+2s)/2+2. On the other hand,

∥∥〈v〉l∗∇xφ·∇v f±
∥∥

Z1
.‖∇xφ‖L2

x

∥∥〈v〉l∗∇v f
∥∥

L2
v,x
.EK,l,

∥∥〈v〉l∗v·∇xφ f±
∥∥

Z1
.‖∇xφ‖L2

x

∥∥〈v〉l∗v f±
∥∥

L2
v,x
.EK,l,

whenever l≥ l∗+1. Similarly, by using (2.6),

∥∥〈v〉l∗∇xΓ( f , f )
∥∥

L2
v,x
.
∥∥∥
∥∥〈v〉l∗+

γ+2s
2 ∇x f

∥∥
L2

v

∥∥〈v〉l∗+
γ+2s

2 f
∥∥

Hi
v

∥∥∥
L2

x

+
∥∥∥‖
∥∥〈v〉l∗+

γ+2s
2 f
∥∥

L2
v

∥∥〈v〉l∗+
γ+2s

2 ∇x f
∥∥

Hi
v

∥∥∥
L2

x

.
∥∥〈v〉l∗+

γ+2s
2 f
∥∥

L2
v H2

x

∥∥〈v〉l∗+
γ+2s

2 f
∥∥

Hi
v H1

x
.EK,l,

whenever l≥ l∗+(γ+2s)/2+i+1. By (2.6),

∥∥〈v〉l∗∇x(∇xφ·∇v f±)
∥∥

L2
v,x
.‖∇xφ‖H2

x

∥∥〈v〉l∗ f±
∥∥

H1
v H1

x
.EK,l,

∥∥〈v〉l∗∇x(v·∇xφ f±)
∥∥

L2
v,x
.‖∇xφ‖H1

x

∥∥〈v〉l∗v f±
∥∥

L2
vH1

x
.EK,l,

whenever l≥ l∗+2. Now we verify that such l∗ exists. From the restriction above,

we need to choose l∗ such that

−
5(γ+2s)

4
< l∗≤ l−

γ+2s

2
−i−1, l∗≤ l−2.

Such choice exists, since l>max{−3(γ+2s)/4+i+1,−5(γ+2s)/4+2}.
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With the help of Lemmas 2.5 and 2.6, we can control the trilinear term as the
following.

Lemma 2.7. Let K≥ 4. For any multi-indices |α|+|β| ≤K and real number l ≥ 0, we

have

∣∣(ψ2|α|+2|β|−8w2
l (α,β)∂α

βΓ±( f ,g),∂α
βh
)

L2
v,x

∣∣

.

(
∑

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|≥1,|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D

+ ∑
|α|≥1,|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D

+ ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f
∥∥

L2
v,x

∑
|α|≥1,|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
βg
∥∥

L2
xL2

D

+ ∑
|α|≥1,|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
βg
∥∥

L2
xL2

D

)

×
∥∥ψ|α|+|β|−4wl(α,β)∂α

βh
∥∥

L2
xL2

D
,

where we restrict t∈ [0,1] when considering ψ= tN as in Theorem 1.1.

Proof. Using the estimate (2.4), we have

∣∣(ψ2|α|+2|β|−8w2
l (α,β)∂α

βΓ±( f ,g),∂α
βh
)

L2
v,x

∣∣

. ∑
α1+α2=α
β1+β2≤β

∥∥ψ|α|+|β|−4

∥∥∂α1
β1

f
∥∥

L2
v

∥∥wl(α,β)∂α2
β2

g
∥∥

L2
D

∥∥
L2

x

∥∥ψ|α|+|β|−4wl(α,β)∂α
βh
∥∥

L2
xL2

D

+ ∑
α1+α2=α
β1+β2≤β

∥∥ψ|α|+|β|−4

∥∥wl(α,β)∂α1
β1

f
∥∥

L2
v

∥∥∂α2
β2

g
∥∥

L2
D

∥∥
L2

x

∥∥ψ|α|+|β|−4wl(α,β)∂α
βh
∥∥

L2
xL2

D

+ ∑
α1+α2=α
β1+β2≤β

∥∥ψ|α|+|β|−4min{B1,B2}
∥∥

L2
x

∥∥ψ|α|+|β|−4wl(α,β)∂α
βh
∥∥

L2
xL2

D
, (2.7)

where

B1= ∑
|β′|≤2

∥∥w−m∂α1
β1+β′ f

∥∥
L2

v

∥∥wl(α,β)∂α2
β2

g
∥∥

L2
D

,

B2=
∥∥w−m∂α1

β1
f
∥∥

L2
v

∑
|β′|≤2

∥∥wl(α,β)∂α2
β2+β′g

∥∥
L2

D
.
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Here we divide the summation into several parts. For brevity, we denote the first

terms in the norm ‖·‖L2
x

inside the summation ∑α1+α2=α,β1+β2≤β on the right-hand

side of (2.7) to be I, J,K and discuss their value in several cases. If 2≤|α1|+|β1|≤K,

then |α2|+|β2|≤|α|+|β|−2 and |α2+α′|+|β2|≤|α|+|β| for any 1≤|α′|≤2. Notice

that in this case

ψ|α|+|β|−4≤ψ|α1|+|β1|−4ψ|α2+α′|+|β2|−4.

By using (2.6), we have

I.ψ|α|+|β|−4

∥∥∂α1
β1

f
∥∥

L2
v,x

∥∥∥∥wl(α,β)∂α2
β2

g
∥∥

L2
D

∥∥
L∞

x

.
∥∥ψ|α1|+|β1|−4∂α1

β1
f
∥∥

L2
v,x

∑
1≤|α′|≤2

∥∥ψ|α2+α′|+|β2|−4wl(α+α′,β2)∂
α2+α′

β2
g
∥∥

L2
xL2

D

. ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
. (2.8)

Secondly, if |α1|+|β1|=1, then |α2|+|β2|≤ |α|+|β|−1. Using (2.6) to give one x

derivative to f , we have

I. ∑
|α′|=1

∥∥ψ|α1+α′|+|β1|−4∂α1+α′

β1
f
∥∥

L2
v,x

× ∑
|α′|≤1

∥∥ψ|α2+α′|+|β2|−4wl(α+α′,β2)∂
α2+α′

β2
g
∥∥

L2
xL2

D

. ∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
.

Here we used ψ≤1 and

ψ|α|+|β|−4≤ψ|α1+α′1|+|β1|−4ψ|α2+α′2|+|β2|−4, ∀ |α′
1|=1, |α′

2|≤1.

Thirdly, if |α1|+|β1|= 0, using (2.6) to give at most two and at least one spatial

derivative to f with, we have

I. ∑
1≤|α′|≤2

∥∥ψ|α1+α′|+|β1|−4∂α1+α′

β1
f
∥∥

L2
v,x

∥∥ψ|α2|+|β2|−4wl(α2,β2)∂
α2
β2

g
∥∥

L2
xL2

D

. ∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
. (2.9)
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Here we used

ψ|α|+|β|−4≤ψ|α1+α′|+|β1|−4ψ|α2|+|β2|−4, ∀ |α′|≤2.

Combining the above estimate, we have the desired result for I

I. ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D

+ ∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
.

Similarly, using the same discussion on |α2|+|β2| instead of |α1|+|β1|, we have

J. ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f
∥∥

L2
v,x

∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
βg
∥∥

L2
xL2

D

+ ∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
βg
∥∥

L2
xL2

D
.

For the term K, the idea is similar to I. If |α1|+|β1|= 0, we use the first term in

the minimum of K and apply (2.6) to give at most two and at least one spatial

derivative to f . Noticing

ψ|α|+|β|−4≤ψ|α1+α′|+|β1+β′|−4ψ|α2|+|β2|−4, ∀1≤|α′|≤2, |β′|≤2,

we have

K.ψ|α|+|β|−4 ∑
1≤|α′|≤2
|β′|≤2

∥∥w−m∂α1+α′

β1+β′ f
∥∥

L2
v,x

∥∥wl(α,β)∂α2
β2

g
∥∥

L2
xL2

D

. ∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
.

Similarly, if |α1|+|β1|=1, we apply (2.6) to give at least one x derivative to f , at

most one x derivative to g and deduce the same bound. If |α1|+|β1|=2, we apply

(2.6) to give at most two and at least one spatial derivative to g. Noticing

ψ|α|+|β|−4≤ψ|α1|+|β1+β′|−4ψ|α2+α′|+|β2|−4, ∀1≤|α′|≤2, |β′|≤2,
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we have

K.ψ|α|+|β|−4 ∑
|β′|≤2

∥∥w−m∂α1
β1+β′ f

∥∥
L2

v,x
∑

1≤|α′|≤2

∥∥wl(α,β)∂α2+α′

β2
g
∥∥

L2
xL2

D

. ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
.

If |α1|+|β1|=3, we will use the second term in the minimum of K. Applying (2.6)

to give at least one x derivative to f and at most one x derivative to g, noticing

ψ|α|+|β|−4≤ψ|α1+α′1|+|β1|−4ψ|α2+α′2|+|β2+β′|−4,

wl(α,β)≤wl(α2+α′
2,β2+β′)

for any |α′
1|=1, |α′|≤1, |β′|≤2, we have

K.ψ|α|+|β|−4 ∑
|α′1|=1

∥∥w−m∂
α1+α′1
β1

f
∥∥

L2
v,x

∑
|α′2|≤1
|β′|≤2

∥∥wl(α,β)∂
α2+α′2
β2+β′ g

∥∥
L2

xL2
D

. ∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
.

If 4≤|α1|+|β1|≤K, then applying (2.6) to give two x derivatives to g and noticing

ψ|α|+|β|−4≤ψ|α1|+|β1|−4ψ|α2+α′|+|β2+β′|−4,

wl(α,β)≤wl(α2+α′,β2+β′)

for any 1≤|α′|≤2, |β′|≤2, we have

K.ψ|α|+|β|−4‖w−m∂α1
β1

f‖L2
v,x ∑

1≤|α′|≤2
|β′|≤2

∥∥wl(α,β)∂α2+α′

β2+β′g
∥∥

L2
xL2

D

. ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4∂α
β f
∥∥

L2
v,x

∑
|α|≥1

|α|+|β|≤K

∥∥ψ|α|+|β|−4wl(α,β)∂α
βg
∥∥

L2
xL2

D
.

Substituting all the above estimates into (2.7), we have the desired bound. A sim-

ilar discussion on the indices |α1|+|β1| will be used frequently later and will not

be mentioned for brevity.
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A direct consequence of Lemma 2.7 is the following estimate, see also [17,
Lemma 3.1].

Lemma 2.8. Let K≥4, |α|+|β|≤K, l≥0. Then

∣∣(∂αΓ±( f , f ),ψ2|α|−8∂α f±
)

L2
v,x

∣∣.E
1
2
K,lDK,l(t), (2.10)

∣∣(w2
l (α,β)∂α

βΓ±( f , f ),ψ2|α|+2|β|−8∂α
β f
)

L2
v,x

∣∣.E
1
2
K,lDK,l(t)+EK,lD

1
2
K,l(t). (2.11)

Also, for any smooth function ζ(v) satisfying |ζ(v)|≈ e−λ|v|2 with some λ>0, we have

(
∂αΓ±( f , f ),ψ2|α|−8ζ(v)

)
Lv,x

.E
1
2
K,lD

1
2
K,l(t). (2.12)

Proof. For (2.11), notice that

(
w2

l (α,β)∂α
βΓ±( f , f ),ψ2|α|+2|β|−8∂α

β f±
)

L2
v,x

=
(
w2

l (α,β)∂α
βΓ±( f , f ),ψ2|α|+2|β|−8∂α

β(I±−P±) f
)

L2
v,x

+
(
w2

l (α,β)∂α
βΓ±( f , f ),ψ2|α|+2|β|−8∂α

βP± f
)

L2
v,x

.

The first term on the right-hand side, by directly using Lemma 2.7 and the def-

inition of EK,l and DK,l, is bounded above by E1/2
K,l DK,l(t), since there is zero x

derivative on (I−P) f in the definition of DK,l. But there is no such term for P f

in DK,l. Hence, the second right-hand side term can only be bounded above by

EK,lD
1/2
K,l (t). This proves (2.11).

Similarly, noticing P±Γ( f , f )= 0, one can obtain (2.10). The proof of (2.12) is

directly from Lemma 2.7. This conclude Lemma 2.8.

For later use, we need the following estimate on v·∇xφ f± and ∇xφ·∇v f±.
We always assume that ‖φ‖L∞

x
≤C, which follows from the a priori assumption

on energy EK,l given in (1.12) and hence, |e±φ| ≈ 1. The proof here is different
from [17, Lemmas 3.4, 3.6], since we will cover the full range 0< s<1.

Lemma 2.9. Let 1≤|α|≤K, |α|+|β|≤K and l≥0. Then, for α1≤α, β1≤β with |α1|≥1,

it holds that

∣∣(vi∂
α1+eiφ∂α−α1 f±,ψ2|α|−8e±φw2

l (α,0)∂α f±
)

L2
v,x

∣∣.E
1
2
K,lDK,l,

∣∣(∂β1
vi∂

α1+eiφ∂α−α1
β−β1

f±,ψ2|α|+2|β|−8e±φw2
l (α,β)∂α

β f±
)

L2
v,x

∣∣.E
1
2
K,lDK,l.
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Proof. For |α1|≥1 with α1≤α, by using −3<γ≤−2s and 0< s<1, we have from

(1.10) that |vi|wl(|α|,0)≤〈v〉γwl(|α|−1,0). Thus,
∣∣(vi∂

α1+eiφ∂α−α1 f±,ψ2|α|−8e±φw2
l (α,0)∂α f±

)
L2

v,x

∣∣

.
∥∥ψ|α|−4∂α1∇xφ〈v〉

γ
2 wl(|α|−1,0)∂α−α1 f±

∥∥
L2

v,x

×
∥∥ψ|α|−4〈v〉

γ
2 wl(|α|,0)∂

α f±
∥∥

L2
v,x

. (2.13)

For the first term on the right hand of (2.13), we discuss its value as the following.

If α1<α, then 1≤|α1|≤K−1 and there is at least one derivative on f± with respect

to x. Then by the same discussion on the value of |α1| as (2.8)-(2.9), one has

∣∣ψ|α|−4∂α1∇xφ〈v〉
γ
2 wl(|α|−1,0)∂α−α1 f±

∣∣
L2

v,x
.E

1
2
K,lD

1
2
K,l,

where we used ‖〈v〉γ/2+s(·)‖L2
v,x

. ‖·‖L2
xL2

D
. If α1 = α, then we decompose f± =

P± f +(I±−P±) f and give one derivative to P± f with respect to x by using (2.6).

That is,
∥∥ψ|α|−4∂α∇xφ〈v〉

γ
2 wl(α−α1,0)P± f

∥∥
L2

v,x

.
∥∥ψ|α|−4∂α∇xφ

∥∥
L2

x
∑

1≤|α′|≤2

∥∥ψ|α′|−4∂α′P± f
∥∥

L2
v,x
.E

1
2
K,lD

1
2
K,l.

For the part (I±−P±) f , we will use (2.6) to give two derivatives to (I±−P±) f

when |α| ≥ 3, one derivative to (I±−P±) f when |α| = 2 and give nothing to

(I±−P±) f when |α|=1. That is,
∥∥ψ|α|−4∂α∇xφ〈v〉

γ
2 wl(α−α1,0)(I±−P±) f

∥∥
L2

v,x

. ∑
3≤|α|≤K

∥∥ψ|α|−4∂α∇xφ
∥∥

L2
x

× ∑
1≤|α′|≤2

∥∥ψ|α′|−4〈v〉
γ
2 wl(|α|−1,0)∂α′(I±−P±) f

∥∥
L2

v,x

+ ∑
|α|=2

∑
|α′|≤1

∥∥ψ|α+α′|−4∂α+α′∇xφ
∥∥

L2
x

× ∑
|α′1|=1

∥∥ψ|α′1|−4〈v〉
γ
2 wl(|α|−1,0)∂α′1(I±−P±) f

∥∥
L2

v,x

+ ∑
|α|=1

∑
|α′|≤2

∥∥ψ|α+α′|−4∂α+α′∇xφ
∥∥

L2
x

∥∥〈v〉
γ
2 wl(I±−P±) f

∥∥
L2

v,x

.E
1
2
K,lD

1
2
K,l,
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where we used −4 in ψ through our argument. Thus, when α1=α,

∥∥ψ|α|−4∂α1∇xφ〈v〉
γ
2 wl(|α|−1,0)∂α−α1 f±

∥∥
L2

v,x
.E

1
2
K,lD

1
2
K,l. (2.14)

Plugging the above estimate into (2.13), we have

∣∣(vi∂
α1+eiφ∂α−α1 f±,ψ2|α|−8e±φw2

l (α,0)∂α f±
)

L2
v,x

∣∣.E
1
2
K,lDK,l.

Similarly, for |β|≤K and β1≤β, we have |∂β1
vi|≤〈v〉 and hence,

∣∣(∂β1
vi∂

α1+eiφ∂α−α1
β−β1

f±,ψ2|α|+2|β|−8e±φw2
l (α,β)∂α

β f±
)

L2
v,x

∣∣

.
∥∥ψ|α|+|β|−4∂α1∇xφ〈v〉

γ
2 wl(|α|−1,|β−β1|)∂

α−α1
β−β1

f±
∥∥

L2
v,x

×
∥∥ψ|α|+|β|−4〈v〉

γ
2 wl(α,β)∂α

β f±
∥∥

L2
v,x

. (2.15)

For the first term on the right-hand side of (2.15), we use the same argument as

in (2.13)-(2.14) to find its upper bound E1/2
K,l D

1/2
K,l . Hence, (2.15) is bounded above

by E1/2
K,l DK,l.

Lemma 2.10. Let |α|+|β|≤K, l≥0. Then, for α1≤α, β1≤β, it holds that

∣∣(∂α1+eiφ∂α−α1
ei

f±,ψ2|α|−8e±φw2
l (α,0)∂α f±

)
L2

v,x

∣∣≤E
1
2
K,lDK,l, (2.16)

∣∣(∂α1+eiφ∂α−α1
β+ei

f±,ψ2|α|+2|β|−8e±φw2
l (α,β)∂α

β f±)L2
v,x

∣∣≤E
1
2
K,lDK,l. (2.17)

Proof. We firstly prove (2.16). When α1=0, by integration by parts and γ+2s≥−2,

we have

∣∣(∂eiφ∂α
ei

f±,ψ2|α|−8e±φw2
l (α,0)∂α f±

)
L2

v,x

∣∣

.
∣∣(∂eiφ∂α f±,ψ2|α|−8e±φ

(
∂ei

w2
l (α,0)

)
∂α f±

)
L2

v,x

∣∣

.
∥∥ψ|α|−4∇xφ〈v〉

γ+2s
2 wl(|α|,0)∂

α f±
∥∥

L2
v,x

∥∥ψ|α|−4wl(|α|,0)∂
α f±

∥∥
L2

v,x

. ∑
|α′|≤2

∥∥ψ|α′|−4∂α′∇xφ
∥∥

L2
x

∑
1≤|α|≤K

∥∥ψ|α|−4〈v〉
γ+2s

2 wl(|α|,0)∂
α f±

∥∥
L2

v,x

× ∑∣∣α|≤K

‖ψ|α|−4wl(|α|,0)∂
α f±

∥∥
L2

v,x

.E
1
2
K,lDK,l,
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where we use (2.6) to assure that there is always at least one derivative on the

first f±. When |α1|≥1, we have |α|≥1. Then we decompose f±=P± f+(I±−P±) f

to obtain (
∂α1+eiφ∂α−α1

ei
f±,ψ2|α|−8e±φw2

l (α,0)∂α f±
)

L2
v,x
= I+ J

with

I=
(
∂α1+eiφ∂α−α1

ei
P± f ,ψ2|α|−8e±φw2

l (α,0)∂α f±
)

L2
v,x

,

J=
(
∂α1+eiφ∂α−α1

ei
(I±−P±) f ,ψ2|α|−8e±φw2

l (α,0)∂α f±
)

L2
v,x

.

Now we estimate I and J as the following. For I, noticing there is exponential

decay in v, we have

|I|.
∥∥ψ|α|−4∂α1+eiφ∂α−α1 P± f

∥∥
L2

v,x

∥∥ψ|α|−4〈v〉
γ+2s

2 wl(|α|,0)∂
α f±

∥∥
L2

v,x

. ∑
|α1|≤K

∥∥ψ|α1|−4∂α1∇xφ
∥∥

L2
x

× ∑
1≤|α|≤K

∥∥ψ|α|−4∂αP± f
∥∥

L2
v,x

∥∥ψ|α|−4wl(|α|,0)∂
α f±

∥∥
L2

xL2
D

.E
1
2
K,lDK,l,

where we used same discussion on the value of |α1| as (2.8)-(2.9) and give at least

one derivative to P± f . For J, we first provide some interpolation formulas. For

any k∈R, by Young’s inequality, we have 〈η〉. 〈η〉s〈v〉k+〈η〉1+s〈v〉−ks/(1−s) and

hence, 〈η〉 is a symbol in S(〈η〉s〈v〉k+〈η〉1+s〈v〉−ks/(1−s)), where η is the Fourier

variable of v. Then by [12, Lemma 2.3, Corollary 2.5], we have

‖ f‖H1
v
.‖ f 〈v〉k‖Hs+

∥∥ f 〈v〉−
ks

1−s
∥∥

H1+s . (2.18)

By our choice of wl(α,β) in (1.10), we have

wl(α,0)≤〈v〉γwl(|α|−1,0)sw(|α|−1,1)1−s,

wl(α,0)= 〈v〉γwl(|α|−1,0).

Choosing

〈v〉k =wl(|α|−1,0)1−swl(|α|−1,1)−(1−s)

in (2.18), we obtain
∥∥〈v〉−

γ
2 wl(α,0)∂α−α1(I±−P±) f

∥∥
L2

x,v

.
∥∥〈v〉

γ
2 wl(|α|−1,0)∂α−α1(I±−P±) f

∥∥
L2

x Hs
v

+
∥∥〈v〉

γ
2 wl(|α|−1,1)∂α−α1(I±−P±) f

∥∥
L2

xH1+s
v

≤
√
DK,l,
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when |α1|=1. When |α1|=2, we have

∥∥〈v〉−
γ
2 wl(α,0)∂α−α1(I±−P±) f

∥∥
L6

xL2
v

≤
∥∥〈v〉

γ
2 wl(|α|−1,0)∂α−α1∇x(I±−P±) f

∥∥
L2

x,v
≤
√
DK,l.

When 3≤|α1|≤K, we have

∥∥〈v〉−
γ
2 wl(α,0)∂α−α1(I±−P±) f

∥∥
L∞

x L2
v

≤
∥∥〈v〉

γ
2 wl(|α|−1,0)∂α−α1∇x(I±−P±) f

∥∥
H1

x L2
v
≤
√
DK,l.

Combining the above estimates, we have

J.

(
∑

|α1|=1

∥∥∂α1∇xφ
∥∥

L∞
x

∥∥〈v〉−
γ
2 wl(α,0)∂α−α1(I±−P±) f

∥∥
L2

x,v

+ ∑
|α1|=2

∥∥∂α1∇xφ
∥∥

L3
x

∥∥〈v〉−
γ
2 wl(α,0)∂α−α1(I±−P±) f

∥∥
L6

xL2
x

+ ∑
3≤|α1|≤K

∥∥∂α1∇xφ
∥∥

L2
x

∥∥〈v〉−
γ
2 wl(α,0)∂α−α1(I±−P±) f‖L∞

x L2
x

)

×
∥∥ψ2|α|−8〈v〉

γ
2 wl(α,0)∂α f±

∥∥
L2

x,v
.E

1
2
K,lDK,l.

Collecting all the above estimates for I and J, we obtain (2.16). The proof of (2.17)

is the same as (2.16), and the details are omitted for brevity.

Next, we give some illustration for the macroscopic estimate, see also [14].
Recall the projection P± in (1.7). By multiplying the Eq. (1.4) with µ1/2,vjµ

1/2,

j=1,2,3, and (|v|2−3)/6µ1/2 and then integrating them over R3
v, we have





∂ta±+∇·b+∇x ·
(
vµ

1
2 ,(I±−P±) f

)
L2

v
=0,

∂t

(
bj+(vjµ

1
2 ,(I±−P±) f )L2

v

)
+∂j(a±+2c)∓Ej

+
(
vjµ

1
2 ,v·∇x(I±−P±) f

)
L2

v
=(L± f +g±,vjµ

1
2 )L2

v
,

∂t

(
c+

1

6

(
(|v|2−3)µ

1
2 ,(I±−P±) f

)
L2

v

)
+

1

3
∇x ·b

+
1

6

(
(|v|2−3)µ

1
2 ,v·∇(I±−P±) f

)
L2

v
=

1

6

(
L± f +g±,(|v|2−3)µ

1
2
)

L2
v
,

(2.19)
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where for brevity, we denote I=(I+, I−) with I± f = f± and

g±=±∇xφ·∇v f±∓
1

2
∇xφ·v f±+Γ±( f , f ).

Notice that (P± f ,vµ1/2)L2
v

and (P± f ,(|v|2−3)µ1/2)L2
v

is not 0 in general and sim-
ilar for Γ±. Also, we have used

(
±∇xφ·∇v f±∓

1

2
∇xφ·v f±,µ

1
2

)

L2
v

=0,

which is obtained by integration by parts on ∇v. In order to obtain the high-order
moments, as in [19], we define for 1≤ j,k≤3 that

Θjk( f±)=
(
(vjvk−1)µ

1
2 , f±

)
L2

v
, Λj( f±)=

1

10

(
(|v|2−5)vjµ

1
2 , f±

)
L2

v
.

Then multiplying Eq. (1.4) with the high-order moments (vjvk−1)µ1/2 and

(|v|2−5)vjµ
1/2/10 and integrating over R3

v, we have




∂t

(
Θjj

(
(I±−P±) f

)
+2c

)
+2∂jbj=Θjj(g±+h±),

∂tΘjk

(
(I±−P±) f

)
+∂jbk+∂kbj+∇x ·

(
vµ

1
2 ,(I±−P±) f

)
L2

v

=Θjk(g±+h±)+
(
µ

1
2 ,g±

)
L2

v
, j 6= k,

∂tΛj

(
(I±−P±) f

)
+∂jc=Λj(g±+h±),

(2.20)

where h±=−v·∇x(I±−P±) f+L± f . By taking the mean value of every two equa-
tions with sign ± in (2.19), we have




∂t

(
a++a−

2

)
+∇x ·b=0,

∂tbj+∂j

((
a++a−

2

)
+2c

)
+

1

2

3

∑
k=1

∂kΘjk

(
(I−P) f ·[1,1]

)

=
1

2

(
g++g−,vjµ

1
2
)

L2
v
,

∂tc+
1

3
∇x ·b+

5

6

3

∑
j=1

∂jΛj

(
(I−P) f ·[1,1]

)
=

1

12

(
g++g−,(|v|2−3)µ

1
2
)

L2
v

for 1≤ j≤3. Similarly, taking the mean value with ± of the equation in (2.20), we
have




∂t

(
1

2
Θjk

(
(I±−P±) f ·[1,1]

)
+2cδjk

)
+∂jbk+∂kbj=

1

2
Θjk(g++g−+h++h−),

1

2
∂tΛj

(
(I±−P±) f ·[1,1]

)
+∂jc=

1

2
Λj(g++g−+h++h−)
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for 1≤ j,k≤3. δjk is the Kronecker delta. Moreover, for obtaining the dissipation
of the electric field E, we take the difference with sign ± in the first two equations
in (2.19), we have





∂t(a+−a−)+∇x ·G=0, (2.21a)

∂tG+∇x(a+−a−)−2E+∇x ·Θ
(
(I−P) f ·[1,−1]

)

=
(
(g+L f )·[1,−1],vµ

1
2
)

L2
v
, (2.21b)

where
G=

(
vµ

1
2 ,(I−P) f ·[1,−1]

)
L2

v
.

Recall that E=−∇xφ. Then by Eq. (1.5), we have

∇x ·E= a+−a−. (2.22)

3 Regularity

In this section, we will prove the smoothing effect of solutions to the Vlasov-
Poisson-Boltzmann system with lower-order initial data. Let K≥4 and l≥0. The
Vlasov-Poisson-Boltzmann system reads





∂t f±+vi∂
ei f±±

1

2
∂eiφvi f±∓∂eiφ∂ei

f±±∂eiφviµ
1
2 −L± f =Γ±( f , f ),

−∆xφ=
∫

R3
( f+− f−)µ

1
2 dv, φ → 0 as |x| → ∞,

f±|t=0= f0,±.

(3.1)

The index appearing in both superscript and subscript means the summation.
Our goal is to obtain the a priori estimate from these equations. To extract the
smoothing estimate, we let N = N(α,β)> 0 be a large number chosen later. As-
sume T∈ (0,1], t∈ [0,T] and

ψ= tN , ψk=

{
1, if k≤0,

ψk, if k>0
(3.2)

is this section. Then |∂tψk|.ψk−1/N. Let f be the smooth solution to (1.4)-(1.6)
over 0≤ t≤T and assume the a priori assumption

sup
0≤t≤T

EK,l(t)≤δ0, (3.3)
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where δ0 ∈ (0,1) is a suitably small constant. Under this assumption, we can
derive a simple fact that

‖φ‖L∞ .‖φ‖H2
x
≤δ0, ‖e±φ‖L∞ ≈1.

Also, by Eq. (2.21a) and Gagliardo-Nirenberg interpolation inequality (cf. [27,
Theorem 12.83]), we have

∂tφ=−∆−1
x ∂t(a+−a−)=∆−1

x ∇x ·G, (3.4)

‖∂tφ‖L∞ .‖∇x∂tφ‖
1
2

L2
x

∥∥∇2
x∂tφ

∥∥ 1
2

L2
x
.‖∇xG‖H1

x

.‖(I−P) f‖L2
v H1

x
. (EK,l)

1
2 (t). (3.5)

Theorem 3.1. Assume −3< γ ≤−2s,0< s< 1,K ≥ 4, l ≥ 0. Let f be the solution to

(1.4)-(1.6) satisfying that

ǫ2
1=E4,l(0), sup

0≤t≤T

∥∥〈v〉CK,l f (t)
∥∥2

L2
v,x
<∞

for some large constant CK,l >0 depending on K, l. Then there exists t0∈ (0,1) such that

sup
0≤t≤t0

EK,l(t)≤CK,lǫ
2
1.

The reason of choosing ψ|α|+|β|−4 in (1.12) is that whenever K ≥ 4, the initial

value EK,l(0)= E4,l(0), since ψ|α|+|β|−4|t=0 = 0 whenever |α|+|β| ≥ 5. In order to
prove Theorem 3.1, we give the following a priori estimates.

Lemma 3.1. For any l≥0, there is EK,l satisfying (1.12) such that for 0≤ t≤T

∂tEK,l(t)+λDK,l(t).‖∂tφ‖L∞
x
EK,l(t)+EK,l

+ ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f
∥∥2

L2
v,x

, (3.6)

where DK,l is defined by (1.13).

Proof. For any K≥4 being the total derivative of v,x, we let |α|+|β|≤K. On one

hand, we apply ∂α to Eq. (3.1) to get

∂t∂
α f±+vi∂

ei+α f±±
1

2 ∑
α1≤α

∂ei+α1φvi∂
α−α1 f±

∓ ∑
α1≤α

∂ei+α1φ∂α−α1
ei

f±±∂ei+αφviµ
1
2 −∂αL± f =∂αΓ±( f , f ). (3.7)
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On the other hand, we apply ∂α
β to Eq. (3.1). Then,

∂t∂
α
β f±+ ∑

β1≤β

∂β1
vi∂

ei+α
β−β1

f±±
1

2 ∑
α1≤α

∑
β1≤β

∂ei+α1φ∂β1
vi∂

α−α1
β−β1

f±

∓ ∑
α1≤α

∂ei+α1φ∂α−α1
β+ei

f±±∂ei+αφ∂β

(
viµ

1
2
)
−∂α

βL± f =∂α
βΓ±( f , f ). (3.8)

Step 1. Estimate without weight. For the estimate without weight, we take

the case |α| ≤K and β= 0. This case is for obtaining the term ‖∂α∇xφ‖2
L2

x
on the

left-hand side of the energy inequality. Taking inner product of Eq. (3.7) with

ψ2|α|−8e±φ∂α f± over R3
v×R3

x, we have

(
∂t∂

α f±,ψ2|α|−8e±φ∂α f±
)

L2
v,x
+
(
vi∂

ei+α f±,ψ2|α|−8e±φ∂α f±
)

L2
v,x

±

(
1

2 ∑
α1≤α

∂ei+α1φvi∂
α−α1 f±,ψ2|α|−8e±φ∂α f±

)

L2
v,x

∓

(
∑

α1≤α

∂ei+α1φ∂α−α1
ei

f±,ψ2|α|−8e±φ∂α f±

)

L2
v,x

±
(
∂ei+αφviµ

1/2,ψ2|α|−8e±φ∂α f±
)

L2
v,x
−
(
∂αL± f ,ψ2|α|−8e±φ∂α f±

)
L2

v,x

=
(
∂αΓ±( f , f ),ψ2|α|−8e±φ∂α f±

)
L2

v,x
.

Now we take the summation on ± and real part and denote these resulting terms

by I1 to I7. In the following, we estimate them term by term. For the term I1,

I1=
1

2
∂t∑

±

∥∥e
±φ
2 ψ|α|−4∂α f±

∥∥2

L2
v,x
∓Re∑

±

1

2

(
∂tφe±φ∂α f±,ψ2|α|−8∂α f±

)
L2

v,x

−Re∑
±

(
∂t(ψ|α|−4)∂

α f±,ψ|α|−4e±φ∂α f±
)

L2
v,x

. (3.9)

The second term on the right-hand side of (3.9) is estimated as

∣∣∣∣
1

2

(
∂tφψ2|α|−8e±φ∂α f±,∂α f±

)
L2

v,x

∣∣∣∣.‖∂tφ‖L∞

∥∥ψ|α|−4∂α f±
∥∥2

L2
v,x
.‖∂tφ‖L∞EK,l(t).

The third right-hand side term of (3.9) is estimated as

∣∣(∂t(ψ|α|−4)∂
α f±,ψ|α|−4e±φ∂α f±

)
L2

v,x

∣∣.
∥∥ψ|α|−4− 1

2N
∂α f
∥∥2

L2
v,x

.
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For the second term I2, we will combine it with I3 and α1=0. It turns out that

the sum is zero. This is what e±φ designed for, cf. [24]. Taking integration by parts

on x, one has

(
vi∂

ei+α f±,ψ2|α|−8e±φ∂α f±
)

L2
v,x
±

(
1

2
∂eiφvi∂

α f±,ψ2|α|−8e±φ∂α f±

)

L2
v,x

=0. (3.10)

For the left terms in I3, the weight will be used. In this case, |α1| ≥ 1 and by

Lemma 2.9, it is bounded above by E1/2
K,l DK,l. Using Lemma 2.10, the term I4 is

also bounded above by E1/2
K,l DK,l.

For the term I5, we will decompose e±φ into (e±φ−1) and 1. Recall Eqs. (2.22)

and (2.21). For the part of 1, we have

∑
±

±Re
(
∂ei+αφviµ

1
2 ,ψ2|α|−8∂α f±

)
L2

v,x

=−Re
(
∂αφ,ψ2|α|−8∂α∇x ·G

)
L2

x

=Re
(
∂αφ,ψ2|α|−8∂α∂t(a+−a−)

)
L2

x

=
1

2
∂t

∥∥ψ|α|−4∂α∇xφ
∥∥2

L2
x
.

For the part of (e±φ−1), notice that

|e±φ−1|.‖φ‖L∞ .‖∇xφ‖H1
x
.

Then
∣∣∣∑
±

±Re
(
∂ei+αφviµ

1
2 ,(e±φ−1)ψ2|α|−8∂α f±

)
L2

v,x

∣∣∣

.‖∇xφ‖H1
x ∑
|α|≤K

∥∥∂α∇xφ
∥∥

L2
v,x

∑
|α|≤K

‖∂α(I−P) f‖L2
v,x

.E
1
2

K,l(t)DK,l(t).

For the term I6, since L± commutes with ∂α and e±φ, by Lemma 2.4, we have

I6=−∑
±

(
∂αL± f ,ψ2|α|−8e±φ∂α f±

)
L2

v,x
≥λ∑

±

‖ψ|α|−4∂α(I±−P±) f‖2
L2

x L2
D

.

For the term I7, by Lemma 2.8, we have

|I7|=
∣∣∣∑
±

(
∂αΓ±( f , f ),ψ2|α|−8e±φ∂α f±

)
L2

v,x

∣∣∣.E
1
2
K,l(t)DK,l(t).



452 D.-Q. Deng / Commun. Math. Anal. Appl., 2 (2023), pp. 421-468

Therefore, combining all the estimates above and taking the summation on

|α|≤K, we conclude that,

1

2
∂t∑

±
∑

|α|≤K

(∥∥ψ|α|−4e
±φ
2 ∂α f±

∥∥
L2

v,x
+
∥∥ψ|α|−4∂α∇xφ

∥∥2

L2
x

)

+λ∑
±

∑
|α|≤K

∥∥ψ|α|−4∂α(I±−P±) f
∥∥2

L2
xL2

D

.‖∂tφ‖L∞EK,l(t)+E
1
2

K,l(t)DK,l(t)+ ∑
|α|≤K

∥∥ψ|α|−4− 1
2N

wl(|α|,0)∂
α f
∥∥2

L2
v,x

. (3.11)

Step 2. Estimate with weight on the mixed derivatives. Let K≥4, |α|+|β|≤K.

Taking inner product of Eq. (3.8) with ψ2|α|+2|β|−8e±φw2
l (α,β)∂α

β f± over R
3
v×R

3
x,

one has

(
∂t∂

α
β f ,e±φψ2|α|+2|β|−8w2

l (α,β)∂α
β f
)

L2
v,x

+

(
∑

β1≤β

∂β1
vi∂

ei+α
β−β1

f , e±φψ2|α|+2|β|−8w2
l (α,β)∂α

β f

)

L2
v,x

±

(
1

2 ∑
α1≤α,β1≤β

∂ei+α1φ∂β1
vi∂

α−α1
β−β1

f , e±φψ2|α|+2|β|−8w2
l (α,β)∂α

β f

)

L2
v,x

∓

(
∑

α1≤α

∂ei+α1φ∂α−α1
β+ei

f , e±φψ2|α|+2|β|−8w2
l (α,β)∂α

β f

)

L2
v,x

±
(
∂ei+αφ∂β

(
viµ

1
2
)
, e±φψ2|α|+2|β|−8w2

l (α,β)∂α
β f
)

L2
v,x

−
(
∂α

βL± f , e±φψ2|α|+2|β|−8w2
l (α,β)∂α

β f
)

L2
v,x

=
(
∂α

βΓ±( f , f ), e±φψ2|α|+2|β|−8w2
l (α,β)∂α

β f
)

L2
v,x

.

Now we denote these terms with summation ∑± by J1 to J7 and estimate them

term by term. The estimate of J1 to J4 are similar to I1 to I4. For J1, we have

J1≥∂t∑
±

∥∥e
±φ
2 ψ|α|+|β|−4wl(α,β)∂α

β f±
∥∥

L2
v,x
−C‖∂tφ‖L∞EK,l(t)

−∑
±

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f±

∥∥2

L2
v,x

.

Similar to (3.10), J2 and J3 with α1=0 are canceled by using integration by parts.

Using Lemmas 2.9 and 2.10, the left case α1 6=0 in J3 together with J4 are bounded
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above by E1/2
K,l (t)DK,l(t). For the term J5, we only need an upper bound

|J5|=
∣∣∣∑
±

±
(
∂ei+αφ∂β(viµ

1
2 ),ψ2|α|+2|β|−8e±φw2

l (α,β)∂α
β f±

)
L2

v,x

∣∣∣

.η∑
±

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f±

∥∥2

L2
xL2

D
+Cη

∥∥ψ|α|−4∂α∇xφ
∥∥2

L2
v,x

, ∀η>0.

Notice that ‖ψ|α|−4∂α∇xφ‖2
L2

v,x
is bounded above by EK,l. For the term J6, since L±

commutes with e±φ, by Lemma 2.4, we have

J6=−∑
±

(
∂α

βL± f ,ψ2|α|+2|β|−8e±φw2
l (α,β)∂α

β f±
)

L2
v,x

≥λ∑
±

∥∥ψ|α|+|β|−4e
±φ
2 wl(α,β)∂α

β f±
∥∥2

L2
xL2

D
−Cη ∑

±

‖∂α f±‖
2
L2

xL2
D

−η∑
±

∑
|β1|≤|β|

∥∥ψ|α|+|β|−4e
±φ
2 wl(α,β1)∂

α
β1

f±
∥∥2

L2
xL2

D
, ∀η>0.

Here we use the fact that ‖wl(α,β)(·)‖L2(BCη )
.‖·‖L2

D
. The term J7, by Lemma 2.8,

is bounded above by

E
1
2
K,lDK,l+EK,lD

1
2
K,l.

(
E

1
2

K,l+EK,l

)
DK,l+EK,l.

Combining all the above estimate, taking summation on |α|+|β|≤K and letting

η sufficiently small, we have

1

2
∂t ∑

|α|+|β|≤K,±

∥∥e
±φ
2 ψ|α|+|β|−4∂α

β f±
∥∥2

L2
v,x

+λ ∑
|α|+|β|≤K,±

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f±

∥∥2

L2
xL2

D

.‖∂tφ‖L∞
x
EK,l(t)+ ∑

|α|+|β|≤K

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f
∥∥2

L2
v,x

+
(
E

1
2
K,l+EK,l

)
DK,l+EK,l. (3.12)

Together with (3.3), taking combination (3.11)+(3.12), we have

∂tEK,l(t)+λDK,l(t).‖∂tφ‖L∞
x
EK,l(t)+EK,l

+ ∑
|α|+|β|≤K

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f
∥∥2

L2
v,x

, (3.13)
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where we let

EK,l(t)=∑
±

∑
|α|+|β|≤K

∥∥e
±φ
2 ψ|α|+|β|−4∂α

β f±
∥∥2

L2
v,x
+ ∑

|α|≤K

∥∥ψ|α|−4∂α∇xφ
∥∥2

L2
x
. (3.14)

It is straightforward to show that EK,l satisfies (1.12). Notice that there is a term

‖ψ|α|−4∂αE(t)‖2
L2

x
in EK,l on the right-hand side of (3.13), and hence, we can put

‖ψ|α|−4∂αE(t)‖2
L2

x
, which is in DK,l, on the left-hand side.

Therefore, now it suffices to control the last term in (3.6).

Lemma 3.2. Let K ≥ 4 and f to be the solution to (1.4)-(1.6) and assume the same

assumption as in Lemma 3.1. It holds that for any 0<δ<1 and multi-indices |α|+|β|≤K,

there exists N=N(α,β)>1 such that

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f
∥∥2

L2
v,x

.δ2∂t

(
−ψ2|α|+2|β|−8wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

+δ2
(
DK,l+

(
E

1
2
K,l+EK,l

)
DK,l+‖∂tφ‖L∞

x
EK,l(t)+EK,l

)

+Cδ

∥∥〈v〉CK,l f
∥∥2

L2
v,x

, (3.15)

where θw = θw(v,Dv) and θ∈S(1) is defined by (3.18).

Proof. The proof will be split into two steps.

Step 1. To deal with the last term of (3.6), we choose constants

δ1=δ1(α,β)∈
(

0,min{2s/(1+2s),1/2}
]
,

δ2=1−δ1∈
[
max{1/(1+2s),1/2},1

)
,

l0=γδ2<0

(3.16)

to be determined later. Let χ0 to be a smooth cutoff function such that χ0(z) equal

to 1 when |z|<1/2 and equal to 0 when |z|≥1. Define

b̃(v,y)= 〈v〉l0 |y|δ1 , (3.17)

χ(v,η)=χ0

(
〈η〉〈v〉l0

|y|δ2

)
,

θ(v,η)= 〈v〉l0 |y|−1−δ2y·ηχ(v,η). (3.18)
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If |α|>4, we choose N=N(α)>1 such that

−
2N×(|α|−4)−1

2
=−

|α|

δ1
. (3.19)

In this case, we have

ψ|α|+|β|−4− 1
2N

= tN(|α|+|β|−4− 1
2N )= tN(|α|−4− 1

2N )×tN|β|=ψ|α|−4− 1
2N

ψ|β|. (3.20)

Then, by the definition (3.17) of b̃ and Young’s inequality,

ψ|α|+|β|−4− 1
2N

.ψ|β|

(
δ

((
b̃

1
2
) |α|−4−1/(2N)

|α|−4 ψ|α|−4− 1
2N

) |α|−4
|α|−4−1/(2N)

+C0,δ

((
b̃−

1
2
) |α|−4−1/(2N)

|α|−4

)2N(|α|−4)
)

.δ b̃
1
2 ψ|α|+|β|−4+C0,δ

(
〈v〉

−
l0 |α|

δ1 |y|−|α|

)
ψ|β|−4− 1

2N
, (3.21)

where we used the assumption t ≤ t0 < 1 as in Lemma 3.1 to obtain ψ|β| ≤
ψ|β|−4−1/2N.

If |α|=0, we can simply use

ψ|α|+|β|−4− 1
2N

=ψ|β|−4− 1
2N

.

If 0< |α|≤4 and |β|>4, we have

ψ|α|+|β|−4− 1
2N

= tN(|α|+|β|−4− 1
2N )=ψ|α|− 1

2N
ψ|β|−4.

Then we choose N=N(α)>1 by

−
2N|α|−1

2
=−

|α|

δ1
, (3.22)

and use Young’s inequality to obtain

ψ|α|+|β|−4− 1
2N

.ψ|β|−4

(
δ

((
b̃

1
2
) |α|−1/(2N)

|α| ψ|α|− 1
2N

) |α|
|α|−1/(2N)

+C0,δ

((
b̃−

1
2
) |α|−1/(2N)

|α|

)2N|α|
)

.δ b̃
1
2 ψ|α|+|β|−4+C0,δ

(
〈v〉

−
l0|α|

δ1 |y|−|α|

)
ψ|β|−4− 1

2N
,

where we also used ψ|β|−4≤ψ|β|−4−1/2N from t≤ t0<1.
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If 0< |α|≤4, |β|≤4 and |α|+|β|>4, we choose N=N(α,β) such that

−
2N(|α|+|β|−4)−1

2
=−

|α|

δ1
. (3.23)

Then by the definition (3.17) of b̃ and Young’s inequality,

ψ|α|+|β|−4− 1
2N

.δ

((
b̃

1
2
) |α|+|β|−4−1/(2N)

|α|+|β|−4 ψ|α|+|β|−4− 1
2N

) |α|+|β|−4
|α|+|β|−4−1/(2N)

+C0,δ

((
b̃−

1
2
) |α|+|β|−4−1/(2N)

|α|+|β|−4

)2N(|α|+|β|−4)

.δ b̃
1
2 ψ|α|+|β|−4+C0,δ

(
〈v〉

−
l0 |α|

δ1 |y|−|α|

)
, (3.24)

where C0,δ is a large constant depending on δ>0, |α| and |β|.

If 0< |α|≤4, |β|≤4 and |α|+|β|≤4, we simply choose N>1, use t≤ t0 <1 to

obtain

ψ|α|+|β|−4− 1
2N

≤1,

and choose η∈ [0,1) such that −η/(2(1−η))=−|α|/δ1. Then

ψ|α|+|β|−4− 1
2N

=1.
(
δη b̃

η
2
) 1

η +
(
δ−η b̃−

η
2
) 1

1−η

.δ b̃
1
2 +C0,δ〈v〉

−l0 |α|
δ1 |y|−|α|.

Therefore, for any |α|≥0, taking the Fourier transform (·)∧ with respect to x, we

have

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f
∥∥

L2
v,x

=
∥∥ψ|α|+|β|−4− 1

2N
wl(α,β)

(
∂α

β f
)∧

(v,y)
∥∥

L2
v,y

.δ
∥∥ψ|α|+|β|−4b̃

1
2 wl(α,β)

(
∂α

β f
)∧

(v,y)
∥∥

L2
v,y

+C0,δ

∥∥∥∥ψ|β|−4− 1
2N

wl(α,β)〈v〉
−l0 |α|

δ1 ∂β f

∥∥∥∥
L2

v,x

. (3.25)

To deal with the second right-hand side term of (3.25), we use a similar interpo-

lation on ã1/2.
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In fact, if |β|>4, we have

ψ|β|−4− 1
2N
〈v〉

−l0 |α|
δ1 .

(
ψ|β|−4− 1

2N

(
δ

C0,δ
ã

1
2

) |β|−4−1/(2N)
|β|−4

) |β|−4
|β|−4−1/(2N)

+

((
C0,δδ−1ã−

1
2
) |β|−4−1/(2N)

|β|−4 〈v〉
−l0 |α|

δ1

)2N(|β|−4)

.
δ

C0,δ
ψ|β|−4ã

1
2 +Cδ ã−

1
2 (2N(|β|−4)−1)〈v〉CK , (3.26)

where C0,δ comes from (3.21) and CK depends only on K. Here, K is the total order

of derivatives. Recalling the definition (1.8) of ã, we have

ã−
1
2 (2N(|β|−4)−1).

(
〈v〉−

γ
2 〈η〉−s

)2N(|β|−4)−1
.

When |α|>4, N is given by (3.19), i.e. 2N=(2|α|/δ1+1)/(|α|−4), and hence,

ã−
1
2 (2N(|β|−4)−1).

(
〈v〉−

γ
2 〈η〉−s

) |β|−4
|α|−4

(
2|α|
δ1

+1
)
−1

.

Then we choose δ1=δ1(α,β)>0 sufficiently small such that

−s

(
|β|−4

|α|−4

(
2|α|

δ1
+1

)
−1

)
≤−|β|

and hence,

ã−
1
2 (2N(|β|−4)−1). 〈v〉CK〈η〉−|β|. (3.27)

When 0< |α|≤4, N is given by (3.22), i.e. 2N=(2|α|/δ1+1)/|α|, and hence,

ã−
1
2 (2N(|β|−4)−1).

(
〈v〉−

γ
2 〈η〉−s

) |β|−4
|α|

(
2|α|
δ1

+1
)
−1

.

Then we choose δ1=δ1(α,β)>0 sufficiently small such that

−s

(
|β|−4

|α|

(
2|α|

δ1
+1

)
−1

)
≤−|β|

and hence, we still have (3.27) in this case. When |α|= 0, N can be arbitrarily

large. Then we choose N sufficiently large that (3.27) is valid. Combining the

above three cases, (3.26) becomes

ψ|β|−4− 1
2N
〈v〉

−l0 |α|
δ1 .

δ

C0,δ
ψ|β|−4ã

1
2 +Cδ〈v〉

CK〈η〉−|β|.
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If |β|≤4, we choose η∈ (0,1) such that −η/(2(1−η))=−|β|/(2s). Then

ψ|β|−4− 1
2N
〈v〉

−l0 |α|
δ1 = 〈v〉

−l0 |α|
δ1 .

δ

C0,δ
ã

1
2 +Cδ

(
ã−

1
2 〈v〉

−l0 |α|
δ1

) η
(1−η)

.
δ

C0,δ
ã

1
2 +Cδ〈v〉

CK 〈η〉−|β|.

Thus, whenever |β|≤4 or |β|>4, we have

ψ|β|−4− 1
2N
〈v〉

−l0|α|
δ1 ∈S

(
δ

C0,δ
ã

1
2 +Cδ〈v〉

CK 〈η〉−|β|

)

uniformly in δ, as a symbol in (v,η). Then using Lemma 2.2 with respect to v, we

have
∥∥∥ψ|β|−4− 1

2N
wl(α,β)〈v〉

−l0 |α|
δ1 ∂β f

∥∥∥
L2

v,x

.
δ

C0,δ

∥∥ψ|β|−4(ã
1
2 )wwl(0,β1)∂β f

∥∥
L2

v,x
+Cδ‖〈v〉

CK,l f‖L2
v,x

.
δ

C0,δ
D

1
2
K,l+Cδ‖〈v〉

CK,l f‖L2
v,x

.

Plugging this into (3.25), we have

∥∥ψ|α|+|β|−4− 1
2N

wl(α,β)∂α
β f
∥∥2

L2
v,x

.δ2
∥∥ψ|α|+|β|−4b̃

1
2 wl(α,β)(∂α

β f )∧(v,y)
∥∥2

L2
v,y

+δ2DK,l+Cδ‖〈v〉
CK,l f‖2

L2
v,x

. (3.28)

Now it suffices to eliminate the first right-hand side term of (3.28).

Step 2. Recalling (3.18), we regard θ as a symbol in (v,η) with parameter y.

Then,

|θ(v,η)|= 〈v〉l0 |y|−1−δ2 |y·η|χ(v,η).1.

Direct calculation gives that ∂α
v∂

β
ηθ . 1 and hence, θ ∈ S(1) as a symbol on (v,η).

On the other hand, regarding the Poisson bracket on (v,η) we have

{θ,v·y}= 〈v〉l0 |y|1−δ2+〈v〉l0 |y|1−δ2
(
χ(v,η)−1

)

+〈v〉l0 |y|−1−δ2 y·η∂ηχ·y

=: b̃+R1+R2.
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Now we claim that R1, R2 ∈S(ã). Indeed, noticing the support of χ−1, by (3.16)

we have

|R1|≤〈v〉l0〈η〉
1−δ2

δ2 〈v〉
l0

1−δ2
δ2 ≤〈v〉γ〈η〉2s ≤ ã.

For R2, since 1−2δ2≤0, we have

|R2|≤〈v〉2l0 |y|1−2δ2 |η|1〈η〉〈v〉l0≤|y|δ2 ≤〈v〉
l0
δ2 〈η〉

1−δ2
δ2 ≤ ã.

Higher derivative estimate can be calculated by Leibniz’s formula and hence,

R1, R2∈S(ã). Thus, by Lemma 2.3 and (2.3), we have

‖b̃1/2 ĝ(v,y)‖2
L2

v,y
=
(
b̃(v,y)ĝ, ĝ

)
L2

v,y

=Re
(
{θ,v·y}w(v,Dv)ĝ, ĝ

)
L2

v,y
+Re

(
(R1+R2)

w(v,Dv)ĝ, ĝ
)

L2
v,y

≤2πRe
(
iv·yĝ,θw(v,Dv)ĝ

)
L2

v,y
+C‖(ã

1
2 )wg‖2

L2
v,x

≤2πRe
(
v·∇xg,(θw ĝ)∨

)
L2

v,x
+C‖(ã

1
2 )wg‖2

L2
v,x

(3.29)

for any g in a suitable smooth space. Here and after, we write θw=θw(v,Dv). Note

that

Re2π
(
iv·yĝ,θw(v,Dv)ĝ

)
L2

v,y

=2π
(
iv·yĝ,θw(v,Dv)ĝ

)
L2

v,y
+2π

(
θw(v,Dv)ĝ,iv·yĝ

)
L2

v,y

=2π
(
i[θ(v,Dv),v·y]

w ĝ, ĝ
)

L2
v,y

=
(
{θ,v·y}w(v,Dv)ĝ, ĝ

)
L2

v,y
,

and the Weyl quantization (·)w is acting on (v,η) with parameter y.

Now we let g=ψ|α|+|β|−4wl(α,β)∂α
β f±e±φ/2 in (3.29), then

∥∥b̃
1
2 ψ|α|+|β|−4wl(α,β)

(
∂α

β f±
)∧

(v,y)e
±φ
2
∥∥

L2
v,x

.Re
(

v·∇xψ|α|+|β|−4wl(α,β)∂α
β f e

±φ
2 ,
(
θwψ|α|+|β|−4wl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

+DK,l

=: K0+DK,l. (3.30)

By Eq. (1.4), we have

v·∇x

(
∂α

β f±e
±φ
2
)
=vi∂

α+ei
β f±e

±φ
2 ±

1

2
vi∂

eiφe
±φ
2 ∂α

β f±

=∂β

(
vi∂

α+ei f±e
±φ
2
)
− ∑

0 6=β1≤β

∂β1
vi∂

α+ei
β−β1

f±e
±φ
2 ±

1

2
vi∂

eiφe
±φ
2 ∂α

β f±
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=−∂t∂
α
β f±e

±φ
2 ∓

1

2 ∑
α1≤α

∑
β1≤β

∂ei+α1φ∂β1
vi∂

α−α1
β−β1

f±e
±φ
2

± ∑
α1≤α

Cα1
α ∂ei+α1φ∂α−α1

β+ei
f±e

±φ
2 ∓∂ei+αφ∂β(viµ

1
2 )e

±φ
2 +∂α

βL± f e
±φ
2

+∂α
βΓ±( f , f )e

±φ
2 − ∑

0 6=β1≤β

∂β1
vi∂

α+ei
β−β1

f±e
±φ
2 ±

1

2
vi∂

eiφe
±φ
2 ∂α

β f±.

Thus,

K0=ψ2|α|+2|β|−8


Re

(
−wl(α,β)∂t∂

α
β f±e

±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

∓Re

(
wl(α,β)

1

2 ∑
α1≤α
β1≤β

∂ei+α1φ∂β1
vi∂

α−α1
β−β1

f±e
±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

±Re

(
wl(α,β) ∑

α1≤α

Cα1
α ∂ei+α1φ∂α−α1

β+ei
f±e

±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

∓Re

(
wl(α,β)∂ei+αφ∂β

(
viµ

1
2
)
e
±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

+Re

(
wl(α,β)∂α

β L± f e
±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

+Re

(
wl(α,β)∂α

βΓ±( f , f )e
±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

−Re

(
wl(α,β) ∑

0 6=β1≤β

∂β1
vi∂

α+ei
β−β1

f±e
±φ
2 ,

(
θwwl(α,β)

(
∂α

β f±e
±φ
2

)∧)∨
)

L2
v,x

±Re

(
wl(α,β)

1

2
vi∂

eiφe
±φ
2 ∂α

β f±,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨

)

L2
v,x


.

Denote these terms by K1 to K8. Noticing that there is coefficient δ in (3.28), we

only need to obtain an upper bound for these terms. For K1, noticing that θw is

self-adjoint, we have

K1≤
1

2
∂t

(
−ψ2|α|+2|β|−8wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x



D.-Q. Deng / Commun. Math. Anal. Appl., 2 (2023), pp. 421-468 461

+C
∣∣∣
(
−ψ2|α|+2|β|−8− 1

N
wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

∣∣∣

+C
∣∣∣
(

∂tφψ2|α|+2|β|−8wl(α,β)∂α
β f±e

±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

∣∣∣.

We denote the second and third terms on the right-hand side by K1,1 and K1,2.

Since θ ∈S(1), θw is a bounded operator on L2
v,y. The boundedness of θw will be

frequently used in the following without further mention. Using the trick from

(3.21)-(3.28) to the term for the first f± in K1,1, we have

K1,1.δ2
∥∥ψ|α|+|β|−4b̃

1
2 wl(α,β)

(
∂α

β f
)∧∥∥2

L2
v,y
+δ2DK,l+Cδ‖〈v〉

CK,l f‖2
L2

v,x
+EK,l.

The term K1,2 is similar to the case I1, i.e.

K1,2.‖∂tφ‖L∞
x

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f
∥∥2

L2
v,x
.‖∂tφ‖L∞

x
EK,l(t).

For the term K2 with α1=β1=0, a nice observation is that it is the same as K8 ex-

cept for the sign and hence, they are eliminated. For K2 with α1+β1 6=0, the order

of derivatives for the first f± is less or equal to K−1 and hence, the weight can be

controlled as wl(α,β)∂β1
vi. 〈v〉γwl(α−α1,β−β1). Then similar to Lemma 2.9, by

noticing θw is bounded on L2
v,y, we have

|K2+K8|.E
1
2
K,lDK,l.

For K3, when α1=0, noticing θw is self-adjoint, we use integration by parts over v

to obtain

|K3|=
∣∣∣
(

ψ2|α|+2|β|−8wl(α,β)∂ei φ∂α
β+ei

f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

∣∣∣

.
∣∣∣
(

ψ2|α|+2|β|−8∂ei

(
wl(α,β)

)
∂eiφ∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

∣∣∣

+
∣∣∣
(

ψ2|α|+2|β|−8wl(α,β)∂ei φ∂α
β f±e

±φ
2 ,
(
[∂ei

,θw]︸ ︷︷ ︸
∈S(1)

wl(α,β)
(

∂α
β f±e

±φ
2
)∧)∨)

L2
v,x

∣∣∣

+
∣∣∣
(

ψ2|α|+2|β|−8wl(α,β)∂ei φ∂α
β f±e

±φ
2 ,
(
θw∂ei

(
wl(α,β)

)(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

∣∣∣

.‖∂eiφ‖H2
x

∥∥ψ|α|+|β|−4wl(α,β)∂α
β f±

∥∥2

L2
v,x

.δ0EK,l(t)
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with the help of (2.6) and θ ∈S(1). When α1 6= 0, then α 6= 0, the total number of

derivatives on the first f± is less or equal to K and there is at least one derivative

on the second f± with respect to x. Thus,

|K3|.E
1
2

K,lDK,l.

For K4, there is exponential decay in v and hence, |K4|.EK,l. For K5, recalling that

we only need an upper bound and using Lemma 2.7 with ∂αµ=0 for |α|≥1, we

have |K5|.EK,l+DK,l. For K6, we use Lemma 2.8 to obtain

|K6|.E
1
2
K,lDK,l+EK,lD

1
2
K,l.

(
E

1
2
K,l+EK,l

)
DK,l+EK,l.

For K7, since β1 6= 0, one has |∂β1
vi|. 1 and the total number of derivatives on

the first f± is less or equal to K. Also, w(α,β)= 〈v〉γw(|α|+1,|β|−1). These yield

that |K7|. EK,l. Combining the above estimate with (3.30) and choosing δ > 0

sufficiently small, we have

‖ψ|α|+|β|−4b̃
1
2 wl(α,β)(∂α

β f )∧(v,y)‖2
L2

v,y

.
1

2
∂t

(
−ψ2|α|+2|β|−8wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

+
(
E

1
2
K,l+EK,l

)
DK,l+Cδ‖〈v〉

CK,l f‖2
L2

v,x
+‖∂tφ‖L∞

x
EK,l(t)+δ2DK,l+EK,l.

Substituting this into (3.28), we have the desired estimate (3.15). This completes

the proof of Lemma 3.2.

Proof of Theorem 3.1. Substituting (3.15) into (3.6), we have that for 0<δ<1,

∂tEK,l(t)+λDK,l(t)

.δ2 ∑
|α|+|β|≤K

∂t

(
−ψ2|α|+2|β|−8wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

+‖∂tφ‖L∞
x
EK,l(t)+δ2

(
DK,l+

(
E

1
2
K,l+EK,l

)
DK,l

)
+EK,l+Cδ‖〈v〉

CK,l f‖2
L2

v,x
.

By (3.5) and (3.3), we have ‖∂tφ‖L∞
x
.E1/2

K,l . δ1/2
0 . Using the a priori assumption

(3.3) and choosing δ,δ0>0 sufficiently small, we have

∂tEK,l(t)+λDK,l(t).EK,l(t)+‖〈v〉CK,l f‖2
L2

v,x

+δ2 ∑
|α|+|β|≤K

∂t

(
−ψ2|α|+2|β|−8wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

.
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By solving this ODE with neglecting λDK,l(t) and noticing

∣∣∣
(
−ψ2|α|+2|β|−8wl(α,β)∂α

β f±e
±φ
2 ,
(
θwwl(α,β)

(
∂α

β f±e
±φ
2
)∧)∨)

L2
v,x

∣∣∣.EK,l(t),

we have that for 0≤ t≤ t0,

EK,l(t).EK,l(0)+δ2EK,l(t)+δ2EK,l(0)+
∫ t

0

(
EK,l+‖〈v〉CK,l f‖L2

v,x

)
dτ,

EK,l(t).ǫ2
1 , (3.31)

by choosing δ>0 and t0=t0(ǫ1,‖〈v〉CK,l f‖L2
v,x
)>0 sufficiently small. Here we used

EK,l(0)≤E4,l(0). This completes the proof of Theorem 3.1.

Proof of Theorem 1.1. We prove Theorem 1.1 in four steps.

Step 1. It follows immediately from the a priori estimate (3.3) and Theo-

rem 3.1 that

sup
0≤t≤t0

EK,l ≤CK,lǫ
2
1

holds true for some small t0 > 0, as long as ǫ1 is sufficiently small. The rest is

to prove the local existence and uniqueness of solutions in terms of the energy

norm EK,l. One can use the iteration on the system





∂t f n+1
± +v·∇x f n+1

± ∓∇xφn ·∇x f n+1
± ±

1

2
∇xφn ·v f n+1

± ±vµ
1
2 ·∇xφn−L± f

=Γ±( f n, f n+1),

−∆xφn+1=
∫

R3
µ

1
2 ( f n+1

+ − f n+1
− )dv,

f n+1|t=0= f0

to find the local existence and the details of proof are omitted for brevity, see

[20, 24, 31].

Step 2. Notice that the constants in Theorem 3.1 are independent of time t

and hence, we can apply Theorem 3.1 to any time interval with length less than

t0 to obtain that, for 0<τ<T,

sup
τ≤t≤T

EK,l(t)≤ǫ2
1Cτ,T,K,l. (3.32)
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Recalling Definition 1.12 of EK,l and the choice (3.2) of ψ, we have that, for any

0<τ<T, l≥0 and K≥4,

sup
τ≤t≤T

∑
|α|+|β|≤K

∥∥wl(α,β)∂α
β f
∥∥2

L2
v,x
+ sup

τ≤t≤T
∑

|α|≤K

∥∥∂α∇xφ
∥∥2

L2
x
≤Cτ,T,l <∞. (3.33)

Notice that ψ−1
|α|+|β|−4

is singular near t= 0 when |α|+|β|> 4, so the constant is

necessarily depending on τ. This proves (1.16).

Let l≥0,K≥4 and assume additionally E4,CK,l
(0) is sufficiently small for some

large constant CK,l >0 to be chosen later. Then by (3.32), we have

sup
τ≤t≤T

EK,CK,l
(t)≤ǫ2

1Cτ,T,K,l. (3.34)

For the regularity on t, the technique above is not applicable and we only make

a rough estimate. For any t > 0, applying 〈v〉l∂k
t ∂α

β with k, l ≥ 0, |α|+|β| ≤ K to

Eq. (1.4) and taking L2
v,x norms, we have

∥∥〈v〉l∂k+1
t ∂α

β f±
∥∥2

L2
v,x

.
∥∥〈v〉lv·∇x∂k

t ∂α
β f±

∥∥2

L2
v,x
+
∥∥∥〈v〉l ∑

k1≤k

∂α
β

(
∂k1

t ∇xφ·v∂k−k1
t f±

)∥∥∥
2

L2
v,x

+
∥∥∥〈v〉l ∑

k1≤k

∂α
(
∂k1

t ∇xφ·∇v∂k−k1
t ∂β f±

)∥∥∥
2

L2
v,x

+
∥∥〈v〉l∂k

t ∂α∇xφ·∂β(vµ
1
2 )
∥∥2

L2
v,x

+
∥∥〈v〉l∂α

βL±∂k
t f±
∥∥2

L2
v,x
+
∥∥∥〈v〉l ∑

k1≤k

∂α
βΓ±

(
∂k1

t f ,∂k−k1
t f

)∥∥∥
2

L2
v,x

. (3.35)

Denoting

EK,l,k= ∑
|α|+|β|≤K,k1≤k

∥∥〈v〉l∂α
β∂k1

t f
∥∥

L2
v,x

,

we estimate the right-hand side terms of (3.35) one by one. The first term on the

right-hand side is bounded above by EK+1,l+1,k. Applying the trick in Lemma 2.9,

the second right-hand side term of (3.35) is bounded above by

∑
|α|+|β|≤K,k1≤k

∥∥∂k1
t ∂α

β∇xφ
∥∥2

L2
x

∑
|α|+|β|≤K,k1≤k

∥∥〈v〉l+1∂k1
t ∂α

β f±
∥∥2

L2
v,x
.E2

K,l+1,k.

Similarly, applying the trick in Lemma 2.10, the third term of (3.35) is bounded

above by E2
K+1,l+1,k. For the fourth term, when k=0, it is bounded above by EK,l,0.
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When k ≥ 1, by using (3.4), it is bounded above by EK,l,k−1. For the fifth term,

noticing L±∈S(ã)⊂S(〈v〉γ+2s〈η〉2s) and s∈ (0,1), we have

∥∥〈v〉l∂α
βL±∂k

t f±
∥∥2

L2
v,x
.
∥∥〈v〉l+γ+2s〈Dv〉

2〈(Dx,Dv)〉
K∂k

t f±
∥∥2

L2
v,x
.EK+2,l+γ+2s,k.

For the last term, using (2.5), it is bounded above by

∑
|α|+|β|≤K+2,k1≤k

∥∥〈v〉l+ γ+2s
2 ∂α

β∂k1
t f
∥∥2

L2
v,x
.E2

K+2,l+ γ+2s
2 ,k

.

Combining the above estimate and taking summation of (3.35) over |α|+|β|≤K,

k≤ k0 for any k0≥0, we have

EK,l,k0+1(t).EK,l,0+EK,l,k0−1+EK,l+1,k0
+E2

K+1,l+1,k0

+EK+2,l+γ+2s,k0
+E2

K+2,l+ γ+2s
2 ,k0

.

The t derivative on the right hand is less than the left hand. Hence, noticing (3.34),

for any T>τ>0, we have

sup
τ≤t≤T

EK,l,k0
(t)≤Cτ,T,l,k0

.

For the time derivatives on ∇xφ, we apply (3.4) to obtain

sup
τ≤t≤T

∑
|α|≤K,k≤k0

∥∥∂α∂k
t∇xφ

∥∥2

L2
x
. sup

τ≤t≤T

EK,l,k0
(t)≤Cτ,T,l,k0

.

Then we obtain (1.17). Consequently, by Sobolev embedding, f ∈C∞(R+
t ×R3

x×
R3

v).

Step 3. Now we additionally assume (1.18) is sufficiently small. Noticing

ψ=1 in Theorem 2.1, (2.2) shows that for any τ0≥τ,

∑
|α|≤4

‖∂αE(τ0−τ)‖2
L2

x
+ ∑

|α|≤4

‖∂αP f (τ0−τ)‖2
L2

v,x

+ ∑
|α|+|β|≤4

∥∥wl(α,β)∂α
β(I−P) f (τ0−τ)

∥∥2

L2
v,x
.ǫ2

0, (3.36)

which is the global-in-time estimate. Using this as the initial data instead of (1.15),

we can apply the above calculation on any time interval [τ0−τ,τ0+t0] to obtain
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the same estimate as in (3.33) with constants independent of T. In fact, in this

case, we can deduce from Theorem 3.1 that

sup
τ0≤t≤τ0+t0

∑
|α|+|β|≤K

∥∥wl(α,β)∂α
β f
∥∥2

L2
v,x
+ sup

τ0≤t≤τ0+t0

∑
|α|≤K

∥∥∂α∇xφ
∥∥2

L2
x
≤Cτ,l <∞, (3.37)

where the constant Cτ,l is independent of τ0,T. We then give some comments on

why the constant Cτ,l is independent of T. In (3.34) we start at the initial point

τ>0 and go to the endpoint T>0, so that it contains [T/t0]+1 steps of length t0

and hence, the constant depends on T>0. Here, [T/t0] is the largest integer less

than T/t0. However, in estimate (3.37), we start at the initial point τ0−τ and go to

the endpoint τ0+t0, whose length is t0+τ>0 and is independent of T>0. Here,

the choice of

t0= t0

(
ǫ1,‖〈v〉CK,l f‖L2

v,x

)
>0

in (3.31) is uniform in any time t and is independent of T > 0. Thus, starting

from the point τ0−τ and ending at τ0+t0 takes [t0−τ]+1 steps of length t0 > 0

that is independent of T. Therefore, the constant Cτ,l in (3.37) is independent of

T > 0. Since the starting point τ0 ≥ τ is arbitrary, we deduce a uniform estimate

independent of time T in (3.37). This completes the proof of Theorem 1.1(3).

Notice that the estimate (3.33) is necessarily depending on τ since ψ−1
|α|+|β|−4

is

singular near t=0 when |α|+|β|>4.

Step 4. If we assume (1.19) is sufficiently small for some large enough CK,l>0,

then by Theorem 2.1, we can obtain the estimate (3.36) with l replaced by CK,l.

Then the result follows from the same argument as Steps 2 and 3; the proof of

regularity is the same as Step 2 while the same proof in Step 3 shows that the

constant is independent of T>0. This completes the proof of Theorem 1.1.
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