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Abstract. In this paper, we are concerned with solving variational inequalities on Hada-
mard manifolds, the curvature of which is bounded from below. The underlying vector
field is assumed to be continuous and pseudomonotone. By combining the hyperplane
projection method and the inertial extrapolation technique, a Halpern-type method is
proposed. Under some mild assumptions, global convergence of the proposed algo-
rithm is established. Numerical experiments are reported to show the efficiency of the
proposed algorithm.
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1. Introduction

In the past few decades, various optimization problems on Riemannian manifolds have
been studied [1,3,7,11,12,14,16,18,21,22,26,30-33,35-37,41-43]. Among these re-
search problems, variational inequality problems on Riemannian manifolds have received
much attention. Specially, a complete and simply connected Riemannian manifold with
nonpositive curvature is called the Hadamard manifold. Variational inequality problems
for univalued vector fields on Hadamard manifolds was first introduced and investigated
by Németh [22]. The existence and uniqueness results were established. Li et al. [19] intro-
duced variational inequality problems for univalued vector fields on general Riemannian
manifolds, the existence results of solution for problems defined on locally convex subsets
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with weak pole interior points were established. For set-valued vector fields on general
Riemannian manifolds, the existence of the solutions and the convexity of the solution set
of related variational inequality problems are investigated by Li et al. [17]. In addition,
nonsmooth variational inequalities on Hadamard manifolds were also studied by Ansaria
et al. [4]. Some existence results in terms of a bifunction in the setting of Hadamard man-
ifolds were given.

By the Cartan-Hadamard theorem, any Hadamard manifold is diffeomorphic to a Eu-
clidean space. Thus variational inequality problems on a Hadamard manifold can be refor-
mulated as some equivalent problem in a Euclidean space by using the underlying diffeo-
morphic map. However, the monotonicity/pseudomonotonicity of the underlying vector
field may be destroyed. Conversely, by endowing some appropriate Riemannian metric on
a subset of a Euclidean space, this set may become a Hadamard manifold, and some non-
monotone problems on the original set may become monotone problems with respect to the
endowed Riemannian metric [10]. Thus how to use the geometric structure of Hadamard
manifolds directly to devise efficient algorithms becomes an important research topic.

In the past few years, some iterative methods have been proposed for solving variational
inequalities on Riemannian manifolds. Li et al. [17] proposed a proximal point algorithm
for variational inequality problems for set-valued monotone vector fields on general Rie-
mannian manifolds. Tang et al. [25] constructed a variant of Korpelevich’s method for varia-
tional inequality problems for univalued pseudomonotone vector fields on Hadamard mani-
folds. Tangetal. [27] proposed a modified projection-type method for variational inequality
problems for univalued pseudomonotone vector fields on Hadamard manifolds. Batista et
al. [5, 6] introduced an inexact proximal point algorithm and an extragradient-type algo-
rithm for variational inequality for set-valued monotone vector fields on Hadamard man-
ifolds. Ansaria et al. [2] considered a proximal point algorithm for inclusion problems
on Hadamard manifolds and its application to univalued monotone variational inequality
problem.

In this paper, we are concerned with the construction of an efficient iterative method
for solving variational inequality problems for univalued pseudomonotone vector field on
Hadamard manifolds. Let ¢ be a Hadamard manifold. Without abuse of notation, we use
(-,-) and || - || to denote the inner products and norms on different tangent spaces of # by
its Riemannian metric. A tangent vector field V : ¢ — T 52 is called pseudomonotone if it
holds

(Exp;'q,V(p))=0 = (Exp,'p,V(q))<0 forall p,qe#, (1.1

where Exp;1 : # — T, denotes the inverse of the exponential map Exp, : T,5¢ — .
A subset C C 42 is said to be convex if for any two points p,q € C, the Riemannian geodesic
connecting p and q is contained in C; that s, if y : [a, b] — C is a Riemannian geodesic with
y(a) =p and y(b) =q, then y((1—t)a+ tb) € C for any t € [0,1]. Let C be a closed and
convex subset of # and V : ¢ — T be a pseudomonotone vector field. The variational
inequality problem for V and C is to find a point p € C such that

<V(p), Exp;lq) >0 forall geC. (1.2)
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Sometimes, the solution set of problem (1.2) is not a singleton, one may need to com-
pute the point in the solution set which is closest to a prescribed given point. In this
case, among all these existing iterative methods, only the modified projection-type method
in [27] can generate an iterative sequence converging to the desired point. However, the
metric projection of a given point to the intersection of three closed convex subsets needs
to be computed at each iteration, this may be computational costly for some problems. This
motivates us to devise a new efficient projection-type method for problem (1.2). Different
from the technique used in [27], we construct a Halpern-type iterative scheme.

In the past few years, different iterative methods with inertial terms have been pro-
posed for soling variational inequalities in Hilbert spaces [24,28,34,40]. By using inertial
extrapolation techniques, the convergence speed of some iterative methods can be effec-
tively accelerated. This motives us to apply this technique to the projection-type methods
for variational inequalities on Hadamard manifolds. To devise an efficient iterative method
satisfying the above considerations, we combine the hyperplane projection method and the
inertial extrapolation technique to construct a Halpern-type algorithm for solving problem
(1.2). To analyze the global convergence property of the proposed new algorithm, the sec-
tional curvature of the underlying Hadamard manifold is assumed to be bounded below.
Numerical experiments show the efficiency of the proposed new algorithm.

The rest of this paper is organized as follows. Some basic concepts and results on
Riemannian manifolds are reviewed in Section 2. In Section 3, we propose a Riemannian
inertial Halpern-type algorithm for variational inequalities on Hadamard manifolds. The
global convergence of the algorithm is proved under some mild assumptions in Section 4.
In Section 5, some numerical results are reported to show the efficiency of this method.
Finally, some concluding remarks are given in Section 6.

2. Preliminaries

In this section, we review necessary concepts and basic results, which are used for
construction and analysis of iterative methods for solving problem (1.2). In the following,
¢ is assumed to be a Hadamard manifold. Let C be a closed and convex subset of 5.
Given a point p € 5, the metric projection of p onto C defined by

Mep = {po € C | dist(p, py) < dist(p,q) forall q € C}.
This metric projection has the following properties [29].

Proposition 2.1. Let C be a closed and convex subset of a Hadamard manifold 5. For any
point p € 5, Ilcp is a singleton, and the following inequality holds:

<Expﬁipp,EXpHipq) <0 forall geC. 2.1)
Furthermore, the metric projection Il : ¢ — C is a nonexpansive mapping — i.e.
dist(Ilop,1q) < dist(p,q) forall p,q€ 2, (2.2)

where dist : 7€ x S — R denotes the Riemannian distance function on €.
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For any two points p,q € ¢, there exists a unique normalized Riemannian geodesic
connecting p and g, which is a minimal geodesic [23, Theorem 4.1]. A geodesic triangle
A(p,q,r) of a Riemannian manifold is a set consisting of three points p, g, and r, and three
minimal geodesics joining these three points. Let A(p,q,r) be a geodesic triangle of 5.
Then, according to [8, p.24], there are three points p’,q’, " € R? such that

dist(p,q) =llp’—q'llo, dist(q,r) =llg"—r'lly, dist(r,p) = [Ir"—p[l,. (2.3)

The triangle A(p’,q’,r’") € R? is called the comparison triangle of the geodesic triangle
A(p,q,r), which is unique with respect to the isometry of R2. For angles and distances
between points, a geodesic triangle and its comparison triangle have the following special
relationship.

Lemma 2.1 (cf. Lietal [15, Lemma 3.5]). Let A(p, q, ) be a geodesic triangle of a Hadamard
manifold ¢ and A(p’,q’,r’) be its comparison triangle.

1. Leta, B,y and &, 3',y’ be the angles of A(p,q,r) and A(p’,q’,r") at the vertices p,q,r
and p’,q’,r’, respectively. Then it holds that

asd, B<p, r<y. (2.4)

2. Let w be a point in the Riemannian geodesic connecting p and q. Given a point w’ in the
interval [p’,q’]. Suppose that

dist(w,p) = [lw' —p’lly, dist(w,q) = [[w' —¢’|l,.
Then it holds that
dist(w, r) < [[w —1'||,. (2.5)

For any two points p,q € 5 and any tangent vector £, € T, it holds

|[Exp,q|| = dist(p,q), dist(Exp,(£,),p) = 1€, - (2.6)

Since any two points in a Hadamard manifold can be joined by a unique minimal geodesic,
for any two points p,q € 5, we use P, ; : T,5€ — T, to denote the parallel translation
along the minimal geodesic joining p and q. For the parallel translation operator, it holds

(Ppg&psng) =(&psPypng) forall p,qet, &, €T, M, mng€T . (2.7)

Denote
w, = Expp(tExpglq), wy:=1—0)p"+tq" for te[0,1].

By (2.3), (2.5), and (2.6), we have

dist (Expp(tExpglq), r) = dist(w,, r)
< |w, =l = (1= 0)p" +tg" =1l
= =)@ =) +tl@ =)l
<A=-0lp" =7l +tllg" —r'll;
=(1—t)-dist(p,r)+t-dist(q,r) forall te<[0,1]. (2.8)
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Proposition 2.2 (cf. Sakai [23, Proposition 4.5]). Let A(pq, P2, P3) be a geodesic triangle
of a Hadamard manifold 5. Denote, for each i = 1,2,3 (mod3), by v; : [0,[;] — 52 the

geodesic joining p; to pi;1, and set [; := féi llyi(Olldt and a; := £(y;(0),—y_;(li_1)). Then
1. oy +tay+az3<m,
2. P+12, =24l cosapyy <12,

3. lj;1cosa; g +licosa; =1 .

In terms of distance function and exponential mapping, the second conclusion of Propo-
sition 2.2 can be rewritten as following form:

dist®(p;, pis1) + dist®(Pis1, Pia) = 2(Bxp, " pi,Exp! piya) < dist’(pi,piya). (2.9

For Hadamard manifolds with curvature bounded from below, the following trigono-
metric distance bound holds.

Lemma 2.2 (cf. Zhang & Sra [38, Lemma 6]). Let A(py, P, p3) be a geodesic triangle of
a Hadamard manifold . Let ; and a;, i = 1,2,3 (mod 3) be defined as in Proposition 2.2.
Suppose that the curvature of 7 is bounded below by —«k < 0, then it holds that

12 <&12+12
T17 tanh(yxly,) b

For the boundedness of the inverse of exponential mapping on Hadamard manifolds
with curvature bounded from blow, the following result holds.

_2lili+1 CoOSQAjy1- (210)

Lemma 2.3 (cf. Zhang & Sra [39, Theorem 2 (17)]). Let A(p, q, x,) be a geodesic triangle of
a Hadamard manifold 5. Suppose that the curvature of # is bounded from below by —kx < 0
and dist(p, x,) < 1/(4+/x), then it holds that

|[Exp;. ! (p) —Exp ()| < V1+ 2k dist3(p, x,) - dist(p, ). (2.11)

For exponential mapping, parallel translation, and inner product on Hadamard mani-
folds, we have the following properties.

Lemma 2.4 (cf. Batista et al. [6, Lemmas 1.1-1.2]). Let p,,q, € # and {pi},{qr} C o be
such that limy_, o P = p, and limy._, o, qx = q,.. Then the following assertions hold:

1. For any q € ¢, we have
Jim Exp, 'q =Exp,lq, lim Exp,’py = Exp,’p,.

2. If&, €T, # and limy_, o &, =&, , then &, €T, F.
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3. Let &, mp, €Ty, H and &, ,m, €T, H. If
Jim &, =&p,,  lim mp, =1mp,,
then we have

klggo (€per M) = (€p.op,) = (klggo glvk’kl_i,rgo Mo, )-

4. limy_, 00 Exp, ' (qr) = EXp; !¢
5. Let&, €T, #,t,€[0,1), &, €T, #, and {t;} € (0,1) be such that
dm Sp, = 6p,p lim G =t
Define
Tr(t) :=Exp, t&, , xp:=71x(tr) =Exp,, t;&p,
for each k > 0. In addition, denote
Y*(t) = Epr*tgp*5 Xy 1= Y*(t*) = Epr* t*gp* = (-
Then it holds
Jm Py o), pe)Spe = Proconre) .-

Lemma 2.5 (cf. Maingé [20]). Let {a,} be a sequence in (0,1), {b,} a real sequence, and
{c,} a real sequence such that Z;)Zl ¢, < oo. Let {¥,} be a sequence of nonnegative real
numbers satisfying the following relation:

v, 1<(1—-a,)¥,+b,+c,, n=>1.
Then the following results hold:
1. If b, < a,M for some M > 0, then {¥, } is a bounded sequence.
2. If ¥°° a, = 00 and imsup,_, o, bp/a, <0, then lim,_, o, ¥, = 0.

Lemma 2.6 (cf. Cholamjiak et al. [9, Lemma 2.6]). Let {®,} be a sequence of nonnegative
real numbers such that

1 <(1—a)®,+a,8, 1 <00+,
for n =0, where {a,}, {#,}, and {m,} are real sequences satisfying the following conditions:
1. a,€(0,1), lim, ,00a, =0, and > o, a, = 00,
2. lim,_,, 7, =0,
3. limy_, 00 ¥, = 0 implies that limsupy_, o, {n, < O for any subsequence {9, } of {¥,}.

Then lim,,_, o, ¢, = 0.
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3. An Inertial Halpern-Type Algorithm

In this section, we first review Korpelevich’s method [25] for solving the problem (1.2).
After that, we combine the inertial extrapolation technique and the Halpern-type iterative
technique together to modify this algorithm. Specially, the exact form of the proposed new
algorithm for the case that ¢ = R" is also given. In the following, s# is assumed to be
a Hadamard manifold and C is assumed to be a closed and convex subset of 7.

Algorithm 3.1 Korpelevich’s Method

1: Choose a constant 6 € (0, 1), two parameters E and ﬁ satisfying 0 < E < E , a sequence
{B,} c[B,p], and an initial point x, € . Set n := 0.
2: Compute

zp =1l (Expxn( - ﬂnv(xn))) .

If dist(x,,2,) = 0, then stop. Otherwise, compute
N, :=max{277}, j=0,1,2,...

such that 5
—(V(ra(n), va(ma)) = —dist*(x,, 2,),
n
where
Ta(t) == Eprn (tEXp;nl(Zn)) .

Compute y,, := v,(1n)-
3: Define
H, = {x € # | hy(x) <0}, hy(x):=(V(ya),Exp, x),
and compute
wy =1y X5, Xpqq = ew,.

4: Replace n by n+ 1 and go to step 2.

The above method is a generalization of the extragradient method for solving varia-
tional inequalities in Euclidean spaces, for which differentiability of the underlying vector
field is not required. Compared to the proximal point method, this method is an explicit
iterative method, no specific subproblems need to be solved at each iteration. At each iter-
ation, only two metric projections onto C and one metric projection onto H,, are required,
the computational cost at each iteration is relatively low. Noting that inertial extrapolation
helps to accelerate iterative methods, we consider the application of this technique to the
above algorithm. To approximate the point in the solution set of problem (1.2) closest to
a prescribed given point, Halpern-type iterative scheme can be applied.

To develop a new efficient iterative method satisfying the above requirements, we as-
sume that the following conditions hold:
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(C1) The curvature of 2 is bounded below by —k, xk > 0.

(C2) {a,} and {€,} are positive sequences such that

oo
a,€(0,1), lim a,=0, >la,=00, €20, lim -2=0. (3.1)
n=0

(C3) {t,} is a sequence such that

1
0<71,<——= and O<liminfr,, if x>0,
n—oQ

4v/K (3.2)
0<t,<00 and O<liminfr,, if x=0.
n—,oo
(C4) {u,} is a nonnegative sequence such that
lim u, =0. (3.3)

n—oQ

Combining the inertial extrapolation technique and the Halpern-type iterative scheme
together, we propose the following new algorithm for solving problem (1.2).

Algorithm 3.2 Inertial Halpern-Type Algorithm

1: Choose four sequences {a,}, {€,}, {7}, and {u,} satisfying conditions (C1)-(C4), and
two constants n € (0,1) and 6 € (0,1/2). Give a prescribed point u € 5. Select
arbitrary points x_;,xy € C and 6 €[0,1). Set n:=0.

2: Choose 6, such that 0 < 6, < 0,,, where

€
— min{ 0, ————}, if x,# X1,
0, = { IExp, x4 } nro (3.4)
0, otherwise.
3: Compute
w, =TI (Expxn( — GHEXp;nlxn_l)) , (3.5)
z, =1, (Expwn( — V(Wn))). (3.6)

4: If dist(w,,, 2,) = 0, then stop. Otherwise, compute

Nn :=max{ﬁn-nj}, j=0,1,2,...

such that
- (V(Yn(nn))) Y;('r’n)> = 0" diStz(szn) —Up, (37)
where
R . T _
Np ‘= min {7), m} , o ralt) = EXPWn(tEXPWiZn)- (3.8)
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Compute
Y i= Yn(15)- (3.9
5: Compute
Xpg1 = HC(Expu((l — an)Expgl(HHnwn))), (3.10)
where
H, := {x e | hy(x)< 0}, h,(x):= <V(yn), Exp;jx). (3.11)

6: Replace n by n+ 1 and go to step 2.

For this new algorithm, we have the following remarks.

Remark 3.1. The computational cost of Algorithm 3.2 at each iteration is almost the same
as Algorithm 3.1. The backtracking line search method of Algorithm 3.2 is different from
that of Algorithm 3.1. Numerical experiments in Section 5 show the efficiency of this mod-
ified line search method. If the solution set of problem (1.2) is nonempty, then the iterative
sequence {x,} generated by Algorithm 3.2 converges to the point in the solution set, which
is closest to the prescribed point u € 5# (see Theorem 4.1).

Remark 3.2. Let v, : [0,1] — # denote the Riemannian geodesic connecting w,, and z,,
with v,(0) = w, and y,(1) = z,. Since w,, 2, € C, by the definition of y, in (3.9), we get
Ya € C. By the definition of y,(t) in (3.8), its velocity y/,(t) is a parallel vector field along
Y,- By the definition and property of parallel translation, for all t, t;, t,, t5 € R it holds

/ _ —1 _
Tu(8) =Py 0FXP,, Zns Py)14(t5) © Pro(e)ra(tz) = Pra(e) yalts)- (3.12)

Remark 3.3. Denote
r(p) := Exp, ' (Tc(Exp, (=V (p)))- (3.13)

According to [25, Proposition 2.5], p € C is a solution of problem (1.2) if and only if
r(p) = 0,. If dist(w,,2,) = 0, then it follows from (3.6) that

w,=g,=I¢ (Expwn(—V(Wn))) ecC.

In this case, w, is a solution of problem (1.2).
If dist(w,,, 2,) # 0, according to [25, Proposition 4.1], there exists a nonnegative integer
j such that

—(V(ra@n 1)), v (0 1)) = 6 - dist? (W, 2,)-

Since u,, > 0, the above inequality implies that the backtracking line search (3.7) termites
in finite steps. Thus 7,, is well-defined.

Remark 3.4. The solution set of problem (1.2) is denoted by &, i.e.

S = {x €C | (V(x),Exp,'y) >0 forall ye C}. (3.14)
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Since both w, and z, belong to C, we obtain y, € C. By (3.14), for any point x € &,
we have (V(x), EXp;l ¥n) = 0. Since the vector field V is pseudomonotone, it follows from
(1.1) that (Exp;lx, V(y,)) < 0. Thus the solution set & is contained in H,,. Then we have

¥ CH,NC forall n=0. (3.15)

By the definitions of h,,, H, and I1y w,, we obtain
(Mg, w,) = (V) Exp;nl(HHan)> <0. (3.16)
According to (4.9) in Lemma 4.3, if dist(w,,, 2,) # 0, then
hp(Wy) 2 06 - dist* Wy, 2) = Nk
In particular, if u, < §-dist>(w,,, 2,), then we have h,(w,,) > 0, which implies that w,, & H,,.
In this case, it holds that
My w, € 0H, :={x € # | h,(x)=0} CH,, h,(Ilyw,)=0.

In this case, the boundary dH,, of H,, separates w, from the solution set . and the point
[y w, is closer to & than w,,.

The Euclidean space R" is a special kind of Hadamard manifold with sectional curva-
ture equal to 0. We consider the application of Algorithm 3.2 for solving pseudomonotone
equation on the Euclidean space R". For the Euclidean space R", it holds that

EXPX€X =X+ 5)(5 Exp;ly =¥V X diSt(X, Y) = ||X—Y||2, (317)

where x,y € R", £, € T,R", Idg« denotes the identity map of R", and || - ||, denotes the 2-
norm of R". In this case, the definition of pseudomonotone in (1.1) reduces to the concept
proposed in [13]. That is F : R™ — R" is called a pseudomonotone map if

<F(X1),X2 _Xl) Z 0 = <F(X2),X1 —X2> S 0 for all X]_,X2 (S Rn,

where (-,-) denotes the scalar product of R", i.e. (x,y) = x'y for x,y € R". Let F : R" —
R" be a pseudomonotone map and C C R" be a closed and convex set. The variational
inequality problem for F and C is to find a point x € C such that

(F(x),y—x)>0 forall yecC. (3.18)
Based on (3.17), if F(x) # 0,,, then
Hy:= {xeR" | (x—y,F(y)) <0}

is a closed halfspace of R". If w ¢ Hy, then the projection of w onto Hy has the following
explicit form:

(F(w),y —w)
IF(w)II3
According to (3.17) and (3.19), the application of Algorithm 3.2 for solving the variational

inequality (3.18) can be stated in the following form.

Iy

y

w=y— F(w). (3.19)
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Algorithm 3.3 Inertial Halpern-Type Algorithm in R"

1: Choose three sequences {a,}, {€,}, and {u,} satisfying conditions (C1)-(C4), and two
constants 1 € (0,1) and 6 € (0,1/2). Give a prescribed point u € R". Select arbitrary
points x_;,%X, € C and 8 €[0,1). Setn :=0.

2: Choose 6, such that 0 < 6, < 0,,, where

€

n-

. n
mm{@, }, X, 7# Xp_1,

1%, —Xp—1l2
0, otherwise.

|

3: Compute
w;, = HC(Xn + Gn(xn _Xn—l))) z, = HC(wn _F(Wn))-

4: If w, = z,,, then stop. Otherwise, compute

Ny, :zmax{nj}, j=0,1,2,...

such that
—(F(Wy + 0020 = W), 20 = Wy ) 2 6 - 12, — Wyl — i
Compute
Vi 1= Wy + 120 — Wy).
5: Compute

(F(Wn)5Yn _wn>
IF (w13
Xpi1 = Hc(anu +(1—- an)HHan)-

F(wy),

1_[Hn"vn =Yn—

6: Replace n by n+ 1 and go to step 2.

Remark 3.5. Specially, since the sectional curvature of R" is equal to 0, the parameter 7,
is chosen as oo for n > 0. This algorithm is different from the existing inertial methods for
solving variational inequalities in R" [24,28,34,40].

4. Convergence Analysis

In this section, we establish the global convergence of Algorithm 3.2. To prove its global
convergence, we need the following conditions:

(C5) The vector field V : 5# — T 27 is continuous and pseudomonotone.
(C6) The sets {H,} are closed convex subsets of .

(C7) The solution set . is nonempty.
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Specially, if the Hadamard manifold 5# is of constant curvature, then {H,} are closed
convex subsets of 5 [11, Corollary 3.1]. Next, we give some lemmas needed to prove the
global convergence of Algorithm 3.2. First, we can prove that {(6,,/ an)IIEnglxn_lll} and

{9n||Exp;1xn_1||} are infinitesimal sequences.
n

Lemma 4.1. If {x,} is the iterative sequence generated by Algorithm 3.2, then

0
nll)rgo 9n||Exp;nlxn_1|| = lim —"||Exp;nlxn_1|| =0. 4.1)

n—oo q,

Proof. If x,_; = x,, then Expglxn_l = 0,,. By (3.4), we have 5,1 =0.Since0< 0, <

0 ,, we obtain _
0 < 6,]|Expy " xpq || < 0,||Exp x| =6 -0 =0. (4.2)

If x,_; # x,,, then it follows from (3.4) that

0< 9n||Exp;nlxn_1|| < 5n||Exp;nlxn_1||
. € _
:mm{@,W} ||Eprann_1|| < €, (43)

n

Taking into account conditions (C1)-(C4) and the inequalities (4.2), (4.3), we obtain
. -1 . _
0< nl_l)rgo GHHEprn xn_1|| < nli)rgo €, =0,

.0 - €
0< lim a—:||Expxnlxn_1|| snlggoa—:=0.

This completes the proof. O

For the boundedness of iterative sequences generated by Algorithm 3.2, we have the
following result.

Lemma 4.2. Let {x,} be an iterative sequence generated by Algorithm 3.2. If conditions
(C1)-(C7) hold, then the iterative sequences {x,},{w,},{z,}, and {y,} are all bounded.

Proof. Given a point x, € &, it follows from (3.15) that x, € H, N C. Thus we obtain
x, =ex, =y X, Using (2.2), (2.6), (3.5), (3.10), and the triangle inequality, we have
dist(Tly, wy, x,) = dist(Ily, wy,, Iy x,)
< dist(w,, x,)
= dist(TTc (Exp,, (—6,Exp ' x, 1)), Mcx, )
< dist(Eprn(—QnEXp;nlxn_l), x*)
< dist(Expxn (—GnExp;nlxn_l), xn) + dist(x,,, x,.)
= On”EXp;nlxn_l || + dist(x,,, x,.). (4.4)
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Let A(u, x,, [Ty w,) denote the geodesic triangle in . It follows from (2.8), (3.10), and
(4.4) that

dist(xpq1,X,) = dist(HC(Expu((l — an)Expgl(HHnwn))), ch*)
< dist(Expu((l — an)Expgl(HHnwn)), x*)
< a,dist(u, x,) + (1 — a,,)dist(Ily w,, x,)
< a,dist(u, x,)+(1— an)(GnllExp;nlxn_l || + dist(x,, x*))

0
=(1—a,)dist(x,,x,) +a, [dist(u, x,)+(1—a,)—> ||Exp;1xn_1 ||:| .
a, n

Based on (4.1) and the condition a, € (0, 1), the sequence {(1— an)(Qn/an)llExp;:xn_lll}
is bounded. Setting

0
M :=2max {dist(u, x,),sup(l —a,)— ||Exp;1xn_1 || } ,
n>1 an "

we write
dist(x,41, x,) < (1 —a,)dist(x,, x,) +a,M. (4.5)

By the first conclusion of Lemma 2.5, there exists a constant M; > 0 such that
dist(x,,x,) <M; forall n>o0. (4.6)

Thus, {x,} is a bounded sequence. Since {x,} is bounded, it follows from (4.1), (4.4), and
(4.6) that

limsupdist(w,,x,) < lim 6, ||Exp;1xn_1 || + lim sup dist(x,, x,.)
n— o0 n—00 " n— o0

SO+M1:M1. (47)

Thus the sequence {w,} is bounded.
According to (2.2), (2.6), (3.6), and the triangle inequality, we have

dist(z,, x,.) = dist(I1(Exp,, (—V(w,))),x.)
< dist(T¢(Exp,, (—V(w,))), Mew,) + dist(Tlcw,, x,)
= dist(HC(EXpwn (—V(Wn))), chn) +dist(ITew,, Mex,)
< dist(Exp,, (—V(w,)),w,) + dist(w,, x,)
= |IlV(wp)Il + dist(wp, x,.).

Since V : # — T4 is continuous, there exists a constant M, > 0 such that ||V (w,)|| < M,
for all n > 0. It follows from (4.7) and the above inequality that

lim sup dist(z,, x,) < limsup ||V (w,,)|| + lim sup dist(w,, x,) < M, + Mj. (4.8)
n—oo n—oo

n— oo
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Thus the sequence {z,} is also bounded.
Based on (2.8), (3.8), and (3.9), we obtain

dist(yn, x,) = dist(Exp,, (n,Exp,'z,), x,)
< (1 —n,)dist(w,, x,) + 1, dist(z,, x,)
< dist(w,, x,) + dist(z,, x,.).
This and the inequalities (4.7), (4.8) yield

lim sup dist(y,, x,) < lim sup dist(w,,, x,) + lim sup dist(z,, x,) < M, + 2M;.

n—oo n—oo n—>oo
Thus the sequence {y,} is bounded, which finishes the proof. O

For the value of the function h,, defined by (3.11) at w,, € 5, we have the following
estimations.

Lemma 4.3. Let {x,} be an iterative sequence generated by Algorithm 3.2. Suppose that
conditions (C1)-(C7) hold. If w,, # 2, then

ha(Wp) = 1,6 - dist®(Wy,, 2,) = M- (4.9)
In addition, there exists a constant M; > 0 such that
ha(w,) < M, - dist(w,, Tl w,) forall n>0. (4.10)
Proof. If w,, # 2, then (3.7)-(3.9), (3.11), and (3.12) give
Ra(wn) = (V(y,), Exp;'w,,)

=—~(V(¥n): P, y, EXP,, (7))
=—(V(¥n)s Py, BxD,, (Bxp,,, (n,Exp;,'2,)))
= —~(V(yn)s Py, (1nBxD}, ' 2,))
= =0 (Va()), 7))
> 1,6 - dist* (W, Z,) = Nldp-

Thus, the inequalities in (4.9) hold. On the other hand, since the sequence {y,} is bounded
and V : # — T is continuous, there exists a positive constant M3 > 0 such that

IV(y)ll <M; forall n>o0. (4.11)
According to (2.6), (3.2), and (3.7)-(3.9), we obtain
dist(w,, y,) = dist(wn, Expwn(nnEXp;izn))
= [[mnExps, 2| < A [Exp, 20|

T
< mi —— 1 tdist
= min {77, diSt(Wn,Zn)} 18 (szn)
1
<7, <——.
44
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By (2.11) and the above inequality, it holds that

||Exp;nlwn - Exp;nl(HHnwn)”

< \/1 + 2k - dist*(y,,, w,,) - dist(w,,, My wy)
3v2
< %_ - dist(w,, Ty wy).

By (2.2), (3.10), (3.16), (4.11), the Cauchy-Swartz inequality, and the above inequality,
we have
(W) < (1) — Ry (T, W)
= (V(yn), Exp wy ) = (V (), Bxp) (T wy))
= (V(yn), Exp} 'w, —Exp (T wy))
<NVl - ||Exp] ' wy —Exp) (T w,)|

3v2M,
<

~dist(w,, Iy w,) = M, - dist(w,, My wy),

where M, := 3v/2M;/4. This completes the proof. O

The convergence of a subsequence of {dist(w,, 1y w,)} to zero implies that the corre-
sponding subsequence {dist(w,,z,)} is an infinitesimal sequence.

Lemma 4.4. Let {x,} be an iterative sequence generated by Algorithm 3.2. Suppose that
conditions (C1)-(C7) hold. If {w,, } is a subsequence of {w,} such that

klggo dist(w,, , Hanwnk) =0,

then
lim dist(w,,z, ) =0. (4.12)
k— o0

Proof. Without loss of generality, we assume that
lim dist(w,, 1y w,)=0.
n—o0 n

Since {w,} and {z,} are both bounded, the sequence {dist(z,,w,)} is also bounded. There-
fore, there exists a constant b > 0 such that

lim sup distz(zn,wn) =b. 4.13)

n—oQ

According to (4.9) and (4.10), we have

M 1
Npdist?(w,,, z,) < Fldist(wn, Iy w,)+ 5 Mk forall n>0. (4.14)
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Ifliminf,_, o 1, # 0, then n,, > 0 for all n sufficiently large. Since lim,,_, o, dist(w,, [y w;)
=0, it follows from (3.3), (4.13), and (4.14) that

b = limsupdist?(w,, 2, )
n—oQ

1
= lim sup —n,,dist?(w,,, 2,,)
n—oo Ty

—

1M 1
< limsup — #dist(wn, My wy,) +limsup gun

n—oo Ty n— o0
M 1
<limsup —1dist(wn, My wy))m————+0=0.
n—oo O n liminf,_, oo My

By the above inequality, the equality in (4.12) holds.
Ifliminf,_, o, n, = 0, then there is a subsequence {n,, } of n,, such that lim;_, ., n,, = 0.
Define

Yo i=7n (n—lnn) = Expwn(n—lnn]zxp;}lzn), Pny = Expwnk ( — V(Wnk)). (4.15)
It follows from (3.6) and (3.12) that

PWnk:PnkV(Wnk) = Exp;nlk Wns  Zn, =IcPp, - (4.16)
Since limy_, oo My, = 0, it follows from (2.6), (4.13), and (4.15) that

0 < limsupdist(y,,, wp,

k— o0
— 1 : -1 -1
= lim sup dist (Expwn (n N EXP,, (znk)),wnk)
k— 00 k "k
= lim sup n_lnnk dist (Expwn (Exp;1 (znk)),wnk)
k—oo k "k
<n~t. lim Mp, - limsupdist(z,, ,wy,, ) = n1-0-b=0.
k—oo k—o0

Since V : #¢ — T ¢ is continuous, {y,} and {w,} are bounded, it follows that
Jim [|P5, o, V)=V Wy )| =0. (4.17)

Since limy_, o, 1, = 0, the inequality in (3.7) is not satisfied by n_lnnk for all n;, sufficiently
large. According to (3.7), (3.8), (3.12), and (4.15), for all n;, sufficiently large it holds

5 ' diStZ(Wle > an) - ll’l'nk > _<V(Ynk (T’_l T’le ))) Y;lk (T)_lnnk ))
— Vi —1 _ - -1
=~(Vu)Pu,, 3, X0, 20,) = (Py, o, VFn), —Expy) 2, )
W V(yn)—Viw,), —Exp;ikznk) + (V(wnk), —Exp;ikznk)

=(Py
= ( Pynk’wnk V(yn)—Viw,), —Exp;ikznk) + <EXP;1,< Pny Exp;ikznk > (4.18)
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Based on (2.9), we know that in the geodesic triangle A(py, , zn, , Wn, )
distz(wnk,znk) + distz(wnk »Pn)— 2<Exp;ikznk, Exp;ik pnk) < distz(znk, Pn,)-
Combining (4.18) and the above inequality yields
distz(wnk,pnk) — distz(znk,pnk)
< (26 —1)-dist* (w2, ) — 20y, + 2<pynk,wnk V() —Vwy,), Exp;:kznk)
< (26 — 1) - dist* (Wi, 20, ) = 240, +2{|Py, o, V)= VW[ - [[Expy] 2, |
Based on (2.6), (4.13), (4.17), and the above inequality, we obtain

lim sup (distz(wnk »Pn) — distz(znk iy ))

k—oo

<(26—1)-limsup distz(wnk,znk) —2limsup u,,

k—oo k—o00
+2limsup |Py . V(F,)—V(w,)|| - dist(wy, ,2,,)
k— 00 g2 g k
=(26—-1)-b—2-0+2-0-Vb=(25—1)-b<0.
By the above inequality, if b > 0, then
dist*(wy,, Py, ) < dist*(2,,, Py,)

for k sufficiently large, which contradicts to the convexity of C and the fact that z, is the
projection of p, on C. Hence, b =0, and the proof is complete. O

The limit of a convergent subsequence of {x,} belongs to the solution set if the corre-
sponding subsequence of {dist(w,, Iy w,)} is an infinitesimal sequence.

Lemma 4.5. Let {x,} be an iterative sequence generated by Algorithm 3.2. Suppose that
conditions (C1)-(C7) hold. Let {x,, } be a subsequence of {x,} converging to a point X € .
If limy_, o dist(wy, , Hanwnk) =0, then X € &.

Proof. Since x, € C, it follows from (2.6) and (3.5) that
dist(w,,, x,) = dist(HC(Eprn(—GnEXp;lxn_l)), chn)
< dist(Expxn( — OnEnglxn_l), xn)
= Gn”EXp;nlxn_l || (4.19)

Take the limit on both sides of (4.19). According to (4.1), we get lim,,_, o, dist(w,,, x,) = 0.
Since lim,,_, o, dist(w,, [y w,) = 0, the assumptions in Lemma 4.4 are satisfied. Thus we
obtain lim,,_, o, dist(w,,2,) = 0. Since limy_, o, X,, = X, it holds that

lim w, = lim IIy; w, = lim 2, = lim x, =x€C. 4.20
k— o0 Mk k— oo H”k M k— o0 Mk k— oo M ( )
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Let p,, be defined by (4.15). Denote p := limj_, o Py, - According to Lemma 2.4 and (4.20),
we have p = Exp¢(—V/(X)). By (2.1), for any point x € C it holds

0> <Expz_ni Prys Exp;i{x) = <Expz_n1 P+ Py, 2, VW )=P,, o V(w,), Expz_ni x).
Thus, we obtain
-1 -1 -1
<Esznkpnk + PWnk:an V(wg,), EXpan x> < <Pwnk,znk V(wg,), EXpan x).
Using (2.7), (3.12), (4.16), and the above equality, we have

(Vw, ), P, Exp;ix)

nj :Wnk

=(—Exp,’ 2, +P V(w,),P,

—1
Ex x>
nge Wiy Py pan

le !pnk

{

> <Esz_nk P, T PWnk:an V(Wnk ), Expz_ni x)
{
{

— | _Fyn—l -1 -1
= Eprnkznk + EprnkWnk’Pznk,pnk Eponkx).

Taking the limit on both sides of the above inequality, it follows from Lemma 2.4 and (4.20)
that

<V(3C\), EXp;1x> = < kll)n;.lo V(Wnk ), kli}‘l;o pznk ’Wnk Esz_ni X>
— 1 _1
N klggo <V(W”k ), Pan’W k EXpan X>

. -1 —1 —1
> —
> klir(r)lo ( Eprnk Zn, + Eprnkwnk’Pznk P Esznk x)

_ [ _ 1 -1 . -1 . -1
= < kll)ngo Exp pu 2t klggo Epr,,kWnk’ k1_1)r£10 P, b, EsznkX>
=(— Exp'Z +Exp; 'Z, P; 5Exp_lx) =0.
By the arbitrariness of x € C, we have X € &. The proof is complete. O

For the distance sequences {dist?(w,, x,)}, {dist?(x,,x,)}, and {dist*(w,_;,x,)}, we
obtain the following special relationship.

Lemma 4.6. Let {x,} be an iterative sequence generated by Algorithm 3.2. Suppose that
conditions (C1)-(C7) hold. Given a point x, € &, there exists a positive constant M, > 0 such
that

dist?*(w,, x,) < dist*(x,, x,) + 9,12]\72 - dist?(x,, Xp_1)

+ Gn(distz(xn, x,) — dist?(x,_1, x*)). (4.21)
Proof. Let x, be a pointin .. Since the sequence {x,} is bounded, sup,,-( dist(x,, x,) <
0. Set
— dist(x,,
T, 1 sup YRS, x,)

n>0 tanh(v/xdist(x,, x,))’
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Since lim,_,¢ t/tanht = 1 and t/tanh t increases monotonically on (0, o), we obtain

Vidist(x,, x,) —
< <M, <+oo forall n=>0. 4.22
tanh(v/rdist(x,, x,)) 2 orat (4.22)

Denote q,, := Expxn(—GnEXp;lxn_l). By (2.6) and (3.5), we have
dist(x,,q,) = 6, - dist(x,,_1,x,,), w, =1l¢q,. (4.23)

Let A(x,—1,X,,x,) and A(x,,q,,Xx,) be geodesic triangles in 7. Let a be the angle
at x,, in the geodesic triangle A(x,,q,,x,). Then the angle at x,, in the geodesic triangle
A(x,_q,x,,x,) is T — a. Based on (2.10), (4.22), and (4.23), in the geodesic triangle
A(xp, gy, X,) we have

Vidist(x,, x,)
tanh(y/kdist(x,, x,,))
— 2dist(x,, q, )dist(x,, x,) cos a
< M, - dist?(x,, q,,) + dist?(x,, x,,)
— 2dist(x,, q,)dist(x,, x,) cos a
= Mz . 93 ~dist*(x,_1, x,) + dist*(x,, x,,)
+ 206, - dist(x,_;, x, )dist(x,, x,,) cos( — a). (4.24)

dist?(x,,q,) < dist?(x,, q,) + dist*(x,, x,,)

According to (2.10), (4.22), and (4.23), in the geodesic triangle A(x,,_;, x,, X) we have

Vidist(x,, x,)
tanh(y/kdist(x,, x,,))
— 2dist(x,_q, x,)dist(x,, x,) cos(t — a)
< M, - dist?(x,,_1, x,) + dist?(x,, x,,)

— 2dist(x,_;, x,)dist(x,, x,) cos(m — a).

dist®(x,, X,_1) < dist®(x,_1, x,,) + dist?(x,, x,,)

Combining (4.24) and the above inequality, we obtain

dist?(x,, q,) < M, 602 - dist*(x,,_1, x,,) + dist*(x,, x,,)
+0, (Mz ~dist?(x,_q, x,) + dist?(x,, x,,) — dist*(x,, Xn—1))
= dist?(x,, x,) + 9n(ﬁg 0,+ Mz) - dist*(x,, Xp_1)
+ 0,(dist?(x,, x,) — dist?(x,_1, x,))
< dist?(x,, x,) + 26, M, - dist?(x,, x,_1)
+ Gn(distz(xn, x,) —dist?(x,_1, x*)). (4.25)

Since x, € & C C, we have II-x, = x,. By (2.2) and (4.23), we have

diSt(Wn, X*) = diSt(Han, HCX*) < diSt(qm X*)-
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The inequality in (4.21) follows from (4.25) and the above inequality. This completes the
proof. O

By using the above lemmas and conclusions, we obtain the following global convergence
property of Algorithm 3.2.

Theorem 4.1. Let {x,} be an iterative sequence generated by Algorithm 3.2. Suppose that
conditions (C1)-(C7) hold. Then the sequence {x,} converges to x := Il yu.

Proof Since {x,} is bounded, there exists a positive constant M5 > 0 such that
dist(x,,x) < .Z/\Zg forall n=>0. (4.26)
By using (4.21), (4.26), and the triangle inequality, we have
dist?(w,,, x) < dist?(x,,, ) + 6,2M, - dist?(x,, X,_1)
+ 0, (dist(x,,, X) — dist(x,,_1, %)) - (dist(x,, X) + dist(x,_1, X))
< dist?(x,, x) + 0,2M, - dist?(x,,, X,_1) + 6,2Mj - dist(x,,, X,_1)
= dist®(x,, X) + 0,dist(x,, xp_1) - (2M; - dist(x,, X, 1) +2M3).  (4.27)
Let A(u, Ty, wy, X) be a geodesic triangle in 5 and AW, (HHan)/ ,X') be its compari-
son triangle in R2. Let 3, be the angle at X in A(u, Iy, wy,Xx) and B, be the angle at x
in A(w’,(Tlg w,),X'). By (2.4), it holds B4, < B/, thus cos B/, < cosf,, for n > 0.
According to (2.3) and (2.6), we have
(ExpZ'u, ExpZ (T, wy,))
= s o (1w, ) cos s
= dist(x, u) - dist(x, [Ty w),) cos B4q
—_ — /
=|x" —u||,- ||x’ — (Mg, wy) ||2 €0s 11
—_ — /
=[x =l ”xl - (HHan) ”2 cos By
= <Y/—u/,7— (HHnwn)/>. (4.28)
Based on (2.1) and (2.9), we obtain
dist?*(ITy w,, X) = dist*(w,, X) — dist* (Il w,, w,)
+ 2<EXPH,1,H an, Expain ann>
< dist?(w,,, X) — distz(HHnwn, wy).

Taking into account (2.2)-(2.6), (3.15), (4.27), (4.28), and the above inequality, we have

dist? (x4, %) = dist?(TT¢ (Exp, (1 — a,)Exp; (I, w,))), X)

= dist®(TI¢ (Exp, (1 — a,)Exp; (I, w,))), [IcX)



Iterative Method for Variational Inequalities on Hadamard Manifolds 215

< distz(Expu((l — an)Expgl(HHnwn)),f)
< ||(Bxpu((1 — a)Exp; (I wy)) =%
= lant’ + (1 = a,)(1y,w,) =,
= Jlan(e’ =% + (1 = a) (W, wa) =%)|I;
= (1= )|y w,Y = X|[; + aZlle’ = %113
+2a,(1— an)<f/ —u,x — (HHan)/>
<(1- an)zdistz(HHnwn,E) + aidistz(u,f)
+2a,(1— an)<Exp§1u, Exp%l(HHn Wn)>
< (1 —a,)?[dist*(w,, X) — dist* (I w,,, w,) ] + a?dist*(u, X)
+2a,(1— an)<EXp§1u, Expgl(HHn Wn)>
< (1—a, 2| dist? (x,, %) + Opdist(xy, X)) - (21, - dist(xy, X,m) + 2M5) |
—(1— an)zdistZ(HHnwn, w,)+ aﬁdistz(u, X)
+2a,(1— an)<EXp%1u, Exp%l(HHnwn»
< (1 —a,)dist*(x,, x) + 0, dist(x,, x,_1) - (2M2 -dist(x,,, x,—1) + 2M3)
+ aidistz(u, x)—(1— an)zdistZ(HHnwn, w,)
+2a,(1— an)<EXp§1u, Expgl(HHnwn», (4.29)

where the condition 0 < 1—a,, <1 is used.
For the sake of simplicity, for each n > 0, let

&, := dist?(x,,X),

0 . —~
$ni= a_ndist(xmxn—l) : (2M2d15t(xn’xn—1) + 2M3)
n

+ aydist®(, ) +2(1 — a, )(Exp ', Expl! (T, w,.)), (4-30)

=0 - an)zdistz(HHnwn,wn),
Ty = angn'
Conditions (C1)-(C4) give lim,_,.,a, = 0 and 221 a, = 00. By (4.4), the sequence

{Tly w,} is bounded, so that {(Exp;u, Expgl(HHnwn))} is also bounded. Since lim,,_, o a,,
=0, it follows from (4.1) that

lim 7, = lirgo 0, dist(x,, x,—1) - (ZMZdist(xn,xn_l) +2M3)
n—

n— oo

+ nli)rgo aidistz(u, xX)+ nlggo 2a,(1— an)(EXp;u, Exp;(HHnwn)> =0.

According to Lemma 2.6, to complete the proof, it remains to show that for any subsequence
{0, } of {0}, if lim;_, oo ¥,, = O then limsup;_,, §,, <O.
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If limy_, oo ¥, = 0, then we have

klggo dist(Hanwnk,wnk =0. (4.31)
Since {x,, } is bounded, there exists a subsequence {x,, } of {x, } such that lim;_,, x, =
J J
X and
. -1 —1 ) —1 -1
11;r_1)so1<1)p<EXpY u, Exp (Hanwnk )-jl_l)rgo <ExpY u, Exp (Hanj Wnkj)>. (4.32)

By (4.31) and Lemma 4.5, we have X € &. By (4.20), we have lim;_, o [y w,, =X. In

ny ny
addition, x =Il,u € &. Based on (2.1), Lemma 2.4, and (4.32), we obtain

lim sup <Exp§1u, Exp%1 (I Hy, Wny ))

k— oo
. —1 -1
_1'1—1320 <EXPY u, Exps; (Han,- W"kj)>
. 1 1. —1
= <J1_1)I(I>10 Exp_ u,jl_l)I(I)lo Exp_ (Hanj Wnk}.)>

= <Exp§1u, Exp§15E> <0. (4.33)

Since {x,} is bounded and lim,,_, ., a,, = 0, it follows from (4.1) that

¢) — —
lim —*dist(xy, Xy 1) - (2Madist(x, x,_1) + 2M3) + a,dist*(u, X) = 0. (4.34)
n—oo q,
Combining with (4.33) and (4.34), we obtain limsup;_, o, ¢ n, < 0. By Lemma 2.6, we have
lim,_, o ®,, =0, which implies that lim,,_, o, x,, = x. This completes the proof. O

5. Numerical Experiments

In this section, numerical performance of Algorithm 3.2 for solving problem (1.2) is
reported. To show the efficiency of Algorithm 3.2, we compare it with the Korpelevich
method [25]. For simplicity, we write Korpelevich for the Korpelevich method. All nu-
merical tests are carried out using MATLAB R2010a on a Lenovo Laptop Intel(R) Core(TM)
i7-8550U with a 1.80 GHz CPU and 16-GB RAM.

For Algorithm 3.2, we set

104 1 —
=0.5, Gp=——"0 0==,  6=0
K T 0%+ 1 5 kT Tk

10 1
€r = , Ug=——,  5=107%
KT+ M T ke

For the Korpelevich method, we set 8, = 1 and 6§ = 10~*. For comparison purposes, we
repeat our experiments over 10 different randomly generated problems. Below, we write
CT, IT, NF, and Res for the average total computing time in seconds, average number of
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iterations, average number of function evaluations, and average residual ||r(wy)|| in Algo-
rithm 3.2 or ||r(x;)|| for the Korpelevich method at the final iterates of the corresponding
algorithms, accordingly. Moreover, we write Res0. for the averaged residual ||r(wg)|| in
Algorithm 3.2 or ||r(xg)|| for the Korpelevich method at the initial iterates of the corre-
sponding algorithms. The stopping criteria for Algorithm 3.2 and Korpelevich’s method are
set to

Ir(wll <1078, Ir(x)ll < 107°.

Example 5.1 (cf. Tang & Huang [25]). Let

H" :={p=[p1,..,Pw:Pns1]” €R™ | ppyy >0 and (p,p) =—1},

where the metric of H" is induced from the Lorentz metric of R"*1

(p,q) :=p1q1 + -+ Pudn —Pp1qn1 forall p,qeR™.

The sectional curvature of H" is equal to —1 at each point.
The vector field

T
V:H2 - TH?: p — (p1ps, paps,p> —1) (5.1)

is a monotone on H2. Let

C:= {p =[p1,p2,p3)" €H?|1<ps < 2},

The set C is a closed convex subset of H2. We consider the variational inequality problem
associated with V and C. This problem has a unique solution [0,0,1].

For Algorithm 3.2, we set 7, = 1/4—1/(k+1) for k > 0. The starting points for
Korpelevich’s method and Algorithm 3.2 are randomly generated by using the MATLAB
built-in function randn

c=randn(2,1), xy= [c, veTe+ 1]T > X1 = Xp.

The prescribed point u for Algorithm 3.2 is randomly generated by using the MATLAB built-
in function randn

v=randn(2,1), u= [v, VvTy + 1]T

For Example 5.1, the averaged Riemannian distance dist(x,,[0,0,1]7) at the initial and
final iterates of the corresponding algorithms are denoted by ‘RdistO.’” and ‘Rdist.’,
respectively.

Numerical results for Example 5.1 are given in Table 1. From these numerical results,
we observe that Algorithm 3.2 performs better than Korpelevich’s method in terms of com-
putational time and iteration numbers. In addition, the convergence histories of Korpele-
vich’s method and Algorithm 3.2 for Example 5.1 are given in Fig. 1. The left subfigure
depicts the Riemannian distance the residual versus the number of iterations, and the right
subfigure depicts the logarithm of the Riemannian distance dist(x,,[0,0,1]") versus the
number of iterations.
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Table 1: Numerical results for Example 5.1.

Algorithm CT IT NF ResO Res RdistO Rdist
Korpelevich 0.1728 s | 19.8 | 40.6 | 1.1362 | 7.7459 x 10~ | 0.9476 | 7.6493 x 10~
Algorithm 3.2 | 0.0750s | 5.5 | 6.5 | 1.1362 | 3.8806 x 107 | 0.9476 | 3.5788 x 10~/

—©— Korpelevich| | —©— Korpelevich| |
—*— Alg. 3.2 —*— Alg. 3.2

log,o([[r(wi)ll) or logio(||r(ze)]l)

. . . . .
0 5 10 15 20 0 5 10 15 20
Total number of iterations Total number of iterations

Figure 1: Convergence history of one test.

Example 5.2 (cf. Ansari & Babu [2]). Let R, := {x € R | x > 0} be endowed with the
following Riemannian metric:

uUxv
(u,v):= ~z forall u,veT,R,,.

The sectional curvature of R, , is equal to O at each point. The vector field
VR, —=TR, :x—xlnx (5.2)

is a monotone on R, . Let

C:={xeR,,|x>0.5}
The set C is a closed convex subset of R, .. We consider the variational inequality problem
associated with V and C. The solution set of this problem is {1}.

For Algorithm 3.2, we set 7, = 10°. The starting points for Korpelevich’s method and
Algorithm 3.2 are randomly generated by the MATLAB built-in function rand

Xo=6+rand(l), x_;=x,.

The prescribed point u for Algorithm 3.2 is randomly generated by the MATLAB built-in
function rand

u=16+rand(1).

For Example 5.2, the averaged Riemannian distance dist(x,, 1) at the initial and final iter-
ates of the corresponding algorithms are denoted by ‘Rdist0.’ and ‘Rdist.’, respectively.
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Table 2: Numerical results for Example 5.2.

Algorithm CT IT NF ResO Res RdistO Rdist
Korpelevich 0.0002s | 21.0 | 43.0 | 4.7767 | 8.9255 x 10~7 | 1.8718 | 8.9255 x 10~
Algorithm 3.2 | 0.0001s | 6.2 | 7.2 | 4.7767 | 7.7680 x 10~° | 1.8718 | 9.2703 x 10~°

—6— Korpelevich —6— Korpelevich| |
—*— Alg. 3.2 1 —*— Alg. 3.2

logyo ([l (wi)[1) or logyg(llr(zx))
=
log,o(dist (., 2.))

© o N &b a A b N Bk o R
— T

-10 -10

. . . . . . . .
0 5 10 15 20 0 5 10 15 20
Total number of iterations Total number of iterations

Figure 2: Convergence history of one test.

Numerical results for Example 5.2 are given in Table 2. The convergence histories
of Korpelevich’s method and Algorithm 3.2 for Example 5.2 are given in Fig. 2. From
Example 5.2, Algorithm 3.2 also performs better than Korpelevich’s method.

6. Concluding Remarks

The problem of solving variational inequality problems for univalued pseudomonotone
vector field on Hadamard manifolds is concerned in this paper. To solve this problem,
a special inertial Halpern-type algorithm is proposed. The global convergence of this new
method is established under some mild assumptions. Specially, the lower boundedness of
the sectional curvature of the underlying Hadamard manifold is required. In the future re-
search, we will consider the generalization of this method for solving variational inequality
problems for set-valued vector fields on general Riemannian manifolds.
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