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Abstract. In this paper, the authors study the boundedness of the operator uf-’z, the com-
mutator generated by a function b €Lipg(R")(0 < 8 < 1) and the Marcinkiewicz integral
Uo on weighted Herz-type Hardy spaces.
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1 Introduction and Main Result

Let §"~! denote the unit sphere of R®(n > 2) with Lebesgue measure do = do(x'). Let

Q e L'(5" 1) be homogeneous of degree zero on R™ and satisfy the cancelation condition

1 Q(x)do(x') =0,
s

where X’ = x/|x| for any x # 0. The higher-dimentional Marcinkiewicz integral [l is defined by

pa()e) = ([ o (NwP%) "
where

()@= [ 2Dy

—yl<e Jx— [l
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The operator Uq is first defined by Stein[!!. Meanwhile, Stein has proved that if Q is contin-

uous and satisfies the Lipat(S"~!)(0 < & < 1) condition

Q@) — ()| < Cl¥' =% va,y e st
then pg is an operator of strong type (p,p)(1 < p < 2) and of weak type (1,1). In [2], it is
proved that if Q € C'(§"~1), then g is bounded on L” (R™) for 1 < p < oo. The boundedness of

Uo have been discussed by many authors(see [3-4] etc).

On the other hand, let b € L;,.(R™), the commutator ug is defined by

w0 = ([ s n@Pg) "

where

Fand 0 = [ S 000 b)) 100

In this paper b €Lipg(R") (0 < 8 < 1), which is the homogeneous Lipschitz space consisting of
all functions f such that

flipy = sup V=10l

X,yERM x£y ‘X - y‘ﬁ

Obviously, if b €Lipg(R")(0 < B < 1), then
[6(x) = b(y)| < ClIbl|Lipslx =31 (¥x,y € R").

Recently,Cheng and Shul) considered the commutator ﬂé on Herz-type Hardy spaces, and
proved the following theorem.

Theorem A.  Suppose that Q € Lipv($"~1)(0 < v < 1),b €Lipg (R")(0 < f <min{1/2,v}),
0< p<ool <qy,qr <ooand

/g1 =1/g2=B/n, n(1-1/q1) <a <n(l—1/q1)+ B,

then ub, is bounded from HK;." (R®) to Kg.” (R™).

Lu and Yang[6] introduced the weighted Herz-type Hardy space, and built the atomic decom-
position theory. Motivated by [5-6], we consider the weighted boundedness of ug and present
our result as follows.

Theorem 1. Suppose that Q € Lipv(S"~')(0 < v <1),b €Lipg (R")(0 < B <min{1/2,v}),
0<pr <pr<ool<qr,q <o and

/g =1/g2=B/n, n(1-1/q1) <a <n(l—1/q1)+B,

and @ € Ay, ®F € Ay, then ,ugb2 is bounded from HK;i’pl(a)l ,of") to Kg’pz(a)l,wgz).
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2 Preliminaries

To prove our result, let us recall some definitions. In the following definitions, the function
 is a locally integrable nonnegative function on R". Moreover, C > 0, Q denotes a cube in R"
with sides parallel to the coordinate axes, and |Q| denotes the Lebesgue measure of Q.

Definition 178, (1) A function o is said to belong to Ap(1 < p <o) if

a1 o) oy ot <

Forthecase p=1,mw € A if

é/Qa)(x)dx < Cessinf{@(x)}.

(2) A function o is said to belong to A(p,q)(1 < p,q < o) if

i )"y o700 <.

where p' =p/(p—1).
(3) If there exist C, 6 > 0, such that for any E C Q

(E) |E|\¢
w0 <<(g)

then we call o € A..
Elementary properties of A, (see [7]).
(@A CA, CAjif 1l <p<g<oo.
(b) If o(x) € Ap, then forany 0 < & < 1, @(x)® € A,.

(c) If o(x) € A,, then there are C > 0 and € > 0, such that, for any Q0 C R",

(’_é‘/gw(x)l+£dx)1/<1+e> Sc(é/Qw(x)dx)

The relations between A, and A(p,q) (see [7]). Suppose that 0 < & <n,1 < p <n/a and

1/q =1/p— a/n. Then we have the following conclusions:
o(x) €A(p,q) == O(X)? €Ay—qyn == OX) €Ay <= 0OX) " €Ay

The definition of reverse Holder condition. If there exists » > 1 such that

(1) <c(3 o)
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then o is said to satisfy the reverse Holder condition of order r and is written by ® € RH,.
It follows from Holder inequality that @ € RH, implies ® € RH; for s < r. It is known that if
® € RH,(r > 1) then ® € RH, ¢ for some € > 0.

Set By = {x € R": |x| < 2%} ,Cy = B\ Bx_1 and x = xc, denotes the characteristic function
of Cy for k € Z. Moreover, for any nonnegative weight function @ and Lebesgue measurable

function f,we write

s = ([ roar)

Definition 2%, Let 0 < ot < 00, 0 < p < o0, 1 < g < oo, @ and @, be nonnegative weight

functions. The homogeneous weight Herz space K;‘ P(wy, @) is defined by

K (@1, 02) = {f € L, (R"\ {0}, @) : [|fllger (0, 9) <

where

= 1/p
11k o0 = (X (00BNl )
k=—o0

Definition 3. Let 0 < ot < o0, 0 < p <oo, 1 <g<oo @, €A;. The homogeneous
weighted Herz-type Hardy space HK, (@, @) is defined by

HK®P(0y,0) = {f € S'(R"): G(f) € KIP (w1, a0)},

and
AN ke (@00) = Gk (01, 0)

where S'(R™) is the space of tempered distributions on R™ and G(f) is the grand maximal func-
tion of f.

Eefinition 4. Let o), @y € Aj,1 < g < oo,n(1—1/q) < o < oo. A function a(x) on R™ is
called a central (@, q; @), @,) atom if a satisfies

1) Suppa C B(0,r) for some r > 0;

2) llallioas) < 1 (B(0,r))]~#/";

3) / a(x)¥dx = 0, when |s| < [a —n(1—1/q)].

To plf(l)ve our result, we need the following lemmas.

Lemma 1. Ler ), @y € A1,0 < p < 00,1 < g <ooand o0 >n(1—1/q). A distribution
f on R™ belongs to HK, ¥ (@, ,) if and only if it can be written as f = i Aja; in the

J=—00
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distributional sense, where each a; is a central (&, q; @y, ;) atom on B jand

Y <.

]:—00
Moreover,

111k (@) ~ ELC Y 12517)1/7)

J=—o
with the infimum taken over all the decomposition f as above.

Lemma 210, Ler
Qe Lipv(s"")(0 < v <1),beLipg(RM)(0< B <1).
Ifl<p<n/B,1/qg=1/p—B/nand o € A(p,q), then there is C > 0 such that
14 () o (@ny < ClBlipg 1110 or)-

Lemma 3!'l. @ € A.(r> 1) ifand only if ® € RH,.
Lemma 42, If @ € Ay, then there are C > 0 and 8§ > 0(0 < § < 1) such that

©(By) 2= k>
o(Bj) ~
o(Bj)

3. Proof of Theorem 1

From p; < P, it follows that

K (o, @) € K (01, @), HKG (01, 00) C HKE (01, 02).

Hence we only prove Theorem 1 for p; = p, = p.
Let f € HKy" (1, 03"),applying the atomic decomposition theory (see Lemma 1), we write
f= Z Aja;j, where each a; is a central (o, q1; 0, @5") atom, supp a; C B; = B(0,2/) and
j:—oo

oo

HajHqu((Dgl) S [(Dl(Bj)]fa/n’ Z |;L]|p < oo,

Jj=—o0
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Then we have

oo

116 (N e (o, o) = k_Z_ (@1 (Bi))“"" ||y (f )22
P
< ¥ @ (L 120 )
k=—o0 J=—o0
C BN Y (Al (a; r
+C % [oi(By)] X [Alllkg () el o ()
k=—o0 j=k—2
= C(I+1).
For 11, since
(x)quEAl

and

/g1 —1/q2=B/n,

then @, € A(q1,q2). By lemma 2, we know 2 is bounded from L% (') to L (®?), it is

easy to verify that

n<c 'y (o) i L Il o)

k=—o0

When 0 < p <1,

In < waMWZMWWM

C Z w; (By)]*/" Z |Aj|P[e; (B;)] %P/
k=— Jj=k—2

oo

C Z Z |lj|p2(k—j)ap

k=—oo0 j=k—2

o0 j+2 ‘
< C Z |),j|"( Z 2(k71)06p>

c Yy P

j:—oc

IN

IN

IN

If p > 1, by Holder’s inequality, we get
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i< ¢ ¥ o F b))

i |7Lj|2(k*j)“)p

k=—co " j=k—2

[N

a
™™ |
/N

|Aj[2k-Da/2. 2<k—j)a/2) P

IA
o

g

™

k=—co = j=k-2
S S — / /P’

< C A, |Ppk=f)ap/2 (k=jap'/2\P

,C_EJ(]._; ) (F 2R
< C Z |A;|P Z plk=pap/2

j=—ee k=—oo
< C i |A;]7.

Jj=—00

Let us now estimate /. By the definition of ugbz, we have

||.u§bz(6lj)7(k||Lq2( 0y = / |,uQ ()| @y (x )qux)l/lIz
(LI %wm ~ b)) <y>dy(2% ()

2 /2 1/
P )

+c(/Ck /xT

C(Il —I—Iz).

[ 2 )~ b)a )y

—yl<r =y :

For I, when x € Cy,y € B}, j < k— 3 we get |x| ~ |x—y| ~ 2% and

1 ‘ |yl
X2 Jx—yl? [xf?

By Minkowski inequality and Q €Lip, (S*~!) c L=(s" 1),

il

IN

IN

IN

IN

e = B R

B 1/2 1/q2
XYy Y
clillallluang (. (], |' =l ) S y) o)

X — y|n1

Clllln 2 [, m (/ aj0ldy) " n(oea)

. /g
Cllbluiny 2227401280 [ jaylay( [ antomax) ™.
J k

1/q
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Since a) > € Ay, we have (02 € A1+q2/q/ C A, by Lemma 3, it follows that @, € RH,,, i.e.

o()7dr) " <o [ ana).

<‘Bk‘ By ‘Bk‘ By

1/
( ’ a)z(x)qzdx> i SC’Bk‘I/qu/ a)z(x)dxgczk"(l/qul)wz(Bk).
k

By

By (a)gz)l/‘f2 = m, € A; and the definition of A;, we get

—/ o (y)dy < Cessinf{an(y)} <Cmn(y), a.e. y€B;,
|Bj| Bj YEB;

1.€.

o (Bj) <C|Bj|mn(y), a.e.y € B;.

By Holder’s inequality and (3), we obtain

/B_‘“J'(Y)’dy = A_\aj(y)!ab(y)ab(y)’ldy
< Cotts [ lble0s
< L ([ woireme) ([ 1)

J
c IBI
~ wm(By)

B,y
Using (2),(3), 4|4, (o) < (@1 (B;)]~%/™ and lemma 4,we get

]/q2 . /
(W d / a4 < n(+1/d) ) pkn(1/q2=1) 1 (B .
[, lasas( [ excomar) ™ < o0 B)) e 5
< C2n(+1/qy) gkn(1/q2=1) [ (Bj)]—a/ﬂz(k—j)ﬂ

= Clen(B))]~ o/ny jn/qiDkn/qz

Combining (1),(4) with 1/q; — 1/g> = B/n, we obtain

L < Cl[bllLipg 21120kt 1/2=B) gy (B;)]~%/m2Jn/ 41 2kn/ 42

< C||b||L,~pﬁ[(01(Bj)]—a/'lz—(k—j)(l/Z—s-n(l—l/q,)).

—o/n a)Z(Bk)

(4)
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For I, applying the vanishing condition of a;, we obtain
Q(x—y)
Lo ey o) = b0 ()

L < C</Ck /xo|° <t ‘X—y‘”l
_ / 20 40— (0))a dy‘ dijel (x)qux)l/qz

oyl <r X!

= C(/ck </Rn ’iz(x);n)j - ’jn—l “b( 0)||a;(y) / d_3 (X)qzdx> /42
+C(/Ck( . ||i2(xy|ny)l|| (y) = b(0)]|a;(y )|(/| t3> / ) o(x )qux) 1/q

= C(J] —i—]z).

Let us estimate J; and J, respectively. For J,, because Q €Lipv($*~!) € L=(5"!), and |x| ~

|x — y|, it is easy to see that

J

IN

Cl1Q|lo ||b||Llpﬁ(/ ( LVH( )| ldy)qzwz(x)qzdx)l/qz

; be—=yr! ]

Cllbaip, 2 ( dy) war) "
bl 45@ @mww n(x)d)

iBA~—kn /g
ClIblliny 2274 [ Ja0)ldy( [ wnlo)ma)
J

k

IN

IN

Using (4) again,

I < Cl|bl|Lip, 2P 2" [y (B;)]~*/m2m/dh 2kn/ a2
< Cl1Bll1ip, 01 (B))) /2~ k=) Bn(1=1/a0),
For J;, we have
wos o[ (|- 2 2 B
G \Jrelfx—y| ey x—y| ]

1609 = b0l ) - 05) o)

< o [ ([ 1065~ 20— ) - bO)la, ) o) ")
+4L(m‘ mxﬂm—MWMb (WMM%@Y@@%@%
= C(Jn+J12)

Note that from C = By \ Bx—1 and x € Cy,y € B}, j < k—3, it follows |x| ~ |x—y| a2 2K, |C| ~

2knand
x v _ bl

]

0(—) - QW) < ¢l =5~
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Thus,

=~
IN

Yol \x] % /4
Cl|b|1: (/ ( b d) qzdx)
|| ||L1Pﬁ c \Jg, ‘X’v ]x\” ’x‘ | j( )| y (!)z(x)

j —(n+v— 92 1/q
Cllbluing 2 ([ 1P ([ Ja;(r]) " o))
k J

VA k(v — 1/q>
Clbllip 224 [ el ( [ am(aya)
k

IN

IN

From (4),
Ju

IN

C||b| |Lipﬁ 2V —k(n+v—P) (o, (Bj)]—a/nzjn/q/l okn/q

IN

Cl[bl|Lip, (1 (B;)]~@/n2 k=) (vin(1=1/q0)

For Jj3, since |x| ~ |x—y| and

1 ‘< lyl
o=yt fxf! x|

)

we have

Ji2

IN

ly| |x|P e /g
Qll ; g q2
llelblin, (. ([ o g 1 0lr) ” x(2)%)
Y —(n+1-PB)g> ) > e Vaz
Clblln2’( [ 1 (] lesta)) " onax)

in—k(nd+1— 1/q>
Clblling 221 [ fa;0lay( | wnfo)nas)
k

< CHb\]Lipﬂ2f'2*k(”+17ﬁ)[a)] (B;)|~%/m2in/d 2kn/a>

IN

IN

< C||b||Lipﬁ[(Dl(Bj)]_a/nz_(k_j)(]""”(]—I/QI))_

Sets; =1/2+n(1-1/q1),s2=B+n(1—1/q1),s3=v+n(l—1/q1),s4a=14+n(1—1/q1).
By 0 < B <min{1/2,v} and

n(l1-1/q1) <a<n(l1-1/q1)+p,

we have

oo k=3

Y (X llon 1 a6 s )

k=—oc0 Jf—oo
oo k—3

c Y { ¥ wllo@ i +h+n+0)

k=—c0 = j=—o0
ClIBlIFy, i { Z A |[ (k=)a—s1) 4 plk=j)(e—s2) | plk=i)(a—s3) 4 p(k—i)(e— m] }”,

k=—o00 = j=—00

~
IN

IN

IN
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When 0 < p <1,

~
IN

C||b||Llpﬁ i { Z A |p[ (k=j)(o=s1)p | p(k=j)(a—s2)p

J=—o0

Jolk=i)a=ss)p | 2<kfj><a—s4>p] }

Cllbllfs, 2 A |P{kz3[2 Pa—sip 4 ok a-s)p
J=me J+

Jolk=i)a=ss)p | 2<kfj><a—s4>p] }

ClIblly, X 14417

Jf—oo

IN

IN

If p > 1, applying Holder’s inequality, we obtain

I < C||b||L1pB {[ Z A |p( (k=j)(o=s1)p/2 | p(k=j)(a=s2)p/2 4 p(k=j)(0t=s3)p/2

— Jf—oo

k J)(a—s4 p/2>] [
Jffoo
+2(k—j)(a—s4)p//2>} p/r }

Cl|b| |£ipﬁ Z AP (k Z 3 (2(k*j)(06ﬂ1)p/2 4 k=) (a=s2)p/2 4 o(k—j)(ot—s3)p/2
j==e =i+

+2<k—j><a—s4>p/2))

< Clblly, ¥ A0

J=—o0

( —Da=s1)p' /2 | p(k=j)a—s2)p'/2 | p(k—j)(e=s3)p'/2

IN

The estimates for I and /I lead to

185Nk o oy < ClbllpsC X 12407)177.
J=—o0

References

[1] Stein, E. M., On the Function of Littlewood-Paley, Lusin and Marcinkiewicz. Trans Amer Math Soc, 88(1958),
430-466.

[2] Benedek, A., Calderén, A. and Panzone, R., Convolution Operators on Banach Space Valued Functions, Proc

Nat Acad Sci USA, 48(1962), 356-365.

[3] Ding, Y., Fan, D. and Pan, Y., L,-boundedness of Marcinkiewicz Integrals with Hardy Functions Kernel, Acta
Math Sinica(English Ser), 16:4(2000), 593-600.



376

(4]

(5]

(6]

(71

(8]
(91

[10]

[11]

[12]

C. L. Wu : Boundedness of Commutators for Marcinkiewicz Integrals

Chen, J., Fan, D. and Ying, Y., Rough Marcinkiewicz Integrals with L(Log"L)? Kernels on Product Spaces,
Advance in Math., 30:2(2002), 179-182.

Cheng, M. and Shu, L., Boundedness of Commutators of Marcinkiewicz Integral on Hardy Space and Herz-
type Hardy Space, Acta. Math. Scientia, 28:A(2008), 222-231.

Lu, S. and Yang, D., The Weighted Herz-type Hardy Space and its Applications, Science in China(Ser A),
25:3(1995), 235-245.

Ding, Y. and Lin, C., Two-weight Norm Inequalities for the Rough Fractional Integrals, IMMS, 25:8(2001),
517-524.

Zhou, M., Lecture of Harmonic Analysis, Beijing Univ Press,1999.

Lu, S. and Yang, D., The Decomposition of the Weighted Herz Spaces on R" and its Applications, Science in
China(Ser A), 38:2(1995), 147-158.

Wang, X., Weighted Boundedness of Commutators of the Marcinkiewicz Integrals, Journal of Natural Science
of Hei Longjiang Univ., 24:3(2007), 324-327.

Stromberg, J. O. and Wheeden, R. L., Fractional Integrals on Weighted H” and L” Spaces, Trans Amer Math
Soc, 287(1985), 293-321.

Journé JL. Calderén-Zygmund Operators, Pesudo-differential Operators and the Chauchy Integral of Calderon.
Lecture Notes in Math., 994(1983), 1-127.

School of Mathematical Science

Xuzhou Normal University
Xuzhou, 221116
P. R. China

E-mail: w-cuilan@ 126.com



