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Abstract. In this paper we obtain the boundedness of non-regular pseudo-differential
operators with symbols in Besov spaces on matrix-weighted Besov-Triebel-Lizorkin
spaces. These symbols include the classical Hörmander classes.
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1 Introduction

The pseudo-differential operators have been widely used in plenty of mathematical areas;
see [1, 11, 14, 16, 17, 28, 31–33, 36, 38]. The boundedness of pseudo-differential operators
on Triebel-Lizorkin and Besov spaces has been considered in [6, 22–25, 27, 30]. The au-
thors of the paper proved the boundedness of the Hörmander classes pseudo-differential
operators on matrix-weighted Besov spaces and Triebel-Lizorkin spaces in [2].

In [18, 21], Marschall obtained the boundedness of non-regular pseudo-differential
operators corresponding to symbols in the class SBm

δ (r,µ,ν;N,λ) (see Definition 2.5) on
Triebel-Lizorkin spaces and Besov spaces. Then Sato obtained the boundedness of non-
regular pseudo-differential operators on the weighted Triebel-Lizorkin spaces in [29], and
Drihem and Hebbache obtained the boundedness of non-regular pseudodifferential op-
erators on variable Triebel-Lizorkin spaces in [7].

In the last three decades, inspired by the applications of matrix-weighted functions,
many matrix-weighted function spaces have appeared, such as matrix-weighted Lebesgue
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spaces [13,35], matrix weighted Besov and Triebel-Lizorkin spaces [4,9,10,26,37], matrix-
weighted Besov type spaces and Triebel-Lizorkin type spaces [3]. In [37], Wang, Yang
and Zhang obtained the characterizations of matrix-weighted Triebel-Lizorkin spaces
in terms of the Peetre maximal function, the Lusin area function, and the Littlewood-
Paley g∗λ-function. They also proved the boundedness of Fourier multipliers on matrix-
weighted Triebel-Lizorkin spaces under the generalized Hörmander condition. In [3],
Bu, Hytönen, Yang, Yuan proposed a new concept of Ap-dimension of matrix weights.
Then they obtained the boundedness of φ-transform, pseudo-differential operators, trace
operators, and Calderón-Zygmund operators on matrix-weighted Besov type spaces and
Triebel-Lizorkin type spaces. In particular, the symbols of their pseudo-differential oper-
ators are in the classical Hörmander class Sm

1,1.
Since the class SBm

δ (r,µ,ν;N,λ) includes some Hörmander classes as special cases, in
this paper, we consider the boundedness of non-regular pseudo-differential operators
with symbols in SBm

δ (r,µ,ν;N,λ) on matrix-weighted Besov spaces and Triebel-Lizorkin
spaces.

This paper is organized as follows. In Section 2, we give some convenient notations
and recall several concepts about matrix weights and function spaces. Some key lem-
mas and basic tools are given in Section 3. The boundedness of non-regular pseudo-
differential operators on matrix-weighted Besov spaces and Triebel-Lizorkin spaces are
described in Section 4.

2 Preliminaries

Let χE be the characteristic function of the set E ⊂Rn. Let N0 :=N∪{0}. The Fourier
transform of f is defined by F ( f ) := f̂ :=

∫
Rn f (x)e−2πix·ξdx and the inverse Fourier trans-

form of f by F−1( f ) := f̌ :=
∫

Rn f (x)e2πix·ξdx. Let S (Rn) denote the Schwartz space, and
let S ′(Rn) be its dual.

Definition 2.1. Let φ0 be a Schwartz function such that supp(φ0)⊂ {ξ ∈ Rn : |ξ| ≤ 2} and
φ0(ξ)=1 for |ξ|≤1. Moreover, put φj(ξ)=φ0(2−jξ)−φ0(2−j+1ξ) for j∈N. Then supp(φj)⊂
{ξ : 2j−1≤|ξ|≤2j+1} for all j∈N and

∞

∑
j=0

φj(ξ)=1

for ξ ∈ Rn. Hence {φj}j∈N0 is a partition of unity on Rn subordinated to the dyadic rings
{ξ : 2j−1≤|ξ|≤2j+1}, j∈N, and B(0,2).

We also set φ̃0 :=φ0+φ1, and φ̃j :=φj−1+φj+φj+1 for j∈N. Note that, φj φ̃j=φj for j∈N0
and

supp(φ̃j)⊂{ξ∈Rn : 2j−2≤|ξ|≤2j+2} for j≥2,

supp(φ̃j)⊂{ξ∈Rn : |ξ|≤2j+2} for j=0,1.
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For a Schwartz function φ, We define φ(D) f⃗ :=F−1[φ(ξ)F ( f⃗ )(ξ)].

Definition 2.2. Let 0< p,q≤∞. Let { fk}∞
k=0 be a sequence of measurable functions on Rn. Then

we define

∥{ fk}∞
k=0∥ℓq(Lp)=

( ∞

∑
k=0

∥ fk∥
q
Lp

) 1
q

,

where there is a usual modification for q=∞.

Definition 2.3. Let {φj}j∈N0 be a partition of unity on Rn as in Definition 2.1. Let s∈R,0<
p,q≤∞. The classical Besov spaces Bs

p,q is set of all functions with finite quasi-norm

∥ f ∥Bs
p,q
=

( ∞

∑
j=0

2sq∥F−1(φj f̂ )∥q
Lp

) 1
q

.

Definition 2.4. Let m∈R, n∈N, ρ,δ∈ [0,1]. The Hörmander class Sm
ρ,δ(R

n×Rn) is the set of
all smooth functions σ :Rn×Rn →C such that

|∂α
ξ ∂

β
xσ(x,ξ)|≤Cα,β(1+|ξ|)m−ρ|α|+δ|β|

holds for all α,β∈Nn
0 , where Cα,β is independent of x,ξ∈Rn and |α| and |β| are their index sum.

The function σ is called a pseudo-differential symbol and m is called the order of σ.

The following notion was introduced by Marschall in [18, 21]. Let {F φj}j∈N0 be a
resolution of unity as in Definition 2.1. For a function a :R2n →C, let

aj(x,ξ)=F−1
y→x(F φj(y)F a(y,ξ)).

Definition 2.5. The space Br
µ,ν(BN

λ,∞) consists of all distributions a∈S ′(R2n) such that

∥a∥Br
µ,ν(BN

λ,∞) :=
∥∥{2jr∥aj(x,·)∥BN

λ,∞

}
j∈N0

∥∥
ℓν(Lµ)

<∞,

where µ,ν∈ (0,∞], r∈ [n/µ,∞), λ∈ [1,∞], N∈ (n/λ,∞).
Let m ∈ R, δ ∈ [0,1], µ,ν ∈ (0,∞], r ∈ (n/µ,∞), and N ∈ (n/λ,∞]. Then a symbol a ∈

SBm
δ (r,µ,ν;N,λ) if

sup
k

2−km
∥∥∥∥a(x,2k·)F φk(2k·)∥BN

λ,∞

∥∥∥
L∞(dx)

<∞,

sup
k

2−km2−kδr
∥∥∥a(x,2k·)F φk(2k·)

∥∥∥
Br

µ,ν(BN
λ,∞)

<∞.

Choosing µ = ν = N = λ = ∞, we see that the classical Hörmander classes Sm
1,δ ⊂

SBm
δ (r,µ,ν;N,λ). If σ∈SBm

δ (r,µ,ν;N,λ) is a symbol, then

σ(x,D) f (x) :=
∫

Rn
e2πix·ξσ(x,ξ) f̂ (ξ)dξ
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is called the pseudo-differential with the symbol σ, which is initial defined for suitable
functions f , for example the Schwartz functions.

For a fixed positive integer d, if vector-valued functions f⃗ =( f1,. . ., fd)
T on Rn satisfy

that each component fi belongs to S ′(Rn) where T denotes the transpose of the row
vector, then we denote f⃗ ∈S ′(Rn). The Fourier transform on vector-valued spaces is
denoted by F ( f⃗ ) :=( f̂1,. . ., f̂d)

T. If σ is a symbol, then

σ(x,D) f⃗ (x) :=
∫

Rn
e2πix·ξσ(x,ξ)F ( f⃗ )(ξ)dξ

defines the associated pseudo-differential operator where σ(x,ξ)F ( f⃗ )(ξ)=(σ f̂1,. . .,σ f̂d)
T.

2.1 Matrix weights

Let d∈N. A matrix weight W is a map on Rn such that W(x) is a non-negative definite
d×d matrix for each x ∈Rn, where W is almost everywhere invertible and the entries of
W are measurable functions on Rn. The operator norm of a matrix A is defined by

∥A∥ := sup
|⃗z|=1

|A⃗z|
|⃗z| ,

where z⃗∈Cd and |⃗z|=
(

∑d
i=1 |zi|2

)1/2
.

For p∈ (1,∞), a matrix weight W∈Ap(Rn) if and only if

sup
Q

1
|Q|

∫
Q

(
1
|Q|

∫
Q
∥W1/p(x)W−1/p(y)∥p′dy

)p/p′

dx<∞,

where p′=p/(p−1) is the conjugate index of p, and the supremum is taken over all cubes
Q⊂Rn.

For p∈ (0,1], a matrix weight W∈Ap(Rn) if and only if

sup
Q

esssup
y∈Q

1
|Q|

∫
Q
∥W1/p(x)W−1/p(y)∥pdx<∞.

We write Ap :=Ap(Rn) for brevity.
Let ℓ(Q) denote the side length of any cube Q ⊂Rn. For j ∈Z and k=(k1,. . .,kn)∈Zn,

let Qj,k =∏n
i=1[2

−jki,2−j(ki+1)] be the dyadic cube of side length ℓ(Qj,k)= 2−j with the
lower left corner xQ =2−jk. Let D= {Qj,k}j∈Z,k∈Zn denote the family of all dyadic cubes
in Rn, and let Dj ={Q∈D : ℓ(Q)=2−j}.

Given any matrix weight W and p∈(0,∞), there exists (see, e.g., [13, Proposition 1.2])
for p > 1 and [10, p.1237] for 0 < p ≤ 1) a sequence {AQ}Q∈D of positive definite d×d
matrices such that

c1|AQy⃗|≤
( 1
|Q|

∫
Q
|W1/p(x)⃗y|pdx

) 1
p ≤ c2|AQy⃗|,
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with positive constants c1, c2 independent of y⃗ ∈ Cd and Q ∈ D. In this case, we call
{AQ}Q∈D a sequence of reducing operators of order p for W.

Definition 2.6. A matrix weight W is called a doubling matrix weight of order p>0 if the scalar
measures wy⃗(x)= |W1/p(x)⃗y|p, for y⃗∈Cd, are uniformly doubling: there exists c>0 such that
for all cubes Q⊂Rn and all y⃗∈Cd,∫

2Q
wy⃗(x)dx≤ c

∫
Q

wy⃗(x)dx.

If c = 2β is the smallest constant for which this inequality holds, we say that β is the doubling
exponent of W. From [15, Proposition 2.10], we know that β is always not less than n.

2.2 Function spaces

For s ∈R, p ∈ (0,∞), q ∈ (0,∞], and W a matrix weight, let Fs,q
p (W) be the set of all f⃗ ∈

S ′(Rn) such that

∥ f⃗ ∥Fs,q
p (W) :=

∥∥∥∥( ∞

∑
j=0

2jsq|W1/p φj(D) f⃗ |q
) 1

q
∥∥∥∥

Lp
<∞,

and let Bs,q
p (W) be the set of all f⃗ ∈S ′(Rn) such that

∥ f⃗ ∥Bs,q
p (W) :=

( ∞

∑
j=0

2jsq∥W1/p φj(D) f⃗ ∥q
Lp

) 1
q

<∞.

In the sequel, let ℓ(Q) denote side length of a cube Q. We will use the symbol A≲B
to denote that there exists a positive constant c such that A≤ cB. If A≲B and B≲A, then
we denote A≈B. The letter c will denote various positive constants and may change in
different lines.

3 Key Lemmas and basic tools

In this section, for p∈(0,∞), we always suppose that W∈Ap with the doubling exponent
β and that {AQ}Q∈D is a sequence of reducing operators of order p for W.

Definition 3.1. Let {AQ}Q∈D be a sequence of positive definite matrices and let β,p∈ (0,∞).
We say that {AQ}Q∈D is strongly doubling of order (β,p) if there exists c>0 such that

∥AQ A−1
P ∥≤ cmax

{( ℓ(P)
ℓ(Q)

)n
,
( ℓ(Q)

ℓ(P)

)β−n} 1
p
(

1+
|xQ−xP|

max{ℓ(P),ℓ(Q)}

) β
p
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for all dyadic cubes P,Q∈D. We say that {AQ}Q∈D is weakly doubling of order r> 0 if there
exists c>0 such that

∥AQjk A−1
Qjl

∥≤ c(1+|k−l|)r

for all k,l∈Zn and all j∈Z.
Note that a strongly doubling sequence of order (β,p) is weakly doubling of order r=β/p.

Lemma 3.1 (Lemma 2.2 of [9]). For p∈(0,∞), let W be a doubling matrix weight of order p>0
with doubling exponent β and suppose that {AQ}Q∈D is a sequence of reducing operators of order
p for W. Then {AQ}Q∈D is strongly doubling of order (β,p).

Lemma 3.2 (Eq. (2.8) of [9]). Let {φj}j∈N0 be as in Definition 2.1. Suppose that {AQ}Q∈D is
a weakly doubling sequence of order r> 0 of positive definite matrices. Then, for any A∈ (0,1]
and R∈ (0,∞), there exists a positive constant c, depending on {AQ}Q∈D, A and R, such that,
for any j∈Z, k∈Zn, and f⃗ ∈S ′(Rn),

sup
x∈Qjk

|AQjk φj(D) f⃗ (x)|A ≤ c ∑
l∈Zn

(1+|k−l|)−A(R−r)2jn
∫

Qjl

|AQjl φj(D) f⃗ (z)|Adz.

Lemma 3.3 (Lemma 3.7 of [37]). Let η>n. Then there exists a positive constant c such that for
any j∈Z and any complex-valued measurable function g on Rn

∑
k∈Zn

∑
l∈Zn

(1+|k−l|)−η2jn
∫

Qjl

|g(s)|dsχQjk ≤ cM(g),

where and what follows M is the Hardy-Littlewood maximal operator.

The following lemma is the Fefferman-Stein vector-valued maximal inequality; see
[8].

Lemma 3.4. Let p∈ (1,∞) and q∈ (1,∞]. Then there exists a positive constant c such that for
any sequence { f j}j∈Z of measurable functions on Rn

∥∥∥∥( ∑
j∈Z

(M( f j))
q
) 1

q
∥∥∥∥

Lp
≤ c

∥∥∥∥( ∑
j∈Z

| f j|q
) 1

q
∥∥∥∥

Lp
.

Lemma 3.5 (Theorem 6.1 of [9]). Suppose that s ∈ R, p ∈ (0,∞), q ∈ (0,∞], W ∈ Ap, and
{AQ}Q∈D is a sequence of reducing operators of order p for W. For f⃗ ∈S ′(Rn), then∥∥ f⃗

∥∥
Fs,q

p (W)
≈∥ f⃗ ∥Fs,q

p (AQ)
,

where ∥∥ f⃗
∥∥

Fs,q
p (AQ)

:=
∥∥∥∥( ∞

∑
j=0

∑
Q∈Dj

2jsq|AQ φj(D) f⃗ |qχQ

) 1
q
∥∥∥∥

Lp
.
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We define a class of η-functions on Rn by

ηv,m(x) :=
2nv

(1+2v|x|)m

with v∈N0 and m>0. Note that ηv,m ∈ L1 when m>n and ∥ηv,m∥L1 = cm is independent
of v. Therefore ηv,m∗ f ≲M( f ) for v∈N0 when m>n by Theorem 2.1.10 in [12].

Lemma 3.6 (Lemma A.1 of [5]). Let v1≥v0, m>n, and y∈Rn. Then

ηv0,m(y)≤2mηv1,m(y) if |y|≤2−v1 ;

ηv1,m(y)≤2mηv0,m(y) if |y|≥2−v0 .

Lemma 3.7 (Lemma 3.1 of [7]). Let α>0 and 0<q≤∞. Let {xk}k∈N0 be a sequence of positive
numbers such that {xk}k ∈ ℓq. Let

δk :=
∞

∑
j=0

2−α|k−j|xj, k∈N0.

Then there exists a constant c depending on α and q such that

∥{δk}k∥ℓq ≤ c∥{xk}k∥ℓq .

Lemma 3.8 (Lemma 14 of [2]). Let A∈ (0,1], v∈N0, 0< p<∞, W ∈ Ap, and {AQ}Q∈D is
a sequence of reducing operators of order p for W. Let β be the doubling exponent of W. For any
R>0, there exists a constant c>0 such that for all f⃗ ∈S ′(Rn) with supp F f⃗ ⊂{ξ : |ξ|≤2v+1},
we have(

∑
Q∈Dv

|AQ f⃗ (x)|χQ(x)
)A

≤ cηv,A(R−β/p)∗
(

∑
Q∈Dv

|AQ f⃗ |AχQ

)
(x), ∀x∈Rn.

Furthermore, if R>β/p+n/A, then

∑
Q∈Dv

|AQ f⃗ (x)|χQ(x)≤ cM
(

∑
Q∈Dv

|AQ f⃗ |AχQ

) 1
A

(x), ∀x∈Rn.

Lemma 3.9. Let A,B>0, s∈R, 0<p<∞, 0<q≤∞, and W∈Ap with the doubling exponent β.
Let {AQ}Q∈D be a sequence of reducing operators of order p for W. Then there exists a constant
c such that ∥∥∥∥ ∞

∑
k=0

f⃗k

∥∥∥∥
Fs,q

p (AQ)

≤ c∥{2ks f⃗k}k∥Lp(AQ)(ℓq), (3.1)∥∥∥∥ ∞

∑
k=0

f⃗k

∥∥∥∥
Bs,q

p (AQ)

≤ c∥{2ks f⃗k}k∥ℓq(Lp(AQ)), (3.2)
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for any sequence of functions { f⃗k}k∈N0 such that

suppF f⃗0⊂{ξ : |ξ|≤A},

suppF f⃗k ⊂{ξ : B2k+1≤|ξ|≤A2k+1}, fork≥1.

Proof. We only prove (3.1) because the proof of (3.2) is similar. Let {F φj}j∈N0 be a reso-
lution of unity as in Definition 2.1. In the view of the support properties of F f⃗k and F φj,
then

φj∗
∞

∑
k=0

f⃗k =
κ2

∑
l=−κ1

φj∗ f⃗ j+l

for some κ1,κ2∈N0. We suppose simply s=0. By Lemma 3.8, for l=−κ1,. . .,κ2,

∑
Q∈Dj

|AQ φj∗ f⃗ j+l |AχQ ≤ cηj,A(R−β/p)∗

 ∑
Q∈Dj

|AQ f⃗ j+l |AχQ


for any R>0 and any A∈ (0,1]. Therefore, with A∈ (0,min{1,p,q}), R>n/A+β/p, and
by Lemmas 3.4 and 3.8, we obtain∥∥∥∥( ∞

∑
j=0

∑
Q∈Dj

|AQ φj∗
∞

∑
k=0

f⃗k|qχQ

) 1
q
∥∥∥∥

Lp

≲
κ2

∑
l=−κ1

∥∥∥∥( ∞

∑
j=0

∑
Q∈Dj

|AQ φj∗ f⃗ j+l |qχQ

) 1
q
∥∥∥∥

Lp

≲
κ2

∑
l=−κ1

∥∥∥∥( ∞

∑
j=0

(
M

(
∑

Q∈Dj

|AQ f⃗ j+l |AχQ

)) q
A
) 1

q
∥∥∥∥

Lp

≲
κ2

∑
l=κ1

∥∥∥∥( ∞

∑
j=0

∑
Q∈Dj

|AQ f⃗ j+l |qχQ

) 1
q
∥∥∥∥

Lp

≲∥{2ks f⃗k}k∥Lp({AQ})(ℓq).

Lemma 3.10. Let p∈(0,∞), W∈Ap with the doubling exponent β, and A∈(0,1]. Let a:R2n→C

be a bounded and measurable symbol such that supp a(x,·)⊂{ξ :|ξ|≤c2k} for some c>0. Suppose
that supp F f⃗ ⊂{ξ : |ξ|≤ c2k}. Let {AQ}Q∈D be a sequence of reducing operators of order p for
W. Then for R>0 we have

∣∣∣∣ ∑
l∈Zn

AQk,l a(x,D) f⃗ (x)χQk,l (x)
∣∣∣∣≲∥a(x,2k·)∥ḂR

1,A

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗ χQ

∣∣∣∣A

(x)
) 1

A

for each x∈Rn, where the implicit constant is independent of f and x.
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Proof. Let Fψ∈S (R) be supported in {ξ :1/2≤|ξ|≤2} and such that ∑v∈ZFψ(2−vξ)=1
for all ξ ̸=0. For v∈Z, let ψv(x)=2vnψ(2vx). Then Fψv(ξ)=Fψ(2−vξ).

Let
K(x,x−y) :=

∫
Rn

a(x,ξ)e2πi(x−y)·ξdξ=Fξ(a(x,·))(x−y)

be the kernel of a(·,D). Observe that

K(x,x−y)Fψv(x−y)=FξF∼
−1(F φvFξ a(x,·))(x−y).

Therefore,

|K(x,x−y)Fψv(x−y)|≤∥F∼
−1(F φvFξ a(x,·))∥L1

=2kn∥F−1
ξ (F φv+kFξ a(x,2k·))∥L1 .

Applying the Plancherel-Pôlya-Nikol’skii inequality (see p.18 in [34]), we obtain

|AQk,l a(x,D) f⃗ (x)|≲2kn(1/A−1)
(∫

Rn
|AQk,l K(x,x−y) f⃗ (y)|Ady

)1/A

for x∈Qk,l . Raising the power A, we have

|AQk,l a(x,D) f⃗ (x)|A≲2kn(1−A)(S1+S2),

where

S1 :=
−k−1

∑
v=−∞

sup
y

|K(x,x−y)F φv(x−y)|A
∫

2v−1 ≤|x−y|≤2v+1
|AQk,l f⃗ (y)|Ady,

S2 :=
∞

∑
v=−k

sup
y

|K(x,x−y)F φv(x−y)|A
∫

2v−1 ≤|x−y|≤2v+1
|AQk,l f⃗ (y)|Ady.

Then 2kn(1−A)S2 is dominated by

2kn
∞

∑
v=−k

∥F−1
ξ (F φv+kFξ a(x,2k·))∥A

L1

×
{

∑
{w∈Zn :|w−l|≤1

(1+|w−l|)Aβ/p
∫

Qk,w

|AQk,w f⃗ (y)|Ady

+
k+v+1

∑
m=1

∑
{w∈Zn :2m−1≤|w−l|≤2m}

(1+|w−l|)Aβ/p
∫

Qk,w

|AQk,w f⃗ (y)|Ady
}

≲2kn
∞

∑
v=−k

∥F−1
ξ (F φv+kFξ a(x,2k·))∥A

L1

×
{

∑
{w∈Zn :|w−l|≤1

∫
Qk,w

(1+2k|y−x|)Aβ/p−R|AQk,w f⃗ (y)|Ady
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+
k+v+1

∑
m=1

2Rm−k
∫
∪{w∈Zn :2m−1≤|w−l|≤2m}Qk,w

(1+2k|y−x|)Aβ/p−R|AQk,w f⃗ (y)|Ady
}

≲
∞

∑
v=−k

2Rv∥F−1
ξ (F φv+kFξ a(x,2k·))∥A

L1 ηk,R−Aβ/p∗
∣∣∣ ∑

Q∈Dk

AQ f⃗ χQ

∣∣∣A
(x)

≤∥a(x,2k·)∥A
ḂR

1,A
ηk,R−Aβ/p∗

∣∣∣ ∑
Q∈Dk

AQ f⃗ χQ

∣∣∣A
(x).

And 2kn(1−A)S1 is bounded by

2kn
−k−1

∑
v=−∞

∥F−1
ξ (F φv+kFξ a(x,2k·))∥A

L1

∫
2v−1 ≤|x−y|≤2v+1

|AQk,l f⃗ (y)|Ady

≲2kn
−k−1

∑
v=−∞

∥F−1
ξ (F φv+kFξ a(x,2k·))∥A

L1

×
∫

2v−1 ≤|x−y|≤2v+1
(1+2k|y−x|)Aβ/p−R|AQk,l f⃗ (y)|Ady

≲
−k−1

∑
v=−∞

∥F−1
ξ (F φv+kFξ a(x,2k·))∥A

L1 ηk,R−Aβ/p∗
∣∣∣ ∑

Q∈Dk

AQ f⃗ χQ

∣∣∣A
(x)

≲∥a(x,2k·)∥A
Ḃ0

1,A
ηk,R−Aβ/p∗

∣∣∣ ∑
Q∈Dk

AQ f⃗ χQ

∣∣∣A
(x)

≲∥a(x,2k·)∥A
ḂR

1,A
ηk,R−Aβ/p∗

∣∣∣ ∑
Q∈Dk

AQ f⃗ χQ

∣∣∣A
(x).

Thus, the proof is finished.

Lemma 3.11. Let B> 0, s> (β−n)/p, 0< p<∞, 0< q≤∞, and W ∈ Ap with the doubling
exponent β. Let {AQ}Q∈D be a sequence of reducing operators of order p for W. Then there exists
a constant c such that ∥∥∥∥ ∞

∑
k=0

f⃗k

∥∥∥∥
Fs,q

p (AQ)

≤ c∥{2ks f⃗k}k∥Lp(AQ)(ℓq), (3.3)∥∥∥∥ ∞

∑
k=0

f⃗k

∥∥∥∥
Bs,q

p (AQ)

≤ c∥{2ks f⃗k}k∥ℓq(Lp(AQ)) (3.4)

for any sequence of functions { f⃗k}k∈N0 with supp F f⃗k ⊂{ξ : |ξ|≤B2k+1}.

Proof. We only prove (3.3). The proof of (3.4) is similar. Let {F φj}j∈N0 be a resolution of
unity as in Definition 2.1. Using the support properties of { f⃗k}, we have

∞

∑
k=0

φj∗ f⃗k =
∞

∑
k=j+σ

φj∗ f⃗k =
∞

∑
i=σ

φj∗ f⃗ j+i,
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for some σ∈R. Then∥∥∥∥ ∞

∑
k=0

f⃗k

∥∥∥∥min(1,p,q)

Fs,q
p (AQ)

≤
∞

∑
i=σ

∥∥∥∥{ ∑
Q∈Dj

2js|AQ φj∗ f⃗ j+i|χQ

}
j∈N0

∥∥∥∥min(1,p,q)

Lp(ℓq)

≤
( −1

∑
i=σ

+
∞

∑
i=0

)∥∥∥∥{ ∑
Q∈Dj

2js|AQ φj∗ f⃗ j+i|χQ

}
j∈N0

∥∥∥∥min(1,p,q)

Lp(ℓq)

.

It is understood that the first sum is zero if σ≥0. We just consider the second sum since
the first sum has finite items. For A∈ (0,1], R> Aβ/p+β+n, from Lemmas 3.1, 3.6 and
3.10,

∑
Q∈Dj

|AQ φj∗ f⃗ j+i(x)|χQ(x)

≲∥F φ1∥ḂR
1,A

{
ηj,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dj

AQ f⃗ j+i

∣∣∣∣A

(x)
} 1

A

≤
{

∑
Q∈Dj

∫
Q

2jn 1
(1+2j|x−y|)R−Aβ/p |AQ f⃗ j+i(y)|Ady

} 1
A

≲
{

∑
Q∈Dj+i

∫
Q

2jn 1
(1+2j|x−y|)R−Aβ/p 2i(β−n)A/p(1+2j|x−y|)β|AQ f⃗ j+i(y)|Ady

} 1
A

≤
{

∑
Q∈Dj+i

∫
Q

2(j+i)n2R−Aβ/p−β 1
(1+2j+i|x−y|)R−Aβ/p−β

2i(β−n)A/p|AQ f⃗ j+i(y)|Ady
} 1

A

≤2i(β−n)/p2(R−Aβ/p−β)/AM
(∣∣∣∣ ∑

Q∈Dj+i

AQ f⃗ j+i

∣∣∣∣A) 1
A

(x)

≲2i(β−n)/pM
(∣∣∣∣ ∑

Q∈Dj+i

AQ f⃗ j+i

∣∣∣∣A) 1
A

(x). (3.5)

Since s> (β−n)/p, then

∞

∑
i=0

∥∥∥∥{ ∑
Q∈Dj

2js|AQ φj∗ f⃗ j+i|χQ

}
j∈N0

∥∥∥∥min(1,p,q)

Lp(ℓq)

≤
∞

∑
i=0

∣∣∣∣{2js2i(β−n)/pM
(∣∣∣∣ ∑

Q∈Dj+i

AQ f⃗ j+i

∣∣∣∣A) 1
A
}

j∈N0

∥∥∥∥min(1,p,q)

Lp(ℓq)

≤
∞

∑
i=0

2i((β−n)/p−s)min(1,p,q)
∥∥∥∥{2js2is ∑

Q∈Dj+i

|AQ f⃗ j+i|χQ

}
j∈N0

∥∥∥∥min(1,p,q)

Lp(ℓq)
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≲∥{2ks f⃗k}k∥
min(1,p,q)
Lp(AQ)(ℓq)

.

Hence, the proof is finished.

Remark 3.1. The most difference between Lemmas 3.9 and 3.11 is the support of the
Fourier transform of fk for k≥1. The support of the Fourier transform of fk in Lemma 3.9
is a ring, but the support of the Fourier transform of fk in Lemma 3.9 is a ball.

4 Boundedness of pseudo-differential operators

Theorem 4.1. Let 0 < p < ∞, 0 < q ≤ ∞, W ∈ Ap with the doubling exponent β. Let a ∈
SBm

δ (r,µ,ν;N,λ) with µ=∞, ν=∞, r∈ (s,∞), δ∈ [0,1), and λ=1.
(i) Let N >min(1,p,q)β/p+n and (β−n)/p< s< r. Then a(·,D) is a continuous linear

mapping from Fs+m,q
p (W) to Fs,q

p (W).
(ii) Let N >min(1,p)β/p+n and (β−n)/p < s < r. Then a(·,D) is a continuous linear

mapping from Bs+m,q
p (W) to Bs,q

p (W).

Proof. We only prove (i). The proof of (ii) is similar. Let {F φk}k∈N0 be a resolution of
unity as in Definition 2.1. We set

aj,k(x,ξ)=F−1(F φj(η)Fxa(·,ξ))F φk(ξ).

We decompose the symbol into three parts:

a(x,ξ)=
3

∑
i=1

a(i)(x,ξ),

where

a(1)(x,ξ) :=
∞

∑
k=4

k−4

∑
j=0

aj,k(x,ξ),

a(2)(x,ξ) :=
∞

∑
k=0

k+3

∑
j=k−3

aj,k(x,ξ),

a(3)(x,ξ) :=
∞

∑
k=4

∞

∑
j=k+4

aj,k(x,ξ).

Let f⃗k = φk∗ f⃗ . Let {AQ}Q∈D be a sequence of reducing operators of order p for W. Since
∥ f⃗ ∥Fs,q

p (W)≈∥ f⃗ ∥Fs,q
p (AQ)

, it suffices to prove that

∥a(·,D) f⃗ ∥Fs,q
p (AQ)

≲∥ f⃗ ∥Fs+m,q
p (AQ)

.
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Firstly, we consider the symbol a(1). For every f⃗ ∈S ′(Rn),

∥a(1)(·,D) f⃗ ∥Fs,q
p (AQ)

≲∥ f⃗ ∥Fs+m,q
p (AQ)

.

Indeed, ∑k−4
j=0 aj,k(·,D) f⃗k has its spectrum in {ξ : c12k ≤|ξ|≤ c22k} where c1,c2>0 are inde-

pendent of k. Then we can apply Lemma 3.9,

∥a(1)(·,D) f⃗ ∥Fs,q
p (AQ)

=

∥∥∥∥ ∞

∑
k=4

k−4

∑
j=0

aj,k(·,D) f⃗
∥∥∥∥

Fs,q
p (AQ)

≲

∥∥∥∥{2ks
k−4

∑
j=0

aj,k(·,D) f⃗
}

k

∥∥∥∥
Lp(AQ)(ℓq)

.

Let us show the last norm is bounded by c∥ f⃗ ∥Fs+m,q
p (AQ)

. By Lemma 3.10, the right hand
side does not exceed∥∥∥∥(∑

k≥4
2ksq

k−4

∑
j=0

∥F−1(F φjFxa(·,·))∥ḂR
1,A

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A) q
A
) 1

q
∥∥∥∥

Lp

≤
∥∥∥∥(∑

k≥4
2ksq

k−4

∑
j=0

∥F−1(F φjFxa(·,·))∥ḂR+ϵ
1,∞

(
ηk,R−Aβ/p∗| ∑

Q∈Dk

AQ f⃗kχQ|
A
) q

A
) 1

q
∣∣∣∣∣∣

Lp

≤
∥∥∥∥(∑

k≥4
2ksq2kmq(k−3)

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A) q
A
) 1

q
∥∥∥∥

Lp

≲∥ f⃗ ∥Fs+m,q
p (AQ)

,

where A<min(1,p,q), R>Aβ/p+n, N :=R+ϵ>min(1,p,q)β/p+n.
Secondly, we consider the symbol a(2). Since ∑k+3

j=k−3 aj,k(·,D) f⃗k has its spectrum in
{ξ : |ξ|≤ c22k} where c2>0 is independent of k, then by Lemma 3.11 (s> (β−n)/p),

∥∥a(2)(·,D) f⃗
∥∥

Fs,q
p (AQ)

≤
∥∥∥∥{2ks

k+3

∑
j=k−3

aj,k(·,D) f⃗k

}
k

∥∥∥∥
Lp(AQ)(ℓq)

.

Since a∈SBm
δ (r,µ,ν;N,λ), we obtain∣∣∣∣ ∑

Q∈Dk

AQ

k+3

∑
j=k−3

aj,k(·,D) f⃗kχQ

∣∣∣∣
≤sup

k

∥∥∥∥ k+3

∑
j=k−3

aj,k(x,2k·)
∥∥∥∥

ḂR,A
1

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A

(x)
) 1

A
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≲2km
(

ηk,R−Aβ/p∗
∣∣∣∣ ∑

Q∈Dk

AQ f⃗kχQ

∣∣∣∣A

(x)
) 1

A
.

Let R>Aβ/p+n. Then we obtain

∥∥a(2)(·,D) f⃗
∥∥

Fs,q
p (W)

≲

∥∥∥∥{2k(s+m)

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A

(x)
) 1

A
}

k

∥∥∥∥
Lp(lq)

≲

∥∥∥∥2k(s+m) ∑
Q∈Dk

AQ f⃗kχQ

∥∥∥∥
Lp(ℓq)

≲
∥∥ f⃗

∥∥
Fs+m,q

p (AQ)
.

Finally, we consider the symbol a(3). Applying Lemma 3.9, we obtain

∥∥a(3)(·,D) f⃗
∥∥

Fs,q
p (AQ)

≲

∥∥∥∥{2js
j−4

∑
k=0

aj,k(·,D) f⃗k

}
j

∥∥∥∥
Lp(AQ)(ℓq)

.

Let R>Aβ/p+n. Then by Lemma 3.10, we have∣∣∣∣ ∑
Q∈Dk

AQaj,k(·,D) f⃗k(x)χQ

∣∣∣∣
≲∥aj,k(x,2k·)∥ḂR

1,A

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A

(x)
) 1

A

≤2−rj sup
i
∥2riai,k(x,2k·)∥ḂR+ϵ

1,∞

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A

(x)
) 1

A

=2−rj2−ks sup
i
∥2riai,k(x,2k·)∥ḂR+ϵ

1,∞
2ks

(
ηk,R−Aβ/p∗

∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A

(x)
) 1

A

≤2−rj2−ks sup
i
∥2riai,k(x,2k·)∥ḂR+ϵ

1,∞
2ksM

(∣∣∣∣ ∑
Q∈Dk

AQ f⃗kχQ

∣∣∣∣A) 1
A

(x).

Let gk(x) :=2ksM(|∑Q∈Dk
AQ f⃗kχQ|A)1/A(x). Let r> s> (β−n)/p. Applying Lemmas 3.4

and 3.7, set N=R+ϵ, and we conclude that

∥a(3)(·,D) f⃗ ∥Fs,q
p (AQ)

≲

∥∥∥∥{ ∞

∑
j≥0

(
2js

j−4

∑
k=0

2−rj2−ks sup
i
∥2riai,k(·,2k·)∥ḂR+ϵ

1,∞
gk

)q} 1
q
∥∥∥∥

Lp

=

∥∥∥∥{ ∞

∑
j≥0

( j−4

∑
k=0

2js2−rj2kr2−kr2−ks sup
i
∥2riai,k(·,2k·)∥ḂN

1,∞
gk

)q} 1
q
∥∥∥∥

Lp
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≲∥{sup
i
∥2riai,k(x,2k·)∥ḂN,∞

1
2−krgk}k∥Lp(ℓq)

≲∥{2−k(m+δr)sup
i
∥2riai,k(·,2k·)∥ḂN,∞

1
2−kr2k(m+δr)gk}k∥Lp(ℓq)

≲

∥∥∥∥{2−kr2k(m+δr)2ksM
(∣∣∣∣ ∑

Q∈Dk

AQ f⃗kχQ

∣∣∣∣A) 1
A
}

k

∥∥∥∥
Lp(ℓq)

≲

∥∥∥∥{2k(m+s) ∑
Q∈Dk

AQ f⃗kχQ

}
k

∥∥∥∥
Lp(ℓq)

≈∥ f⃗ ∥Fs+m,q
p (AQ)

.

Thus, we have

∥a(·,D) f⃗ ∥Fs,q
p (AQ)

≲∥ f⃗ ∥Fs+m,q
p (AQ)

.

Hence, we finish the proof.

Remark 4.1. Marschall obtained the boundedness of non-regular pseudo-differential with
double symbols on weighted Lp spaces in [19]. The symbols in [19] are different with
Theorem 4.1.

Let 0< p<∞, 0< q≤∞, a∈ SBm
δ (r,µ,∞,N,λ) with m∈R , 0<µ<∞, (1−δ)r≥ n/µ,

1 ≤ λ ≤ ∞, N > n/λ. Suppose that N > nmax{1/2,1/λ,1/p,1/q}, and n(max{1,1/µ+
1/p}−1)−(1−δ)r< s< r−nmax{1/mu−1/p,0}. Then Marschall proved that a(·,D) is
a bounded operator from Fs+m

p,q to Fm
p,q in [20].

However for µ = ∞ in Theorem 4.1, we can not get the Theorem 7 in [20] if let d =
1,W=1.
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