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Abstract. We study the global well-posedness of the initial-value problem for the 2D
Boussinesq-Navier-Stokes equations with dissipation given by an operator £ that can

be defined through both an integral kernel and a Fourier multiplier. When the opera-

tor L is represented by a(l‘%‘l) with a satisfying limz| ”‘(glil)

the global well-posedness. A special consequence is the global well-posedness of 2D
Boussinesq-Navier-Stokes equations when the dissipation is logarithmically supercrit-

ical.
AMS subject classifications: 35Q35, 35B35, 35B65, 76D03
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=0 for any 0 >0, we obtain

1 Introduction

In this paper, we focused on the initial-value problem (IVP) for the Boussinseq-Navier-
Stokes equations with dissipation given by a general integral operator,

oru+u-Vu+Lu=—-Vp-+0e,y,
0:0+u-Vo=0,

V-u=0,

u(x,0)=up(x), 6(x,0)=00(x),

(1.1)
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where 1:R? —R? is a vector field denoting the velocity, 0: R? — R is a scalar function, e,
is the unit vector in the x; direction, and £ is a nonlocal dissipation operator defined by

£ = pa. [ LTy iy 12

and m: (0,00) — (0,00) is a smooth, positive, non-increasing function, which obeys
(i) there exists C; >0 such that

rm(r) <Cy forall r<1;

(ii) there exists C; >0 such that

rlm'(r)| <Com(r)  forallr>0;

(iii) there exists p >0 such that

rPm(r) is non-increasing.

This type of dissipation operator was introduced by Dabkowski, Kiselev, Silvestre and
Vicol when they study the well-posedness of slightly supercritical active scalar equations
[13]. As pointed out in [13], £ can be equivalently defined by a Fourier multiplier, namely

LF(@@)=P(IEDf(&) (1.3)

for P(|¢]) = m(%) when P({) satisfies the following conditions:

1. P satisfies the doubling condition: for any ¢ € R?,

P(2|¢]) <cpP([S])

with constant cp > 1;

2. P satisfies the Hormander-Mikhlin condition (see [33]): for any & € R?,

12|95 (12])| < cuP(E])

for some constant cgy > 1, and for all multi-indices k € Z? with |k| < N, with N only
depending on cp;

3. P has sub-quadratic growth at oo, i.e.

1
| P2 2ldle] <eo
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4. P satisfies

(=8)2P(|g]) = e P()IE]~*
for all || sufficiently large.

Throughout the rest of this paper we assume that £ satisfies both (1.2) and (1.3) with
P(|¢|) = m(fa) obeying the conditions stated above. Some examples of m(r) are given

below:
m(r)= rl“ for >0 and a € (0,1], which yields £=A%;
m(r):w for r>0,7>0;
m(r)= rloglog(lez—i—l/r) for >0,

where A =+/—A denotes the Zygmund operator and corresponds to the Fourier symbol
|&| (see, e.g., [33]). Eq. (1.1) can be reformulated in terms of the vorticity w =V xu as
follows:

orw~+u-Vw+Lw =040,
d:0+u-V6=0,

u=vty, AYp=w,
w(x,0)=wo(x), 0(x,0)=06y(x),

(1.4)

where V1 = (—axZ,axl) and 1 denotes the stream function. Our main result is a global
well-posedness theorem for the IVP (1.1) or (1.4) when L is slightly supercritical. More
precisely, we have the following theorem.

Theorem 1.1. Consider the IVP (1.1) and assume that L satisfies (1.2) and (1.3) with P(|¢]) =
m(‘lﬂ) obeying the aforementioned conditions. We further assume that a(&)=a(|¢|)=|&|/ P(|E|

is positive, non-decreasing and satisfies

_a(lgl)
|g‘1§100 i =0, Vo >0. (1.5)

Let g > 2 and let the initial data (u,00) be in the class
upe HY(R?), woeL!(R?)NBY, (R?), 6peL*(R?)NBY, (R?),

where wo="\N Xy is the initial vorticity. Then (1.1) has a unique global solution (u,0) satisfying,
forall t>0,

uelPH', welPLINLIBY,, 6eLPL*NLPBY NLIBYY,.
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Here Bgo,l denotes an inhomogeneous Besov space, whose precise definition is given
in the appendix, and By with a >0 being a non-decreasing function is defined through
the norm o

£ [ gze = 1127a (@) [[Ajf el < oo, (1.6)

where A; denotes the Fourier localization operator, defined in the appendix. A special
consequence of Theorem 1.1 is the global existence and uniqueness of classical solutions
of (1.1) with logarithmically supercritical dissipation,

o - [
Lu(¢)=P Ul)=——F—==1u for any y>0. 1.7
(€)=P(Ighu() Tog" (e 1)) () yrz (17)
Corollary 1.1. Consider the IVP (1.1) with L given by (1.7). Assume that (ug,00) € H* "1 (IR?) x
H*(R?) with s >1. Then IVP (1.1) with L given by (1.7) has a unique global solution (u,0) €
L=([0,T]; H* "1 (R?) x H*(IR?)) for any T > 0.

We are mainly motivated by very recent progress on the global regularity issue con-
cerning the 2D Boussinesq equations with fractional Laplacian dissipation or with partial
dissipation (see, e.g., [1,2,5,6,8,11,14,15,17-24,27,29,30]). The Boussinesq type equations
model geophysical fluids and play a very important role in the study of Raleigh-Bernard
convection (see, e.g., [10,16,25,31]). Mathematically, the 2D Boussinesq equations serve
as a lower dimensional model of the 3D hydrodynamics equations. In fact, the Boussi-
nesq equations retain some key features of the 3D Navier-Stokes and the Euler equations
such as the vortex stretching mechanism. As pointed out in [26], the inviscid Boussinesq
equations can be identified with the 3D Euler equations for axisymmetric flows. In [20]
Hmidi, Keraani and Rousset studied the Boussinseq-Navier-Stokes system with critical
dissipation, namely (1.1) with

Lu=Au or Lu(g)=[glu(),

and obtained the global well-posedness. Our intention here has been to explore how far
one can go beyond the critical dissipation and still prove the global regularity. Theo-
rem 1.1 obtains the global well-posedness when the critical dissipation is reduced by a
factor weaker than any algebraic power such as any power of a logarithm. This result
is compatible with a recent work of Chae and Wu [8], in which they studied a general-
ized Boussinesq-Navier-Stokes system with a velocity field logarithmically more singular
than the one determined by the vorticity through the 2D Biot-Savart law.

We now explain the main difficulty that one encounters in the study of the global
regularity of solutions to (1.1). One key step in proving the global regularity is to establish
suitable global a priori bounds for the solutions. Clearly, u is bounded a priori in L? and
6 in L7 for any g € [2,00] if they are initially so. To obtain global a priori bounds for the
Sobolev norms, we make use of the vorticity equation

drw—+u-Vw+Lw=09y,6.
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But due to the “vortex stretching” term 9y, 0, a simple energy estimate will not lead to a
global bound for ||w||;2 unless Lw is very dissipative. In the case of the critical dissipation
Lw = Aw, Hmidi, Kersaani and Rousset [20] were able to overcome this difficulty by
considering a new quantity w—A~19y,0 to hide dy,6. Following their idea, we consider
the combined quantity

G=w—-R,0 with R,=L719,, (1.8)

which satisfies
0:G+u-VG+LG=[R,u-V]6. (1.9)

This equation can be obtained by taking the difference of the equations for w and for R 6.
Of course, the trade-off is now to deal with the commutator [R,,u-V]0. After obtaining a
general bound for this commutator, we are able to prove global a priori bounds for ||G|| ;2.
By fully exploiting the lower bound for the dissipation and suitably controlling the term
associated with the commutator, we can further bound ||G||1s for g € (2,4). In order to
show a global bound for ||G||1s and ||w||1s with g >4, the strategy is first to bound the
space-time norm of ||G ||Z§ B, and consequently ||G|| LIB0 - Making use of the relation (1.8)

and bounding ||6||,, .2 in terms of ||Vu|| 111~ algebraically, we establish global bounds

0,
L}Bool

for ||w]| 1504 and for 16 which, in turn, are sufficient for the global bound ||w|| 14
t Zoo,1

1B’
for any g > 2. These global bdlllnds guarantee a global solution. To show the uniqueness,
we consider the difference of two solutions (11,0 and (1(?),0(?)) and show that the
difference must vanish by controlling the velocity difference in Bg/oo and the difference
6> —0M) in B, 1.

The rest of this paper is divided into six sections and one appendix. Section 2 provides
several estimates including lower bounds associated with the dissipative operator £ and

a commutator estimate. Section 3 proves a global bound for ||G||;2 and for ||w HBO'”” .
2,2

2 Preliminary estimates

This section provides several estimates to be used throughout the rest of the paper. First
we recall two bounds from [7] for ||A;o|[r» and ||Syov||r» when v is related to w through

v=RQuw,

where R denotes the standard Riesz transform and Q a very general Fourier multiplier
operator (See Condition 1.1 in [7, p.36]). Here A; denotes the Fourier localization opera-
tor and S; denotes the identity approximation operator (see the appendix for their defini-
tions). Next we derive some pointwise and Lebesgue-normed estimates associated with
the dissipative operator L. In addition, a generalized Bernstein type inequality involving
L is also obtained. Finally we prove an estimate for the commutator [R,,u|F.
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Lemma 2.1. Assume that v and w are related through
v=RQuw,

where R denotes the standard Riesz transform and Q a Fourier multiplier operator satisfying
Condition 1.1 in [7, p.36]. Then, for any integer j >0 and N >0,

ISnollr <CpQICO2Y) [[Snwllir, 1< p<eo,
1870]]rr <CQ(Co2) || Ajew] s, 1<g<eo,
where Cy, is a constant depending on p only, Co and C are pure constants.
Throughout the rest of this paper, £ denotes the operator defined by both (1.2) and
(1.3). In addition, we recall that

(lE)= gl Ra=L o, @1

The first two lemmas provide lower bounds involving £. These bounds are useful when
we estimate the LP-norms of the solution. The idea of proving them is similar to [12].

Lemma 2.2. Let L be the operator defined by (1.2). Then, for p >1,

If(x)l”‘zf(x)(ﬁf(x))z;E(Iflp)-
Proof. By (1.2),
£f() = pav [ LT =y

and thus
_ 2¢(x
P2 = p. LT 12y
x—y|
By Young’s inequality,
FO P @I Wl <Rl r+
Therefore,

£GP 2F ) £ ()
1L P @P =D - fw)P
zpp Xyl

m(|x—y])dy
>Leqm).

This completes the proof of Lemma 2.2. O
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Lemma 2.3. Let L be the operator defined by (1.2). Then, for p>2,

12 enar=2 [|etans|

Proof. The p=2 case is trivial. For p>2,let =5 —2. By Lemma 2.2,

/mwvwﬁmzquﬂWLﬁm

> [1RE2 i)
== [|etass|

This completes the proof of Lemma 2.3.

107

O]

The following lemma is a generalized version of the Bernstein type inequality associ-

ated with the operator L.

Lemma 2.4. Let j >0 be an integer and p € [2,00). Let L be defined by (1.2) and (1.3). Then, for

any f € S(R?),
P81 oy SC [ 18,1728, LA i,

where C is a constant depending on p and d only.

(2.2)

Proof. The case when p =2 simply follows from Plancherel’s theorem. Now we assume
p > 2. The proof modifies the corresponding ones in [9,17]. Let N >0 be an integer to be

specified later. Clearly,

14 14 14
IACA 1) 2 < ISNACAF12) 2+ [ (Td = Sn)A(IAf12) 2 = hi + T2

By the standard Bernstein inequality (see the appendix), for s >0,
B <C2 N1 2| s

Applying Lemma 3.2 of [9], we have, for s € (0,min(§ —1,2)),

]
Yk Igss < CllA;f o

Therefore,
. 2
L <C2 N2l .
By Lemma 2.1,

I:=||SNALT2LE(|AF]) |2 <C2V (P(2N)) 2 (|£2(|Af]2) | -

. P
o 18 f e < C2 3y
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Combining the estimates leads to
, 3
IAC8fI)llz < C27N2 A1y 4+ C2N (PRY) L3 (181F) o2
By the generalized Bernstein inequality for A in [9],

. 14 r
2Z[AiflliEy <ClAAAFI2)] -

Therefore,
. 14 . 14
20 af 17, < C2 N2 Al 4+ C2N (PRY) ELE(IA 1) e (23)
We now choose j < N <j+Np with Ny independent of j such that
1
2-(IN=j)s <~
¢ -2
(2.2) then follows from (2.3). This completes the proof of Lemma 2.4. O

To prove the estimates for the commutator [R,,u|F, we first state a fact given by the
following lemma.

Lemma 2.5. Consider two different cases: 6 € (0,1) and 5 =1.
1. Let 6€(0,1) and g€ [1,00]. If |x|°h € L', f€ B, and g€ L™, then

o (f8) = f (hxg)lls <ClIxPplliall g lIglees (24)
where C is a constant independent of f,g and h.
2. Let 6=1. Let g€ [1,00]. Let r1 € [1,q] and ry € [1,00] satisfying %—k% =1. Then
1+ (fg) = f (xg) [ <Cll[x[Rl[ L [V £l I8 2, (2.5)

Here B’g’oo denotes a homogeneous Besov space, as defined in the appendix. (2.4) is
taken from [8] while (2.5) was obtained in [20, p.426]. We also recall the definition of the
Besov type norm

1l = 1270 (20) 1A f sl <o, .6)

as defined in (1.6) or in (A.5) in the appendix. With these notation at our disposal, we are
ready to state and prove the commutator estimate.

Proposition 2.1. Let a and R, be defined as in (2.1). Assume
pE[2,00), g€[l,00], 0<s<d.
Let [Rq,ulF=R,(uF)—uR,F be a standard commutator. Then
| (RastlFllsgy < Clulag 1Pl o+l [Fli2),

where C denotes a constant independent of a and R,.
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Proof of Proposition 2.1. Let j > —1 be an integer. Using the notion of paraproducts, we
decompose A; [Rq,u]F into three parts,

A] [Ra,u]F: L+DL+]15,
where

Lii= ) Aj(Ra(Sk—1tt-AcF) = Sp1u-RoAF),

lk—jl<2

L= Z Aj(Ru(Aku'Sk_lF)_Ak”'RuSk—lp)/
lk—jl<2

13;: Z Aj(Ra(Aku-AkF)—AkMRu'AkF).
k>j—1

When the operator R, acts on a function whose Fourier transform is supported on an
annulus, it can be represented as a convolution kernel. Since the Fourier transform of
Sk—1u-AiF is supported on an annulus around the radius of 2% we can write

hix (Sg—11- D F) — Sg—qu- (hgx A F),
where /1y is given by the inverse Fourier transform of i&; P~ (|¢|) ®¢(¢), namely
. 1 = v
hi(x) = (i PH(EN D)) ()-
Here &y (&) € C3(R?), dy(€) is also supported on an annulus around the radius of 2F and

is identically equal to 1 on the support of S,_ju-ArF. Therefore, recalling (2.1), we can
write
¢1

z'aP”(!é\)ék(é)=i@<i>o<2*’f)a<\é\>-
Therefore,
02kp (k) Y (& Y
hi(x) =2"%ho(2%x)*a" (x), ho(x)_<|§|d>0(§)> .
By Lemma 2.5,

Hlle < CHxRyll o l1Sjr2ell g 1A o

<C27a(2)||8jaullg N AF| L.
I in LP can be estimated as follows,

I1Bllir <C27%a(2) |81 Fllo~ || Ajull s
<C27%a(2) Y | AwF| = 18l 35

m<j—1
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i —1(nj 5 a*(2) Sym 2
=C2 %a 1 (2)) Z 2(5=0)(j—m) o (s=8)m, (Zm)HAmFHLooHAjuHégw'

m<j—1

The estimate of ||I3]|1» is different. We need to distinguish between low frequency and
high frequency terms. For j=0,1, the terms in I3 with k=—1,0,1 have Fourier transforms
containing the origin in their support and the lower bound part of Bernstein’s inequality
does not apply. To deal with these low frequency terms, we take advantage of the com-
mutator structure and bound them by Lemma 2.5. The kernel / corresponding to R, still
satisfies, for any r; € (1,00),

[l [R]|n <C.

Therefore, by Lemma 2.5 and Bernstein’s inequality, for j=0,1 and k=-1,0,1,

18 (Ra (At AF) — Mgt RaAiF)| o < C |l x|l 1 ||V A ]| o [| AKF || 12
<Clluflr2[Fllr2-

where -+ L —1. For the high frequency terms, we do not need the commutator structure.
By Lemma 2.1 and Holder’s inequality,

Il = Y. Aj(Ra(Agu-AcF))|| < Y Ca(2)) || Ay |AF | =
k>j—1 p k=j-1
<Ca(2) Y. 27%2%|| Agut| o || AF |
k>j—1

20
<C2-%a71(20) Mullg,, Y 25U~ ))2(55)ka2(2k)||AkFHLoo.
k>] 1

L =Y g1 Dsut R4ArF admits the same bound. Therefore, by the definition of the norm
in (2.6),

1

q

1
) ) q
)3 2‘7510‘7(2])\\12\\”{;7]

==

[ [Ra ]l < lz 20909(2)) | ]

1
q
+| Y 2%a1(2) (|| 1 |9, + B2l D) | +Cllull 2 || Fl 2

i>-1

The first term on the right is clearly bounded by

1

q
Cllullg lz 206-07a21(2)) | A Fllqw] =Cllull g, NEl g2
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Due to s </, (1.5) and a convolution inequality for series,
) ) q
. 2%a" ) Rll]y | <Cllullgy IFl o se-
j=-1 ’ =
Thanks to 0 <s, (1.5) and a convolution inequality for series,
1
272" 2) Iy | <Cllullgg NFll s sa2-
D Ll
.2_1 P 0,q

This completes the proof of Proposition 2.1. O

3 Global a priori bound for ||wHBO,H71
2,2

This section establishes a global a priori estimates for || G|| ;2 and consequently for ||w || goa1-
22

Proposition 3.1. Assume that the initial data (19,00) satisfies the conditions in Theorem 1.1.
Let (u,0) be the corresponding solution and let w =" X u be the vorticity. Let

G=w—TR40, Ro=L19,,. (3.1)

Then, for any t >0,
t
IGI3+ [ It G()|Rdr <B()

and consequently
o (Bl o1 < B(#),
2,2

where B(t) is integrable on any finite-time interval [0, T).
Proof. Trivially u and 6 obey the following global a priori bounds
108l 2 < [1B0ll omre,  [[1(E) [ < [0l L2 +E]|60]| L2- (3.2)
It is easy to check that G satisfies
0;G+u-VG+LG=[R,4u-V]b. (3.3)

Taking the inner product with G leads to

2dt el 2+/G£de /Gv [Ra,u6dx. (3.4)
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By the Holder inequality and the boundedness of Riesz transforms on L?,

’/GV-[Ra,u]de < L7262 | £72A[Ry,ul0] 2.

Inserting this estimate in (3.4) and applying Young's inequality, we obtain
d 1 _1
T IGIE+1£2GlIT <[1£72 A[Ra,ulf]| - (3.5)

By the definition of the norm in (2.6), ||L'_%Af||2 <|IfIl
B,

Applying Proposition 2.1

1.
2

o=

with 6> 1 and p=g=2, we obtain

| [Ra,M]GHBég <Cllullp,, HQIIBH& +Clull 2 (1] 2.

00,2
Since u=V-+A~lw,
[l gg = sup 27 [|Ajul| 2 < [|A-yu]| 2 +sup2” || A VA w]| 2
gzl j=0

< Jull 2 +sup2 V|| Ajewl| 2 < Jul] 2+ ||

O,Hfl .
jZO BZ,Z

For6>13, 6] , , 2 <||6]/.~. Therefore,
Bi_’f

00,2

_1
1£72 A[Ra )0l 2 < [[[Ra,ulO] 35 <Cllutll 210l 2z +llewl] gou 16]] - (36)
2,2 %
We can bound the ||cuHB0,ﬂ71 by
2,2
[l goa—t S NGl gou-1 +[Rabll oot < 1G24 [1]]2- (37)
2,2 22 22

Since ||u||;2 and ||0|| 21~ are bounded by (3.2), we combine (3.5), (3.6) and (3.7) to obtain
the desired result. This completes the proof of Proposition 3.1. O

4 Global a priori bound for ||G||s with g€ (2,4)

This section establishes a global a priori bounds for ||w||rs with g€ (2,4).

Proposition 4.1. Assume that the initial data (u0,0y) satisfies the conditions stated in Theorem
1.1. Let (u,0) be the corresponding solution and G be defined as in (3.1). Then, for any q € (2,4),
G obeys the global bound, for any T>0and t <T,

s+ [ [|etaerh

5 ¢
dxdt+C/ IG||" , dT<B(1), @&.1)
0 1 Tie
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where C is a constant depending on q only and B(t) is integrable on any finite time interval. A
special consequence is that, for any small € >0,

lw ()5, < B(E). (4.2)
Proof. Multiplying (3.3) by G|G|12 and integrating with respect to x, we obtain
L4 cla,+ [Glop2cGax=— [ GG 2V - [Ryul6d
-Gl + [ GG x=— [ G[G|T"V[Ry,ulfdx.

By Lemma 2.3,
/c\cm—z.fgcdxzc/|£%(|c|%)|?—dx.

Set € >0 to be small, say, for g€ (2,4),

(1+€) (1—3) <%.

Thanks to the condition in (1.5) and by a Sobolev embedding,

1£2(1G1H) 2= Y 18;£2(IG|3)|12
j>-1
= Y 271 (2)[|8;(1GI D) 1%
j>-1
>C Y 20797)a(|G]2) |12,
jz-1
=CllAz5(|G]2)|%
=ClG"

+e

For g €(2,4), we choose s >0 such that
S>€, s+(1+e)<1—3>:1—e.
By Holder’s inequality,
[ 61612 (Rl < [GIGIT 2 [ Resl -

By Lemma 4.1 below,

IGIGI"2I <CHGH”7 MGl vian-3) CHGW 2 [1Gll 3o
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In addition, due to the condition in (1.5),

G, = 32 27*9NAGIIL < ) 2a~*()IAGIE < [1£2 (G) |7
-1 =1

By Proposition 2.1, recalling s > € and u = ViAa—1lw

IR, )0 s <Cllutll gysse 191l e +Cllual[ 2 [[6]] 2
<Cllwll o3 19l +Cllull 2[10]] 2.
2,2

Putting the estimates together, we obtain

1d
*%HGH +C/|£2 G2 )IdeCIIGIIq

E’

<C||G||”’ IIE( )||L2<|IWHBO,; ||9||L°°+CH”||L2H9HL2>'
2,2

Applying Young’s inequality to the right-hand side, noticing that g € (2,4) and resorting
to the bounds in Proposition 3.1, we obtain (4.1). (4.2) follows from the inequality

lollge <NGH 5, +1Rabll e <[1Gllo+ 6]
This completes the proof of Proposition 4.1. O

We have used the following lemma in the proof of Proposition 4.1.

Lemma4.1. Let g€ (2,00),5€(0,1),0<e(g—2)<2and f € L n =00+ Tpep

If17~ 2fHHSSCHqu o lflly <CHqu 20 1l geca-pava (4.3)

2—e(q—2)" 2

Proof. This proof modifies that of [20]. Identifying H* with Bgiz and by the definition of
l%;/z, we have

17 ZfHZ /qu Zf (x+y)— ‘f’q_zf(x)”%z

‘y’2+25

Thanks to the inequality

A2 fe+y) =1 FIT2F () S C A7 2 (et) + L1772 () | f (k) = f (),

we have, by Holder’s inequality

1772 f Gety) = F1772 F ()12 <CHfH Hf x+y) = f(),
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where
_ 2q
P 2e(q-2)

Therefore,
. 2(g-2
1A172 £ <CUFIPS, U1, -
LT+e 0.2
Further applying the Besov embedding inequality

I£llg5, <CIFI s 3.

we obtain (4.3) and this completes the proof of Lemma 4.1. O

5 Global t a priori bound for |G|/,  withge 2,4)
q,

This section proves a global a priori bound for |G HZ; ps, Withge (2,4). This bound serves
q,

as an important step towards a global bound for ||w||1s with general g € [2,00).

Proposition 5.1. Assume that the initial data (19,00) satisfies the conditions stated in Theorem
1.1. Let
releo], s€[0,1), ge(24).

Then, for any t >0, G obeys the following global bound
Gl 5, <B(), .1)
where B is integrable on any finite-time interval.
Proof. Let j > —1 be an integer. Applying A, to (3.3) yields
0:A;G+LAG=—A;(u-VG)—Aj[Rq,u-V]b.
Taking the inner product with A;G|A;G|7-2, we have
1d 0
qcﬁHA]»G||'zq+/A]G]A]-G|‘7 LAG=Ti+]s, (52)
where
= —/Aj(u-VG)AijAjG|q*2, (5.3)
= —/A]-[Ru,u-V]GA]-G|AJ-G|‘7_2.
According to Lemma 2.4, for j >0, the dissipation part can be bounded below by

/A]-G|A]~GW—2£A]-Gch(zf)nA]»GHZq. (5.4)



116 KC D, Regmi D and Tao L et al. / ]J. Math. Study, 57 (2024), pp. 101-132

By Lemma 5.1 below, J; can be bounded by

. 2 2
\mscz]“ﬂ’uwum[HAfcnm Y 24| AnGllus

m<j—2

+ ¥ 2 G ] 18,6l
k>j—1

where we have taken € to be small positive number, especially

s—143e<0.

(5.5)

To bound J,, we first apply Holder’s inequality and then employ similar estimates as in

the proof of Proposition 2.1 to obtain

-1
2| <118 [Ra,u- V18|14l A, G T
<C(2°a(@) @]l g 10]l=+Ilull=l0] =) 14T,

(5.6)

Inserting (5.4), (5.5) and (5.6) in (5.2) and writing the bound for |w(t) ”B;& by B(t), we

obtain
d . . o
EHAJGHM +C27a*1(27) ]|AjGHLq <C29a(27)B(t)

+czf<€+%>3(t)[||A,-G||m+ Y 20" D5 ALG 1

m<j—2

+ ¥ 206G ]
k>j—1

Due to (1.5), a(2/) <2¢. Integrating in time yields

18G (1) 110 <e= 2" 4 8;G(0) |a+C27T1 =3 B(1)

+co/et a>B(t)/ e C2 T (7)dr,
0

where, for notational convenience, we have written

L =[G+ L 2" anGl+ 1 207000 4G 1]
m<j—2 k>j-1

Taking the L" norm in time and applying Young’s inequality for convolution lead to

18;G||1yra <C27 719 ||A,G(0 >||m+62‘f“‘3€>§(t>
+ 2B (IL 1.
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Multiplying by 2/, summing over j > —1 and noticing s —1+3€ < 0, we obtain
1G5y, < ClIGO) | go-1rri-e +CB(t)+Ki+K+Ks, (5.7)
: 0

where

-C 2 2] —1+42e+2 ) ( )Z]SHA GHL’L‘M

j>-1
-C Z 2]’(*1+2€+§)§(t)2]'s Z 2<m7j)%||AmGHL;L%
i>—1 m<j—2
—c Yy o SR B4y 2l Yy 2U- |AkG||W
j>-1 k>j—1

Since —1 —|—2€—|—% <0, we can choose an integer N > 0 such that

—_

CZN(71+25+%)§(t) <-.

o]

The sums in K7, K; and K3 can then be split into two parts: j<N and j> N. Since ||G||1s is
bounded, the sum for the first part is bounded by CB(#)2*N. The second part of the sum
over j > N is bounded by %HGHQ B Therefore,

q,

~ 3
Ki, Ky, K3 <CB(£)2" + £ Gl -
Combining these bounds with (5.7) yields the desired estimates. This completes the proof

of Proposition 5.1. O

We now provide the details leading to (5.5). They bear some similarities as those
in [8], but they are provided here for the sake of completeness.

Lemma 5.1. Let ], be defined as in (5.3). Then we have the following bound

2
lles <C2CD fwollgog [18Gla+ X 2 P8 AnG

m<j—2

+ ¥ 20D A ] 86115
k>j-1

Proof. Using the notion of paraproducts, we write
Aj(u-VG)=Jin+ 2+ iz + Jiut s,

where

Jiz= ) [Aj,Sk_1u-V]AG,
li—k|<2



118 KC D, Regmi D and Tao L et al. / ]J. Math. Study, 57 (2024), pp. 101-132

]12 = Z (Sk,lu— S]u) : VA]'AkG,
i—kl<2

]13 = S]'M'VA]'G,

]14 = Z Aj(Aku-VSk_lG),
li—kl<2

]15 = Z A](AkuVZkG)
k>j—1

Since V-u=0, we have
/]13 |A]'G|q_2A]'de =0.

By Holder’s inequality,
[ mlaiGlr 28| < Il Gl
We write the commutator in terms of the integral,

= [ @(x=y) (Se-1u(y)~ Se-au(x))- VAG(y)dy,

where @; is the kernel of the operator A; and more details can be found in the Appendix.
As in the proof of Lemma 3.3, we have, for any 0 <e <1,

alles < x5 ()l [1Sj-12l e [V AGl .

By the definition of ®; and Bernstein’s inequality (see the Appendix), we have

| Fualls <C2E D |x 0 (x) | 185101 o 181G 1
(e 2
<C2 ) |wlg e 18,G 1.
Again, by Bernstein’s inequality,
H]12||L4<CHA‘MHM||VA'GHL°°
<CP D wlye [18G 1
HI14HM<CHAMHL‘1HV5 ~1G||r
<2V Jwlge ¥ 2" AuGls

m<] -2
_2
115l <C27€T) Y~ 20RO 8) | AL=€p ]| 14| ALG |
k>j—1
<P wllge ¥ 20D 866 1.

k>j—1
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Combining the estimates above yields

i 2 —i)2
Il <C2€9 fwllgg 186G+ ¥ 274 AnGlle

m<j—2

+ Y 207909 Al 14,65
k2j-1

This completes the proof of Lemma 5.1. O

6 Global a priori bounds for ||w|| L1 and ||w||rs for any g >2
00,1

This section shows that, if the initial data wy is in L7, then the solution w is also a priori in
L7 at any time. This is established by first proving the time integrability ||cw||;1z0. . More
t~oo,1

precisely, we have the following theorem.

Proposition 6.1. Assume that the initial data (uo,00) satisfies the conditions as stated in Theo-
rem 1.1. Then we have the following global a priori bounds. For any T >0and t <T,

leo (@)l 500, <C(T), N1O(B)l] o2 <C(T), e (B)l|1s <C(T),

where C(T) are constants depending on T and the initial norms only.
In order to prove this proposition, we need the following fact.

Lemma 6.1. Let T >0 and let u be a divergence-free smooth vector field satisfying

T
/ V1|t < oo,
0

Assume that 0 solves

00 +u-Vo=f.
Let a:(0,00) — (0,00) be a nondecreasing and radially symmetric function satisfying (1.5). Let
p € [1,00]. Forany t >0,

t
161 < (180lgg-+ 1) (14 [ 1l ).

This lemma can be proven in a similar fashion as that of Lemma 4.5 in [8]. A crucial
assumption is that a satisfies (1.5).

Proof of Proposition 6.1. We first explains that (5.1) in Proposition 5.1 implies that, for t<T,

G o = C(T).
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In fact, if we choose s€[0,1) satisfying s> % for g€(2,4) and set € >0 satisfying e+ % —5<0,
then

. . 2
I1Gll5s = 3 a(2)[|A;Gll= < ) a(2)27[|A;Gl|is

i>-1 j=z-1
< Y a(2)2- 920k |, Gl <Cl[Gllss
j>-1

where we have used the fact that a(2/)27¢/ < C for C independent of j. Furthermore,
HwHL}ngl < H GHL}BS& + HRaGHL}B&ﬁ-

By the definition of the norm in Bgc’fl and recalling that ‘R0 is defined by the multiplier

a(|§|)lél| we have

IR a8l gon =a(27") A1 RaO]| =+ )_a(2)[|ARa6)| 1
, =

<Clfoll 2+ Y_a*(2) A6l
=0

<Cfollzz+ 1] -

By Lemma 6.1,
t
101 <Clul e (1+ [ 19t
Boo,l Boo,l 0
<C|l60ll o2 (1+ 1tz + 0l 1m0 )
0,1 g
<CllBoll oz (1 Nl +lleol 01 )- (6.1)
Therefore,
ol g, <16 g5 +C (Ie0l-+ 6ol e )
00, 0o, 00,1
t t
+Cl6ol e [ gz ClOol o [ ol
By Gronwall’s inequality, ||w]| L1BY < C(T), which, in turn, implies that, by (6.1),
6] <C(T).
oo,1

Now we prove the bound for ||w||rs. From the equations of G and R0,

[l <G o +[IRab]| s
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<I1Golus + [ Ratollis +2 [ (Rt V10l s
<I1Gollus [ Rabollia+2 [ [ Rayi- V1ol .
Following the steps as in the proof of Proposition 2.1, we can show that
ITRa,u-N10] g0, < Cllewllea 0] gos +Clloll 2 [[u]] 2-
Gronwall’s inequality and the bound ||6|| LB, < C(T) then imply the bound for ||w||Ls.
This completes the proof of Proposition 6.1. O
7 Uniqueness and proof of Theorem 1.1

This section proves the uniqueness of solutions in the class stated in Theorem 1.1 and
sketches the proof of Theorem 1.1. First, we state and prove the uniqueness theorem.

Theorem 7.1. Assume that the initial data (u9,00) satisfies the conditions stated in Theorem 1.1.
Then, the solutions (u,0) in the class

ueL®([0,T;HY), weL""([O,T];Lq)ﬂLlTngl, eeL”([o,T],LZmBSjl) (7.1)
must be unique.

Proof. Assume that (u("),0(1)) and (u(?),6®)) are two solutions in the class (7.1). Let p(!)
and p'® be the associated pressure. The differences

u=u@ g, @ _p) g _g)

satisfy

Ou4uV - Vu+u-Vu® + Lu=—Vp+bey,
00 +uM).Vo+u-voR =0.

By Lemmas 7.1 and 7.2 below, we have the following estimates
[l (t)ll g, < 1[0}y +CI6l] op, 1
t m 0 @ @
€ [l ([ 2+ oV g, + 622+ [0 g e,
t
18(8)11 5,10 <1100 110 +C [ N goa (Dl p2+ [0 g )T
2,00 2,00 0 2,00 0,1

t
+c/ (2| 1210@ | o, d.
0 oo,1
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In addition, we bound ||u||;2 by the following interpolation inequality

H“HBgm

ull 2 <Cllullpy_log <1+ [[14]] 1 )

together with ||u|| 1 < ||uM|| g1 4 ||t® || ;2. These inequalities allow us to conclude that
Y(t)=[ju(t)llgg +116(t)l 5,10
obeys
Y (t) SZY(O)—I—C/OtDl(T)Y(T) log(1+Da(7)/Y(7))dT, (7.2)
where
D= 02 e + 14 3+ 0Dl g+ 12+ 0 o,
Dy :=[u® |+ [|u® | .

Applying Osgood’s inequality to (7.2) and noticing that Y(0) =0, we conclude that Y ()
0. This completes the proof of Theorem 7.1.

O

We now state and prove two estimates used in the proof of Theorem 7.1.

Lemma 7.1. Assume that u™), u®), u, p and 0 are defined as in the proof of Theorem 7.1 and

satisfy
atu+u(1)-Vu+u-Vu(2)+/Ju:—Vp+0e2. (7.3)

Then we have the a priori bound
lu(®)llgg, <let(O)llpg_ +CI6ll op, 10
t
+C/O (o)l (D 2+ 0 gy + 1@ 2+ 0P g . (7.4)

Proof of Lemma 7.1. Let j > —1 be an integer. Applying A; to (7.3) and taking the inner
product with Aju, we obtain, after integration by parts,

1d

1
5 g Al 11£2 Al = h+ o+ ], (7.5)

where
J1:= —/AjuAj(u(l) -Vu)dx,

Jo:= —/A]-uAj(u-Vu(z))dx,
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]3::/A]'UA]'(962)CZX.
By Plancherel’s theorem,
1£2Aul2, > C2a=" (2) || Ajul2,

where C =0 in the case of j=—1 and C >0 for j > 0. The estimate for |3 is easy and we
have, by Holder’s inequality,

[l < 1Al 2142 < 2 (2 ] 2] .2

To estimate J;, we need to use a commutator structure to shift one derivative to u(!). For
this purpose, we write

Ai(uW-Vu) =T+ i+ Ji3+ it s, (7.6)

where
Jii= Yy, [A]’,Sk—lu(l)'V]Ak%
li—k|<2

]12 = Z (Sk,lu(l) —S]'u(l)) . VA]'Aku,
li—k|<2

]13 = S]u(l) 'VA]'L[,

]14:2 2 A]-(Aku(l)-VSk_lu),
li—kl<2

]1522 Z A]<Aku(1)VZku)
k>j—1

Since V-u(l) =0, we have
/]13A]-udx:O.

Ji1, J12, J14 and J15 can be bounded in a similar fashion as in the proof of Lemma 5.1 and
we have

aallz a2l 2 < C (1 [l 2+ o™l gy, Y80 12,
iallz <CUuM Nz +llwWllg ) Yo 2" w12,

m<j—1

1Tisllzz < CuM N2+ lwMllg ) Y 2775 Agu] o
© k=1

To estimate J,, we write

Aj(u-Vu?) =1+ oo+ s, (7.7)
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where

]21 = Z A]-(Sk_lu : VAkI/l(z)),

j—k=2

Joo:= Z A]-(Aku-VSk_lu(z)),
j—k=2

Jo3:= Z Aj(Aku-VEku(z)).
k>j—1

Therefore, by Holder’s inequality,
ailliz < Cllull2 [V 8 |,
1222 < CllAll 2 (@ |2+ e N o),
sz < CUP 2+ llw@ g ) 35 2 Al 2.

" k-1
Inserting the estimates above in (7.5), we obtain
1d a2l ia1(2i
5 gl Al +C2a (2) [[Ajull 2 < C2a™(2)[|0] 510 +K(E), (7.8)

where

K(t) =C (|| 2+l ™Ml g+l N2+l g JIAjull 2
+ Cllul 2 1V 870 oo+ (D 2+ oMl ) Yo 2" At 2

m<j—1
+C (V24 lwMlgo + 1@ 2+ 0P g0 ) Y- 27| Ayl 2.
' ©ok>j-1

Integrating (7.8) in time and taking sup;._q, we obtain (7.4). This completes the proof of
Lemma 7.1. - O

Lemma 7.2. Assume that 6, u"), u and 0) are defined as in the proof of Theorem 7.1 and satisfy
9:0+uV.Vo+u-vo? =0. (7.9)

Then we have the a priori bound

t
10CE) 5, 1.0 <[[6(0)]| , 1. +C/0 16(2) 10 (1Ml g2+ ™1y )i

t
+C /O () 126 o . (7.10)
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Proof of Lemma 7.2. Let j > —1 be an integer. Applying A; to (7.9) and taking the inner
product with A8, we obtain
1d

5 77 18011 =K1+ Ka, (7.11)
where

Kii=— [ Ajoa;w-vo)dx,

Koi=— [ 8j0(u-Vo@)dx.
To estimate K;, we decompose A]-(u(l) -V0) as in (7.6) and estimate each component in a
similar fashion to obtain

[Ka | <Clla817: (1™ 2+ [lw™ g )
+C18601:22a ()16 0 (V]2 + oDl g0 ).
To estimate K, we decompose Aj(u-VG(Z)) as in (7.7) and bound the components in a
similar fashion to have
[Ka| < CIA;8]|12 [l 22/a ™" (2) 10| o

Combining these estimates, we find

d S
1180112 <C2a1@2) 101510 (1™ 2+ |0l )
+Cllull 22/a™(2) 10| goa

Integrating in time, multiplying by 277a(2/) and taking sup;_;, we obtain (7.10). This
completes the proof of Lemma 7.2. O

We now sketch the proof of Theorem 1.1.

Proof of Theorem 1.1. Thanks to Theorem 7.1, it suffices to establish the existence of solu-
tions. The first step is to obtain a local (in time) solution and then extend it into a global
solution through the global a priori bounds obtained in the previous section. The local
solution can be constructed through the method of successive approximation. That is, we
consider a successive approximation sequence {(w™,8(")} solving

w =S5y, (1) =5,0,,

90 (M) 1y () 7 (1) 4 £y (1) :8x19(”+1),
9,;0n+1) () . 7e(n+1) —

w1 (x,0) =S, 200 (x), 0(+1) (x,0) = S, 4200 (x).

(7.12)

To show that { (w™,0("))} converges to a solution of (1.4), it suffices to prove that { (w(™,0(")}
obeys the following properties:
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(1) There exists a time interval [0,T;] over which {(w(",8("))} are bounded uniformly
in terms of n. More precisely, we show that

)”Lf(LZmBS;?f)ﬁL%BS;Z <c(n),

||W(H)HL§°(L2qu)mL}B§§1 <C(T), 16"
where C(Tj) is a constant independent of n.
(2) There exists T, > 0 such that w1 —w (" is a Cauchy sequence in L‘;"Bo_o,l1 and
6("+1) —9(") is Cauchy in LI B_"", namely

00,1 7

Hw(n-H) —_ ™ ||L§’°B;,’]1 <C(T)27", ||9(n+1) —_p) ||L}B;,11,ﬂ <C(Tp)27"

for any t € [0,T;], where C(T) is independent of n.

If the properties stated in (1) and (2) hold, then there exists (w,0) satisfying

weLP(LPNLY)NLIBY,,  6eLP(L2nBY,)NLIBY,
wW—w in LFBYY,  0™W—=6 in LIB Y

for any t <min{Tj,T»}. It is then easy to show that (w,0) solves (1.4) and we thus obtain
a local solution and the global bounds in the previous sections allow us to extend it into
a global solution. It then remains to verify the properties stated in (1) and (2). Property
(1) can be shown as in the previous sections (Section 3 through Section 6) while Property
(2) can be checked as in the proof of Theorem 7.1. We thus omit further details. This
completes the proof of Theorem 1.1. O

A Functional spaces and Osgood inequality

This appendix provides the definitions of some of the functional spaces and related facts
used in the previous sections. In addition, the Osgood inequality used in the proof of
Theorem 7.1 is also provided here for the convenience of readers. Materials presented in
this appendix can be found in several books and many papers (see, e.g., [3,4,28,32,34]).

We start with several notation. S denotes the usual Schwarz class and S’ its dual, the
space of tempered distributions. Sy denotes a subspace of S defined by

So= {(PES: /dqb(x)x"de:O,M:0,1,...}
R
and S} denotes its dual. S; can be identified as
Sy=8'/Sy=S"/P

where P denotes the space of multinomials.
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To introduce the Littlewood-Paley decomposition, we write for each j€Z
Aj:{genzdzzf—lg\§|<2f+1}. (A1)

The Littlewood-Paley decomposition asserts the existence of a sequence of functions
{®;}jez €S such that

supquJj CA,, &\Dj((j) =Py(277¢) or D;(x)= 2%y (2/x),

and

SN 1, iféeR4\{0},

j=—00
Therefore, for a general function ¢ € S, we have
Y B(0)9(©)=9(5)  forfeR\{0}.
j=—o00

In addition, if ¢ € Sy, then

[oe]

Y. &,(&)§(&)=9(¢) forany ZeR.

j=—00
That is, for p € Sy,
L Ppry=y

j=—c0
and hence

Y of=f,  fes

j=—0c0

in the sense of weak-* topology of S;. For notational convenience, we define
Aif=o;xf, jez. (A.2)

De.ﬁni'tion A.1. ForseRand 1< p,q<oo, the homogeneous Besov space ésm consists of f €S},
satisfying
£, =124l <.

We now choose ¥ € S such that

e

¥(@)=1-Y @;(¢), ¢eR

j=0
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Then, for any ¢ €S,
Y+ ) Djxpp=1p
j=0
and hence
‘I’*f—i—ZCI)j*f:f (A.3)
j=0
in §’ for any f € S’. To define the inhomogeneous Besov space, we set
0, ifj <=2,
Aif=4 Yx*f, ifj=-1, (A.4)

@;xf, ifj=0,1,....
Definition A.2. The inhomogeneous Besov space Bj , with 1 < p,q < oo and s €R consists of
functions f € S’ satisfying
£ W5, = 12518 f [l o l[1g < 00

The Besov spaces é;,q and Bj ; with s € (0,1) and 1 <p,q < oo can be equivalently
defined by the norms

i, - ([, <Hf<x+‘tt>|d—+{q<x>Wdt) "

I lgs, = e+ ( I <||f<x+|tt>|;{q<x>||Lp>th> 3

When g = oo, the expressions are interpreted in the normal way. We have also used the
following a generalized version of Besov spaces.

Definition A.3. Let a(x)=a(]x|):(0,00) — (0,00) be a non-decreasing function satisfying (1.5),
namely

im 2 o veso.

x| oo |X]7

For s € R and 1< p,q < oo, the generalized Besov spaces By and By are defined through the
norms

1f[1ge = 127a(2) [|A; 1] 2|10 < 00,
pq
£ 1gse = 1127a(2) 1A f [ [l < o0. (A.5)

We have also used the space-time spaces defined below.
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Definition A.4. For t>0,sc€R and 1 <p,q,r < oo, the space-time spaces f{éf,,q and f?BZ,q are
defined through the norms

||f\|z;§;,q5 125514 f | riw N,
£l = 12518 g o
LBy and L} By% are similarly defined.

These spaces are related to the classical space-time spaces L{E’Z,q, LiB,J, LIB% and
L} By via the Minkowski inequality.

Many frequently used function spaces are special cases of Besov spaces. The follow-
ing proposition lists some useful equivalence and embedding relations.

Proposition A.1. For any s€R,
IflsNéilz, HSNBilz.
ForanyscRand1<q<oo,

5S A7S S
B gmin{g,2} 7 Wy =B qgmax{q,2}"

0

q 30
q,min{q,2}<—>L —B

In particular, B gmax{q,2}’

For notational convenience, we write A; for A j- There will be no confusion if we keep
in mind that A;’s associated with the homogeneous Besov spaces is defined in (A.2) while
those associated with the inhomogeneous Besov spaces are defined in (A.4). Besides the
Fourier localization operators Aj, the partial sum S; is also a useful notation. For an
integer j,

j—1
SﬁE z: Ab
k=-1

where Ay is given by (A.4). For any f € &', the Fourier transform of S;f is supported on
the ball of radius 2/.

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions
and these inequalities trade integrability for derivatives. The following proposition pro-
vides Bernstein type inequalities for fractional derivatives.

Proposition A.2. Let x>0. Let 1 <p <g<co.

1) If f satisfies
suppf C {C€R": |g| <K/},

for some integer j and a constant K> 0, then

o 06' d l—l
(=) fll a(rey < CL22T G0 | o ey-
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2) If f satisfies
suppf C {EeR?: K12/ < |&] < K2/}

for some integer j and constants 0 < Ky < Kp, then

; id(1-1
122 f ey <11 (=) Flluagmay < Co2T 00| ),
where Cy and C; are constants depending on «,p and q only.
Finally we recall the Osgood inequality.

Proposition A.3. Let a(t) >0 be a locally integrable function. Assume w(t) > 0 satisfies
OOO w}r)dr =o00.
Suppose that p(t) >0 satisfies
p) <ot [ a(s)olp(s))ds
for some constant a > 0. Then if a=0, then p=0; if a>0, then
~Q(p() +0(0) < [ a(x)dr,

to

L dr
Q(x):/x et

where
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